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'INTRODUCTION 


Volume  1  of  A  Vector  Approach  to  Euclidean  Geometry  is  t*he  text  <%y 
for  the  first  year  of  a  two -year  high*  school  mathematics  course  which5*  .  /(^ 
baseS  plane  and  solid  geometry  and  trigonometry  on  the  fact  that  the  \ 
translations  of  a  euclidean  space  coftstiti^e  a  vector  space  which  hjis  ah  " 
inner   product.    [Although  the  word  'vector'  is  not  introduced  in  fche  te$t'^\''-?£: 
until  Chapter  5,  there  is  a  discussion  of  various  notions  of  vector  at* the  // 
beginning  of  the  c omrrjfe nta ry  for  section  1.06,]  Volume  1   deal$  largely  .  /  - 
with  affine  geometry,  and  thq  notion  of  dimension  is  introduced  only  in  .■*".>', 
the  last  chapter.    Up  to  this  /*ppint,  although' students  may  think  in  terms/  • 
of  3-dimensional  space,  the  space  under  consideration  might  be  of  any       .  /* 
dimension.    The  principal  geometric  topics  of  volume   1  are  parallel*'  '  .'* 
ism  of  lines  and  planes,  a^d  ratios.    This  makes  possible  a  good  deal  / 
of  the  geometry  of  triangles  and  quadrilaterals.    Congruence,  however,  // 
is  reserved  for  volume  2,    Volume  .2  opens  w^th  an  analysis  of  basic  .    1  V 
.properties  of  perpendicularity  and  distance  which  leads  to  the  %introduc  -  1 ; 
tion  of  an  inner  product  of  translations  and  to  the  development  of  euclid-  • 
ean  geometry  and  trigonometry.    The  basic  facts  concerning  volume    /:  -t  .  >■ 
measures  of  solids  are  dealt  with  in  an  appendix  f^D  volume  2.    By  the     .  '■ "  "  ' 
end  of  volume  2  students  will  have  become  acj^ainted  with  tne  theorems' 
dealt  with  in  standard  American  geometry  and  trigonometry  texts  and  ;     t  /- 
with  numerous  additional  geometric  theorems*    Thefy  will  also  have  a'"i|'."' 
good  foundation  of  knowledge  of  a  subject  of  contemporary  mathematical  ; 
importance     that  of  linear  vector  spaces.  *  .  .;  * 


The  preparation  of  the  present  course  began*in  1963  and  has  be^n;, 
carried  out  with  support  from  the  National  Science  Foundation    Begin *"  i 
ning  with  the  1963-64  school  year/the  course  has  been  taught  in  an  -  'jc^:, 
ever-growing  number  of  schools  throughout  the  country.    It  has  a&o 
been  the  basis  for  teacher  education  courses  in  NSF  institutes.    In  most 
schools  using  the  course  it  has  been  taught  in  grades  10  and  II,  but* it 
has  also  been  used  successfully  in  grades  II  and  12  and  in  grades  9  * 
and  10.      ,  .  •  V  '      :L  .  . 

<       Many  teachers  and  students  have  contributed  ide^as  and  provoked:  **\-. 
discussions  which  helped^us  to  develop  the  present  tepet  and  teachers^   |  -  * 
commentary  for  the  cotirse*    We  wish  to  thank  ail  of  those  people  who  f  -| 
helped  us  in  tnis  endeavor,  and  to  single  out  for  special  thanks  £  !\ 

Dr.  J*  Richard^Dennis  and  Dr.  Hyman  Gabai*  \\ 

In  common  with  other  UICSM  courses,  this  one  lays  stress  on 
students*  discovery  of  concepts  through  doing  appropriate  exercises. 
Tfye  course  also  stresses  logic  and  proof,  and  students  are  aided  in 
developing  the  ability  to  write  proofs,  preferably  in  the  form  of  para- 
graphs.   To  this  end,'  some  of  the  beginning  chapters  deal  at  some 
length  with  rules  of  logic  in  th6  contexts  pf  the  pro6fs*of  early  theorem  si 

By  the  nature  of  the  course  much*  of  the  development  of  geometry* is  \ 
algebraic  in  nature  and  the  algebra  res  enables  [and  includes]  that  of  the* 
real  numbers  to  such  an  extent  that  previously  acquired  algebraic  skills, 
are  maintained  and  developed  further.    Lest  the  reader  thinks  that  this,  v 
ajgebraiz ation  leads  to  the  loss  of  mucSh  of  the  beauty  of  conventional 
geometry,  it  bears*  pointing  out  that  after  a  sufficient  number  of  geo- 
metrical results /have  been  established  algebraically  other  theorems 
can  be  derived  synthetically  from  them.    It  should  also  be  noted  that, 


beginning,  in  Chapter  10  and  to  a  -greater  *xtenTin  volume  2;  it  become* * 
easy  to  introduce  coordinate  metb 
analytically.    As  becomes  obvioui 
gebrnetry  is  less  efficient  than  is 
which  is  developed  in  this  course, 

•  ."*"*"' 
Ideally,  a  student's,  prepa  ration  for  this  courje  should  include  a 
good  background  concerning  .functions?  [This  is  the  prime  advantage  of 
teaching  the  course  during  >ars  11  and  12,  preceded  by  a  second  course 
m  algebra  which  treats  the  concept  of  function  in  some  detail.  3  Since  not 
all  students  have  such  a  background,  -the  first  half  of  Chapter  1  is  de- 
voted to  a  brief  discussion  of  functions.   .fThe,  remainder  of  the  chapter 
serves  to  develop  geometric  intuitions,"  particularly  concerning  transla- 
tions, j  Some  attempt  has  been  made  in  the  BACKGROUND  TOPICS 
which  close  several  chapters,  to  familiarize  students  with  algebraic  • 
topics  with.which-  they  may  not  be  'acquainted.  >'  Nevertheless,  there  are 
some  standard  topics  of  algebra  which  are-covered  neither  in  a  first 
year  algebra  course  nor  in  tine  present  course.    Consequently,  fne" 
course  needs  to  be  supplemented,  eilher  in  the  tenth  year  [as  suggested 
abovefor  in  the  twelfth  year  by  a  second  algebra  course  in  which  stu- 
dents will  learn  about  such  things  as  radicals,  exponents,  logarithms, 
and.  polynomial  functions. 
*,'  »'* 

1  his  .commentary  contains  answers  to  all  problems,  sample 
quizzes  and  chapter  tests,  suggestions  on  teaching  the  texts/  and  a 
great  deal  of  mathematical  and  logical  background  material  which  has  1 
proved  helpful  in  orienting  teachers.  '  # 

-the.  following  i'h  a  brief  liesson  guide  foryolume  I.    It  gives  a  sug- 
gesteS  number  of  pages  to  aim  at  covering  in  each  lesson  together  with 
some  comments  on  the  kinds  of  activities  and  assignments  which  are 
appropriate  with  thos*h»ges.    Note  that  this  guide  suggests  the  admin- 
istering of  -sample  quizzes"   from  time  to  time  and  allows  full  lessons  . 
for  chapter  tests..  Some  sample  quizzes  have  been  included,*in  the 
teacher's  commentary  i*  the  following  sections: 

TC26(2)  TC55  TC69  VTC92{2)  ' 

*     TC101(3).  TC123{1.)  TC130(2)  TC131 

TCI56  TCI86(1)  -TG193{2)  TC2i9 

TC232(2)     •  TC235<3)  .  TC289(2)  TC294(3) 

TC310(2)  .  TC335{2)  TC360(1'*  TC363 

TC4I2  TC428(3)  TC441(3), 


Suggested  Teaching  Schedule  for  Volume  1 
Scctlon  .  ■     Possible  activities  '  A' 


Introduction  Make  use  of  force  tai>le  (from  Physics  lab], 
4  .  mirror,  and  rubber  glove  to  illustrate  pftnts 

made  in^this  introduction.    ■  *  . 

1  ^ 01  Do  A,-        C  in  class;    assign  Dl -5(-c ).     .    *  * 

I>01^1,02     Do  D5(d>-- -(h),  class;    study  text  preceding 

A;  discuss  iew  terms;  assign  A. 

1.0.3-1.04    Discus*  Bf_  1.03  in  class;  discos  terms  pre- 
ceding A;  do  A,   Bl  in  class;  assign  B2-4. 

1 .  04-  Do  BS,   C  in  class;'  discuss  proof  that  function  . 

.  composition  is  associative;  do  Al;  Bl  in  class'" 
assign  A2,   B2,  C.  *  ■ 

Review  all  results  concerning  functions;  sample 

Quiz.    — 

"* — ! —  -  t  ' 

1.  05.      .   I  Have  text  reati  arid  discussed  in  class;  assign 
problem  posed  on  page  ,46.  " 

1.05  Finish  reading;  begin  drawing  exercise's  in 

c.lass;    all__  nine  problems  s*hould  be  done, 
either  as  seat-work  or  as  homework. 

1.  06  Introduce  tracing  sheets  as  in  text  preceding  A* 

do  A  m  class;  assign  B,   C.t  ' 

1.  06  Do  as  much  of  D,  E,  F  in  class  as  time  permits 

assign  rest  of  D,  E,  F,  and  G. 

t 

1.  06  ?o  H  in  class;  assign  I,  J.    [Begin  as  seatwork, 


finish  rest  as  ijomework.  ] 


1.  07  study  text  preceding  exercises;  begin  exercises 

in  class;  assign  all  exercises  for  homework- 
.  sample  quia,  *  \  *  , 

1.08-1.09     Discuss  section  1.08;  review  ideas  discussed 

 "         1X1  Chapter  1;  assign -Chapter  Test  as  written  ' 

-         fworklo  Be  hanaVd  in  auring  next  class  meeting. 

m  2.  01  study  text  preceding  exercises;  assign  Exer- 

cises 1-3.  %  0 

*  % 
2.' 02  Introduce  Postulates  1,  2;  do  ensuing  exercises 

m  class;  discuss  proof  of  part  i-a)  of  Theorem 
2-1;.  assign  proof  of  (b}. 

*  * 
2.  03  Discuss  new  terms  preceding. A;   do  A  in  class; 

■  .  .   .  sample  quiz;  assign  B. 


Lesson         Section  \     Fos  sible  activitie s 

,  if$  2.  04  Discuss  text  preceding  exercises;    study  rules 

_       '  In  context  o£  samples;  assign  I -10.    ,  v 


19  2. JDS  Study  new  terms  and  rule  preceding  A;   do  Al-7, 

in  clasi;  do  CI  in  class;  aasUn  A8-13, 
-  B610,  C2~3.\  '^ScT 

£Q  2.06  Discuss  text  preceding  A;  do  A  in  class;  assign 

•  *■  V 

*Z\  r    2.06  Study  text  preceding  A;   note        and  rule;  go 

over  examples  in  A;    assign  A. 

22  2.06        *     'Do  CI -3,   Di -3  in  class;   assign  rest  of 

Bt  C,  D. 


23  2.  07  Discuss  text  preceding  A;   do  A,   Bl  klfclass; 

^   .    "  sarnple  Qnjz;   assign  B2~3,  yj> . 

*  ■ 

,24        *       2,  Q8  Study  text  preceding  A;   do  Al,  Bl-3  in  class; 

assign  A2,  B4-8. 

25  2.09,  .  Discuss  rules;   do  A,  Bl,  CI -2  in  class;-^ 

assign  B2, 

\ 

26  2*10-  Sample  on  is;   do  A,  Bt  CI  in  classr  assign  C£» 

27  2^11         ■     Study  text  preceding  A;   do^A,  B»  CI  hrclass^ 

l^sign,C2-3,  D. 

28  2.  12         '    Discuss  text  preceding  A;   do  A,  D  in  cla^ss;  4  • 
1  assign  Bt  C,  £ 

Kv  '  '  *  ' 

29  13  Use  Chapter  Testes  written  hourly  exam,  or 

review  ideas  covered  in  Chapter  2, and  assign 
■  '  m  Chapter  Test  as  out *x?f -class  work  to  be*  handed 

.  '    '  in..  ; 

.  -v  *  i 

30  3.  01  Do  A,  B,  C,  Dl-2  in  cl^ss;   assign  D3*  E#  F. 

[Note  commentary  on  these  exercises.  ] 

'31  3.  02  Discuss  text  preceding  A ^  note  new  postulates; 
 — _____ — ib  A,  B,»  Hn  cla&s^  arssign^ .  —  (Se^-c^mmen^ary 

32  •       3.03  Sample  quiz*   any_f|fcquestions  in  text;  do  Al  -1 

'       .  in  class;  .assign  AJMr^jUL  _   .__■ 

33  *  *     3.0*  Study  text  preceding  A;  do  Al-8,  Bl  -3  in  class; 
'                             assign  A9- 16,  B4-6,  C„    [See  commentary.  J 

%4  $.0$  ,  Discuss  notion  of  group;  note  (if);  do  A,  Bt  in 

class;  assign  C.    [See  commentary  for  a  take- 
'  home  exercise  on  commutative  groups*  ] 
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,  V 
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Possible  activities 
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07 

08 

09 

01 
02 
05. 

03 

04 

05 

05 

06 

07 
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Sample  quiz;   dis&uss  text  preceding  A;  do  A, 
Bl-4  in  class;   assign  B5-7,  C.    [See  note. in 
commentary  on  B.  ] 

:is'e  1  inNcl&SS; 


Do  Exerci 


assign^- 6. 


01 

01- 
02. 


Note  rule ;r  do  A,   B  in  class;  assign  C.  [See 
note  in  commentary  o n "bu iT5 i n stick  models  to 
aid  in  discussions.  ]  » 

Study  text;  and  clarify  notation  used;    assign  1-3. 

Ltse  Chapte r  Test  as  written  hourly  exam  or  as 
basis  for  review  of  ideas  discussed  in  the 
chapter. 

Discuss  text;  do  in  class;  assign  A^-4,  B. 

Discuss  text;  do  A  in  class;  assign  B,  C. 

Discuss  modus  tollens,  double  denial  [See 
commentary^ ;  do  A  in  class;  assign  3*-  ♦ 


Do  C,  Dl  in  class;  assign  D2,  Ei  F;  sample 
qurz . 


)iscuss  ordeWe-c 


Discuss  ordeWrelations;  do  AI,  fS  in  class;  . 
assign  A2-6,  C. 

Introduce  j^ew  te  jpn s ;   note  rules;   do  Al-3, 
Bl-3,  in  class;   assign  A4-6,  B4-5. 

Note  rules  end  details  of  text  discussions;  do 


1-3,  D  in  class;  assign  C4-5/  E. 


Discuss  text  preceding  A;   do  A  in  cla^s; 
assigf  B.  c 

Use^  Chapter*  Test  as  take -home  exam  or  as  a 
bats  is  for  review  of  ideas  in  the.  chapter. 

Background  topic # —  systems  of  equations;  do 
A,  Bl-3  in  class;' discuss  determinant;  assign 

■— * -  —  — 


/Do  Exploration  Exercises  in  class;   discuss  ^ 
ratio;  do  A  J  ~Zr  Bl  in  class;  assign  A3 -5, 
B2-4.  y;   ■-■  •    ...  .-  * 

Do       El  in  c^ass;  assign  D,  E2-.4,'  F. 

-  Discuss  postulates, ^theorems  preceding  A;  do 
.  A  in  class,    assign  B,  C. 


Lesson  Section  Possible  activities 

5*       "  *     5.03  Discuss  matters  of  logic  related  to  condition- 

als; do  A  in  class;  assign  Bl-3,  [See  commen- 
tary on  assignments  here,  ]  ;    sample  quiz. 

*.G**  Do  B4,  C,  Dl  in  class;   assign  D2-3,  E;  no|e 

<^  ;r  true -false  items  in  commentary  which  may  be 

use/ul  practice  in  recognition  of  theorems.  t. 

5S  5.04  Study  text  preceding  A;   discuss  Definition  5-1, 

5-2;  do  Al-6  in  class;    assign  A6-9,  B, 


4 

S6  s.os.. 


Sa rn pie  qui^;  discuss  directed  trips;  do  some 
of  A,   B,  C  in  class;   assign  rest. 


57  discuss  velocity;   do  some  of  A,  B,  C  in  class; 

assign  rest. 

58  -        •     ^.05  Discuss  force^  do  some  of  A/  B,  C  in  class* 
•                 /                    assign  rest. 

59  /  5.06  Study  text  preceding  exercises;   assign  1-3. 

o0  5.07      .        ySe  Chapter  Test  as  take -home  exam  or  as 

written  hourly  exam. 

61    \    ^   6-  0i      .       Note  new  terms;   doAl-4,  Bl  -2  in  classj_^ 

assign  A5;6,  B3-6.    [Note  that  C  is  as  aBvSr- 
tised.  ]  ~> 


62  6.01 


*>o  Di-3f^El-3  in  class;  assign  D4,  E4-8. 


63  Discuss  new  terms;  do  A  in  class;  assign  B. 

6,03  Sample  quiz;   note  Definition  6-2;   do  A,  Bl  in 

class;  assign  B2-10.  . 

65  6.Q3  Note  theorems;   do  A,  Bl  in  class;  assign  B2-5 

66  6.  04  Discuss  new  terms,  theorems;^  do  A,  Bl  in 
»*                                 cflass;   assign  B2~3f  C. 

67  6.05  Note  new  terms;   do-Al,  5,  Bl>in  clasps;  assign 
.   •■    rjfet  of  A,  B.    [Alternately,  see  csmmentagy.  J 

68  (>.05  DoCl-2,  Dl,  4  in  class;  assign  rest  of  Cf  D; 

use  E  a*  extra -credit* 


i  . 


*9  6.05  -Do  T,  HI -3rin  cla»#;  assign  a  H4-7. 


'70  ,6.06 


Sample  quiz;  'discuss  Theorem  6-12;  assign 
2-3.  .  «* 


i 


71  6,0?  po  Exploration  Exercises  in  class;  discuss 

terms  preceding  the  exercises;  assign  I 


lesson >        Section  Possible  activities 


72  6.07 


73  £.08 


74  6.08 


76  6.09 

77  6.09 

78  7. 01 
'79  7.02 

80  7.02 

81  7. 03 

82  7.03 


84  7.05 

85  ?.D5 


Sample  quiz;   discuss  pattern  sentences  [See 
commentary  for  suggestions.  J;   do  1-4  of  first 
exercise  set  iji  class;   do  1  of  second  exercise 
set  in  class;   assign  2-4. 

Discuss  use  of  quantifier's  in  terms  of  three 
theorems  whose  proofs  are  outlined  in  the  text 
[See  commentary  for  objective.  ];   go  through  t 
Alt  BTi   assign  A2f  B2-4.    [Alternately,  see' • 
commentary  for  assignment  list.  J 

Do  CI  in  class;   assign  C2-6. 


7  5  ~  Review  Chapters  1-6 


Us9  Chapter  Test  as  written  hourly  or  as  ta&c- 
home  exam. 

.  Study  text  preceding  exercises  in  Background 

topic;  assign  1-10.«  ; 

Discuss  terms;   do  1-2  in  class;   study  Defi- 
nition 7-1  and  text  following  it;   assign  1  ?4. 

Study  text  and  Definition  7-2;  do  A  in  qlass; 
assign  B. 

Discuss  Definition  7-3;  do  Ci  in  class;  assign 
C2#  • 

.Discuss  text  preceding  A,    do  A  in  class; 
assign  *B. 

Do  Cf  D  in  class;     review  Definition  6-4; 
assign  E.  u 


83  7;  04  Sample  qui*;  discuss  definition  and  theorems 

preceding  exercises;  do  1-3  in  cflass;  assign 

4"8-  •  .  f  >     -  'Is: 

Discuss  text  preceding  A;  do  A  in  class; 
assign  B.  * 


Do  CI  (aj-<c),  2,  Dl'  in  class;  assign  rest  of 


86  *7*$5  Do  El -7  ia  class;  discuss  Definition  7-7  and 
'»          .                  Theorem  7-8  and  7-9;  assign  ES F. 

87  ■  7.06  * 

•88  ,  7.06 
89  ?. 07  * 


Discuss  text  preceding  A;  do  Ai  in  class; 
assign  A2-$.  ; 

Sample  qui^:  assign,       a.  \    .  • 

Discuss  text  preceding  A;  do  A,  Bl  in  ciass^ 
assign  rest  of  B.    [Alternately,  see  couuiaentjpy 
on  suggested  assigmnsnts.  V  .  ' 


Lesson      .   Section^      *                "       Possible  activities  Lesson 

— ; i  7      *r      *  .   ;  r — :   *  .   — 

90  7.0?    /     .     bo  one  of  logic  proofs  in  C  in  class;  dp  Dl  -2  ^       .  1 10 

in  class;   assign  rest  of  C,  -0,          *  *          '  f "  \  • 

91  v          7.07         %    Do  El  in  class;,  assign  rest  of  £.  *  .   .  111.. 


.    92  ^7,08.    ,rv    Discuss  ter/ms;   do  i-5  m  clas^;   assign  6-16.       v  112 

•  93     ;'         .7,08  ^Do-Al,   B  in  class;   assign  A2-5^    [See  note  on  * 

•*  %.    ,•         assignments  in- commentary.  J  .  ?11;3. 

V94  7.08    •        %06**Cl*at  £r-3(a)  in  class>  'assign  03-5,^0,  •  % 

• .  '  v  E3(b>-4. 

•  ■_     ■  ;  ^         v  m  H4 

^95  7.08  Do  Ai;4  in  ciAss;  assign  6"  CI.  [Alternately, 

*  see\.note  m  commentary.  ]:  '   !  {*  i ll5 

9.6*  7,08     •        Sample  quiz;   do  C2 - 3  in-class;   go  over  dis- 

1    cussion  in  C4j   assign  £4V5;   use  C6  as  extra-  1 
credit,  '  * 


'ft 


V 


-97    .  7.  Q8-     .        Do  Al-2  in  class;   assign  A3,  B.  V. 


117 


/     .  t       ^      98^  7.09  .           Do  Al-3,  Bl  in  class;;  assign  A4-5,  B2-4.*  118; 

1                               •  .-  '          '     '      ■    [Alternately,  see  nofcB  on  assignments  in  com-  r  ^ 

.  *      ,  -  ■+        ■;     mentary.  ]  /.\ .  .  '         '.js  '     '*  ^ 

99  7.09.            Do  CB  D  in  class;  assign  E,  F.  '  119. 

$  »"  *               ■                          '  •  ' 

*               100  7.  10, «        n  .  Revise w Chapter  7;   go  over  Background  Topic.  120 

f- '  ...  ■  * 

.^v                        101,.  7.  10.            Use  Chapter  Test  as  take-home  exam  or  as  .  121 

^          ■  written  hourly  exam. 

.  102  B.  01              Stu«|y  text  preceding  A,   ^do  A,  B  in  class; 


assign  C.    [Alternately,  see*  note  on  assign-  122 
'  A  ments  in  commentary.  ]  ,m 

||Q3  8.01  Study  text  preceding  D,    assign  D.  123 

104  8,01  Do  some  of  E  in  class;  assign^rest.  124 

t 


^8.02*         '^-Discuss  Definition  8-1,  Theorem  8-4,  .8.-5;   do  125 


A;  Cl(a)  in  class;  assign  B,  Cl(b)-3.  [Al- 
ternately, -see  note  in  commentary.  ] 


106  8,02  Do  D,  El-3  in  class;  assign  E£-8. 


136 


107  .m  ?v  8, 02-£>03  Do  F  in  clas-s;  discuss  Definition  8-2;  do  A  in  */ 
iL  *  \ class;'  assign  B.  ?  '  ' 


V  .       :    .  108  8.03      .       Do  Ci-2  in  class;  assign  C3-£. 


f  -  * 

■  r 

128 


109     :        8,04  Sample  quiz;   discuss  text  preceding  A;  do  Al 

B;       '  V  m  class;  assign  A2- 4.  « [Alternately,  &ee  note  129 

4-\  on  assignments  in  commentary.  }.  •  ^> 


ERIC 


Sec t i on  , 
8.04 


8.  04 

k\8".04 


I.  05  ^ 

'2  ' 


8.  .05 
#8. 05  w 


Possible  aittivities 
»  1 


^  Study  Theorem  8-9'/  8-10;f  do  Bi-3  in  class;  . 
"  assign  B^   C/      •  n*  ' 

DojDl-4,  Ei-3  inclas^j*  assi£n-D5~6,  E4.-6.  '  - 

.  r  %      '      •     -       :   .  .   '  ' 

*Do,?l»  .2,  15,^6,  8.incJ.ass;   assign  F3,  4,  7, 

Discuss,  text  preceding  A;   do  A  in  class  J  assign 
B.     [Alternately,  see- note  on  assignments* in 
C9mmentary*.  ]^ 

Do  CI -2,  Dl -3  lin  class;y    assign  C3-4;  D4-6.  - 

.  Do  El-2<b),   Fl  in  class;   assign  E2|c  )-(d).  - 
F2r3.  -  -  i 


8.  05 
8.  06 

8.  07. .0 

^.07 
8.07 
S.  08 

8.08 


.9,01 

-9.02 

9.02 
9.. 03 


^Do  Gl,  HI  in  class; ^ assign  G2-3,  H2. 

Discuss  text,  definitions;   do  l*-3  in  class;  do 
Al,   Bl  ~Z  in  classy  assign  rest  of  A,   B.  _    *  *'  ' 

.„ Discuss  Definition  8-6;  do  Al-3,  'Bl  in  class; 
Assign  A4,   B2-3.  J  [Alternately,   see'not0  on 
^assignments  in  commentary.  ]  -  * 

Assign- CI -8.  . 

Sample  quiz;  •  assign  C9-12,  D.     •  ■ 

Discuss  text  preceding^A;   do  Al,  Bl  in- classy, 
assign  rest  of  A,  33*    [Alternately,  see  note  on 
assignments  inurnment  a  ry.  J  .  ^ 

'  Sample  quiz;  da  Cl-2?  Di -2  in  class;  assign 
rest  of  C,  DL. 

Do  E,  Fl"2  in  class;    ass\gn  rest  of  F. 

Do  HI -2  in  class;  assign  (J/S,H3^4.       •'.'.'.,(.  ^: 

Use  Chapter  Test  as  take  iome  exam  or  as  \m-  '^jl!}^ 
written  hourly  exani.    ''\   *  -•-  ^^^yr-J-^f^^ 

  -  \  '       •-<'.'  "ifivUE 


Study  text  prec^din^Definition  9  -1,  'ddxng^ 
do  Exercise  £  in  second  exercise  set  ij\  cl^s$;':  ^3 
^assign  2-o.  f.  .    f;       ;  . 


Discuss  text  preceding  A;  do  Al,  Bl  in  class; 
assign  rest  of  A,  ; 

Discuss  Definition  9-3;  assign  C. 

Discuss  text,  Lemma  preceding  A;  d^  Al  -3s, in 
class;  assign  A4^8.  [Alternaltely^  see  note  on 
assignments  in  commentary.  ] 


-  Possible  activities 

..  :v    .  ~:  — *-  . 

..Stud^ext  preceding  B;   do  B  in  class;  discuss 
Theorem  9-7;   do  CI -2  in  class;  .assign  C3-&. 


Do  some  parts-  of  D  in  class;   assign  rest  df  D, 

Do  Ely  "F-l-2  incfass;    assign  E2-3,  F3-4. 

Study  text  preceding  A;*  do  A,  Bl,  CI  in  class; 
assign  BZ-Sf   C2-3,  *  .  . 

Study  text  preceding  A;    do.Al-2,   B Tin  class; 
assign  rest  of        B,    [Alternately,   see  note  on 
^assignments  in  commentary/]' 

Discuss  definition  and  theorems  preceding  A; 
do  A  in  class;*  assign  Bl.  *  ' 

Do.B2-5  in  cla,ss;   assign  B6-?, 

Do  C.l  -4  in  class;   assign  C5. 

Discuss  text  preceding'  exercises;  *assfgn  1-4, 

Discuss  text  of  Background  Topic;   assign  all 

problems  not  done  in  class.     ,        '  * 
* 

<  Use  Chapter  Test  as  written  hourly^exam  or  as 
'  take -home  exam.  - 

Do  A  in  class;  discuss  Postulate  4S  and  Theo- 
rem 10-1;   assign  B. 

Do  Cl-3,  5  in  class;   assign  vest  of  C. 

Discuss  text  preceding  D;   do  Dl  in  class; 
assign  D2~4?-* 

Do  El in  class;   assign  £3,  F,  \    *  /  - 

Discuss  text  preceding  exercises;  prove  some 
of  theorems  in  class;   assign  all  of  exercises 
not  done  in  class.      . »  . ' 


m  class;  assign  A6^TT7 ""XAlte rtoteiy ~" 
see-  note  on  assignments  in  commentary.  ] 

Discuss  text  preceding  B;  do  B  in  class:  assign 

ci-5,1         ■  "   .  ■ 

Sample  quiz;  do  DJ-3  in  class;   assign  rest  of 

D.       ■  '  '  ^ 

Study  text,  do  Exercises  1-2  preceding  A;  do 
Al  in  class;  assign  rest  of  A,  B, 

Discuss  text  preceding  A;  assign  Ai-5, 

-    •  v  v.-  :.■      l   —  .  .  •  1 


lesson..       Section  Possibie  activities  * 

151  10.  05         .  DoA6f  Bl  -2  in  class;  assign  A? -9,  B3-4. 

152  .  r°<05    /    *,Da  C,  Dl"-3  in  cIWs; /assign  D4--8* 

lU  >10^06  Discuss  text  preceding  A;  do  Al,  2,  4  in 'class;. 

*  .  •       ..         .     *      assign^resf  of  A.  ' 

"  *  *  -  *  y~  *  *  **.  •  . 

154.  ^.10.06      /    Do.  Bl-5  in  class; 'assign  B6/  8,  :9  ^ 

.  '  -;-  -  * 

155  ■     10.  06  ;/-  ,  Do^B7,  -Cl  in  class;   assign  C2-4.  • 

156  .  10.06  ''  '    Do  Dl-2  in  class;  assign  D3-4. 

-  157  10.  06    '       Do  El.!  2  in  class;  assign  rest  of "e. 

158  10..077         Sample,quiz;   discuss  text-preceding  A;   do  Al, 

.   ^,  2»ih  class;   assign  A3-5. 

*  ■  .  ■*..* 

159  u.  10#OT     .      Do  Bl  in  class;    assign  B2f  C, 

160  .  ■       io.,Q8  Piscuss  terms  in  text;,  do  A,  Bl/z(a)  in  class; 

assign  rest  of  B.  * 

161  10,08  Discuss  Theorem  A  and  its  'corollary;   assign  C. 

162  * 10.09   /       Do  Al-5,  Bl -2  in  class;    assign-  A6-1o/  b3^ 

»  tSee  vote  on  assignments  in  the  commentary  A.   *  *** 

163t  10.09    ^       Discuss  Theorem  10-14;   do  C(a)-(b),  Dl-2  in 

:  j       1  ■    ;  classy  assign  rest  of  C,  D;,  sample  quiz,  f. 

164  .10,  09  Discuss  text  leading*  to  Theorem  10-15;  do 

El{a)t  Flt  3  in  class;  assign  rest  of  Et\  F,  j 

.  10*  10  Discuss  text  [See  commentary  for  suggestions.  J; 

*  ■  dD  as  rnuch  of  A  in  cla&s  as  possible;  assign 

rest  of  A.  ^ 

166  <    10.10  Beg|nwori  on  Bin  class;  assign  rest  of  B, 

•  *  ■ 

167  x      10.  10  Discuss  Theorem  10-16' and  the  examples  in  , 

the  text;   do  Cl -2,  Dl  in  elass;   assign  res? of 

 .  e   .  ,  .  ...  Qt       'f  .  ^_    .  .  .  . 


.168 

169  .* 


10. 10 
10.  1 1 

10.  11 

a 

10.  U 


Do  El,  Fl  in  qlass;   assign  rest  of  E  and  F; 


Discuss  Theorem  C;   do'Al,  Bl-2  in  class; 
assign  rest  of  A,  B,    [Alternately,  see  We  on 
assignments  in  commentary.  }^ 

-Do  CI -2,  DJ,  in  class;  assign  rest  of  C,  D. 


se  Chapter  Test  as  take -home  exam. 
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TO  THE  STUDENTS:  -  .  8      •  ?• 

This  book  is  the  text  for  *the  first  year  of  a  twb-year  mathematics  course 
which  contains  what  is  usually  studied  in  a  one-year  plan^  geometry  course, 
much  of  what  is  studied  as  solid  geometry,  and  probably  more  than  is  usually 
studied  in  trigonometry.  The  course  also  contains  a  great  deal  of  material 
which  is  not  usually  studied  iri  tmy  of  these  courses.  This  extra  material 
furnishes  a  foundation  which,  ties  the  rest  together,  if  you  wish  a  name  for 
this  extra  material,  call  it  linear  algebra.  *  *  * 

An  advantage  of  the  approach  to  geometry  which  is'  adopted  in  this  course 
is  that  it  illustrates  the  fact  that  mathematics  is  all  of  one  piece— the  usual 
distinctions  between  algebra,  geometry,  and  trigonometry  are  not  valid  ones.  t 
Another  advantage  is  that  the  knowledge  of  linear  algebra  which  you  will 
gain  from  this  course  will  be  of  considerable  help  should  you  take  mathe- 
matics or  physics  courses  in  college.  *  * 

Something  which  you  may  at  first  think  of  as  a  disadvantage  is  that  your 
friends  who  are  taking  courses  in  plane  geometry  will  be  learning  some  of 
this  subject  much  earlier  than  you  do/  Remember,  however,  that  yoti  are 
:  learning  useful  things  which  they  may  not  I^arn  until  late  in  goltege,  and 
that  you  will  learn;  all  that  they  are  learning,  and  mote/ty  the  end  of  th£s 
course. 

This  course  builds  directly  on  the  knowledge  of  the  real  (or:  signed)  num- 
bers which. you  have  g$ined  by  studying  algebra.  This  knowledge  is  reviewed 
in  Chapter  4,  You  will  learn  more  about  the  real  numbers  (and  some  other 
things)  in  the  "background  topics"  which  are  gi^en  at  the  ends  of  some  chap- 
ters, especially  in  Volume  2.  §  * 

One  reasrm  why  this  course  takes  two  years  is  that  you  are  given  oppor- 
tunities in  the  exercises  to  work  out  ideas  for  yourself.  If  you  take  advantage 
of  these  opportunities,  you  will  gain  confidence  in  your  ability  to  understand 
and  to  use  mathematics*  Understanding  mathematics  requires  more  Mian  at- 
tending class  and  doing  the  exercises  assigned  as  homework.  !$>  also  requires 
you  to  think  about  what  you  do.  This  book  is  written  so  that  a  good  deal  of 
your  learning  can  come  from  reading  the  text  and  thinking  about  it'  and  the 
exercises.  You  will  probably  find  that  you  need  to  re-read  portions  of  the  text, 
coming  back  to  .them  from  time  to  time,  before  you  completely 
that  is  to  be  learned  from  them.  This  is  in  the  nature  ofmathematics,  apd  we 
have  done  our  best  to  make  it  possible  for  you  to  learn  in  this  way.  Learning 
to  learn  in  this  way  will  pay  off  in  all  your  future  study/  t  ■ 

Many  students"  have  studied  this  course  in  earlier,  experimental,  editions 
and  moet  of  them  have  found  it  to  be  fufi-  We  hope  you  do,  too. 

■  *  .  t  •  '-!*■- 

Herbert  E.  Vaughan  &  Steven  Smbo  * 
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Introduction  - 


fc .  ^.Before  beginning  a  stu&y  of  "geometry  we  sfcall  consider  briefly  some 
.  problems  from  physics.  You  may  not  be  able  to  work  these  prp&ems 
how,  but  later  in  this  course  you  will  see  how  a  knowledge  of  geometry 
helps  you  to  analyze  and  solve  these  problems, 

An  Experiment  with  a  Force  Table    *  * 

Below  is  a  picture  of  a  "force  table".  It  is  a  device  used  in  physics 
•  laboratories  to  perform  Experiments  with  forces. 
As  you  can  see  in  the  picture/ a  pin  at  the  center  of  the  table  is  en-  ■* 
circled  by  a  small  ring;  the  pin  holds  the  ring  near  the  center  of  the 
table  Strings  which  are  tied  to  the  ring  pass  over  pulleys  clamped  £o 
the  edge  df  the  table,  and  Weights  (are  attached  to  the  ends  of  the 
strings.  Each4  weight  exerts  force  on  the  ring,        , \' 

Let's  consider  an  experiment  in  which  just  three  strings  are  tied  toC 
the  ring,  as  shown  in  the  diagram  below.  (Position  1)  y  •         "  r 


The  measures  of  the  angles  formed  by>the  strings  are  indicate^  in 
the  digram.  If  the  pin  is  pulled  out  of  the  table,  do  you  think  the  titig 
will  remain  where  it  is?  As  a  matter  of  fact,  the  weights.  ma$t i^pll  th6 
ring  away  from  the  center  of  the  table.  [Describe  conditions  under 
which  this  will  happen  !  Now,  do  y6u  think  it  is  possible  to  select 
weights  A,  B,  and  C  so  that  the  ring  will  not  be  pulled  away  from  the 
center  of  the  table?  "  ^  :  - 
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.Injkis  introduction,  we  wisb£o  rais£  some  questions  whichwe  feel 
are  interesting,  and  which  have  some  relation  to*  the  kind  ofwork  that  we 
wiH  be  doing  in  this,  course.    We  do  not  expect  that  the,  students-will  be  , 
able  to  answer  the  questions  posed  with  any  •degree  of  precision.  We 
would  like  to  believe' that^the  discussions,  in  the  Introduction  will  arouse 
the  curiosity  of  the  students  and  will*  begin  to  make  them  think  about  . 
motions  and. about  representing  these  motions  by  scale  drawings. 

t>ne  ort  'perhaps/  two  days  should  be  sufficient  time  to  spend  in 
class  on  the  Introduction.    The  discussion  about  mirrors  seems  to 
interest  students  a  bit  more  than  the  discussions  about  the  force  table( 
and  directed  trips.    This  may  be  the  case  because  the  questions  were 
of  more, interest  to  the  teachers  involved  or  simply,  because  rnirrprs 
are  inherently  interesting  objects.  ■ 

Arranging  to  have  a  force  table  in  the  classroom  to  demonstrate 
what  is  discussed  in  the  text  will  stimulate  the  students  thinking  about 
the  notion  of  force  %  acting  on  a  body  [or,  point].    The  teachers  who  ha^ve 
borrowed  a  force  table  from  the  physics  department  for  use  .with  this 
introduction  have  found  it  very  effective.    Those,  wrjo  have  tried  to  teach 
the  lesson  both  with  the  apparatus  and  without  it  have  expressed  the 
opinion  that  the  extra  effort  required  to  get  the  apparatus  into  the  class- 
room is  well  ^orth  it.  ' 

In 'connection  with  the  discussion  apout  reflections,  it  is  most  help- 
ful to  have  a  mirror  and  a  pair  of  rubber  gloves  in  the  classroom.  We 
have  found  that  ^.  flexible  metal  mirror  works  nicely  here.    As  a  supple- 
ment to  the  reading  id  the  Introduction,  the  article  M  About  left-  and 
right-handedness,  rrnrror,  images  a*i4  kindred  matters"  by  Martin 
Gardner  (Scientific  American.  March,   1958}  will  give  the.  students  a 
chance- to^ exe^ise  their  imaginations. 

If  the  above  devices  are  brought  into  the  classroom,  you  will 
certainly  spehcr  tW'of*  or:  three  class  periods  with  the  material  in  the 
Introduction.    Otherwise,  you  have  just  about  enough^materiai in  the 
Introduction  for.  one  class  period  and  one  homework  assignment.. 

One 'of  the  weights  can.be  made  large  enough  to  "overpower**'  the 
effects  of  the  other  two  weights,  pulling  the  ring  away  from  the  center 
of  the  table.    If  the  weights  are  such  that  the  system  is  in  equilibrium,  1 
then  very  little  additional  weight  *at  any  one  of  the  positions  will  c^ise 
the  system  to^pull  the  ring- away  from  the  oentes.    This#is  easily 
demonstrated  if  the  apparatus  is  available  in  i&e.  classroom. _  .   ■  : 

piven9the  apparatus,  it  is  not  difficult,  using  trial*  and  error 
methods,  to  determine  a  system  of  three  forces  which  is*  in  equilibrium  . 
over  the  center  of  the  force  table.  ' 
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Suppose- that  A  and  B  are  each  20-gram  weights^  What  should  be 
the  weight  of  C  so  that  the  ring  will  remain  at  the  center  of  the  table? 
Is  a  40-gram  weijjjit  what  i^-needW  a^C?  Is  40"  grams  too  much  or 
too  little?  •        "I  *         '  \ 

Now,  let  s  imagine  that  one  of*  the  conditions  of  the  experiment  is 
changed-  In  particular,  suppose  that  the  weights  of  A  and  B  are  kept 

v  at  20  grams  each,  but  thdt  the  pulleys  are  moved  to  the  position  shown 
in  the  diagram  labeled  Position  2\  Under  these  conditions,  what 

\*  should  be  the  weight  of  C  so  that  the  ring  will  remain  at  the  center 
of  the  table?  J 

For  a  third  case,  let  us  again  keep  the  heights  of  A  and  B  unchanged, 
but  suppose  that  the  pulleys  are  moved  to  a  third  position  as  shown 
in  the  drawing  below.  To  keep  the  ring  at  the  center  of  the  table, 

v  should  the  weight  of  C  fee  more  than  it  was  for  Position  2?  Less?  How 

j  would  the  weight  of  C  for  this  situation  compare  with  the  weight  of  C 
needed  for  the  situation  when  the  weights  were  arranged  in  Position  1? 


T>oeilion  2 


Potation  3 


A  Problem  about  Velocity 

The  captain  of  a  ship  wishes  to  sail  due  north.  The  ship's  engines 
can  move  the  ship  in  still  water  at  a  speed  of  10  miles  per  hour.  How- 
ever, there  is  a  strong  current  that  moves  the  ship  northeast  at  a  speed 
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Fqr  the  given  system,  a  weight  of  approximately  34.6  grams  is 
required  at  C  in  order  to  put  4he  system  in  equilibrium.    So,  a^  40 -gram 
'weight  is  not  what  is  needed  at  Ci    40  grams  at  (Z  is  too  much. 

'  ■  .    •         *  s 

The  resultant  of,  say r  two  forces  acting  at  a  point  In  a  body  is  the 
single  force  which,  acting  at  the  same  point,  would  "produce  tfce  same 
effect.**    As  shown  by  experiments  with  the  force  table,  two  forces  % 
acting  at  a. point  can  be  balanced  by  a  single  force.  ^  The  resultant  of 
the  given  forces  is,  then,  the'force  with  the  same  magnitude  as,Ahe 
balancing,  force  but  with  opposite  *s ens e.    [in  this  course  we  distinguish 
between  a  direction,  which  parallel  ^ines  have  in  common,  and  the  two 
opposite  sense s  in  a  given  direction.  ] 

A  force  may  be  represented  by  an  arrow  whose  length  is  propor- 
tional to  the  magnitude  of  the  force  and  whose  sense  pictures  that  of  the 
force*    For  example,  forces  of  l&  lb.  and  30  lb.  which  act  on  a  point 
B  in  such  a  way  that  the  angle  formed  by  the*  rays  along  which  they,  act 
is  one  of  120°  ^may  be  represented  Jj>y  the  arrows  from  B  to  A  and  s 
from  B  to  C,  respectively,  im  the  Ugure.    Experiment  shows  that  the 
.resultant  6*f  these  two  forces  is  represented  By  the  ax* row  fron^*$V  to.  D 


fresuttonf  of  . 
t  the  given  forces 


[ABCD  is  a  parallelogramj.    Quantities  which,  like  forces,  have  both 
magnitude  and  direction,  and  which  "add"  according  to  the  parallelo- 
gram-law,  are  called  yectc*r  quantities.    Other  examples  of  vector' 
quantities  are  displacements  and  velocities. 

*    -  In  the  example  pictured  in  the  preceding  paragraph,  the  magnitude. 

of  the  resultant  force  can  be  estimated  by  measuring  BD  in  the  same 

scale  as  BA  an$2  BC.    Doing  so  shows  the  magnitude  of  the  resultant 
to  be  about  26.5  lb.    The  sense  of  the  resultant  can  be  described  by 
giving  the  size  of,  say;  /DBC;    This  is  about  41*.    *fhe  magnitude  of 
this  resultant  may  be  computed  by  making  use  of  the  law  of  cosines,  ^ 
and  the  size  of  ZDBC  may  then  be  ifound  by  using  the  law  of  sines:' 

J 


(BD)2  =  (Afe)V  {ADP  -  2(ABMAD){cos  A) 

*         +  30*  -  -2(20X30X1)-  ■ 
=  700 
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Hence,  the  resultant  force  is  one  of  10VT  lbs. 
sin /PRC  = 


DC  vain  £DCB 
*  BD 


20  «  sin  60'  * 

=   .6547  . 

Hence,  6DBC  is  ah  angle  of  about  40'  54'. 

It  is  not^o  be  expected,  of  course,  that^  students  will  be  prepared 
at  present  io  understand  the  preceding  computations*    Indeed,  it  is  to  * 
be  expected  that  they  will  learn  the  laws  of  cosines  and  sines  at  a  much 
l^ter  point  if*  this  course,    Wi?  give  this  solution  solely  for  your 
information.    .  .  «  n 

*      Given  a  force  table  and  scales,  the  students*  should  be  able  to  get  a 
reasonable  rational  approximation  for  the  weight  required,  at-  C  to  put 
the  given  system  into  equilibrium.    To  tentfta  of  a  gram,  the  answer  is 
10.4.  •     *  ■ 

Under  the  conditions  given,  the  weight  needed  at  C  is  10{*JT>  -  \fl) 
gram)?.    One  way  to  compute  this  is  the  following:  * 

Xet  x  be  the  weight,  in  grams,  needed  at  C. 

Then,  by  the  law  of  cosines,  - 
1f 


t  A 


xr 


20 


So,  x 


=  ZQ?  +  20^  -  2  *  20  •  20  •  cos  30*  4 
,     2-  202  (1  -  cos  30°)  . 
-  400  (2  -  VTi. 


150^ 
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20 


Of  course,*  we  do  not  expect  that  the  students  solve  this,  problem  by 
making  use  Of  the  law  of  cosines.    We  give  tfiis  solution  solely  for  your 
information.  ... 

It  is  worth  calling  attention  to  the  fact  that  once  the.  system  is  in 
equilibrium,  each  of  the  forces?  has  the  property  that  it  is  the  force  that 
is  required  %p  "balaitc*"  the  resultant  of  the  other  two  forces. 

Under  the  given  conditions, "  the  weight  at  C  shoulcVbe  more  than  it 
*  wag  for  Position  2,  and  it  should  also  be  more  than  it  was  for  Position 
1*   in  tact,  ttaes.we:Tgnt,  xn  grams,  needed  at  '  '      ~  ■  ,  7 

*  .  for  Position  1  |p  40  cos  30*, 

\     for  Position  2  is  40  cos  75s/  * 

And  .      for  Position  3  i«  40  coi  5%  \ 


We  derive  this  as  follows: 


In  general,  if  the  sise  of  the  angle  between  tint  strings  for  A  and  B  is 

€L*  then  the  weight  at  C  is  40  cos  t  . 

•  *  L 

I-iet  x  be  the  weight,  in 
grams,  needed  at  Cf  Thefr, 
we  have  in  turn; 


202  =  x?  +  20*  -  2«x-  20  dbs 


9s 


x2  "  4 Ox  cos 


C^X  -  40  cos      ^  = 


0  - 


Since  the  weight  needed  at  C  is  0  only  when  6  -  18%  the 

weigl(t^ieeded  at  C  is  40  cos  y  .  \   ■        *  * 

-  '  * 
As  before,  we  give  this  solution  solely  for  your  own  info rm a&fcn .  . 
Rational  approximations  for  special  positions  may  be  obtained  DV 
making  use  of  the  apparatus.  ts  ' 


V  A  Problem  about  Velocity  3 

of  5  miles  per  hour.  Will  it  be  possible  for  the  captain  to  steer  the  ship 
in  such  a  way  t£at,. despite  the.eurrent,  it  will  sail  dus  north? 

Although  you  may  not  be  able  to  answer  this  question  convincingly 
now,  you  can  think  .about  some  of  its  aspects.  First,  consider  a  situation 
in  which  there  is  no  current.  If  the  engines  are  operating  and  the  cap- 
tain points  the  ship  north,  the  ship  will  move  north  at  a  speed  of 
10  miles  per  hour,  At  the  end  of  the  first  houf  it  will  be  10  miles  north 
of  the  starting  point.  We  can  show  the  path  of  the  ship  during  the  first 
hoar  by  a  diagram.  [In  this  diagram  V$  inch  represents'  1  mile>] 


1  :    -7  ' '  ■ 

•I 

A  is  the  starting  position. 
A  B  is  the  position  at  the  end  of  1  hour. 


Second,  consider  a  Situation  in  which  the  water  current  is  flowing 
northeast  at  a  spe4d  vof  5  miles  per  hour,  ahdHhe  ship's  engines  are  not 
operating;  In  this  case,  even  though  the  captain  is  at  the  wheel  keep- 
ing the  ship  pointed  north,  the  ship  will  actually  move  in  a  northeast- 
erly direction  at  a  speed  of  5  miles  per  hour.  Hence,  at  the  end  of  ths 
first  hour  it  will  he  5  r$Ues  northeast  of  its  starting  poinfc  The  follow- 
ing diagram  shows  the  path  of  the  ship  during  the  first  hour.  [Again, 
the  scale  is  Vs  inch  to  represent  1  milej  •  .  f 
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»  scale  fif "  ^  Is  the  starting  position. 

S  is  ttie  position  3t  the  end  of  1  hour. 

No&,  retumingto  the  original  problem,  we  see  that  we  have  J»  tate 
into  account:  >  .' 

( 1 )  the-cOndition  which  caused  the  ship  to  mo  vein  the  first  situation 

.'■>.  l|.-;.e.-,  the  engines' operating] 
together  with  •  .  '  •  '  •  .  . 


There.ought  to  be  general  agreement  in  the  class*that  the  Ship  can 
be  steered  in  such  k  way  that  the  resultant  of  the  ship's  velocity  [10  mph 
in  some  direction]  and  the  current's  velocity  [5  mph  to  the  northeast] 
will  be  a  velocity  which  has  a  due^rth  heading. 

Notice  that  we*  a; re  using  the  term  1  speed*  in  connection  with  aF rate' 
of  motion  which  is  undirected,  and  the  term  'velocity*  in  connection  with 
a  directed  rate  of  motion.    This  is  consistent  with  the  classical  usage 
,of  these  terms,  in  which  speed.is  thought  of  as  a  scalar  quantity  and     .  . 
velocity* £s  a  vector  Quantity, 

To  giVe  the  students  some  basis  for  tHnking  about  problems  such 
as  these,  you  might  pose  questions  like  the  following? 

How  far  would  the  ship  go  in  aivbour  if  the  captain  steBred* 
the  ship  toward  the  northeast  (i.e.  ,  directly  with  the 
current)? 

How  far  would  the  ship  go  in.  an  hour  if  the  captain  steered 

the  ship  toward  the  southwest?^  "  /      ■   ,  ■ 

.  What  sorts  of  things  might  the  captain  do  \n  order  to  keep 
his  ship  right  at  position  A?  v 
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(2)  the  condition  which  causecHhe^hip  to  move  in  the  second  situ- 
ation [i.  eM  the*water  current].  J — — — - — 
Thus  we  taust  take  into  account     '  4 
the  facts  that  '      •*  \  '   f  ' 

(1)  the  ship's  engines  are  oper- 
ating and  can  move  the 
ship  north  at  a  speed  of 
10  miles  per  hour 
and  (2)  there  is  a  current  which  y  ■  "  " 

can  move  the  ship  north-  [ 
.%     east  at  a  speed  of  5  miles 
per  hour. 

Under  thes^  conditions,  if  the  captain  points  his  ship  north,  its  path 
will  be  the  path.froxh  A  tb  B  shown  in  the  following  diagram: 


0  12  3  4 
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A  is  the  starting  position.  ' 

B  is  the  position  at  the  end  of  1  hour, 

(The  captain  points  the  ship  north.) 


From  the  diagram*  it  should  be  reasonably  clear  that  the  captain 
-^us^stee^rthe  ship  somewhat  toward  the  northwest  in  order  that  the 
resultanTtjfHthe  ship*  s  velocity  and  the  cur  feint's  velocity  have  a  head- 
ing which  is  due  norths    There  may  be  a  few  students  whcV  cat!  devise  a 
scheme  for  making  a  scale  diagram*  which  will  enable  them. to  predict 
which  heading  the  captain  must  tafte  in  order  to  get- the  required  job  , 
done;    All  that  is  required  here,  however,  is  the'notion  that  it  is  . 
passible  tQ»accomplieh  the  task* 

The  following  diagram  and  computations  illustrate  haw  one  might 
solve  the  problem. 


8in  e.  -  lLSin451 
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'  =  .3535-  . 
&"  =  20°  42' 


The  captain  should 'direct  the  ship  oh  a  hiding  of  2Da  42'  west  of  north 
at  10  mph  in  order  to  have  a  resultant  heading  which  is  c|ue  north. 


In  view  of  this  last  diagram,  what  do  you  conjecture  as  to  the  possi- 
bility of  steering  the  ship  so  that  it  will  ^ 
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it  *s  passible,  in  which^lrectitm  should  the  captain  point  the  ship  to 
accomplish  this?  *\  .  • 

A  Question  about  Mirrors  . 

•  •  'v  •  :  .  •  ••' 

Suppose  that  you  look  in  a  full  length  mirror.  As  ydii  face  your 
image  in  the  mirror,  the  reflection  of  your  right  hand  seems  to  be  the 
left  hand -of  the  image,  and  the  refieetion  of  your  left  hand  seems  to 
be  the  right  hand  of  the  image  -  ' 

Tjy  it.  Facfea  mirror  and  hold  a  book  in  your  right  hand.  The  image 
fadng  you  in  the  mirror  is  holding  the  book  in  its  left  hand.  Now  put 
cbwn  the  hook.  Hold  your  right  hand  up  to  the  rnirror  and  observe  the 
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hand  the  image  holds  up  to  you.  The  image  is  holding  up  i|s  left  hand. 
Compare  the  hand  held  up  by  the  image  with  your  own  left  hand  find 
you  will  see  that  they  do  look  alike.  , 

The  reflection  of  your  right  hand  seems M  be  the  image's  left  hand.  * 
If,  as  it  appears,  the  mirror  "reverses  right  and  left"  why  doesn't  it 
also  reverse  top  and  bottom?  If  the  mirror  interchanges  your  right 
hand  with  your  left  fiand,  why  doesn't  it  also  interchange  your  head 
with  your  feet?  •  * 

This  naturally  leads  to  a  next  question.  Can  one  make  a  mirror* 
which  does  interchange  top  and  bottom?  [Of 'course  if  you  leoked  in 
such  a  mirror,  you  would  See  yourself  standing  on  your  head,  so  such 
a  mirroF  might  not  be  too  useful  around  the  housa] 

Soma  Remarks  about  the  Preceding  Problems 

The  for?e  problem  /Many  people  tftink  that  C  should  be  a  4G-gram 
height  if  A  and  B  are  each  2&gram  weights.  This  is  not  correct! 
'Of  course,  the  answer  to  this  question  can  be  found  experimentally, 
however,  through  experimentation,  physidsS  have  found  a  way  t*T 
answer  this  question  [aiid  similar  questions]  by  using  ideas  anrfraeth- 
ods  which  we  shalflearrt  about  in  our  study  of  geometry. 
^It  turns  out  that  if  the  pulteys^re  arr^gedas  shown  in  Position  1» 
[page  l]f  C  should  be  a  weight#of  fabautj  36  grams  in  order  for  , the 
ring  to  remain  at  the  center  of  the  tabife?  However,  if  the  pulleys  are 
arranged  as  shown  in  Position  2,  C  should  be  quite  a  bit  less  than 
35  grams,  For  the  pulley  ari^gemeat shown  in  Position  3,  C  should 
be  more than  35  grams;  t  ^ 

•Do'^Du'thbsk  there  is  a  position  such  that  C  should  be  0  grams? 
Can  a  position  be  found  such  that  th^  weight  of  C  should  be  40  grains? 
More  than  40  grams?      ;.    \  ;  -.  ^.:-';/?:: 


These  questions  about  mirrors  are  purely  rhetorical.    Thus,  we 
do  not  expect. that  the  student  answer  them*    Of  course,  as  you  and  the 
students  will  read  in  the  remarks  later  in  the  Introduction,  mirrors.  J 
"reverse*'  front  and  back.    In  mathematical  terms,  mirrors  reverse 
the  orientation  of  space.  '  *  . 

Some  of  the  students  may  have  seen  mirrors  in  amusement  parks  *• 
that  do  all  sorts  of  funny  things/  So,  they  will  probably  know  th^t 
mirrors  do  exist  that  interchange  top  and  bottom. 

/With  a  fbrce  table  in  the  classroom,  it  can  be  verified  experimen- 
tally that  the  larger  the  angle  is  between  forces  A  and  B,  the  smaller  ■ 
the  weight  is  that  is  needed. at  C  to  fcut  tlje  system  In  equilibrium  about 
the  center  of  the  force^  table «    The  limiting  values  are  0  grams  when    '  t.H 
the  angle  between*  the  strings  for  A  and  £  is  160*,  and  40  grams 
when  the  angle  between  the  strings  for  A  and  B  is  0*. 
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The  skip  problem.  One  way  to  find  th6  direction  in  which  the  eaffckin 
should  point  the  ship  in  order  to  sail  due  nprth  is  to  make,  a  drawing 
something  like  the  following:  * 


(The  captain  points  the  ship  in  the 
.  direction  from    to  C.) 

*•*"'.  .*  * 

The  captain  should  point  his  ship  in  the  direfction  from  A  to  G,  and 
during  the  first  hour  the  ship  will  move  from  A  to  B  [i.e.,  due  north]. 
Compare  your  answer  with  this  drawing 

The  mirror  problem.  Of  course,  mirrors  do  not  interchange  top  and 
bottom— and,  in  fact,  they  don't  interchange  right  and  left  either. 

It  is  a  common  miscoi^ception  that  a  mirror  interchanges  left  and 
right-and  this  misconception  is  partly  due  to  the  feeling  one  has  that 
he  could  put  himself  in  the  apparent  position  of  his  image  by  going 
into  the  nest  room  and  turning  amind  to  face  the  wall  on  whose  other 
side  the  mirror  is  hanging. 

Actually  to  put  yourself  in  the  apparent  position  of  yoiir  image, 
something  more  drastic  is  Called  for.  To  understand  the  difficulty  in-, 
volved/lpt  us  first  consider  aft  easier  {but  analogous]  problem. 
^TmagineTfiat  you  are  holding  a  right-hand  glpv§  in  front  of  you 
with  the  fingera  pointing  toward  the  mirror.  What  will  its  image  look 
like?  [Close  your  eyes  and  try  to  visualize  it  ] .  .  .  Did  you  realize  that 
the  image  of  the  gfave  will  look  Ifea  le^4iand  glove  with  the  fiiigers 
poking  iqwmd  you?  {If  you  don't  believe th^  try  it!j  Can  you  make 
the  glove  you  are  holding  appear  to  be  the  same  as  the  image  you  saw 
in  the  mirror? 

Hiough  you  may  not  think,  so,  it  is  possible  to  accomplish  this.  How? 
By  taming  the  glove  inside  out!  That  isf  you  must  interchange  the 
front  [fiiiger-tip  end]  of  the  glove  with  the  hack  feiiff  enriffr  You  will 
fkm  Jmv$  ,mfa:tim-  glove  into  a  Ieft-hamirglove  with the  fingers 


^  Here  is  a  ruler  and  compass  construction  which  will  enable  you  to  • 
'determine  the  desired  heading  for  the  ship. 

{1}    Assume  the  ship  is  at  A.    Draw  a  north- south  line 
through  A,    Then,  draw  an  arrow  \%  inches  l£ng 
{=  5  miles  per  hour)  from  A  to  the  northeast  to  the 
,     .  .     ■  point  D,  .    >  ;.  ,       "  + 

(I)    Using  D  as  the  center  of  a  circle  with  radius 

inches  ('  lO.mph)  determine  the  location  of  B,  the 
point  directly  north  pf  A  and  10  miles  from.  D.. 
-  The  heading  from  D  to  B  is  the  heading  required  J,  ft 
to  have  the  ship  sail  directly  north.  \The .length  of& 

AB  in  finches  giver  the  resultant  velocity  to  the  % 
.north  of  the  ship,  • 

[As  this  construction  shows,  there  is  a  triangle -rule  for  adding  vector 
quantities.    This  is,  of  course*  equivalent  to  ihg  parallelogram -rule.  ]  \\ 


The  process  of  turning  a  glove  inside  out  ought  to  work  quite  well 
with  rubber  gloves,  and  not  very  well  {i£  at  all)  with  ordinary  gloves. 
It  would  no  doubt  be  handy  to  have  a  mirror  and  a  pair  of  rubber  gloves 
in  the  classroom  in  order  to  demonstrate  how  a  glove  can  be  "made 
into**  its  mirror  image #s  4  " 
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pointing  toward  you.  The  mirror  did  not  interchange  left  and  right, 
*  nor  did  it  interchange' top  rfnd  bottom^  it  interchanged  front  and 
back. 

To  put  yourself" in  the  apparent  position  of  your  image,  you  must 
perforata  contortion  which  interchanges  your  front  and  back.  You 
must  stand  in  the  next  room  with  your  back  toward  the  wall  on  whose 
other  side/ the  mirror  is  hanging.  Then  yon  must  turn  yourself  front- 
side  back  [not  around]  by,  say,  exhaling  so  strongly  as  to  pull  your 
chest  [and  the  rest  of  the  front  of  your  body  ]  through  your  back! 
,  We  agree  that  it  is  impossible  for  a  person  'to  perform  the  above 
contortion,  but,  just  as  in  the  case  of  the  glove,  this  is  what  would 
be  needed  to  put  yourself  in  the  apparent  position  of  your  image! 

Another  easy  way  to  see  that  a 
jrurror /interchanges  front  and  back 
is  to  perform  the  following  experi- 
ment. Write  something  oh  a  thin 
sheet  of  paper  and  hold  it  between 
you  and  the  mirror  so  that  the  side 
containing  the  writing  is  facing  the 
hiirror.  What  you  see  in  the  mirror 
is  just  what  you  see  through  the 
bacfk  of  the  paper.     *  m 

If  the  ink  were  pressed  through 
the  paper,  from  the  front  to  the 
back,  it  would  look  like  the  image 
you  now  see  in  the  mirror. 


M6re  about  Mirrors  ,■'  '  . 

„■  •       -  v  •  *. 

You  can  make  a  mirror  iri  which 
your  image  will  be  standing  on  its 
head  simply  by  bending  any  flexi- 
ble reflecting*  surface  -slightly  as 
shown  in  .this  diagram; 

Let  us  now  consider  mirrors  and 
reflections  in  some  different,  and 
perhaps  unusual,  situations. 
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Using  a  mirror  and  a  piece  of  porous  paper  (e.g<,  newsprint) 
marked  with  a  felt  pen,  the  experiment  that  is  described  here  can  be* 
performed  quite  easily  in  the^elassroorn.    Another  "experiment"  with  * 
which  students  will  be 'acquainted  is  that  of  observing  the  image  of  the 
license  plate  of  a  following  car  in  the  rear -view-  mirror  of  the  car  in 
which  one  is  riding.    Here,  again,  one  can.  understand  why  the  license  ■ 
appears  to  be -backward  by  imagining  what  the  back  of  the  license  • 
plate  lot>ks  like  when  viewed  directly.  .     *■  • 

.It  is  interesting,  to  note  that  figures'  which  have  an  axis  of  symmetry 
can  be.  held  in  front  of  the  mirror  in  such  a  way  that  one  cannot  ten  that 
the  mirror  "interchanges"  left  and  right.    Also,  with  such  figured; 
when  one  places  the  mirror  so  that. its  face  is  along  the  axis  6i  sym- 
metry of  the  figure,  one"  still  has  a  view  of  the  entire  figure,*  The  view 
of  the  figure  is,  of  course,  composed  of  the  exposed  "half**  of  the 
figure  together  with  the  image  of  this  exposed  half  in  the  mirror.  This 
notion  serves  as  the  basis  for  some  very  interesting  exercises  in 
visualization  created  by  Miss  Marion  Walter  inv her  Mirror  Cards, 
[These  are  available  through  Educational  Developtenent  Corporation, 
Watertown,— Massachusetts*  }  ;  m  tK  y 
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Suppbse  that  you  live  in  a  straight-line,  that  is,  in  a  onerdimensional 
world.  In  a  dne-dimensiortal  world,  a  mirror  is  represented  by  a  dot!  If 
you  hold  an  arrow  pointing  toward  a  mirror,  the  image  will  be  an 
narrow  pointing  toward  you.  The  mirror  has  interchanged /ront  and 
back., 


*'.!•*'  ■  ARROW  -  >  MIRROR     IMAGE  OF  ARROW 

Notice  that  each  arrow  determines  one  of  two  opposite  senses  on  ike 
line.  We  may  specify  one  of  these  senses  to  be  the  positive  sense  on  the 
line,  call  the  other  the  negative  sense  on  the  line,  and  then  say  we  have 
oriented  the  line.  (> 

If  you  orient  the  line  by  specifying  that  your  arrow  represents  the 
positive  sense  on  the  line,  you  have  one  orientation  of  the  line.  You" 
may  reverse  this  orientation  of  the  line  by  specifying  that  thoffimage 
of  your  arrow  represents  "the  positive  sense  on  the  line  [pf  course,  if 
you  began  by  specifying  that  the  image  of  your  arrow  represents  the 
positive  sense  on  the  line,  you  may  reverse  this  orientation  of  the  line 
by  specifying  that  the  arrow  represents  the  positive  sense.] 

We  say  that  reflection  reverses  orientation  on  a  line.  ~ 

Next,  imagine  that  you  live  in  a  plane,  that  is,  in  a  two-dimeilsional 
world.  In  a  two-dimepsional  world,  a  mirror  is  represented  by  a 
straight  line.  In  such  a  world  you  can  bend  your  arrow  as  shown  in 
the  diagram  below  and  observe  its  image  in  a  mirror: 
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The  picture  on  page  S    is  a  reproduction  of  a  photograph  of  a  dia-  * 
gram  and  its  reflection  in  a  mirror  placed  on  a  table.  *  It  shows,  quite% 
effectively,  that  the  orientation  of  the  line  is  not  altered,  but  that  the  * 
orientation  of  the  plane  of  the  paper  is  reversed  [from  clockwise  to  '  . 

counterclockwise  when  viewed  from  above  |>    '  •  * 


f 
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•Each  arrow  determines  one  of  two  opposite  senses  of  rotation  on  the. 
plane.  We  may  specify  one  of  these  senses  to  be  the  * positive  sense  of- 
^  n$ation,on  the  plane,  call  the  other^e  negative  sense  of  rotation  on  the9 
*  plane,  and  then  say  we  have  oriented  the  plane. 

If  you  orient  the  plane  by  specifying  that  your  arrow  represents  the 
positive  sense  of  rotation  on  the  plane,  yaxi  have  one  orientation  of  the 
plane.  You  may  reverse  the  orientation  of  the  plane  by  specifying  that 
the  image  of  ypur  arrow  represents  the  positive  sense  of  rotation  on 
the  plane.  •  >  • 

We  say  thaUre flection  reverses  orientation  ori  a  plane. 

The  arrow  contained  in  the  dotted  line  indicates  the  orientation  of 
that  line,  and  the  image  of  the  arrow  gives  the  orientation  of  the 
^  image  of  the  dotted  line.  Notice  that  the  orientation  of  the  dotted  line 
and  its  image  is  the  same;  [Reflection,  however,  did  interchange, f^ont 
and  bafck,  so  that  the  sense^of  rotation  on  the  plane  is  reversed.] 

A  plane  may  be  a  rather  uncomfortable  place  in  which  lo  liveMso 
let  us  return  to  our  three-dimensional  world,  which 'we  rWer  to  as 
"space". 

In  our  three-dimensional  world  we  can  bend  our  arrow  as  shown  ir? 
the  diagram  and  observe  its  image  in  a  mirror;  /  \ ' 


Each  of  the  two  arrows  determines  one  of  two  opposite  senses  of. 
twist  in  space.  We  njay  specify  oiie  of  these  senses  to  he  . the  positive 
sense  of  twist  in  space*  call  the  other  ttia  negative  sense  of  twisf  in  space, 
«and  then  say  we  have  oriented  space.  .  *  V  ^  * 

If  we  orient  space  by  specifying  that  our  arrow  represents  the  posi- 
tive sense  of  twist  in  ^pace,  we  have  oiie  orientation  of  space.  We  may 
reverse  the  orientation  of  apace  by  specifying  that3  the  image  of  our  ' 
arrow  represents  the  positive  sense  of  twist  in  sjmce. 

We  say  that  refi^tipn  reverses  orientation  in  space. 
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 JTii^twa^ia^^u^licmg  -ei  I -dime us hmai^pgrgnrngy^e  cor f  eTa£edT~~~< ~ 

with  the  two  kinds  of  helices  —  right-handed  helices  and  left-handed 
helices,    [Models  of  these  are  easily  constructed  by  wrapping,  pipe 
cleaners  about  a  pencil.    A  mirror-image  of  a  helix  of  either  kind  is  a 
helix  of  the  opposite  kind/]   Indeed,  the  arrow  pictured  on  the  preced- 
es Page  is  a  somewhat  deformed  portion  of  a  right-4ianded  helix.,  while 
its  mirror-image  is  a  similarly  deformed  portion  of  a  left-harided  helix. 
Somewhat  surprisingly,  the  helices  themselves*,  without  arrowheads, 
suffice  to  indicate  the  two  orientations.    On  the  basis  of  a  general  theory 
of  orientation  of  Euclidean  spaces  of  arbitrary  dimension  it  is  easy  to 
see  why  arrowheads  are  required  on  pictures  of  segments  and  arcs  to 
indicate  orientation  of  one  and  two-dimensional  spaces,  but  are  not 
needed  on  pictures  of  helices  to  indicate  orientations  df  three-dimen- 
siorial  spaces.    It  turns  out  that,  for  n-dimensional  space,  arrowheads  ' 
are  required  or  not  according  as  n(n  *  l  )/2  is  odd  or  even,    [it  would 
be  inappropriate  to  develop  here  the  general  theory  of  orientation  on 
which  this  result  is  based*    For  readers  who  are  acquainted  with  the 
theory  it  will  be  sufficient  to  point  but  that  (a^,  M        a1,  a0)  is  an  eveii 
permutation  of  (a0;  a^  .  .  ,  P  an)  if  and  only  i£  h(n  +  1}/Z  is  even.  ] 

It  is  worth  remarking  that  the  orientability  of  Euclidean  planes, 
depends  on  thefact  that  however  a  sensed  circle  is  mdved  about  in  such 
a  plane  it  will,  if  brought  back  to  its  original  center,  return  with  its 
original  sense.    T^us,  having  chosen  a  positive  sense,  of  rotation  at  one 
point,  a  positive  sense  of  rotation  is  thereby  determined  at  each  point. 
A  Mpebius,  surface  —  models  of  which  can  be  constructed  by  giving  a 
hajf-twist  to  a  strip  of  paper  and  jbining  the  ends  —  is  a  counter  example 
to  the  generalisation  that  all  surfaces  are  orientable.    As  is  easily  seen, 
a  sensed  circle  winch  is  moved  all  the  way  "around**  such  a  surface 


Imagine  the  circle  moving 
around  the  surface  from 
position  I  toE toll  tot  'Notice 
that  its  sense  is  reversed. 

■  ■"  ■        :      *    ^  •  4 

will  return  to  its  original  position  with  its  sense  reversed.    A  non- 
Euclidean  plane  of  the  Riemannian  or  elliptic  sort      equivalently,  a 

surface,   '  '  £ .      »  t 

Similar  remarks  apply  to  Euclidean  3-#fcacev  However  a  helix  is 
moved  about  in  such  a  space  i{  will, »  if  brought  back  to  iti  original  axis, 
return  with  its  original 'sense.    There  are,  however/1  nonorientaSle 
3  -dimensibrial  spaces  In  which  a  rlgnt-n&nded  helix  can  fee'  moved  iai 
suclf  a  way  as  to  reverse  it*  sense.    Since  such  sense  ~  reversal  is 
impossible  in  -Euclidean  3  -space,  n6norientaBIe~3^space8  cannot  l?e 
modeled  in  Euclidean  3 -space.    However,  the  same  trick         in  the  1  ' 
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The  arrow  contained  in  the  plane  p  i  represented  by  dotted  lines] 
indicates  the  orientation  of  p,  and  the  image  pf  the  arrow,  [contained 
in  the  plane  p'J  gives  the  orientation  of  p\  Notice  that  the  orientation 
of  the  planes  is  not  reversed.  [Reflection,  however,  did  interchange 
front  and  back,  so  that  the  sense  of  twist  in  space  is  reversed.] 

We  shall  have  more  to  say  about  mirrors  and  orientation  of  lines, 
planes,  and  space  later  in  the  course. 


preceding  figure  to  obtain  a  plane  picture  of  a  Moebitjs  surface  can  be 
resorted  to  to  obtain  a  representation  of  an  analogous  nonorientable 
3 -space: 


$the  space  in  question  is  obtained  by  "identifying**  corresponding 
points  of  the  square  ends  of  the  bar  according  to  the  correspondence 
indicated  by  the  lettering.  '  Just  as  three  dimension*  are  ne'eded  if  one 
is  to  twist  a  strip  of  paper  to  form  a  Moebius  strip,  so  four  dimen- 
sions would  be  needed  if  one  were  to  twist  a  bar  of,  say4  plastic ene  > 
injto  a  model  of  th$  nonorientable  3 -space  'described  above .  J       *     _  * ; 


s-  •.  .'V. 
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Chapter  One 
Mappings 


1.01  Functions 

In  this  section,  and  in  t&e  three  following  sections,  we  shall  review 
some  notions  with  which  you  are  probably  familiar  from  earlier 
courses.  These  are  all  related  to  the  notion  of  a  mapping.  [Another 
word  for  'mapping"  is  function'.  ] 

Before  recalling  what  a  mapping  is,  let's  recall  what  a  mapping 
"does*".  A  mapping  of  a  set-S4nto  a  set  T  gives  a  way  of  assigning  to 
each  member  of  S  some  corresponding  member  of  T.  For  example,  the 
squaring  operation  for  real  numbers  gives  a  way  of  assigning  to  any 
real  nujnber  a  Single  real  number,  its  square.  This  squaring  operation 
is  a  mapping  t>f  the  setfcf  all  real  numbters  into  itself,  j$fe  can  picture 
it  by  drawing  two  pictures  of  the  number  line  [that  is,  of  the  set  ofNall 
real  numbers  1  and  drawing  a  few  6rrow&  to  show,  for  each  of  a  few  real 
numbers,  what  number  i|  assigned  to  it  by  th&  mapping.  As  the  figure 
^above  shows,  squaring  maps  both  -V2  and  V2  om  XU$  maps  0  on  0, 
BMP  both  3  and  —3  on  9,  etc,  We  say  that  4  is  thfe  image  of— 2  under 
the  scaring  mapping;  that,  under  this  mapping,  —3  is  not  thfe  image 
of  anything,  etc.  When  the  word  Yunction'  is  used  instead  of  'inappifij* 
it  is  customary  to  use  the  word  Value'  instead  of  'image'.  We  say,  for 
example,  that  the  value  of  the  squaring  function  at  2  is  4,  and  that 
—3  is  not  a  value  of  thisj^fctipn; 

•  ™  f 
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Our  purpose  in  this  copree  is  to  develop  Euclidean  geometry  on  the 
'  basis  of  postulates  concerning  a  certain  kind  of  mapping  of  Euclidean 
space  into  itself.    [Our  "undefined  terms"  will  be  "point*,  and  *  trans- 
lation*. ]  "Consequently,  it  is  important  that  students  have  such  a  back- 
ground  as  will  enable  them  to  think,  in  some  "comfort,  about  mappings 
and  to  use,  with  some  facility,  the  relevant  notation.    By  and  large , 
we  assume  that^students  of  tnis  course  do  have  such  a  background. 
•Although  sections  1 .01  through  1.04  contain  the  essentia  definitions 
and  theorems,  these  sections  will  hardly  serve,  in  themselves,  as  an 
adequate  introduction  to  the  concepts  reviewed  therein.    Their  purpose 
is  to  serve  as  a  review  of  certain  material,  most  [if  hot  4ll]  of  which 
is  famiiMr  to  the  reader,  and  to  4}  r'ect  attention  especially  to  mappings 
of  1 -dir^nsionai  space  which  are  prototypes  of  the  mappings  of  3- 
dimensional  space  which  we ^ will  deal  witfc  later,    [Students  who  lack 
familiarity  with  this  material  can  best  supply  it  by  studying  the  first 
two  chapters  of  High  School  Mathematics,  Course  _3*  by  Beberman  and 
Vaughari  {D.  C.  Heath  and  Company,  Boston*  1966).  j 

It  is  also  assumed  that  readers  of  this  text  are  familiar  with  the 
notion  of  a  s*et  and  some  of  the  simpler  notions       for  example,  those  of 
ordered  pair,  union,  intersection,  and  relative  complement  —  related 
to  it,  and  that  they  are  accustomed  to  the  use  of  the  usual  notational 
devices  in  writing  about  sets*  , 

*   As  does  any  deductively  organized  study  of  geometry*  this  one  re- 
quires of  students  some  intuitive  feeling  for  the  geometry  of  physical 
space,  as  well  as  some  familiarity  with  geometric  terminology.  We 
attempt  to  fulfill  these  needs  in  sections  1.05  and -1,06  and  in  _otl 
" concept -development  lections**  in  later  chapters*  [The 
sections  is  discussed  in  the  first  four  paragraphs  of  the  comm^nti 
for  section  1.05.  ]  r 

Finally*  participation  in  a  task  of  deductive  organization  —  or, 
every  appreciation  of  the  outcome  of  such  ^a  task  — ;  requires  some 
knowledge  of  methods  of  proof.    Since  there  is  considerable  evidence 
thrft  neither  the  ability  to  argue  rationally,  nor  the  techniques  of  for- 
jnulating  arguments  in  some  uniform  and  succinct  fashion,  are  innate* 
space  will  be  devoted  to  these  matters  both  in  the  commentary  and  in 
the  text. 

*  .  •  * 

Before  reaching  section.  1.05,  students  should  have  familiarised  * 
themselves  to  some  extent  with  the  use  of  the  parallel  ruler.   A  good 
device  is  to  issue  these  gadgets  to  students  and  tell  them  to  take  them 
home  and  see  what  they  can  draw  with  them.    [Unlined  paper  and  sharp- 

rulers  is  to  draw  parallel  lines.  {Parallelism  of  Hries  should  come  up  ■ 
near  the  end  of  their  study  of  section  1.05.  ]  Sn*2ents  should  be  inven- 
tive enough  to  think  of  various  things  to  do*  and  the  only  purpose  of  this 
••exercise**  is  to  develop  *  modicum  of  manual  d«^irity«.":'v 

&i  section.  1.01  we  recall  the  notion  of  a  function  as  a  set* of  *  q 
ordered  pairs,  Iho  two  of  which  have  the  same  first  component.  We  use  i 
•mapping*  and  'function*  as  synonyms.  Othe*  notions  4r idiinetiraes 
entirely  legitimately  —  associated"  with  these  words,  but  we  have  no v/;3£ 
need  for  these  notions.  From  a  formal  point  of  view  it  is  largely  *  -§i 
matter  of  taste  whether  one  chooses  to  consider  as  primitive  the ..ttotiofiiS 
o£  set  and  that  of  the  membership  relation*  or  the  notion  of  mapping 
that  of  $he  mapping  »e^ttoa^  ^  * 
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experience    and  of  personal  preference  we  elect  for  the  former.  To 
the  argument  —  sometimes  ^cWancec\  by  partisans  of  the  latter  —  that 
a  mapping  **maps*',  but  a  set  just  "is";  an  adequate  answer  would 
seem  to  be  that,  ;n  either *c a se\  the  verb    map*  is  a  technical  term 
and,  as  such,  must  either  be  taken  as  primitive  or  related  to  other  * 
terms  which  are  taken  as  primitive.    To  put  it  more  bluntly,  /map' 
does  not  have  an  intrinsic  meaning  which  the  definition    'A  mapping  f 
maps  a  on  b  if  and  only  if  (a»b)e  f"  perverts.    Finally,  the  fact4that 
"a  working  mathematician"   seldom  thinks  of  a  function  as  a  set  of 
ordered. pairs  is  not  so  damning)  as  It's  sometimes  claimed.    We  are 
accustomed  to  sit  in  chairs  without  —  on  each  occasion  —  being  con-* 
scious  of  the  appropriate  definition;    and  **a  working  zoologist'*  might 
well  make  use  of  the  family  pet  on  a  collecting  expedition,  withoijtf  ever  > 
recalling  the  technical  definition  of  'dog'.    Just  so,  in  one's  dealings 
with  functions,  one  comes  to  think  of  them  most  of  the  time  in  terms  of 
what  they  do  —  or,  better;  what  he  can  do  with  them  —  rather  than  in 
terms  of  what  they  are.  -  Because  functions"— untrloe^c hairs'  an"d  dogs"  — 
are  abstract  entities,  learning  what  one  can  dd  with  functions  must  pro- 
ceed either  from- postulates  which  prescribe  some, of  the  things  one  can 
do  with  them  or  from  a  definition  in  terms  of  other  abstract  entities  — 
say,  sets.    If,  as  in  the  case  with  most  students  now-a-days,  one  fl 
already  has  some  acquaintance  with  these  other  entities,  the  latter 
method  has  very  definite  pedagogical  advantages.  .* 

In  speaking  of  mappings  we  adopt  the  customary  distinction  between 
'into*   and  'onto'.    A  mapping  is  said  to/map  its  domain  into  any  set 
which  contains  the  images  of.  aU  members  of  its  domain,  and  to  map  its 
domain  onto fthe  set  which  consists  of  just  these  images.    Thus,  for 
example,  the  squaririg  operation  for  real  numbers  maps  the  set  of  all  . 
real  numbe rs  into  this  same  set,  into  the  set  of  all  real  numbers  greater 
than  -1,  and  both  into  and  onto  the,  set  of  all  nonnegative  real  numbers. 

We  shall  tend  to  use  the  word  'operation*  to  refer  to  functions  of  ^ 
certain  kind.    Briefly,  a  singulary  operation  on  a  set  S  is  a  functicm 
; which  maps  S  into  S,  a  binary  operation  on  S  is  a  function  which  maps 
Sx  S  into  S," etc.    [Sx  S  is,  of  course,  the  set  of  all  ordered  pairs 
both  of  whose  components  belong  to  S,  }  Sometimes  such  functions  are 
called  inner  operations  on  S  and  'operation  on  S*  is  used  in  referring 
to  any  function  whose  domain- is  either  S  or  S  X  S§  or  ...  .    We  shall 
•occai ibnally  use  'operation*  in  this  more  general  sense* 

At  this  point  it  is  also  appropriate  to  call  attention  to  our  use  of 
'component*  and  'member'.    A  set  has  members  and  we  use  the  word 
'member*  only  in  this  sense.    Now,  however  one  may  choose  to  con- 
strue the  notion  of  ordered  pair*  of  object**  *  the  objects  in  question  aT€ 
not  members,  in  this  sense,  of  the  ordered  £air.  'Consequently,,  to 
speak  of  them  as  such  is  canfu#ing,  and  andther  word  is  needed*  The 
ward  >;component,  seems  to  fi]l  this  n^H   — :  - — 

.  . •  The  method  illustrated  in  Fig,  I -I  for  picturing  a  mapping  of  the  - 
set  of  all  real  numbers  into  itself  has,  for  our  purposes,  advantages 
which  other  graphical  representations  lack.    For  one  thing,  it  prepares 
students  to  make  use  of  diagrams  like  those  in  Figures  1-5,  1-6*  and 
1-7  as  conventional  aids  to  explaining  properties  of  arbitrary  mappings.* 
fin  Fig,  1  - 1 ,  the  horizontal  lines  picture  the  set  of  all  real  numbers, 
and  the  arrowy  indicate  how  a  particular  mapping*  works/  In  the  later 
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figures,  the  loops  and  the  dots  inside  them  play  the  role  of  variables  

the  former  ranging  Over  sets,  the  latter  over  their  members.  ]   Of  more 
immediate  interest  is  the  fact  that  Fig*  1-1  suggests  another  way  of 
thinking  about  a  mapping  of  the  set  of  all  real  numbers  into  itself  - —  a  . 
way  of  thought  which  is  Very  worth  acquiring.    Picture  the  domain  of 
the  squaring  operation  as  a  calibrated  elastic  thread,  and  picture;  its 
range  as  the  edge  of  a  ruler.    Assuming  that  the  thread  is  so  designed 
as  to  be  thickest  at  the  point  labeled  \0'  and  to  become  thinner  in  an  ** 
appropriate,  manner  toward  its  ends,  one  could  show  what  the  squaring 
operation  does  by  folding  the  thread  at  its  0-point,  holding  the  thread 
alon&  the  ruler  with  0-points  coinciding,  and  pulling  with  .sufficient 
force  on  the  other  end.  •'— •■  ^ 

The  suggestion  just  made  is,  of  course,  for  a  **thought  experi- 
ment",   since  appropriately  fashioned  threads  are  not  readily  available. 
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Knowing  a  mapping  amounts  just  to  knowing  which  objects  it  maps 
on  which.  If,  for  some  mapping,,  we  know,  which  are  the  ordered  pairs 
ia,h)  such  that  this  mapping  maps  a  on  6,  then  we  know  the  mapping 
itself.  For  this  reason,  We  shall  say  that  a  mapping  is  a  set  of  ordered 
pairs.  F<pr  Example,  the  squaring^function  is  {(x^y):  y  -  xl\  [read  as 
'the  set  of  all  ordered  pairs  x,v,  such  that  y  =  xl%  To  say  that  the 
squaring  function  maps  2  on  4,  or  that  its  value  at  2  is  4,  amounts 
exactly  to  saying  that  the  ordered  pair  (2,4)  belongs  to  the  squaring 
function. 

Of  course,  it  is  not  the  case  that  every  set  of  ordered  pairs  is  a  map- 
ping; an  object  which  has  an  image,  under  a  given  mapping  has  just 
one  image.  Note  how  this  restriction  is  taken  into  account  in  the 
definition.  *  % 

*  «* 

A  function  is  a  set  of  ordered  pairs  no  two  of  which  have  the 
same  first  component  land  any  such  set  is  a  function]. 

Exercises 

"  Part  A  - 

Here  are  some  sets  of  ordered  pairs  of  real  numbers.  In  each  case 
tell  whether  the  set  is  a  function.  If  it  is  not,  explain  why. 
*      I.  i(l,2),(2t5)f(3fl>f(4,6,{-5f7)}        2.  {(l^),(3,4),(5,l),(3,4),(2f0)} 
3.  {(2t3)f(7,4M6-2M2,l)}  4.  |(1,1),(2I2),(3,3)} 

5,  {(4,5)}  6.  0  [the  empty  set! 

7.  {(x,y):  y  -  x  +  1} .  . .  '    &  {ixfy):  r8  +  y2  =  9} 

•    9.  (lxfy):  y  =  |*  -  3f}  10.  {(x,y):  y  = 

11.  {(xty):  x  -  f\  12.  {(x9y):y  =  x)  .  i  ' 

As  we  said  earlier,  the  second  components  of  the  members  of  a  func- 
tion are  called  its  values.  The  first  component^ of  the  members  of  a 
function  are  called  its  arguments.  The  set  of  all  argument  of  a  func- 
tion is  the  domain  of  the  function;  the  set  of  all  values  of  a  fnngtipn  is 
its  range.  For  example,  the  domain  of  the  squaring  operation  for  real 
lumbers  is  the  set  of  all  real  numbers,  and  the  range  of  thfs  function 
is  the  set  of  all  nonnegative  real  numbers.  A  function  le^uivalently: 
a  mapping]  is  said  to  map  its  domain  onto  its  range. 

Part  B  *  " 

V 

V    For  each  function  given  in  Part  A,  describe  the  domain  of  the  func- 
tion and  the  rapge  of  the  function.  - 

PartC-  V  ;   '  . 

f       The  particular  functions  whiqh  we  have  mentioned  up  td  now  have 
had  only  real  numbers  as  ai^umsnte  ami  values.  The  definition  of 


Answers  for  Part  A 

The  sets  described  in  Exercises   lt   2,  4,   5,  .6,  10,  and  1£ 

are  functions.    In  particular,  as  to  Exercise  2,  the  fact  that  the  ordered 
pair  (3,  4)  happens  to  have  been  listed  twice  in  describing  the  set  in 
question  is  irrelevant;    as  to  Exercises   5  and  6,  both  sets  are  functions 
because  any  set  with  fewer  than  two  members  certainly  cannot- have  two 
members  with  the  same  first  component.      As  to  Ekercise  6,   it  may 
also  be  well  to  paint  dut  that  a  set  of,  say,  elephants  is,,  by  current 
linguistic  conventions,  one  which  has  no  members  other  than  elephants,. 
Consequently,  0  is  a  set  of  elephants,  arid  is  also  a  set  of  ordered 
pairs  of  real  numbers,  -  •,. 

That  each  of  the  Sets  described  in  Exercises"  3,  8,  and  11   is  not 
a  function  should  be  shown  by  giving  two  ordered  pairs  which  belong  to 
the  set  in  question  and  do  have  the  same  first  component^- 
'    v  ■      ■     .  4 

jVnswers  for  Part  B 

1..    Hi,  2.  3,^4,  >$},   {l,A.«S,  7}  2.    {1,  a,  3,  5},  {o/l,  2,  4} 

{1,  2,  3},  {1,  2,   3.}         *     "  5.    {4},f{5}     '  6,  0,0 

? «     the  set  of  all ^real  numbers,  the.  set  of  all  real  numbers  . 

* 

9.     the  set  of  all  real  numbers,  the  set  of  all  nonnegative  real  numbers 
r0#     [Answers  are  the  s'ame  as  fox"  Exercise  9.] 
12.     [Answers  are  the  Same  as  for'Exercise  7,  ] 
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Answers  „for  Paift  G  x  •  *  - 

lv     The  sets  described  in  parts  (a)t  (c),   and-  (f)  are  functions*  the 
others  are  not*    [As  to  part  fc),  distinguish  between  'owns'  and 
'is  part  owner  oF#  ]  " 

2.     (a)    the  set  qf*all  rooms,  the  set  of  all  buildings 

(c)   the  set  of  all  houses  which  are  owned  by  individuals,  the  set 
*  of  all  individuals  who  own  houses   \  * 

(f)   the  set  of  all  points  in  your  classroorR,  the  set  of  all  points 
which  would  be  in^your  classroom  if.it  were  to  bejftnoved  2 

feet  northeast  and  one^foot  up  ( 

•  A      '  ^  '■  ;. 

 Some  of  your  students  may  not  be  larniHar  with  the  existential  ^  — 

quantifier  For  examples  of  how  to  interpret  and  work  with  *3\  r 

in,  say »  the  given  sentence:  •      .  * 

/       For  any  function  f,        =  {x;  3     {%,  y)  €  S} 

you  might  return  to  the*  functions  given  in  Part  A  on  page  18.    In  :  • 
Exercise  1  on  that  page,  3  is  km.  therdomairi  of  the  function ^pr  there 
is  a  numb^t  y  [namely  i]  such  that  { 3,  y)  is  in  the  functied^In  i  t 
Exercise  2,  4  is  not  in  the  domain  of  the  given  function  for^liere  is 
no  number  y  Such  that  (4,  y)  is  in  the  function/   la  Exevrcise^  20  on 

?>age  19,  -2  is  in  the  domain  of  the  function*  for  there  i$  a  number  y 
namely  4]  such  that  (-2,  y)  is  in  the  function.    Similar  work  with  * 
discussing  the  ranges  of  these^innctions  wUl  provide  any  additional  . 
practice  that;  may  be  needed; 
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'function'  contains  no  such\ restriction  and,  later  in  this  chapter  and 
throughout  this  course,  we  shall  have  much  to  do  with  functions 
whose  domains  and  ranges  do  not  consist  of  re$l  numbers.  Which  of 
the  following  sets  of  ordered  pairs  are  functions? 

1-  The  set  of  all  ordered  pairs  each  of  which  has 

(a)  as  its  first  component,  a  room;  03  its  second  component,  a  build- 
ing  which  contains  this  room 

(b)  as  its  first  component,  an  automobile;  as  its  second  component, 
a  person  who  drives  this  automobile 

(e)  a  house;  a  person  who  owns  this  house  "  ■  . 

(dr  a  person;  a  house  which  ;this  person  owns 
(e)  a  city;  a  state  route  which  runs  through  this  city 
(ft  a  point  in  your  ctassi^em;-a-pcunt  2  feet  northeast  ahhis  point  7 
0#41  foot  above  it  - 

2-  For  each  function  described  in  Exercise  1,  describe  its  domain  and 
•.„its  range. 

D  - 

We  shall  use  *D *  as  short  for  the  domain  of 9  and  72 '  as  short  for  *the 
range  of'.  So,  for  any  function/, 

Df  -  {x:  lv  (*»«/}■  and  Rf  -  {y:  3,  (xj) €f}.  v 

Ulead  \  a£  'there  exists  a  y  such  that'  or  as  Tor  some  y\] 

«In  earlier  courses  you  will  have  learned  to  use  function  notation, 
Reeal  1  th^Cfor  any  function  f%  and  any  a  €  Df        :.  x 

*       ;  &  =  f(a)  if  and  only  if  (0,6)*/". 

tlf,  in  *fia)\  you  palace '  V by  an  expression  tfhich  does  not  refer  to* 
>  any  member  of  Df  then  the*  resulting  expression  is  nonsefcsej 

h  Let  gbe a  function  such  that  ^  =  {x:  6sj<  1}  and.  for  each 
xtDx,  gix)  =  2*  +  1,  • 

(a)  Is  there  such  a  function?  Is  there  more  than  one  such  function? 

(b)  Draw  a  picture  like  Fig.  1-1  to  describe  g.  [On  your  drawing 
—thicken-part  ©f4>aa  Un«^4ndieate^to^toinahs^^^ijd4a^ 

(c)  What  is  8g<l 

(d)  Answer,  the  following  questions:  f  - 

.jk?>  -    «(?> » 2,  «m  «       =  ya 

2.  Let  A  be  the  function  such  that  DA  is  the  set  of  ail  real  numbets 
and,  for  each  real  number  x,  Mjt)  <*  2x  +  1  y 
ta>  What  is  A? .  .  .  \ 

Cb)  Draw  a  picture  like  Kg.  1-1  to  described, 
(c)  Is  there  a  real  number  which  is  mapped  by  h  onto  itself?  Is 
there  more  than  one  suchjaumber?     .  / 
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Answers  for  Part  D  ♦  ( 

<•  ,  • 

Note.    The  bracketed  comments  following  gomo  answers  are*  there 
to  clarify  those  answers.    Such  comments  are  not  part  of^the  answers 
expected  of  the  students. 

1.     (a)    yen.  ;    {(x,  y):    y  =_  2x  +  1}  is  one  such  function. 

No.  ;    since  a  set  is  uniquely  determined  by  its  members  it 
follows,  by  the  definition  of  'function* ,  that  a  function  is 
uniquely  determined  when  its  domain  is  specified  and  a  rule 
is  given  which  specifies  its  values  at  its  various  arguments. 


(b) 


~&       ~4      ^3     -        ■   "1  O^g 


\\\\\ 
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"5    .  "4      "3      "Z      "1*   0       *t      *'z      +3  *5 

(c)  {x:   1  ^  x  <;V3}   [Since,  for  a  £  a  £  lt  1  =  2 . 0  +  I  $ 

.  2a  +  1  <  2.1  +  1  s  3  it  follows  that  %  £  {x:   1  ^  x  ^ '  3 V 
Since*  for  any  b,  2(~-i)  +  1  ±  b,  and  since,  for  l$b$  3, 
0  =  ~ —  <  — —  £  — ^ —  -  lt  it  follows  that  {x;   1  ^  x  g  3} 
C  fig.  ^Consequently,  ftg  =  {x:    I  <  x  <  3}.  ]  * 

(d)  5/3,  3/2,  2,  5/2,  'g(2p  is  nonsense  [2  |T^gJf  1/4,  1/2-,  5/6; 
1/2  is  not  a  value  of  g,  ^  1 


(a)  Wejset  of  all  real  numbers.    [For  any  real  number  a,  2a  +  1 
is -a  real  number;  for  any  real,  numbers  a  and  b,  2a  +  I  3  b' 
if  a  -  (b  -  D/2.] 

(b)  _  ■      •  t         '  . 

5       "4       "3      ^2     >  -1        0       *|       *2       *3      *4  ts 


"is     "4     "3     -J2     ~V     «o      *i     *a     *3  . 


MAPPINGS 


3,  "Repeat  Exercise  2  for  each  of  the  functions  f-f  fv  fnf  and  f4f  each  of 
which  has  the  set  of  all  real  numbers  for  its  domain  and  which  are 
such  that  for  each  real  number  x, 

fxix)  -  3Ly^,  fjx)  =      -  2,  fax)  =  x  +  3,  and  />)  =  x.  - 

4,  Let  hf  (\,  f3,  and  /*4  he  the  functions  described  in  Exercises  ^ 
and  3. 

(a)  Compute: 

a)  k(fxm      (2)/;(A(-2»     o)  M/;(4n  (4)#A(4)) 

(5)  /t(/3(-l))  '    m  fs(h{-l»       (7)  h(f 4(\Q))  (8)£(M10)) 

(b)  .  Let  glt  g„  .  .  .  ,  and  gH  be  the  functions  whose  domain  is  the 
set  of  all  real  numbers  and  which  $re  such  tlfet,  for  each  real 
number  x,  , 

'     gt(x)  =  hifr(x))fjgt{x)  -  /,(A(x))v  gs(x)  - 

g4(x)  =  Uh(x)h  gjx)  =  *(£(*)),  £8<x)  -  £<AU)), 

Express  these  eight  ^-functions  in  pterins  of  V.  [For  example, 

gt(x)  =  hi  ftx))  =  ^(^Y1)  ^  2(^Lyi)  +  1  «  x  -  1  +  1  =  *  So, 

gxbjf^xA        *  , 
5*  Mappings  like  those  you  have  studied  in  Exercises  2,  3,  and  4  are 
said  to  be  linear.      *  ;  . 

A  function*/  is  linear  if  and  only  if 

(i)  DfAsxhe  set  of  all  real  numbers,  and 
(iy,  for  some  nonzero  r^gl  number  m  and  some  real  num- 
ber 6, 

fix)  ==  mx  +  6  for  each  real  number,  x. 

Ca)  Is  the  function  g  of  Exercise  I  a  linear  function?  * 

(b)  By  definition,  all  linear  functions  have  the  same  domain.  Do 
all  linear  functions  have  the  same  range? 

(c)  The  number  m  referred  ttrfn  the  definition  of  linear'  is  called 

not  the  slope  of  some  linear  function?. 

(d)  Complete:  4 

If  fis  a  linear  function  with  slope  m  then,  for  each  real  num- 
berx  and  each  real  number  yf 

*  fix)  -  fiyY  =  '■  . 

(e)  Suppose  that  fis  a  linear  mapping  and  that  a  and  b  are  two 
real  numbe**.  Can  it  happen  that  f(a)  «  /?&)? 

v  If )  In  working  Exercises  2-aad  3  you  found  that  a^  given  linear 
-     *    fusion  may  map  some  re^  nu^^m  itself,  but  that^there 
are  linear  filiations  whigh  map  no  real  number  on  itself  Mftkfr 


tc  u  or 


♦ 


(a) 


(b) 


The  range  of  each  of  the  functions  fx.  f2,  fs,  and  f^. is  the 
•  et  of  all  real  numbers. 
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(c)    Both  f^^  and  ia  map  -"l'  on  itself  and  neither  maps  any  othejr 


number  on  itself ♦   f.  maps  no  number  on  itself*   ^  maps 
each  number  on  itself.    [For*  the  present,  these  facts  are  suf- 
ficiently obvious  frorn  the  figure^s,    $tudent*  should,  however*  * 
be  able  to  justify  their  answer  a*  to  J.  day,  £x  by  solving  the 
equation  '1%  -  if/2  s  *%«  more  on  this  question^  see  the  ,AV,, 

discussion,  below,  of  Exez'cise^  5(g),   Yqu  may  wish  td  use 
the  elastic  thread  gimmick  as  described  there  to  foreshadow 
the  result. of  that  exercise.  ]  \ 
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4.     (a)    (1)    3  (2)    -2        (3)  -11        (4)   -irV^5)   5-      (6)  2 

—  7— -<  74-  2*  ^    +&f~2  1 --  • — -   ■  -  — 

[The  answers  for  (i)  ar*d  (2)  illustrate  the  fact  that  f€  and 
*   *h  are  inverses  6f  each  other  — -  inversion  of  functions  is  di«- \ 
Jr         cjissed  in  section*  s1.03  3nd  1#04,    The.  agreement  between 
the  answer*  for  (3)  and  H)  is  due  to  the  fact  that  f2  and  h 
are  linear  functions  each  of  which  maps  the  same  real  number' 
on  itself  —  a  A  the  optional  exercise  5(h).  below.  1 

(b)  X,  g3(x)  -  x,  gs.(x).  =  -2x  -  3,  g4(x)  -  -Zx  -  3, 

•\      ,  g5<*)  -  2x ,4  7,  g6(x)  =  2x  +  4.  g7(x)  =  -x  -  5,  ge1x)  -  -x  +  1 
[The  tact  that  each  of  g1  and  g2  is  f4  is.  <Jue,  of  course  to 
the  fact  that  i1  and  h  are  inverses.    T^at  g3  '=  g^  \a  due  to  ' 
the  fact  that  the  linear  mappings  fs  and  h  havie  the  same 
fixed  pp^nt.  }     - '  t  #  ■ 


^In  preface  to  gi^g  answers  for  Exercise   5,  it  is  worth  noting 
that" the, nature  of  linear  mappings  can  be  well  brou^ht^ut  by  "thought  * 
experiments"*  with  elastic  threadsnike  tfts  experiment  described 
earlier  in  connection  with  the  squaring  mapping.    This  time,  imagine 
the  domain  of  such  a  function       say,  the  function  h  of  Exercise.  2  — 
represented  by  a  calibrated  thread  of  uniform  elasticity,  [Unfortu- 
nately, the  elasticity  o£  a  rubber  band  is  by  norraeans  uniform;  ]   To  aid 
your  students',  imaginations^  write  4h(x)  =:  2x^  r  on  the  chalkboard, 
represent  the  range  of  the  function  by  a  calibrated  horizontal  chalk. line, 
and  pretend  to  hold  the  elastic -tHread  against  this  line.    Point  out  that 
/ybui  are  holding  it  in  such  a  way  that  the%alib  rations  match.    Now,  '" 
move  yo*ir  arms  apart,  saying  that  you  are  stretching*  the  thread  to 
twice  its  former  length,  but  are  taking  tare  that  the  0-mark  on  tfce 
thread  remains  at  the  0-mark  on  the  line.    Ask  questions  lik^e:  Where 
is  the  negative  2-  mark  on  the  thread?  t  [Answer:   At  the  negative  4- 
mar?  on  the  line.  ]  ['Negative*  is  a  more  descriptive  word  to  uSe  when5 
referring  to  negative  numbers  than  is  'minus'.  ]  .Finally,  move  your 
hands  a  unit  distance  to  th^  rig^J  {announcing  that  it  is  a  unit  distance] 
and  repeat  Vouf, questions .  *When  your  students  seem  to  have  grasped 
the  relevancy  of  your  antics  to^the  mapping  h,  move  y our.  hands*  a 
distance  3  units  to  the  left  and  ask:   What  linear  mapping  does  this 
represent  —  what  are  the  values  o£  *m'  and  'b#  ?   {Answer?   2  and  -2.] 
A  few  repetitions  of  this  , kind  of  experiment  should  give  your  students  a 
good  feeling  for  linear  mappings.    To  act  but  a  linear  mapping  with 
^ejr^iv^sJgpe^Uher  reverse  the  ends  of  thft-*hr*ad^f<>^^ 


against  the  cl)alk  line  or,  after  stretching  it , -< m ake  a . sjuf  t  to  c  r o  s  s 
your  hands  without  releasing  the  tension  in  the  string/  [This  may 
result  in  a  disloc  ated^shdulder.    If  not,  you  will  —  in  Conjunction  witn 
the.  first  technique  —  have  illustrated  the  fact  that,  for  any  real  num -" 
faer  ar            2*  -a*  .This Is  a  fact  that  you  should  mention  as  justi- 
fication iot  using  the  f^rst  technique  J  To  act  out  a  linear  mapping  with 
*}ppe  between  0  and  i,  pretend  to  hold  a  stretched  thread  against  the  . 
chalk  Hn«  and  announce  that  ya^have  previously  marked  it  so  that,  as 
stretch*^  the  calibrations  now  niatchvup  with. those  on  the  board.  Then 
release  the  tension,  etc^  *       -*        9  -  ^  
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.  In  doing  such  experiments  you  are  —  preferably  without  mention-  * 
ing  it  -^illustrating  the  notion  of  function  composition.    [This  notion  is 
introduced  in  section^  l.j4^J   FQ^_y^^^JLe^KQWiiig  that  ^  linear  function 
tn«r!wtteup  of  as  r^'e  resultant  of  a  stretching  [or,  a  shrinking] 
followed  by  a  translation.    [Of  course,  in  particular  cases,  either  the 
stretching  or  the  translation  may  reduce  to  the  identity  mapping.  ]  You 
can  also,  explicit^  bring  out  some  of  the  properties  of  linear  map- 
pings.   For  example,  a  stretching  moves  each  point  othe*  than-0  away 
from  0,    whereupon  a  translation  is  bound  to  move  exactly  one  point 
back  to  its  originarposition.    [Thts  point  will  be  one  which  is  to  the 
right  of  0  if  the  translation*^  toward  the  left.  ]  So;  as  you student*  " 
should  see,  a  linear  function  with  slope' greater  than  1  .maps  exactly 
one  real  number  on  itself.    A  linear  function, with  slope*  1  —  that  is, 
^translation  —  either  maps  no  real  number  on  itself  o*r,  if  it  is  the 
identity  mapping,  leaves  each  real  number  fixed.    Linear  mappings 
with  slopes  less  than  1  can  be  investigated  in  a  similar  manner. 

5.     (a)    No'  ;  %  is  not  the  set  of  all  real  numbers.       *  • 

>,  * 

(b)  Yes,*,   for  m  ^  0*  and*any  b,  the  equatipn  'mx  +  b  =  c'  has 
'      a  solution  whatever  value  may  be  given  to  *c*. 

(c)  '  Yes.  ;   the  number  0.    (the  funtions  which,  were  the  defini- 
tion different,  would  be  linear  functions  with  slope  0,  are  r 
galled  constant  functions,  or.  of  course,  constant  mappings.  1 

*{d) '  m(x  -  y)    "  *    '  •  v    .  . 

(e).  No.;   by  part  (d),  f(a)  -f(feh  m(a  -  b)  *  0  if  a  *  b.  [Note 
that  in  this  text  'two*  means  two  —  that  is,  two  numbers,  or 
two  points,  or  two  whatever  are,  by  virtue  of  being  two,  dif- 
ferent.   However,  English  is  such  that  orie  needs  sometimes 
to  use  plurals  without  implying  -difference.,   Thus,  4Suppose 
that  a  and  b  are  real  numbers*  leaves  open  the  possibility 
that  a  maybe  b.  ] 


1.02  Translation*  of  the  Nuihber  JJne  15 


a  conjecture  as  to  which  linear  functions  map  exactly  one  real 
number. on  itself  ■" 
4g)^  The^ofgoctureyou madein  part  (f )  could  be  stated  in  the  form; 
i         A  linear  mapping  leaves  exactly  one  real  number  fixed 
.   -  r  if  and  only  if  the  slope  of*  the  mapping      "  [Com- 
plete.! * 
Show  that  this  conjecture  is  correct  {Hint:  Suppose  that  /*is  a 
linear  mapping  with  slope  m.  It  follows,  by  definition,  that,  for 
some  real  number  6,  fix)  =  nix  +  b  for  each  real  number  x. 
So,/ leaves  the  real  number  a  fixed  if  and  only  if  ma  +  b  =  a. 
What  can  you  say  about  {r.*?nx  +  *Sp  x}-if  m  *  1?  If  m  =  1?J 

(h)  In  Exercise  "4  you  dealt  with  a  wiry  of  combining  mappings, 
[W$  shall  have  more  to' say  abo^t  this  in  another  section.] 

.  A  linear  mapping /and  a  linear  mapping  g  are  said  to  be  per- 
mutable  if,  for  each  real  number  x,  f(g(x))  =  g(f{x)l  For  ex 
ax^ple,  the  linear k  mapping  J4  of  Exercise  3  is  [obviously  1 
permutable  with  every  linear  mapping.  Aa  your * work  in 
Exercise  4  shows,  h  and  £  are  permfitable.  Are  h  and  /J  per* 
mutable? 

(i)  Try  to  conjecture  unde^ what  conditions  linear  functions  f  and 
g  other  than  /*  are  permutable.  [Mint  It  is  easy  to  show  that  if, 
for  each  real  number  x;  fix)  =  m{x  +  6t  and  g(x)  *  m^x  ±  bf9 
then*  f  and  g  are  permutable*  if  fcand  tonly-  if  (rnt  -  1)6, 
^im^  -  l)br  Try,  however,;  to  formulate  your  conjecture  so 
that  it  does  not  refer  to  the  slopes  of  f  and  g  pt  to  their  inter- 
cepts {the  latter  are  the  numbers  bt  and  fc2),]  . 


Part  E 


1.  Suppose  that  f  is  a  function  and  that  S  Q  f.  What  can  you  say* 
about  the  set  S?  {Hint  Is  S  a  set  of  ordered  pairs?  Can  there  be 
two  members  of  S  which  have  the  same  first  component?] 

2.  Suppose  that  f  and*£  are  functions  and  th^t  g  Q  ff 

(a)  What  may  you  say  about  Dg! 

(b)  What  information  about  Dg  would  convince  you  that  g  =  /? 
\\  Any  subset  of  a  function  is  a  fiiftctioh. 


.For  any  Junction  f  and. any  function  g  such  that  g ■£  f, 

(a)  Dg  C  Df,  and 

(b)  g  =  f  i£  and  only  if  Dg  *  Df. 

i.Q2  Translations  of  tfw  Number  line 

Prom  some  points  of  vipw,  the  simplest  linear  functions  are  those 
whose  slope  is  11  The  function  whfere  £(x)  ~x  +  39  i^.such  a  func- 
tion. You  have  already  pictured  thisTOai^mg,  as  in  Pig.  1  -  2,  by  draw- 
ing^two  pictures  of  the  set  of  all  real  numbers  and  £oine  arrows.  Since, 
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»        (f)  *  The  correct  conjecture  is  to  the  effect  that  the  linear  function* 
which  have  exactly  on$  fixed  po inT~a  rlFp  r e c ifcel  yltTib  s e  whose 
slopes  ate  not  1.*  * 

(g)    differs  from  1   [or;    is  not  lf  etc*]  t 
.  For  any  real  numbers  m  and  b,  there  is  a  unique  number  x 

such  that  mx  +  b  =  .x  if  and'only  if  m  M   [and,  the r^  is  a 
j        number  x  such  that  mx  +  b  ~  x*if  and  only  if  (m  4  1  or 
' \-    b      0}].  rf  ♦ 

.(h)'  No. 

<i)    Two  linear  mappings/ neither  of  which  is  the  identity  mapping, 
a    /  f4,  are"  permutable  if  and  only  if  they  map  the  same  real  num- 

bers on  themselves   {or:   if  and  only  if  they  leave  the  same 
real  numbers  fixed j.  \  - 

>  *     *  ' 

There  are.  various  ways  of  establishing  thet  correctness  of  the  con- 
jecture, in  p*.  rt  (i).    One  method  begins  by'  noting  that \  as  indicated  in 
the  hint,  f  and  g  are  permutable  if  and  only  if  (m,  -  1  Jb^  -  (m2  -  l)bx 
[For  any  real  number  a,  f(g<a»  =  m1<m?a  Khs)  +  \x,  g(f(a))  =« 

m?'mil+vV'  +  b^  andt  SO'  ^*(»))  =  g(f(a))  if  and  only  if  mxb^  +  bx 
m3titvl^fi^#  f  ff  one  then  recalls  that,  forwm1  *  lr  the  unique  real 
number  left  fixed  by  f  is  -b-/|m1  -1),  he  sees  that,  in  case  the  slopes 
of  f  and  g  both  differ  from  1  these  functions  are  permutable  if  and 
only  if  they  leave  the  same  real  numberjg)  fixed,    In  case  m1(  say,  is 
1  it  follows  froro  the  sanr\e  condition  that  f  and  g  are  permutable  if 
.and  only  if  m2  -   1  or  b.  =  0#    Since,  for  m1  -  1  and  bx  =  0,   f  is 
^e  identity  mapping  it  follows  that,  excluding  this  mapping  from  con- 
sideration, in  case  either  f  or  g  has  slope  1,  if  f  an4  g  are  per- 
rnutable  then  both  have  slope  1  and  so  leave  the  same  real  numbers 
[to  wit,  none]  fixed*    On  the  other  hand,  if  neither  f  nor  g  leaves  any 
number  fixed  then,  as  we  f$ve  previously  learned/  both  have  slope  1 
and  so,  as  the  condition  from  the  hint  tells  us,  are  permutable #  Con- 
secjuently,  in  any  case  [assuming  that* neither  f  nor  g  is  the  identity 
mapping  J  f  and.  g  are  permutable  H  and  only  if  both  leave  the  same 

numbers  fixed.  ^ 

v  ■  *  ■ 

A  somewhat  more  sophisticated  argument  goe«  as  follows:  We 
have  seen  that,  for  any  real  number  a,  f(g(a))  =  g(f(a»  if  and  only  if 
(rnt  '  iJfa2  -  (trig  -  T$lm    It  follows  that  if  tkfre  exists  an  %  such  that 
f(g(x))>  g{f(^))  then  ^mx  -.ljbg  -  (m2  -  ijb,  and,  also,  if 
Cm1  -  i)lL  =  (m2  -  iybt  then,  Tor  each  x,  £{g(x))  =  g(f(x))  —  that  is, 
then  f  and  g  are  permutable.   In  particular  if  f  and  g  both  map  a 
given  number  a  on  itself  then,  since,  for  this  a,  £{g(a))  «'  a  -  g(f(a))f 
f  and  g  are  permutable.    So  we  have  shown  that  if  f  and  g  are  linear 
mappings  both  of  which  map  some  number  on  itself  then  f  and  are 
permutable.    From  this  we  deduce  that  if  f  and  g  leave  the  same 
numbers  fixed  then  f  and  g  are  permutable.    For  this,  follows  from 
what  bar  just  been  proved  in  case  f,  say,  leaves  *oq*e  number  fixed, 
while  incase  f  leaves  no  number  fixed  then,  since,  by  hypothesis,  g 
behaves  likewise,  both  f  and  g  have,  as  we  know,  slope  1  and* 
consequence  are  permutable*    It  remains  to  be  shown. that  if  f  and  g 
are  permutable* then  either  one  of  them  is  the  identity  w^o^inap  fBe^ 


same  reai.numbers  on  themselves.    As  an  acceptable  alternative  we 

of  them  map.  ,ome  real  numbet  on  itself. which, the  other^oes^t,  then  » 
is  the  IA?L%™  pCTmutab^;    Tq  thi*  «nd,  oppose  that  neither  f  nor  g 
s  does A nt,?Kmap51Bf         <h4t  f"  f^*  mapS  a  numb6r  a  °*  «8elf<  b« 

ffa    -  a  a^  ST       C!  m  18  n0t  the  identi*y  mapping,  and  since 
f(a)  -  a.and^b-  *  a,  lt  follows  that  f(b)  *  b.    Hence    f<c(all  *  aift^H 
and  it  follow.  W  f  and  g  are  not  permutable?  <g<     '  g<f<a,) 

elastt"  ifi^f  C°mment  on-Pf rt  (i>  we  that  it  is  easy  to  show,  by 

elastic  thread  experiments,  "why"  linear  mappings  f  and  a  With  slope 

ESS"  T    H  1         r  rUUWe  if  b°th  maP  the.ame  real  number a  oT 
£J?\      V    •    -f°'  *  P01"*  Prt  VOUr  cha^board  line  'a'  and  indicate 

Ua  ZZ  t*u  25  Samv  °"  tbe  ela8tic  thr^-    Thert-  announcing!  . 

that  you  will    show  what  a  linear  mapping  f  with  slope  m,    >  !,  which 

maP'  "  °"  1  "lf'  doe.    hold  the  imaginary  thread  against"  the  chalk  Une 
w.thout  stretching,  so  that  the  points  marked  'a'  altogether.  Now 
by  stretching  the  elastic  thread  appropriately  -   doubling  its  length  if 

"  .     ~  iiii  the  while  keeping  the_  point*  marked  'a'  together,  Vou 
Tac  or  m  you1ri;8tudents  th*  ™«™  of  f-    Stretching,  instead  by  the  . 
factor  m2  will,   since  g  also  maps  a  on  itself,  sHow  what  g  does  To 
show  the  result  of  first  applying  f  and  then  g,  you  Would  first  stretch  t 
by  a  factor  m     arid  then,  without  relaxing  the  tension,  stretch  by  a 
factor  m  ,    A,  a  result,  you  would  have  stretched  the  thread  frOm  its 

of  reaf  l  *  *  "*?  '  "V  '  ft  f°lloW8  that'   since  multiplication 

of  real  numbers  is  commutative,  f  and  g  are  permutable. 

If  Vou  are  fortunate  in, your  students,  some  may  ask  why  you  are 
sure  that  stretching  about  a  really  has  the  effect  of  a  linear  mapping 
which  leave,  a  fixed.     Th.  answer  to  this  amounts  to  showing  that  ff 
a  ~   -B/(m  -  1)  then,  for  all  real  numbers  x  and  y,  y  =  mx  +  b  if 

arlh°nlV»K  ^:  a  -=  T(*  "  aK    Y°ur  •tudente  ■»»uld.  of  course,  be  able 
to  .how  that  this  is  the  .case. 

Answers  for  Part  S  ' 

1,  Since  each  member  of  f  is  an"  ordered  pair,  S  is  a  set  of  ordered 
pairs:    Since  no  two  member,  of  f  >have  the  .ame  first  component 
neither  do  any  two  members  of  S.    Hence,  SUa  function  In 
short,  any  subset  of  a  function  is  a  function. 

2.  .  (a)  >g  C'  H .  '  > 

(\>)    *g  -  *f'  {Since  g  c  f,  if  g  #  f  there  mu.t  be  an  ordered  pair 
in  f  which  i.  not  in  g.    Since  no  two  member,  of  f  have  the 
-  same  fir.t  component  it  follow,  that  there  is  a  meraW  Pf  Sj 
«  which  doe.  not belong  to  %    Hence,  if       =  ^  then  g  =  f  ] 
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" §   -4,  -3-  -2-10      I      2      3  4.5 
Fig.  1-3 

for.  any  reial  number  a,  /3(a)  —  a  =  3,  we  can  also  picture  f3  bx  drawing 
one  picture  of  the  number  lin#  and  one  arrow.  {Of  course,  to  under- 
stand this  picture,  we  must  know  tykt  f3  !g  a  linear  mapping  of. slope  1 
and,  so,  "treats  all  points  alike."]  It  is  convenient  to  use  "geometric 
language"  and  say  that  the  mapping  fs  moves  each  point  of  the  number 
line  a  distance  3  in  the  positive  sense.  More  briefly,  we  shall  say  that 
.  fa  is  a  translation  of  the  number  line -the  translation  of  magnitude  3 
in  the  positive.sense.  1 

As  another  example,  consider  the  linear  mapping  /"such  that,  for 
each  real  number  x,  f\x)  -  x "-  2,  We  may  picture  this  mapping  as  in 
Fig.  1  -  4  and  call  it  the  translation  of  the  number  line  of  magnitude  2 
the  negative  sense.  ■** 


5    -4    -3   -  2   -1-0      1      2      3      4  5 
'  *  Fig,  1-4  .  , 

[By  now,  you  are  probably  tir^d  df  redding  the  words  rreal  number* 
and  fof  the  number  iine\  From  now  on  we  shall  use  '^P'-as  a  name  for 
the  set  of  #11  real  numbers.]         *  x  . 

fj  A  translation  of  g  is  a  linear  mapping  With  slope  1.     '   ■  '  . 


There  is  one  linear  mapRing  of  slope  1  which  you  may  have  some 
question  about  calling  a  "translation^  This  i&themapping  of  ^  into 
itself  which  leav^  each  point  fixed  Definitions,  however,  are 
adopted  for  convenience  and,  as  you  willsee/it  is  conyaiient  to  include 
this  napping  under  the  definition  of  *translation'.  [So  convenient, 
indfeed,  that  if  we  excluded  it  now,  we  would  alm&st  ^rtainlv  decide 
.'later  to*  change  the  definition.} .    4  V 
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We  u£e  the  phrase  'the  number  line*  to  refer  to  the  set  of  ail  real 
numbers  endowed  with  the  structure  which  is  defined  by  taking  the  dis- 
tance between  real  numbers  a  _and  b  to  be   j.aX  b|.    In  mathematical 
terminology,  then,  the  number  line  is  a  certain  metric  space,  '  [By 
definition,  a  metric  spaoe,  is  a  set  for  whose  members  one  has  adopted- 
a  definition  of  'distance*.  ]   More  specifically,,  the  number  line  is  a 
1 -dimensional  Euclidean  metric  space.    Current  use  of  the'wbrd  * space' 
by  mathematicians  is  perhaps  best  described  by  saying  that  any  set  on 
which  a  structure  ha$  been  specified  —  for  example,  by  defining  var- 
ious properties  of  and  rela^one  among  its  members  ~  is  called  a  space 
if  study  of  this  structure  is  facilitated  by  the  use  of  "geometric  intui- 
tion".   In  the  case  of  such  structures  terminology  is  often  borrowed 
from  geometry.    For  example,  the  members  of  the  set  in  question  are 
called  points^   and  if  a  numerical -valued  function  whose  arguments  are 
pairs  of  points,  and  which  has  certain  standard  properties  of  ordinary 
length-measures,  can  be  defined  in  terms  of  the  given  structure  theh 
this  function  is  called  a  distance  function.    [The  "standard  properties'* 

which  characterize  a  distance  function,  d,  are  that,  for  any_pc*in£s  ~a  

and  bf  d(a,  b)  -  0  if  and  only  if  a  =  b  and,  for  any  points  a^  b,  .and 
c,  d(b,a)  +  d(b,c)  >  d{a,c).  It  follows  that,  for  any  points  a  and  bt 
d(bfa),r  dja.b)  >  0.  j 

In  the  de'finition  at  the  beginning  of  the  preceding  paragraph  we  have 
endowed  the  set  of  real  numbers  with  more  structure  than  is  appropri- 
ate for  thg  study  of  Euclidean  geometry.    For,  in  Euclidean  —  as  con- 
trasted with  Euclidean  metric  —  geometry,  there  is  no  preferred  dis- 
tance function.    Ik  Euclidean  geometry/ only  ratios  of  distances  —  or, 
more  properly,  ratios  of  segments  —  are^  relevant. 

*     .  «  i      ■  *'  $ 

In  the  main  portions  of  this  course  we  shall  study  Euclidean  geom- 
etry, basing  all  our  ideas  on' the  notion  of  a  translation  of  a  Euclidean, 
space.    Although  we  sliall  have  in  mind  a  3 -dimensional  Euclidean 
space  [and  the  lines  and  planes  which  are  its  1 -dimensional  and  2- 
dimensional  subspaces  j,  the  concepts  we  introduce  will  not  depend  on 
dimension,  and  many  of  our  theorems  will  be  true  for  Euclidean  spaces 
of  any  dimension.    In  particular,  wliat  in  this  section  we  call  'transla- 
tions of  the  number'  line*  are  precisely  those  mappings  which  come 
under  our  general  notion  of  translations  as  it  applies  to  the  ca^eof  this 
particular  1 -dimensional  space.    So,  the  present  section  foreshadows,  * 
to  a  very  limited  extent,  oar  later  discission  of  translations.. 

%      In  speaking, » above,  about  distance  functions,  we  have  said  that 
they  are  "numerical  valued**.    It  is  often  helpful  [we  believe)  to  take 
account  of  the  fact  that  the  nonpolar  ["unsigned**]  "numbers  of  arithme- 
tic** which,  in  a  logical  development  of  number  concepts^  are  prec\#r- 
sors  of  the  polar  ["signed"]  real  numbers,  £re  also  different  entities 
Irom  the  nonnegative  real  numbers.  If  one  does  so  than  the  vajtues- 


appro{>riate  to  a  distance  function  are  these  nonpolar  numbers  [a  dis- 
tance being  no  more  positive  thari  it  is  negative],  and  the  same  applies 
to  magnitudes  bf  translations.  In  this  course,  however,  we  ignore  the 
nonpolar  numbers  and*  in  .place  of  them,  use  the  noimeyative  rea^g. 
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•  For  precision,  one  should  distinguish  between  the  set  pi  all  real 
number  a  *and  th€»  'number  Une,  .since,  the  latter  is  the  former  together 
with  a. pertain  specified,  structure*    Thus;  if  we  use  '(V  to  denote  this 
set  of  ill  real  numbers,  'translation  of       is  nbt  quite  proper  as  a 
synonym  for  'translation  of  the  numbe  r  line;     It  is  customary,  how- 
ever, to  use  the  same  symbol  tp  denote  both  4  given  space,  and  the  «et 
of  its  ppints.  V 

./The  translation  of  &  which  leaves  each  real  number  fixed  has  pre- 
viously been  referred  to  in  this  cfcrf^fnentary  as  'the  identit^  mapping  of 
ft  into    jtselP.    This*  is,,  fe. special  case  6f  a  terminology  which  is  intro- 
duced in  the. text  on  page  25.    If  you  wisft\  you  may  introduce  it  new 
[or  even  earlier]  and  deno|  it  by  'I  , 


V 

# 


9 
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1.02  Translations  of  the  Number  Line  17 


Exercise* 

'  p. 
Part  A 


L  Show  that;  for  any  a*!%  and  any  6  e.#,  theretis^a  unique  transla- 
tion of  Jjf  which  maps  a  on  6.  *  ■  ~ 
2.  Show  that  if /is  a  translation  of  3?  then,  for  any  a  €  31  and  any  6  € 

s  * 

fla)  -  a  •  AM  -6. 

^  [ffinft  If  you  wish,  you  may  use  the  result  pf  an  earlier  exercise.} 
&  The  statement  you  proved  in  Exercise  2  is  a  way  of  saying  that  any 
%  ,  translation  of  &  "moves  all  points  of  31  the  same  distance  in  the 
same  sense.  Show  that  any  mapping,  whose  domain  is\$?,  which 
does  this  is  a  translation.  [Hint:  Choose  some  real  number  6,  and 
suppose  that,  for  each  x  c'4F»ftx)       =?  f(b)  ~  b.  Does  it  follow  that 
\    f  is  a  translation?] *  &  ' 

4.  When  we  use  geometric  language  to  discuss  real  numbers,  the 
distance  between  a  point  a  and  a  point  b  of  the  number  line  is,  by 
definition,  their  "absolute  difference",  \a  -  6|.  [Recall  that,  for 
eachxe^,  |jtf  =  x  if x  is  nonn^gative,  and  |x|  =  ^ifx  is  negative.] 

(a)  What  do^s  a  Uneor  mapping  with  slope  2  dp  to  distances? 
ffhat  is,  in  terms  of  the  distance  between  two  points,  what 
can  you  say  about  the  distance  between  their  images  under 
such  a  mapping?]    /  .  { 

(b)  What  does  a  translation  of  9S  do  to  distances?  4 

(c)  t  What  does  a  linear  mapping  with  slope  m  do  to  distances? 

In  Exercise  5  of  Part/TV  page  14,  you  found  that  a  linear  making 
leaves  just  one  poin|  fixed  if  and  only  if  its  slope  differs  from  1.  It 
follows  that  translations  0f  31  are  just  those  linear  mappings  which 
either  leave  no  point  fixed  or  leave  more  than  one  point  fixed. 
^  |s  there  a  translation  which  leaves  more  than  one  point  fixed?  Is 

there  more  than  one  such  translation?  ' 

.  :    7\    V  -  "■'  •      ■         :  ■  '..  . 

Part  B  '/It'  ■  * 

As  you"  kijow,  a  function  is  a  set  'of  ordered  pairs;  but,  not  every 
set  of  ordered  pairs  is  a  function.  For  any  a  and  6,  the  converse  of  the 
— — ^ordertx^pmH&ffi^^  (6taVfWfaaf  to  the  con  verse  of 


(2,3)?  Of  (3,2)?  Of  (2,2)?]  Given  lany  set  Serf  ordered  pairs,  the  con- 
verse  of  S  is  the  set' which  consists  erf  the  converses  of  the  members 

"ofS,  ;.  '  •  ;v; 

li  For  each  erf  the  fdlowing  sets,  describe  its  convey 

{(i,3)t(2,5),(3,-i),(V4,5)}  (b)  {(UMWrW)} 

(c>  0    %  4  (A)       y-x)     1  ; 

(e)  {(^y)i  y  -  |*|}        %  /(f  J  j  *.  .x  +  3} 
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•  Answers  for  Part  A  •   r  • 

—  — '-  f  — 

1,  f  is  a  translation  of  ft  which  maps  a  on  b  if  and  only  if  f  is  a 
linear  mapping  with  slope  1  and  f(a)  -  b.    f  is  a  linear  mapping 
with  slope  1  if  and  only  if  ^f  =  ft  and,  for.  some  c  €  ft,  f(x)  ? 
x  +  c  for  each  x  €  ft.    For  such  a  mapping  f,  f(a)  -  b  if  and  only  .„ 
6f  b  =  a  +  c  ~  that  is,  if  and  only  if  c  ~  b  -  a^  -Hence,  the  uniqfce 
translation  which  maps  a  ,on  b  4s  that  one  such  that,  for  each 

x  €  ft,  f{x)  =  x  +  (b  -  a).  \  ^ 

2,  From  the  definition  pf  'translation1  and  the  result  of  Exercise  5(d) 
on  page  14  K,  it  follows  that  if  f  is  a  translation  then,  for  any  real 
numbers  a  and  b,  f(b)  -  f(a)  =  1  *  (b  -  a).    So.  f(b)  :  b  =  f(a)  -  a. 

3,  Yes.    [slope  =  1,  intercept  =  f(b)  -  b] 

4,  (a)    A  linear  mapping  pf  slope  Z  doubles  all  distances. 

(b)  A  translation  leaves  distances  unchanged.  ** 

(c)  A  linear  mapping  with  slope  rn  multiplies  all  distances  by  jmj 
[All  three  answers  drop  out  of  the  result  established  in  Exercise 
5(d)  on  page  14.    Make  sure  that  students  understand  the  some- 
what abstruse  language  used  in  these  answers.    Nothing  can  change 
the  distance -between  two  given  points  of  a  space.  Nevertheless, 
one  says  that  a  mapping  doubles  the  distance  between  two  points, 
meaning  that  the  distance  between  their  images  is  twice  that 
between  the  given  points.  ]       '  %  v  * 

Some  of  your  students  may  be  interested  in  the  fact  that  linear  ., 
"mappings  may  be  characterized  as  the  mappings  of  ft  into  itself  each 
of  Which  multiplies  all  distances  by  a  given  number.    In  view  of  the 
answer  for  part  (c),  this  can  be  established  by  showing  that  if  f  is  a 
mapping  of  ft  into  itself  such  that  for  each  x  6  ft  and  each  y  €  ft,  * 
|f(x)  -  f{y)|  =  m|x  -  yj  [where  m  ¥  0]  then  f  is  a  linear  mapping 
whose  slope  is  either  m  or  — m.    To  do  so,  suppose  that  f  is  a  map- 
ping of  ft  into  ft  and  that,  for  each  x  and  y  in  ft,   |f{x)*-  iiy)\ 
mjx  -  yj.       Let  a  and  b  be  two  points' of  ft*    By  hypothesis,  there 
are  two  cases,  that  in  which  f(a)  -  i(h)  =  m(a  -  b)  and  that  in  which 
f(a)  -  f(b)  =  mfb  -  a).    It  will  be  sufficient  to  show,  in  the  first  case, 
that,  for  any  c  €  ft,  f(c)  j  ffb)  =  m(c  -  b)  and,  in  the  iecond  case,  that, 
for  any  c  e  ft,  f(c)  -  ffb)7*  m(b  -  c).    Consider,  then,  the  first  case  ~ 
that  in  which  f(a)  r  ffbY  ='  m(a  -  b)  —  and  suppose  that  c  is  any  point 
of  ft*   As  was  pie  caie  with  a  and  b,  we  know  that  if  £{c)  -  f(b)  # 
m(c  ~  b)  then  f(c)  -  ^b)  ~  m(b  -  ch    BaU  supposing  that  f(c)  -  f(b) 
m(b  -  c),  it  follows,  since  f(a)  -  f(b)  =  m(a  -  b),  that'  f(c)r  i(a)  = 
m(2b  -  a  -  c).    Since  f{c)  -  f<a)  is  either  m(c  -  a)  or  m(a c)  {and 
m  4  0]  it  follows  that  c  =  b  or  a  ■=  b.    Since  a  #  b  [a  and  b  being 
two  points  of  ft]  it  follows  that  c  -  b.    So  [even  In  this  least  favorable 
-sitoatifmfi  f(c)  -  f^bf  -  rn(c  ^  b)r    Hence v  in  the^first  of  oiir  two  caye^ 
f(x)  =  mx  4-  [ffb}'  -  mb]  for  each  x  €  ft  and*  so,  f  is  a  linear  mapping 
with  slope  m.    [The  second  cage  may  be  dealt  wi|h  in  a  similar 
manner.] 

5*     There  is  suph  a  translation  and  only  one.    It  is  the  mapping  of  ft 
-te^o  itself  which  leaves  each  point  of  ft  fixed.  :^ 


Answers  for  Part;  B 

[These  exercise*  are  exploratory  for1  section  1.03.    Note  our  uses  of 
the  word  'conVerse'.    Althbugh  these -have  been  standard  for  years 
some  authors  of  recently  published  texts  use  the  word,  'inverse'  as  a 
synonym  ^ox  'converse'.    This  arbitrary  change  in  the  long-accented 
meaning  of  'inverse'  [seepage  19}  is  deplorable.  }  •  P 

l'     U)   ({!3;!V!,>,ul*U)'  lb'^)}  .[Alternate  answer-  {(3,1). 

I £?»  (/".*.»  3))  J  ..■ 

Cb),  {(3,1),  (5,2), ;  (-1,3).  (5.4)}        .         (c)  ty. 
(d)  {(x,y):  y  =  x>  .*  "  •  <e)  m>y).   ,y)  „  x} 

(f)    {(x,y)V  y  n  x-3}  (g)   {(X,y);   y  =x/5} 

'     ftr  the  ntTPM  i°'  1  f»° Fmal  frocedure  'or  justifying  the* answers 
for  the  parts  (d)  -  (g)  we  take.part,(e).    By  definition,  (a,b)  be- 
long, to  the  converse  of  {(x.y):.  y  .*   |*|>  if  and  only  if 
^b.a)  €  {(x.y):  y  =   |x|}.    The  latter  is  the  case  if  and  only  if 

V,l  1  r  M'u"  andr<only  **■.*>•  =         Hence,  the  converse 

of  {(x.y):,y  =   |x|}  j.  {(x,y):    |y|  =  • 

•  Students  will  presumably  guess  that  the  answers  can  iL  ob- 
tained fay  interchanging  the  occurrences  of  'x'  and  V  afteW  the 
Th-T  ^Placi»g  '(x.y)'  by  '(y.x)'  -  but  not  by  doing  both]. 

They  should,  however,  be  able  to  give  some  explanation,  ahalo- 
■  gous  to  the  preceding,  of  why, this  mechanical  procedure  works.  ]  < 
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2.  (a)  Which  of  the  sets  in  Exercise  |  are  functions?        x  , 
(b)  Which  of  the  sijts  ir\  Exercise  1  have  converses  which  are 

Functions?  .  • 

3.  Complete: 

(a)  A  function  whose  converse  is  H  function  is  a  set  of  ordered 
pairs  such  that  no  two  ha^ve  the  same  first  component  and  no 
two  have  _  \? 

lb)'  The  converge  of  a  mapping  is  a  mapping  if  and  only  ff  no  two 

objects  have  ,  -J  2  under  the  given  mapping, 

k,       4.  Is  the -converse  of  the  'squaring  operation  for  real -numbers  a 

function9 

5.  (a)  Nfust  the  converse  of  a  linear  mapping  be  a  mapping? 
,  ib)  Must  the  converse  of  a  translation  of-//  be  $  translation  of.#? 


1 .03  function  Inversion 

•  *  * 

Suppose  that /'is  a  mapping  of  a  set  S  onto  a  set  T.  Without  further 
specifying  S,  or  T  we  can  f^j^re  a  situation  like  that  just  described 
as  is  done -in  Fig.  1  -  5(a).Theoois  inside  the  loop  labeled  *S*  represent 
members  of  S;  those  inside  the  loop  labeled  T*  represent  members 
of  T;  the  arrows  indicate  which  members  of  T  are  images  of  the  various 

(a)  s-  XJ_^       ^  T  *(h)$  *  converse  off  ^ 


\ 


Fig.  1-5 

members  of  S.  Figure  1  -  5(b)  suggests  the  converse  of  f.  The  first  com- 
ponents of  the  members  of  the  converse  of  fare  located  in  T;  the  second 
members  ar^e  ift  S;  thie  arrows  run  from  first  components  to  corre- 
sponding second  components.  Assuming  that  different  dots  inside  the 
•left-hand  loop  IreprerenT  differehTlnembers  of  S,  the  con^rse  of  fis 

not  a  mapping,  - *    V 

rFig._l-6  shows  a  different  situation.  Again,  fis  a  mapping  which 
maps  S  onto  T.  Bat,  this  time,  the  converse  of  f  is  also  a  mappi 
f  and  so,  of  course,  maps  T  onto  S).  More  specifically',  it  rnake&  sense 
say  that  the  mapping  which  is  the  converse  of  /"undoes"  what  the 
mapping  /  f*doesw.  {Run  your  eye  from  left  to  right  along  one  of  the 
arrows  in  then,  from  right  to  left  along  the  corresfkindirig  arrow 
in  (b).]  Notice,  also,  that  f  matches  the  members  of  S  in  a^one-to-one 
manner  with  those  of  7* -or,  if  you  prefer,  ^matches  the  members  of  $ 


(a)  All  the  sets  described  rn  Exercise  I  are  functions. 

(b)  The  sets  described  m  part^(a),  {c).  (d)>  (f ),  and'  (g)  have 
converses  which  are  functions.    Those  described  in  jparts  (1 
and  (e)  do  not. 

(a)  .  the  saxne  second  component 

(b)  the  same  image  *  •  r 

No.;    since*   for  example,  both- (2,  4)  and  (-2,4)  belong  to  the 
squaring  operation,  its  converse  contains  the  two  ordered  pairs 
(4t"2).and  (4f  —Z)!  both  of  ^hich  have  first  component  4/ 

(at    Yes.  ;   for  m  *  0,  thtf  converse  of  {ix,  y);  *y      mx  +  b}  is 
{{xfyh   y  -  x/m  ->  b/m}  and  l/m  *  0.      .  -r 

(b).    Yes.  ...  _ 
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;'    •       (a),            J.-                                (b)'  .     converse  off  ■ 
■  "     \   '    '  ~*  *    •  »  \   \  .  . 

I   ;■..-<•  .  '  •  •  *  4  •  .        \  ■    » ' 

.         -  "  I  ■ 

-       -    ;      Fig.  1-6     .      -  „-4    •*•<  /  " 

in  a  one-to-one  manner  wjth  those  of  S.  Of  course,  the.  converse  of  / 
matches -the  members  of  S  and  those  of  V  in  the  same  manner. 
•  When,  as  in  t)ie  second  situation,  the  converse  of  a  mapping  /is, 
^itseift-  a  mapping,  thus  converse  js.called  the  inverse  of  /!  Evidently,  a 
mapping  has  an  inverse' if  and  only  if  it  matches  the  members  of  its 
domain  in  a  one^to-bpe  w<vy  with  .those  of  its  range.  For  this  reason,  a 
mapping  which  has  an  inverse  is  said  to  be  a  one-to-one  mapping.  In- 
stead of  'the  inverse  of  f  one  often  writes  /  x\  [Read  9f  *'  as /the  in- 
verse of  f  or,  more  easily.,  as  TMnVerse'.l  *  ■• '    -         /  . 

*  •  *  .. 

Exercises' 

in  irutjni)  show  th^t*.a  functioiv/Uias'an  inverse,  it  is  sufficient  to 
'  1         .  Bhow  that,  for  aji^d  e  Dfand  any  fic  £)/;  iff(o)  =  /(6)  then  a  -  6.  An- 
■  ^  other  equivalent  procedure  is  to  show  that,  for  axiyJwo  arguments, 

d  and'6/of/;/W  *  /^K  / 
.  To  Show  that  a  function  does  nojt  have  an-  inverse,  merely  find  two 
#  arguments  of  f  at  which  'fhbs  the  sartie  value. 
-     *      Use^one  of  these  methods  to  show^hat  * 
K  squaring  of  real  numbers  does  not  have  an  inverse,  • 
2.  the  function.described  in  Exercise  1(a)  of  fiart  .B  on  p^ge  17.  has  an 
inverse,  >  .  "  ■  *  - 

..  &  ^he  ftfnetWn  described  in  Exercise  Kb)  of  Part  B  does  npt  have  an 

.  *;V  inverse,  *  .   . '  *  *^\>i     *  *>*      *  v 

•  .  -  %*        *  4.  any  Jinear  m^ppmglias  an  invert; 

1.04  function  Composftii|nTA   ,     '  % 

*uppc*se  that  f  and  #  are  mappings.  f*of  Any  a  e  pf  wSicH  i^such  that 


> 


Answers  for  Exercises 


1.     Since  (Z,  4)  and  (-2,  4)  both  belong  to. the- squaring  function,   2  and 
-2.  are  two  arguments  of  this  function  at  both  of  which  .it  has  the 
same  value.    Consequently,  the  squaring  function  docs  not  have  an' 
tnve rse, 

I.      The  arguments  of  the  function  in  question  are   lt   Zt  and  3  and  the 
3"    corresponding  valuers  are  3,   5S  and   - 1 ,    respectively..    Since  the 
function  has  different  values  at  different  arguments.it  follows  that* 
it  has  an  inverse        .      "       '      ^  *  ,  *'.  * 

3.  .6ince  the  function. in  question  has  the  same  value,   5,  at  both  of  its 

arguments  £  and  4  it  follows. that  it  does  not  have  an  inverse.  - 

4.  fThis  has'already  been  shown,  in  the  answer  for  Exercise  of 
Part  B  on  page   18,  by  showing  that  the  converse  of  any  linear 
mapping  is  a  linear  mapping.    T^iis,   however,  does  -riot. satisfythe, 
instructions  foi^t-he*. present*exercise,  ]  " 

Suppose  that  a  and  b  are  arguments  of  the  linear  functicAi  f 
with  slope  ni.    Then;  m       0,  and,  by  an  earlier  exercise,* for  any 
*      arguments'  a  and  b  of  ff  f(a)V-  f(h)  -  m(a  -  b>.    It  follows 'that  if 
f(a)  =  f(b)  then  a  =  b#    Consequently  f  —  and,  so,  anf  linear 
f        mapping  — -  has  an  inverse/  *  *  " 
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of  g.  So,  f  and  g  together  determine  a  mapping  h  such  that  Dh  -  {x  e  Df: 
f(x)eDg}  and  such  that,  for  each  x  eDh,  h(x)  =  g(f(x\).  The  mapping 
h  with  these  properties  is  called  the resultant  of  f followed  by  g,  or  the 
composition  ofg  on  f  Evidently,  composition  of  functions  is  an  opera- 
tion' on  functions  in  the,  same  sense  as,  say^  addition  of  real  numbers 
is  an  operation  on  real  numbers.  Just  as  we  use  the  operator  f+*  in 
referring  to  the  result  of  adding  real  numbers? so  we  need  an  operator 
to  use  in  referriijg  £o  the  result  of  composing  functions.  We  introduce 
<g$uch  an  operator  in  the  following  definition. 

For  any  functions  f  and  g, 

(i)  *D [g  *f)  -  {xeDf:  f(x)  eDg}f  'and 

(ii)  for  each  xtD  [g  &  f]9  [g  *  f](%)  -  gifix)). 

[Read  'g  °  T  as  ethe  resultant  of  f  folio  wed.  by  g\  or,  for  short,  a$  *g 
circle  • 

You  may  recall  that  you  computed  the  resultants  of  several  pairs 
of  linear  functions  in  an  earlier  exercise.  '.  ■  "  p 

Exercises 

Part  A  . 

1.  Suppose  that  f  -  {(1  -l)|(-2,4),(5,7r),{6 -3)}  and 
>^  |eitl}fe2-2)f(-3,5)f(10,5)}. 
Since  lcD/* and /*(!)  *  -1  *Dg  it  follows  that  1  eD  ig  *  f]  and  that 
v-  ig°f)(l)  =  g(-U  *  1.  So,  (l;l)eW.  Since,  although  —2*Df 
V    '         /V2)  «  4  i Dg  it  follows  that  -2fiD[g  *  f].  So,  there  is  no  y  such  k 
4    that  (-2tv)  € #  *  /*.  Also,  sipce  S^Df,  ZjD  ig  +  f\  and  there  is  no  y 
3v    .      stuch  that  (3j)eg */!      *  * 
^    '  Complete: 

\(ftU*^-;ttU>.:  1  «  '         <b> =  

r  2.  Your  work  in  Exercise  1(a)  brings  oiit  a  point  which,  by  part  (i) 

of  the  definition,  is  obvious  enough.  For  any  functions  n  and  k$ 
\  /    D\k  °  h]  C  Dh\  hut,  ip  genferal  D \k  *  H]     Z>A.  In  fact,  as  is  illus- 
trated in  Exercise  Kb),  for  any  functions  h  and  kf  D[k  *  /t] 
1    •    ,  .  •    and  only  if _i  1?^.  [Complete.]  _> 

♦     3.  Your  2work  in  Exercise  1  .also  shows  that  there  exist  functions  k 
*     and  h  such  that  k  0  &  '#  h  °  k.  In  other  words,  function  composition 
is  not  a  operation.  • 

PartB1  /'    "       *  . *  ;s 

'        L  Let  f  be  the  translation  oft#  which  maps  each  point  of  the  number ' 
line  a  distance  I  in  tfee  positive  sense.  l!et  g  be  the  linear  mapping 
.  %.        under  which  the  image  of  each  real  number- is  its  double.  You 
5   could  picture  either  of  thesfe  fiinctipfca  by  drawing  two  horizontal 
lines  which  repre^eftt,  its  domain  and  mage,  respectively,  and 
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Since  the  result  of  composing  any  function  g  on  any  function  f  is 
a  function —  in  11  most**  cases,  the  function  0  since*  more  often  than 
not,  ftf  '"^g  '  0  —  it  follows  that  function  composition  is  a  binary  oper- 
ation on  the  set  of  all  functions,.   As  is  shown  in  the  exercises,  it  is  an 
example-  of  a  binary  operation  which  is  associative  but  not  commutative,^ 

Function  composition  is  a  special  case  of  a  very  basic  operation 
on  relations  which  is  called  relation  multiplication  or  relative  multiple 
cation  »    A  s o m e wha t  t y p i c a  1  1 1  r e  1  a t i v e  mult ipliqationfact"  is  that 
uniecehood"  is  the  relative  product  of  4  4  daughter  hood"  by  4tsibling- 
hood*' .— -  b  is  a  niece  of  a  if  and  only  if  b  Is  a  daughter  of  some  per- 
son who  is  a  sibling  of  a.    [Although,  of  course,  function  notation  can- 
not be  used  when  referring  to  arbitrary'  relations,  function  composition 
"can  be  defined  without  use  of  function  notation.    The  appropriate  defin- 
ition —  on  page   23  —  is  readily  transformed  into  a  definition  of 
'relative  multiplication*.    If  we  then- construe  the  relation  4lniecehood' * 
to  be  the  set  N  of  all  ordered  pairs  of  persons  the  second  of  whom  is 
a  niece  of  the  first,  and  construe  * 'daughterhood'*  and  "sibling hood" 
similarly  as  sets  D  and  S  of  ordered  pairs,  it  is  clear  that  N  =  DoS,] 

Although  it  is  convenient  to  define  function  composition  as  we  ha^ve, 
so  that  it  is  an  operation  on  the  set  ef  all  functions,  in  our  uses  of  it  we 
shall  be  dealing  with  mappings  of  a  given*  set  S  —  as  a  matter  of  fact, 
the  set  of  all  points  of  Euclidean  space  —  into  itself.    If  f  and  g  are 
mappings  of  this  special  kind  then,  since  $f  C  S  =  £g,  so  is  g  of. 
The  set  of  all  one-to-one  mappings  of  a  given  set  S  onto  itself  is  also 
easily  seen  to  be  closed  under  .function  composition.    This  and  the  fact, 
that  the  same  set  of  functions  is  obviously  closed  with  respect  to  function 
inversion  are  of  fundamental  importance<for  tjie  11  algebra**  of  such  %, 
mappings.  ■  :> 

A»  remarked  earlier  in  the  commentary,  we'shall  later  have  much 
to  do  with  the  set  T  of  all  translations  of  Euclidean  space  8k  [The 
notations  *£*  and  *T*  are  introduced  in  sections  1.05  and  1.07,  re- 
spectively.]  It  will. turn  out  that  the  members  of  T  are  one-to-one 
mappings  of  g  onto- itself  and  that  T  is  closed  with  respect  to  both 
function  inversion  and  function  composition*    It  follows  that  each  of 
these  can  be  thought  of  as  an  operation  on  T,    [More  precisely,  the 
restriction  of  each  of  them  to  T  is  an  operation  on  T. ]   The  second  of 
these  operations  is  not* only  associative  —  as  always  —  but,  as  applied 
to  members  of  T,  is  commutative .   As  a  result,  composition  and  invers- 
ing  of  translations  of  g  have  algebraic  properties  very  similar  to  4 
those  of  addition  and  oppos  it  ing  of  real  numbers.    In  fact/  in  the  1- 
dimensional  case  in  which  £- is  the  real  number  line*  R»-  the4  two  pairs 
of  operation^  have  exactly  the  same  properties, 

i_  The.  cho ic e  of  _th ei : t opics _d i s cursed  in  this  and  the"  preening  section 
is  motivated  largely  by  a  desire  to  prepare  students  to  recognize  ana- 
logies between  the  set  T  of  translations  of  £  and  the  set  of  translation* 
of  ft.    *  '   >  '  v 

When  reminding  students  that  they  have  already  dealt  with  example* 
of  function  composition  in  E^cercine  4  of  Part  P  on  'page  14,  you  might 
also  lead  them  to  recogniae^that  your  elastic  thread  experiments  were 
ba>ed  on  the  recognition  that  any  linear  mapping  is  the  resultant  of  a 
stretching  [or  shrinking]  followed  by*a  translation.    &V  recalling  the 
definitions  of  the  mappings  h  and  f,  in  the  exercise  $x§t  mentioned,  /: 
you  can  lead  them  to  see  that  the  inverse  df  the  resultant  of  a  stretch- 
ing s  followed  by  a  translation  t«  is  the  resultant  of  the  inverse  of  % 
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followed  by  the  invert*  of  s  {(t  •  s}-*<  =  rUri].  The  relation  between 
composition  and  inversion  suggested  by  this  example  does  indeed  hold.  ' 

f  A  resultant  of  mappings  which  have  inverses  does  itself  have  an  inverie 
which  *s  related  to  the  inverses  of  the  "factors"  as  the  formula  sue-  , 

-  gc*ts.    The  fa-ct  that,  forqreal  numbers  a  and  b,   -  (a  +  b)      -  b  +  -  a 
is  a  special  case  of  this  general  result.    The  fact  that  -  (a  +  b)  = 
-  a  +  -  b,  on  the  other  hano\,  is  not.    It-depends  essentially  on  the 
commutativity  of  addition. 

■  # 

Answers  for  Part  A  _ 


2. 


1  . 


U)    (6,  5) 


(b)    {(-1,  -1),  4)'f  (-3,  aO,  (10,  *)} 


commutative 


v 
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drawing  a  few  arrows  connecting  *pme  arguments  with  the  corre- 
sponding values.  Since  Rf  =  Dgt  you  can  picture  both  functions 

.  by  drawing  thxfee  horizontal  lines  -  one' for  the  Df>  the  next  below 
it  for  both  /f/'and  Ogf  and  the  third,  below  these*  for  Rg/Do  so, 

.  drawing  dashed  arrows,  some  to  indicate  the  effect  of  fan  its  argu- 
ments and  others  to  indicate  the  effect  of  g  on  the  corresponding 
values  of  /!  On  the  same  picture,  draw  solid  arrows  to  show  the 
action  of  g  /: 

2.  Jn  Exercise  1  you  pictured  two  functions /'and  - 

|i:  y  ~  x  +  1 }  and  g  ^Ju,yi:  y  =  2x) 

You  also  pictuvedvthe  resulting  •  /!  Now*  give  a  brace^notation 
description  l.Iiitfe  those  of/'  apd  gv  abovej  of  g  °  /!  Also,  give  such  a 
deserfpt  ion  of  fS 

3.  In  Exercise  4  of1h*rtDx£n  page  14  you  compute^  resultants  for 
several  pairs  of  the  functions  h,  fv  fv  fr  and  fr  For  example,  in 
that  exercise.  gt  =*  h  *  f\  and  -  £  ^  A.-Iieacquaint  yourself  with 
this  exercise  and  answer  the  following  questions. 

(a)  Is  h    /j  the  same  function  as  /■-  *  A?  If  so,  what  function?  From 
what  you  have  learned  since  doing  this; exercise,  what  can  you 


"my  ajjeut  A,  and  /*{? 


(b)  Is  72  f\  the  same  function  as  f\  f>  h? 
ic)  Is  h  >  /*  the  same  function  as  /^.°  A? 
^d)  Is     -  f\  the  same  function  as  fx  «• 

From  your  results  in  Exercise  3  you  see  that  some  pairs  of  Ihlear 
functions  have  the  same  resultant  as  their  converse  pairs,  and 
some  do  not.  [In  other  words,  some  pairs  of  linear  mappingg.are 
per  mutable  and  some  are  not.]  Let's  investigate  p£rmutability  for 
linear  mappings.  .-^V 

Suppose  that  /'and#  are  linear  mappings.  By  definition,  Df  =  Dg 
-  .#  and  we  may  assume  that,  for  each  x€$f 

■  f(x)*~  ax  +  h  and  g(x)  -  cx  +  d  [where  a  ^  0  ^  cj. 

* 

By  the  definition  of  function  composition  it  follows  that  D[g  *  f] 
=     and  that,  for  each  x 


Similarly  [complete],  D[(°g\  ^  and,  for  each  #c>?, 

It  follows  that  both  g  •/ and        are  !  mappings 

and  that  they  have  the  same  -   :.  Moreover, 

*  *  '  ■      ■'  ■* 

g  o  f >  f  *g  if  and  only  if  (t  -  l)b  =  .  L.\ 
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Answers  for  Part  B 


i  ' 

2.     g  of  =   {(x,y);  y  =.  2x  +  2};    fog  =  {(x,y):  y  =  2x  +  1} 
fa)    Yes;  f . ;  They  are  inverses  of  one  another. 
'(b)    Yes.  .   

(c)  No.  •  .  » 

(d)  No.  •  '  ' 

Textbook  writers  sometimes  confuse  permutability  of  singulary 
operations  with  corhmutativity-  of  a  binary  operation,     [For  example, 
the  nortpermutability  of  the  operations  of  putting  on  shoes  and  socks 
may  (wrongly)  be  used  as  an  illustration  of  noiicommutativity  because 
1 1  putting1  qq! '   is  a  singulary  operation.  ]  ,:. 


4.  .   ft;  a{cx  +  d)  +  b;  (ac)x  +.  (ad  +  bh-linear;  slope;  (a  -  l)d 
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5. ■■ The  results  you  obtained  in  Exercise  4  have  several  important 
consequences.  Here  are  some  of  them.  For  eich,  explain  how.it 
follows  from  the  results  of  Exercise  4. 

(a)  The  set  of  all  linear  mappings  is  closed  under  function  com- 
position. 

(b)  The  set  ef  all  translations  is  closed  under  function  composition. 

(c)  Any  two  translations  are  permutable. 

(d)  Two  linear  mappings  with  the  same  slope  are  permutable  if 
and  only  if  they  are  translations, 

(e)  The  only  linear  mapping  which  permutes  With  every  such 
mapping  is  the  translation  which  maps  lach  real  number  on 
itself  [Hint.  By  part  (d),  any  linear  mapping  which  permutes 
with  every  linear  mapping  must  be  a  translation.  Is  there  a 
translation  which  permutes  with  the  mapping  g  of  'Exercise  2?] 

*  (f )  Two  linear  mappings  which  are  not  translations  are  perinut- 
*  able  if  and,only  if  they  leave  the  same  point  fixed. 

|  You  have  seen  that,  for  any  functions  f  and  gf  there  is  a  function 
and  there  is,  also,  a  function  g  -  f.  And,  you  have  seen>that,  for 
some  choices  of  /  and  gt  f°  g  =  g  «  f  while  for  other  choices  this  is  not 
the  case.  It  follows  from  this  that  function  composition  is  not  com- 
mutative, ft 

Similarly,  for  any  functions  f  g,  and  K  th^e  is  a  function  f*  [g  *  h] 
gtnd  there  is,  also,  a  function  lf*g]*h.  For  example,  suppose  that/* 
gt  and  h  are  the  linear  mappings  such  that,  for  each  x  € 

fix)  =  2x  -  3,  gix)  -  -x  +  5,  and  h(x)     3x  +  1. 

It  follows,  by  the  definition  of  function  composition,  that,  for  any 

'  [g  »  h](a)  -g{h{a))  =  -(3a  +  1)  +  5,  and 
f/6  Ig  °  h}](a)  =/(U  0  h](a))  -  2(-(3a  +  1)  +  5)  -  3. 

Similarly  [complete], , .  .  f . . 

—  < — —  ■■  ■' —  —   ■■   — —  ■  - — ■   -■ — — — «»  — -  - 

''  'I        •  ,U[/^](a)°-  ,  ,     =  ---  and 

•     "     '••  '  . [{ /" "  gl&  h](a)  =  {f*  #J(A(a))  =  ... 

1.  Do  you  think  that  function  composition  is  associative— that  is,  do 
you  think  that,  for  any  functions/;^  and  hj»  [g  *  A| ■  *  [f*g}°h?  1 

2.  Mote  that,  by  Exercise  6(a)  pf  Part  B,  all  functions  which  can  be 
obtained  from  linear  function^  by  composition  are  linear  functions 
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Answer^ for  Fart  B  [cont.]* 

5.     (a)    It  has  been  shown  that,  for  any  linear  mappings  f  and  g,  the 
resultant  of  g  followed  by  f  is  a  linear  mapping.    This  is  what  is 
meant  when  one  says  that  the  set  of  all  linear  mappings  is  closed 
under  function  composition.  ♦ " 

(b)    By  definition,  a  translation  is  a  linear  mapping' with  slope  1. 
Since,  as  has 'been  sfiQWn,  the  resultant  of  a  linear  mapping  g 
followed  by  a  linear  mapping  f  is  a  linear  mapping  whose  slope 
kis  the  product  of  the  slopes  of  f  and  ■  g,  it  fqlloAvs  that  a  resultant 
of  translations  is  a  translation,  .    I  . 

(c>    This  follows  from  the  final  reiult  in  Exepciffe  4,  since  if  f 
and  g  are  translations  then  c  -  1^"=  0 "=  a  -1'.  ' 

(d)  From  the  final  result,  for  c  =  a  *    1,  it  follows  that  gof  s= 
f  o  g  if  arfd  only  if  b  =  d .  \ 

(e)  Following  the  hint,  for  a  =  1 ,   c  ~  2,  and  d  =  0,  g  o  £.  = 
f  og  if  and  only  if  b  *  0.  .  So,  the  only  translation  which  permutes 
with  the  mapping  g  of  Exercise  Z  is  the  identity  mapping  of  R 
onto  itself.        1  4 

6(f)     [See  answer  for  Exercise  5(h)  of  Part  D  oh  page  15*  J 

The  fill-ins  on  the  last  two  lines  are  as  fopows: 
f(g(a));  2(~a  +  5) Z(-(3a  .+  1)  ±  5)  -  3 

Answers  for  Part  C 
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and  so,  in  particular,  have  the  same  domain,  So,  if  £  gf  And  h 
are  any  linear  functions,  it  will  follow  that  f  °  lg  A  h]  -  \f*g\  °  h 
if  you  can  show  that,  for  each  x  e  If*  lg  °  h]]{x)  =  [[/^  *  h](x\. 
Do  so  by  using  part  (ii)  of  the  definition  of  function  composition. 
*  3.  From  your  Work  in  Exercise  2  it  follows  tha&  for  any  mappings  f 
gt  and  h.  />  [g  «  h]  ==  If Q  g]  °  h  if  f°  [g  t  A]  and  [f°g)Qh  have 
the  same  domain.  One  Way  of  showing  that  function  composition 
is  associative  is  to  show  that  tia|$  condition  is  satisfied  by  any 
functions  f  g,  and  h.  Dp  so.  [A  quite  different  proof  of  the  associa- 
tivity of  function  composition  will  be  given  presently.] 

\     '/•'*.  .  /  ' 

There  is  an  alternative  definition  of  function  (composition  which.it  is 
useful  U#know.  To  discover  this,  suppose  that  (a, 6)  eg  *  f.  It  follows 
that  at  Dig  '  /')  and  that  b  y  [go  f](a).  So,  by  the  definition  oHunc- 
tion  composition  which  we  are  using,  aeDf  f(a)*  Dg,  and  b  =  g(  fim))< 
Since  a  (aj(a))ef;  and,  since  f(a)eDg,  { f(a)f  g(  fia)))  eg.  Since 
g(fia))  -  6  it  follows  that  if(a),  b)  eg.  Since  (a,  fia))  ef  and  (f(a)f 
h)  eg  it  follows  that 


<*>   .  3,((o^)€/*ahd  (z,b)fmg). 

Hence,  if  ia>b)€g°  f  then  (*). 

Oh  the  other  hand,  suppose  that  a  and  b  are  such  that  (*)  is  satisfied. 
Let  c  be  some  object  such  that  ja,c.)  e  f  and  ie,b)eg.  It  follows  that 
a  cO/"and  c  =  fia),  and  that  eeZ%  and  b'  =  gicl-So,  a  eDf,  fia)  fDg, 
and  b  =  g(fia)).  It  foil  ows  by  our  definition  of  function  composition 
that  afD[g°$  and  6  -  l-g  o  /"1(a).  In  other  words,  follows  that 
(a,b)  eg  o  f  Hence,  if  ( «),  then  (a,6)  eg  »  f.       .  ' 4 

Combining  our  results  we  have:  { 

(**)  (a,b)!tM«f— ►  3,((a^)€/'and  U,6)eg) 

[Read '  * '  as  Hf  and  Qnl£  if'.}  It  is  now  easy  to  write  a  new  definition 
of  function  composition  which  is  equivalent  to  the^one  we  are  using: 


Using  <**)  it  is  easy  to  show  that  function  composition  is  assocrtdiVfe. 
For,  £uppij>se  that  ft  g>  and  h  are  any  functions.  It  follows  from  (**)|hat 

\{ajb)\f*  lg  ^h}^\((afu)eg  ^  h  mdiuM^H 

3uBr((afv)eh  and  (vfu)eg)  and  (ufb)ef) 
3u3p(((afv)  €  h  and  (vfu)  eg)  and  (ufb)  ef) 

[Each  of  the  first  two  transformations — or,  steps— is  justifted  by  {**). 


Id  23  (1) 


r 


.  Z.     For  each  x£ft,     [f  ■  [g  ■  h]](x)  ;=  f([goh](x))  = 

and  [[f*g]°h](s)  -  [£Vg]fh<x)>  a  f<g(h(xj.». 

£3.     For  any  a6«>  [f  o  [g  o  h]l  it  follows  [by  part  (i)  of  the  definition  of 


'function  composition1 


that  a€^Ig  ohj  And  that  [g«h](a)6>(.  Hence 


[by  part  (i)],  a€*h,  h(a)€^g,  art4  [by  part  (ii)]  g(h(a))eM.  Siiice 
H(a)e£g  and  g(h(a»€^f  it  follows  [by  part  (i)f  that  h(a>€  £  [f  o  g] . 
Since  a€^h  and  h(a)£  ^[f  o  g]  it  follows  that  a£  A>f[f  o  g]  o  fc].  Con- 
sequently, £  [f  o[g  oh]].  C         o  g}  «  It]*    [A  similar  argument  estab- 
lishes the  reverse  inclusion,  and,  so*  completes  the^rdof  of 
identity.]  "  (  'J 

.     #  '*>■'■. 
The  standard  reading  of  (it)  is:  . 

,  v. 
There  exists  a  z  such  that  ($,2}€f  and  (z,b)€g. 

It  might,  however,  be  help^l  to  read  it  —  once  —  as: 

There  is  something  such  that  the  ordered  pair  (a,  it)€  f 
1  0  .  .        ,  and  the  ordered^  pair  (it,  b)eg. 

Following  the  preceding  suggestions  may  help  to  develop  ih  stu- 
dents the  t  correct]  feeling  that  the  indices. 4  x' ,  etc.  on  quantifiers 
a e rye  thg  same  reference  —  or    linking* * —  purposes  as  do  the  words 
Something*  and  *it*  ^n  the  suggested  reading.    [For  a  rather  extended 
discussion  of  quantifiers,  see  High  School^ Mathemat ic s ,  Course^ 
pp.  116-142,   What  is  said, the. re  applied  to  but  usjj^ef  quantifiers  in 
the  present  text,          shall  here/  however /Vuse  open  sentences  as  well 
as  universal  general^aationi sentences  to  express  universal  gener- 
v  alities  .    You  will  find  more  about  this  in  the  commentary  "for  section 

1,07.].' r    4";  :';  :;v'v^        •  yii\  ■  ....  %   '  /  , 

"Th^  fill*  in  three  lines  below  ^&)\     :   ((x^  z)  €  f  and  .  (z,  y)e  g)  ■ 
We  have  supposed ^students  to  be  suf&icientiy  aware  of  the  meaning 
conveyed  by.  *if  and  .only  if*.    [This,  and  §ome  pther  points  of  logic  are 
reviewed  in  Chapter         ^xe  introduction  of  g  *  as  an  abbrevia- 

tion for  this  phrase \should  ^ause  no ^s^tra  difficulty  .     1     *  i 

The  4 'matters  ,of  grammar*'1  re'^Stired  to  in  the  bracketed  analysis 
of  the  first  part  of  the  proof  of  yso^iativit'y  is,  more  properly,  a 
rule  of  logic .    In  case  your  students; s\r^  already  acquainted"  with  logic 

.  as  developed  in  High  School  Mat&emgticfe-.  Coug^e       you  may  wish  to 
go  into  the  rules  governing  the  u«*e  of  e^isitentiai  gene ralizsations- and 
use  them*  in  justi%ing  the  ste\p  in  Question.   As  is  the  case  for  universal 
generalizations,  there  are  tW?  basic  rules  for  dealing  with  existential 

^ener^l^ations  #^CSeTs^  generalization 
is  a  consequence  of  any  of  its  instance*  [for  example,  the  sentence 
*1  *2  *  Z%  implies  the  sentence  *3X  I  *x  ^  2*]  and  the  other  is  a  test- 
pattern  rule.    To  arrive  at  the  latter  we  slhall  first  exemplify  itft  use 

,  in  a  typical  argument  having^ an  existential  generalization  as  a  premisai^ 
♦  For  the  purposes  of  this  argument  we  shall  assume  that  we  loiow  that 
addition  of  real  numbers. is  associative*  that,. for  any  Veal  number  a, 
a  +  0  =  a;  and  that,  for  any  real  number  a*  there  e*ist%  a  real  number 


/TC2S(2)     '  . 

x  such  that  a  +-x  =  0.    On  the  basis  of  this  information  we  wish  to 
conclude  that,  for  any  real  numbers  a,  b,  and  cf  if  b  *  a  =  c  +  a 
then  b  *  c.    Part  of. the  argument  might  be  formulated  as  follows: 
.   Suppose  that  a,  b,  and  c  are  any  realN  numbers  such  that  b  +  a  = 
c  -f  a.    Let  d  be  a  number  such  that  a  +  d  -  0.   Since  b  +  a  = 
c  +  a  it  follows  that  (b  +  a)  +  d  =  (c  +  a)-  +  d  and,  so,  that 
b  +  (a  +  d).  -~f  c  +  (axf  d) .    Since  a  +  d  =  0  it  follow*  that  b  +  0  = 
•    c  +  0  and,  so,  that  b  *  c,.  Hence,  if  b  +  a      c  +  k  then  b  =  c, 
Tf  his  much  of  the  argument  s  how  sf  that  the  conclusion  'if  b  +  a  = 
c  +  a  then  b  ~  c*  is  a  consequence  of  the  assumption  *a  +  d  =  0*.  the 
associative  principle  for  addition,  amr  the  principle  for  adding  0  ^  It 
is  especially  to  be  noted  that  \T  "ccurs  only  in  the  first  of  these  three 
premisses  and  that,  while  it  occurs  elsewhere  in  the  argument,  it  does 
not  occur  in  the  conclusion.    We  may  then  think  of  the, displayed  argu- 
ment as  a  pattern,  with  4d4  as  pattern  variable,  which  shows  that  the 
conclusion  is  a  consequence  of  any  instance  whatever  of  '3    a  -f  x  =  0* 
the  associative  principle  for  addition,  and  the  principle  for  adding  0. 
Since  the  existential,  generalization  asserts  that  thexe  is  some  number 
which  has  the  property  which  we  have  assumed  d  tcuhave,  and,  since 
the  steps  in  the  argument  are  valid,  and  the  conclusion  remains  the  same 
no  matter«what  number  d  may  be,  it  is  reasonable  to  grant  that  the 
argument  shows  that  the  conclusion  is  a  consequence  of  the  existential 
generalization  '3    a  +  x  -  0*  [itself]^  the  associative  principle  for 
addUion,  and  the  principle  for  addsflfe  0. 

Generalising  on  the  preceding  example,  we  may  say  that  a  pattern 
which  shows  that  a  given  conclusion  follows  from  any  instance  whatever 
of  a  certain  existential  generalization  [together  with  other  premisses] 
shows,  also,  that  the  conclusion  follows  from  the  existential  general- 
ization itself  [and. the  other  premisses].   As  pointed  out,  it  is  essential 
that  the  conclusion  and  the  "other  premisses1'  be  the  s&me  no  matter 
what  instance  of  the  existential  generalization  may  be/in  question.  This 
means,  m  brief ,  that  the  "pattern  variable"  must  ho£occurNin  the 
conclusion  or  in  the  "other  premisses",  * 

On  the  basis  of  the  two  rules  for  existential  generalizations  we  can 
now  justify  the  third  step  in  thre  first  half  of  t^e  proof  of  associativity 
of  function  composition.    What  needs  justification  is  the  shifting*  of 
'3 -  *  from  one  side  to  the  other  of  the  left- most  parenthesis,    In  the 
following,  suppose  4rV  to  be  replaced  by  a  sentence  containing  the 

.  variable  *c\  §3    Fvw  replaced  by  the  existential  generalization  of  this 
sentence  with  respect  to  V,  and  V  by  a  sentence  in  which  V  does, 
not  occur.    With  this  in  mind,  the  first  tree-diagram  below  shows 

^thatLJS  ^_v-4^-i«-a,^ 

• thowa  th*t  the  first  pf  these  two  tfentencei implies  the  second.  Together 
they  show  that  U3V  Fvt  .p)  «=>;;3    (Ty  &  p)*  is  logically  valid. 


[The  double  bar  signalizes'  an  application  of  the  test- pattern  rule  for 
existential  generalizations,  and  the  ***b  indicate  that  through  use  of  this  * 
rule  the  premiss  lFcf  has  been  "discharged"  (in 'favor  of  '3^  Fv^.J 

Fc  I  p  |         ■  * 

•      ^Fc         Fc;  k  p.  . "  .  \ 

3^  Fv  P  \ 

— £   i_ 

3v  <Fv  &  p)  3vFv&p 

I        —  * 

3vFv  VP  , 

There  is  a  good  deal  more  whifch  needs  to  be  said  about  the  test- 
pattern  rule  for  existential  generalizations,  .but  the  foregoing  is  enough 
for  the  present. 


•  "A 

24  *  v 


24*  mappings: 
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^  The  tWrd is  just  a  matter  of  grammar,!  Similarly, 

w        ^        «    '    *  r.        .     . .. :     0  g 

.-•7*  3#iHii,H  cji  and  3w«t\tt>  e#  <and  («,/>)  6 /")) 
•^;3(^tt(C«;r).€  A  and  <W',m)      and  J'w^j)  €./')) 


5i.  Vomparrn^  our  Uvo  results  [and  noting  that  to  say^for  sorne^^  fox 
rfoqse'r,1  amounts',  to  the  same  things  ay  saying  Tar  some  vf  for  some 
^//]  we  see  th*at,  for  any  a  ,and  6;   \Y  ,  *      ■  . 


.  .,  ^ 

Consequently,  /'   [#  -  k.j  ?  ff  •  #  |  '■  + 

II  Function  composition  is  associative. 

•  ■"■  *    ■  ;   -  «'  -* 

"Exf  wises*  ■  \ 

*  Part  A  v  v  *.  -  * 


JnSpjpme  that  ^is*a  function  which  has  an  inverse -that  iwf  suppose 
that  the  converse  of  /is  a  function.  Recal^the  notation  '/'  r  for  the 
inverse  of  Wt follows  that,  fpi*  any  q  and  h,  *  <?  > 


•  .  .  jU  In  terms  of  rDf  and.'«/\  what  is  £Hf  M?  WhaHsi?[f  4?  „■ 

,    : "'  '  ~  21*  Show  what  the  mappyig  /*  1  "  /'  does.  [Hint:  If  a  €  />(  f-'1  *  /'}  then, 
:  '  •  "  by*  Exercise  1  v> ti and,  so,  (a;f(a))  e/TJt  follows  that  (?,?)  ef' 1 
^  .  -and.  aa,  that  f  l(  /'(?))  =  ?  Hence,  for  any  a  €  £>(/'.  1    /'),     f  * 

f/-  wi  fa)  ^t\-   '  v;    ,    ;  V". 

It  foll^^from, Exercises  1  and  2  .that,  for  any  function  /which  has 


Anssvers  for  Pari  A 


1 . 
2- 


4Anotijetf  way  to  establish  this  is.to  use  (**)  oh  page  23.  According 
j.thi^foftU/  '  '/if  and pnlyJf  1^(0,2) and  (ztb)-ef-%  $ut,  the 
(tter  is\fhe  case  if  and  o'nly  fl*  3*1  i*,«)e  /'  1  4hd        ef  '}.  By  "the 


;eric 


definitions  oPr^^e'  and  ^function' ,  t^fs  last  is  the  case  if  and  only, if 
(a  e  R  [f^J  J  and  ^' ~  a) -  that  is,  if  and  only  if  io^pf  sind  6/=^  a).],  :f  I 
^        have  airefc<$  come  acro§s  {(^vy):  ^       and^     jc}  in  the  jcasa>in 
which  Df  -  R,  In  thife  case  it  is  the  translation  whic|;  maps  e&chf  point 


'.  V 


*  ■ 


[,THe  hint  becomes  a  satisfactory  answer  if  the  five  V?  's  are  r*e- 
.plaeexi  by  *f{a)V  *a\  'a^/'a',  and  respectively.]  ,    .  . 


V7 


Si; 
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of  the  number  line  on  itself.  For  any  set  S\  the  mapping  of  S  into  itself"  \  # 

under,  which  each  member  of  $  is  it^4  own  image  is  called  the  identity     Answers  for  Part  b 
mapping  of'S  ontd  itself  and  is  often  denoted  by  'i  /.  Using  this  notation,  l 
we  ^ee  that  ^ 


•  :  /s  |=  |Lrvv):  x  €  Ji  and  y 

*  -  ■ 

So,  the  result  displayed  above  may  fee  written: 

It  follows  (explain  why)  that       ■  »        *  ■ 

For  any  function  f  which  has  an  inverse, « 
/ 1    f    ^ahd/  -/'  '  -  i 


Part  B 


L  Show  that,,  for  any  function  f  and  any  set  A>\ 
(a)  if  Df\C  S  then  /*  is  -  /;  i% 
(h)  if  A7'  C  S  then  iv  -  /'  -  /;  and 


<e)  jf  flf  C  /)/'then  /'\</>f  =  / 


2,  It  follows  from  a  result  you  established  in  Part  A  thatN 

•    if  /  has  an  inverse  then  there  exists  a  function  g  , 
;*       such  that  # <;  /     ilff,  ;  _    ,  »%- 

*  [One  such  function  #  is  /*  M  Suppose,  now,  that  f  and  g  are  any 
functions  such  that  g  f  ipr  Does  it  follow  that/  has  an  inverse? 
\Hint:  Suppose  thattf  *  f  -  i^.  It  follows  that  D\g^  f]  =  £/;  [Why?j 
So,  for  aivy  aeDff  &  fin))  =--  a.  Recall  that  imorder  to  show  that  f 
has  an  inverse-it  is  sufficient  to  show  that*  for  any  a,-  eDf%nd  any 
a2  cfl/;  if  /:ta})  =  fiaj  then  a,  -  a2.  Try  to  show  that  this  is  the 


(a)    Suppose  that  *f*C  S»    It  follows  that,  for  ae^f,     aeS  and, 
by  the '  dpf  inition  of  ' ae^[igfand  ^(ajl  -   a.    So,  by 'the  defin- 


ition of  'function  composition1,  ^f  C  ijfoi  ]  and,  forna*£f, 
(f*ig](a)  -  f(a).  -On  the. other  hand,  if  a/M  then  cither*  a/ & [ig] 
or,   ^  a^[ig],^  ig(a)/^^    In  either  case,    a/f#(f«ig].  Consequents 

ly,"*f  =  Mf^iJ  and  f  o  i     1  f .        ■     .    .      1  ,       \  0 


(b}  Suppose  that  tff  e  Sv '■  .It'foQb^s  that -fif  C*  ^  fig]  and,  so,  that  * 
*fis  of]  ■  and,  for  ac  A  f ,   fig  o  fjfa)  ~  ig(f{aH  -  f  (a) .  '  Hence,  *  ' 

S  •  *  .  ■.  •  ■ 

(c)    Suppose  that  Rf  CM  and  let  S      £f.    Since '^f  C  S  jt  follows 


♦ 


by  (a)  that  f  o  ig  -  f.  "Since  «£-  C  S  it  follows*  by  (b)  that .  ig  o f 


So,  since  S  =  £f,    f  o  i 


£f 


f  =  Km**- 


Suppose  that  g  of  =  Since  ,g  o  f  and         are  the  sate  function^ 

they  have  the  same  domain.    So,  £  fg  o  f  ]  =:  ^fa.  So,  for  any  ae£fK 
g(f(a))  =  i^f(a)  ~  a.    Suppose  that  a1€^f  and  aPeM  and  that  , 
f^)  =  f(a2]0  It  follows  that  g(f(ax))  -  a^   g{f{a2))  *.-ak,,   and.  *  ' 
[since  f(ax)  :^  f(a^)  and  g  is  a  function]  that  glxXa^)  =  g{f(aa)>.  So, 
ai  =  a^r    Hence,  for  any  arguments,  a^  .and^a2  of  f,  if  ^(a^}  ^ffag) 
then       '=  a2.    Consequently,  f  has  an  inverse.  * 


It  follows  from  Parts  A  *$rid  B  that 


For,  any  ftuietioi^^ 


•  s  # 


•  /'has  an  inverser-^and  only  if  there  is  afunction  g  such  that 


Y^u  established  the  "only  if"  part  of  thi*» theorem  in  Part  A  and  the 
\Mif"  part  jp  Part  B.  We  can  learn  mere  about  inverses  by  giving  a  dif- 
ferent pniof  of  the  "if  part-  To  do  so,  suppose  that  g  •  f  -  iiyt  It  fol-. 
lows,  {as  in  the  hint  for.  Exercise  2j.  that,  far  any '  ocpf,  gifia)}  =  a. 
In  other  words,  for  any  a  and  b%  '  .  ' 

.   ..    ,      if (ii,6) tf then (b,ld€g>   <  •  •  *|      *,  '  . 


IKIC 


I  - 


t 
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Now,  by  the  definition  of  converse',  {afb)  €fif  and  only  if  (6,a)  e  [the 
converse  of  /I),  So,  . 

if  (6,a)  *  [the  converse  of  f]  then  (6,a)  eg. 

^From  this  it  follows  that  the  converse  of  /'  is  a  sublet  of  g.  So,  since 
g  is  a  function,  and  since  (by  Part  E  on  page  15]  any  subset  ef  a  func- 
tion is  a  function,  it  follows  that  the  converse  of  /is  a  function  —  that 
is,  that /'has  an  inverse.  | 
The  preceding  argument  shows,  as  it  was  intended^ to,  that  if  there 
exists  a  function  g  such  that  g  ° f  ^  i0f\  then  /has  an  inverse.  In  addi- 
tion to  this,  the  argument  shows  that,  for  apy  functions  /  and  gt 


Part  C 


ifgof*      then  the  inverse  of  /  is  a  subset  of  g. 

I.  Suppose  that  you  know,  for  some  function  f  and  some  function  gf 
that  g  *  f  =  i0f .  Would  it  be  safe  to  conclude  from  this  information 
alone  that  g  is  the  inverse  of  f?  If  your  answer  is  Tes/,  justify  it. 
If  your  answer  is  *N6.\  what-  additional  ^formation  would  enable 
|         you  to  arrive  at  the  conclusion  in  question? 

2*  You  know  that  if  f  has  an  inverse,  then  f*  *f=ii>f  and,  $so, 
f*fi=z  hy  i-  Suppose  that  you  know,  for  some  funrtioru/  and 
some  function  gf  that  g  °  f  «  in/  and  f*g  =  i^.  Would  you  be 
justified  m  concluding  that  g  is  .the  inverse  of /?  Explain, 

.    'V        '  '  #       *  "  f 

The  next, two  theorems  about  inverses  of  functions  summarize  the 
results  in  the  exercises  in  the  preceding  exercises, 

Fon  any  functions  f  and  gf  ,\ 

g  is  th<*  inverse  of  £  if  and  only  if     g  ■*  f  =  i  !  and  (ii) 

Dg  ~Rf;  •      ■  "  v    Df     :  ,  - 

...         .  .  a     ■  ■  .  •»     .    ■  . 

*  ■ .  ■  ■ 

For  any  functions  f  and  g,  _■  "  ''  , 

g  is  the  inverse  of /if  and  only  if  (i)  g  =  /  =  ^  and  (H) 
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In  this  course  you  will  be  studying  the  geornetry^gspace. 
If  you  don't  understand  the  preceding  sentence,  you're  normal  Tb 
understand  it  yoti  wouldNneed  to  know  the  meaning  of  the  phrase  *the 
-geom^fry  of  space \  Part  of  what  this  pfrrase  refers  to  you  will  learn  in 
this  cotjrse.  Nobody  knows  all:  of  it; 'you  already  know  a  little  of  it. 
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Apgwers  for  Part  C 


i . 


No.    Although  we  may  conclude  that  f  has  an  inverse  and  that  this 
inverse  is  a  subset  of  g,   g  may  contain  ordered  pairs  which  do 
not  belong  to  the  inverse  of  f.    In  fact,  for  any  function  h  ffuch 
that  H  n  ftf  =  0  the  union  of  h  and  f"1  is  a  function  &  such 
that  g  of  =  fVftf.  - 

^  In  addition  to  knowing  that  gof  =  i      [which  assures  us  that 

f"1  Q  g]  it  is  sufficient  to  know  that  £[f~i]  =  >g  in  order  to  be 

sure  that  g  =  f-i.    [Since  *  =  ftf,  it  is  sufficient  to  know  that 

*g  =  ftf.] 

Yes.    For,  suppose  that  gof      i  '     and  fro  a  rr  j\  ,    From  the 

•    i  ^  g 


first  assumption  if  follows  that  f „  ha£  kh  inverse  and  that  f~*  £  g. 
So,  in  particular,  ftf  =  £  [f"i]  .Q  J  g  \  From  the  second*  as  sumption 
it  follows  that  ^[fog]  =  R[iA   ]  and,  sp,  since  ft[f  o  g]  .Q  ftf, 

that  £g  .Q  ftf .    Hence,  from  the  two  assumptions  it  follows  that 
f'1  C  g  and  that  ^[f'1,]  =  ftf  =  Ag.    Cpnseqyently,  if  g of  - 
and;  fog  =  i^^then'g  s  f-*.    [Alternatively,  it  follows,  from  the 
two  assumptions  ihat  f -l ,  £  g  and  g-*.  Q  f.    From  the  definition  $ 
bf  'coflversft'  and  'jnverse'  it  is  clear  that  if         Q  i  then  g  £  f~*.* 
So,  g  -  f-i.] 

Using  the  second  d{  the  boxed  theorems  it  is  easy  tb  establish  a  "* 
result  mentioned  earlier  in  this  commentary:  *  .'  > 


For  any  functions  f  and  .g  witich  have  inverses, 
•  "     ;  ■     ^  g  of  has  an  invert*1  m,*A        *  ^ 


What  needs  to  be  shown  is  that  [f"1  og-ij  a  [g^of]  s  ig  where  S  p  ^[g  °ij» 

and  that  '[g  o  f }  *  [f-i  o  g-i]  ~       where 'T  =  k{£^  o  g-i].    Once  thfe  first 

is  established  [for  any  f  and  g  which  have  inverses]  the  second  cf^i 
be  obtained  from  it  by  substituting  •g"1*  for  *<*  and  *f^?  for  'g*  ,  We/' 
proceed  to  establish  the  first.  Suice 

what  we  need  to  show  is  that  f~\ "•f^g  *fj       ig  whea  S  -  ^     o  !f].  Now, 
clearly,        o  [i^    of]  is  the  identity  mapping  of  its  domain  onto1  itself. 
So,  wliat  nee^s  to  be  Jshown  is  meixely  that  this,  domain  is 
Since  Rfi^  sf]  X>g  ^  ftf  C  ftf  a  * jf1] ^  it  follows  that  thecoma 
of  f-i  o  [i^    •  f]^i^\jh^  domain  of  i 
same  doma»int  th> 


f  f .  Since         and  g  have  the^j 


omain  of        of  is  b[a  of],  Q»E{.D. 
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N  Sample  Quiz  * 

Consider  the  functions  i*  g,  and  h»*  where,   tor  each  x, 
^{x)  -.xf  ♦  1   and  g(x)  =  2x,  and  h„  =   {(x,  y);   y  -  x  ♦  2}.  Answer 
these  questions.  y 

jtisx  \%m  [f  *  g]<3)?    Whatis  [goh)(-z)?    What  is  fhog)(-2)? 

For  what  values  of  .'a'   is  it  the  case  that  f(a)  -  "  £fy  * 

Which  of  the  functions  (t  gf -and  h  4o  not  have  inverses?  Explain. 

Fok-  what  values  of    a*   is  it  the  case  that  f(a)  -  g(a)? 

Is  fog      ,g  of?    Explain,  v 

•  •  *  -  * 

Whjat  ia  the  range  o^f  f  ? 

Answers,  for  SarhpleyQuiz 

1.      37;    0;  -2 

I*      I  and 

3,      f  doe*  not  have^^n  inverse,  because  f  is  not  one*to-one 
[e.g.  -A 

4;  1 

5,  4  No,    [f  o  gJ(a! 
v4a-  +  1  *  <!a< 


1, 
2, 

3., 

6. 


{x: 


*  I  and  [gofJ(a5  =  2a^  +..2;  Since 
'fog  *  gof,         ■    _   *  ■    •  • 
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We  begin  with  gome  general  comments  on  tnia  section  and^n  the 
course  as  a  whole,    Mor^  detailed  comments  on  the  content  of  this 
section  begin  ofi  page  TC  26, 27  (3)  *  * 

The  purpose  of  section  1.05  is  to  lead  students  to  think  about  lines 
and  planes  and  about  sonje  of  their  ^impler  subsets  —  rays,  half-lines, 
^intervals,  and  segments;   half-planes  arid  closed  half-planes.  Students' 
need  a  clear  intuitive  understanding  of  these  notions  as  a  preparation^ 
for  the  formal  development  which  begins  in  Chapter  2.    The  emphasis 
now  is  on  intuition  and  experiment.    In  the  formal  development  we  shall 
give  very  different  definitions  of  'line1,  etc.  than  those  which  are  im- 
plicit in  the  present  section.    But,  students  need  to  have  developed  a 
feeling  for  lines,  etc.  to  enable  them  to  appreciate  these  later 
definitions. 

'  / 
The  approach  which  we  adopt  here  to  line**  and  planes  through  the 

notion  of  a  ray  is  unconventional  but  brings  out  best  some  ideas  which 

will  be  helpful  in  the  sequel.    The  notion  of  a  ray  is  introduced  in 

terms  of  the  notion  of  a  first  point,  P,  being  beyofld  a  second  point,  Q, 

from  a  third  point,   R.    [intuitively,  this  is  equivalent  to  R  being 

beyond  Q  from  P  and  to  Q  being  between  P  and  R  (or  between  R 

..  .  "  -  ^-:-^~~---*--~7~'r~^~^~. 

■  -         ■  *  ■  ■  .        *       .-j>  * 

and  P)*  ]  Sov  a  formalization  of  geometry  completely  different  from  the 
one  developed  in  th^s  text  might  be  based  on  postulates  concerning  this 
ternary  relation  of  *tbeyondness,\    Because  such  a  different  formali-  . 
zation  is  of  interest  in  itself,  we  go  into  soirfewhat  more  detail,  in  % 
parts  of  thisf  corrimentary,  into  how  such  a  formalization  might  be 
developed.    These  parts  are  preceded  by  '*    *    **  and  followed  by  4*\ 
They  are  largely  irrelevant  to  your  students*  proper  interests  at  this 
tinie,  and  dwelling  on  them  in  class  would  be  very  likely  to  lead  to  some 
confusion*   Tour  study  of  them  may,  however/ jgive  you  a  better  basis 
for  answering  questions  which  may  arise.    For  a  much  more  adequate 
tr6»tme*4^f  such  an  alternative  formulation  of  geometry,  see  Basic 
Concepts  or  Geometry,  Prenowitz  and  Jordan,  Blaisdell  Publishing 
Company,  New  York,  19§5f 

Tl/e  exercises  %t  the  end  of  the  section  are  meant  to  serve- twb 
purposes.    In  part  they  furnish  much  needed  practice  in  drawing  — * 
particularly,  in  using  a  parallel  ruler.    They  have,  however,  been 
chosen  to  prepare  students  for  the  work  with  translating  in^h^^dir^w^- 
ing  section.?'  It  is  to  be  hoped  that  the  discoveries  students  make  in 
that  section  will  appear  familiar  tp  them  because  of  their  work  on  these 
exercises.    In  the  commentary  on  the  individual  exercises,  we  shall 
point 'out  what  w*  hope,  students  will  learn  from  th$r*i.   ;  /* 

Sections^!  .£5  and  1.06  are  exarnples  <)f  ?a  kind  of  section  which 
Will  occur  at  several  points  in  the  text*   As  remarked  earlier,  students 
need  to  develop  concepts  before^  formulating  their  intuitive  beliefs  in  a  % 
formal  manner.   Section  1,05  is  a  Concept-development  section  deal- 
ing wi|h  space  and  some  basic  ge^netric  figures,  and  section  1,06  is 
^a  concept-development  section  dealing  with  a  kind  of  mapping  of  space 
onto  ftjteif  which  1*  of  extremely  bisic  importance  to  lis  in  this  coufse. 
.Othe*  su£h  concept-development  sections  w^il  occur  where  they  are 
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A  tf(x>d  way*  to,  b^gin  is  to  thiftjPc  of  space  as  the  set  of  all  Jwat  ions 
around  [and  inl.yoii,  in  whatever  direction,  and  however  for  away, 
they  may  be.  As  you*  learn  more  >'QU' may  adopt  other  waypof  think- 
of  space;,  but,tat  any  rate,  space,  is  a  set  -  vvy  shall  calf  it  V  —  and 
itsmembtrsfwhich  W  have  suggested  you  might  think  of  as  locations! 
are  customarily  called,  points.  To  carry  these*  ideas  just  one  step 
further,  when  you  think  of  points  as  locations  you  sh(,nild  thiftk  of 
them  as* absolutely  precise  locations.  You  may  have  been  thinking 
hat  same  locations  ^overlap";  two  points  never  do. 

Si>  much  for  'space' —  space  is  the  set  /  of  all  points.  How  aboiit 
^eometrv,°  Etymological ly,  this  word  means  e^rth-measurement  atid 
you  might  suspect  that,  originally,  geometry  had  to  do  with  ways  of 
computing  distances  between  points  of  the  surface  of  the  e^rth  and, 
perhaps,  of  computing  area-measures  of  regions.  Today/  geometry' 
has  a  somewhat  similar  but  much  broader  meaning.  To  tell  a  little 
of  what  this  meaning  is  it  is  convenient  to  .introduce  another  word 
-  'figure'.'  A  [-geometric]  figure  is-  a  set  of  points— usually  a  fairly 
simple  set,  such  as  a  triangle  or  a  straight  line.  In  others  words,  a 
figure  is  a  subset  of*  :  Briefly  land  inadequately)  geometry  is  the  study 
of  figures  and  .of  relations  among  figures.  This  includes  — although  it 
is  not  immediately  obvious  that  it  does  — the  study -of  mappings  of 
one  figure  onto  another.  You  may  see  why  if  you  ask  yourselt  what  it 
means  to  say  that  two  figures  haye  the  same  shape. 

Before  we  can  begin  a  serious  study  of  geometry  we  need  to  take 
note  of  some  important  kinds  of  figures.  To  begin  with,  we  shall 
attempt  to  clarify rour  intuitive  notions  of  lines  and  planes.  Think 
of  some  point  F— some  precise  location  in  space  — and  of  all  th 

/V.    '      ■  . 


 ,.v...   ,.  ^  ;:  m-i-s   4?+—  - 

which  are,  from  your  location,  directly  behind  P;  [For  short,  we  sRall 
say  *beyondsP\|  The  set  which  consists  of  P  and  all  these  points  is  a 
ray  with  ^r<f?T-ft-Clearlyf  given  any  point  P,  there  lots  of  rays 
which  have  P  as  Vertex.  In  fact,  given  any  point  Q  ^P  there  is  a 
unique  ray  with  vertex  P  which  contains  Q.  To  describe  si^ch  a  ray  it 
is  sufficient  to  find  a  vie^^ppint  E  such  that  Q  is  beyond  P  from  E. 
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needed/  Sections  of  this  kind  are,   lik^  the  Introduction,  of  an  entirely 
different  nature  than  those  others- which  contain  our  formal  organiza- 
tion of  geometry*    In  a  s€gjfe&,  the  text  contains  two  courses  —  a  course 
in  intuitive  geometry  and  aflhych  more  extensive  one  in  formal  geom- 
etry.   The  formal  coupe  might.  t>y  itself*,  beNap^ropriate  for  students 
who  had  had  the  intuitive  course  in  earlier  grades.    For  such  [largely 
nonexistent  I -Atuderff^.  the  concept -development  sections  might  be 

Shifted  —  with  considerable  gain  in  continuity.    For  real  students, 
wever,  these  sections  are  a  necessity*    But,  it  is  essential  to  real" 
ize  that  the  concept-development  sections  set  the  stage  for  the  formal 
treatment  and  one  must  be  able,  to  distinguish  between  the  stage -hands 
and  the  actors.    To  help  students  make  the  distinction,  concept-^   ^  * 
development  sections  sometimes  bristle  with  the  word  'intuition*  and 
its  derivatives.    To  help  you,  we  refer  to  them  in  the  commentary  as 
concept -development  sections,  4 

Wt*  believe  that  students  can  learn  through  reading  [in  "addition  to 
doing  exercises  and  participating  in  classroom  discussions  ]  and  should 
be  taught  to  do  so.    So,  the  textual  material  in  this  book  is  meant  for 
student  consumption  and  rumination,  [as  well  as  for  classroom  discus- 
sion].   The  .extent  of  the  reading  matter  in  section   1,05  is,  >howe.vferv  x' 
atypical.    We  strongly  suggest  the  following  treatment' for  the  purpose 
of  beginning  to  train  students  to  read  accurately  and  to  learn  by  reading. 
Ask  a  student  to  begin  reading  this  section  aloud  in  class,  the  others 
listening  and  reading  silently.     By  interrupting  and  asking  questions 
when  you  think  necessary,  establish  the  meaning  of  words  [ordinary^  * 
as,  well  as  technical  ones]  which  you  think  may       -unfamiliar  or  mis- 
understood.   Interrupt  the  reading  when  you  think  class  discussion  may 
be  profitable.     Perhaps,  without  interrupting,  you  may  think  i\  helpful 
to  make  sketches  on  the  chalkboard  and,  by  pointing,  "act  out*'  what 
is  being  read^    It/is  probably  better  to  stop  too  frequently  for  discus- 
sion than  not  to  stop  frequently  enough.    You  will,  naturally,  take  care, 
not  to^tire  but  any  one  reader.     Give  each  student  a  chance/         *  * 

Your  aim  is,  of  course,  to  ^ive  each  student  the  ide/a  that  when  he^ 
ads  by  himself  he  should  stop  frequently  and  think  about  ^fyajt  he  has  . 
ad,  and  that  understanding  is  aided  and  tested  by  making  nfs  own/'  ,  . 
etches  and  examples  3s  he  reads..   Reading  mathematics  is  likely  to  • 
be  relatively  unproductive^nless  one  ha\s  a  paper  beside  him,  a  pencil  . 
^  qne  hand*  and  makes  frequent  use  of  tijern. 

V  This  procedure  we  suggest  is  time  consuming,  but  worthwhile*    If  ^ 
you^*eed  to  spend  two  class  periods  in  Reading  section  1,05  and  discuss 
ingit,  this  can  be  time  well  "spent.      Be  sure  that  each /point  which 

well  to  postpone  the  completion  of  some  discus sionsruhtil  the  second 
day.    Tell- students.,  truthfully,  that  a  short  discussion  which  clarifies  v 
the  nature,  of  a  .prohl&jri  is  often  more  prbfitably  "tolmnued  later  after 
the  problem  has  **  sunk  in*  V  Hopefully,  you  will  tfhen  be  able  to  reach 
the  experiment  &d '%&§;&*i&%&m?  Of  parallel  lines  which  is  suggested  on 
page  32  at  the 'end  of  the  first  of  two  sessions,  arid  leave  the  experiment 
as  homework  to  be  discussed  during  the  Second  session.  Completing 
the  reading,  hieing  up  loose  ends,  and  a  preliminary  discussion  of  the  * 
exercises  —  perhaps,  with  some  done  as-  segt-work  —  will  take  \Xp  the 
second  session.  '  - 
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Wr  iK-mu-  nou  to  thir-xnvVe  detailed  -discus.ston  oi  the  content  of    %  ■ 
'  section   I  « 0 •'■> ,  , ,  i  * 

«     "  ?  ,  .   'V  \  ■  ;  •• 

•     Our  st-trtirifct  pyiiH.t*  tnai  th/  study  oj  .geonu*  t  rv*  a  rises  out  of>n 
analysis  offcthe  results  ot expe  rime.nts  in*  physic  airspace  .  .  [in. this  sec-  ' 
tron,   mdst'  of  the  experiments-  m  question  involve  me  rely  -sighting  — 
•  sighting  bt-vnp.d  f  "p^int**,   or  sighting  arrows  a  •  Mine,\    Toward  the 

end  t  ht*  re  js  an;  experiment  which  tnvoi  ve  s  d  r  awing .  j   Such- an  analysis  ■ 
Meadsame  to  envision  certain  "abs t tactions' "   such  as  our  "absolutely 
ti^ecist-  loLaUcmWjyaarJ  to  endow  them  wtth^certain  properties  and/ 
relations.  ^   ['his  N*  -i  dubious  process,,  but  is  Justified  by.  its  undoubted 
pragmatic  value  arid  by  thet.ict  tjwrt .  .  by  anothfc  r  kind  of  "abstraction* 
>  one  arrive*  .it. niMthern^tire  tl  —  as  -opposed  to  physical  —  geometry.  In 
mathematical  iieome.tr,v  jm-  dea'U^vith  sentences  whien  contain  unde- 
fined —  or.   better,   uninterpreted  —  terms,  and  one  studies  the  logical 
relations  cinumg-  the  se  sentence's.     Subject  to  t  he  dubiety  of  the  first- 
nientioried  abstraction  pron-sj/.-  the  abstractions  which  it  is  supposed 
to  .yield  turnish  mte  rpretations  for  "-the  ■  undefined  terms  of  the  mathe- 
matical theory  and,    st).  ■  constituted  mode]  of  it. 

Since  an  appreciation       nv*t  hematic  ajr  geometry  tomes  late,   we  " 
adopt  the  somewhat  mendacious  practice  of  speaking  of  such  abstractions 
as   "absolutely  precise  locations''**     Doing  so  enables  us. to  avoid  the  - 
for  us   —  irrelevant  difficulties  which  arise  out  of  the  tact  that  real 
.locations  do  overlap,  and  line  up  with  one  another  only  approximately. 
Fortunately.-  the  sentences  we  use-to  express  our  fantasies  about  our. 
abstractions  are  the  same  ones  we  would  consider  in  studying  mathe- 
matical geometry,   and  the  logical  relations  which  we  wish  students  to 
explore-  are  independent  of  whether  the  termswhich,   in  mathematical 
geometry  we  u  ould'  t  reat  as  undefined,  are.  so  treated  or  are  interpre- 
ted in  a^-.was  whatsoever.  ■   .  "  ^  - 

k  So  much  in  explanation  and  apo!*>gy.   -  Presumably,  students  will 
Swallow  the  fiction  of  absolutely  precise  locations  [and  it  would  be* 
.cruel,   at  this  point.,  to  attempt  to  disabusv  them  j,     No.  harm  will  result 
if  they  continue  thinkpig  in*  these  terms  throughout  the  course.    It  is  not 
.our  purpose  to  explicitly  "call  to  their,  attention  the  beauty  of  mathema- 
tical geometry.     It  is  enough  to  give  them  the  opportunity  of  expe  r  ienc  ing 
.it  unknowingly  while  they  are  thinking  of  something  else.  . 

The  richness  of  geometry  is  only  partly  due  *o#the  existence  of 
KlicUdean  and  noneuclidean  geometries.    These  geometries  are  men- 
tioned briefly  at. the  end  of  the  section  and,  as  is  pointed  out  there,  -the 
differences  among  them  result'from  different  assumptions  as'to  what 
space  is  like.    We  shall,  of  course,  study  Euclidean  geometry  #ndf  so,. 
_^suiD^_thi\t  'gpac:c_is -amende,  an,  But^-thi* a^aUe^^a^mmpO^^.ft^^ 


would  still  leave  us  with  a  wide  choice  of  ••geometries'*.    In  choosing 
Euclidean  geometry  from  among  these>  we  limit  ourselves  to  consider- 
ing properties  o£  figures  which  are  possessed  By  all  similar , figures V 
[Congruence's,  of  course,  a  special  case  of  similarity,].  As*a  sample 
of  the  &ltQ matives.  we  might  choose  to- .study 'the  topology  of  Euclidean 
space,  in  which  case  we  would' concern  ourselves  witlj  many  feWer 
properties  —  those-  properties  of  figures  which  "are  preserved^* '■' 
under  all  continuous  mappings  which  have  continuous  inverses.    For  - 
example,  the  property  of  being  a  spherical  surface  is  a  Euclidean  . 
property  —  anything  similar  to  a  sphere  is  a  sphe'Ye^ — it  is  not  a 
topological  property,    A  spherical,  surf  a*  does,  however,  have  various 
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topological  properties.     For  one,  any  spherical  surface  does  separate 
the*  rest  of  space  into  two- disjoint  regions*;  one  consisting  of  the  points 
inside  the  sphere  and  the  other  of  the  points  outside  the  sphere.  Thus 
separation  property,  is  topological,    [Roughly  and  inadequately  put, 
however  badly  you  dent  or  stretch  a  spherical  surface,  the  surface 
which  results  will  still  separate  s>pace.  )  "  *.  # 

The  question,  in  the  text,  as  to  what  it  means  to  say  that  two  fig- 
ures have  the  same  shape,  is  one  which  is  well  worthy  of  discussion 
sometime  during  the,  period  you  spend  on  Chapter  1.     But/ an  extended 
discussion  \t  not 'appropriate  at  this  time.    Merely  establish  consensus 
as  to  the  xneaning  of.  'same  shape*  by  drawing  some  similar' and  dis*- 
similar  triangles  and  some  circles.  /{Concentric  circles  might  give  a 
useful  hint  toward  the. answer!,  ]   You  may  wish  to  suggest  that  answer- 
ing a  similar  question  as  to  sjame  size  and  shape  may  be  simpler.  The 
answer  to  the' question  in  the  text  is'that  two  figures  have  the  same 
shape  if  and  only  if  one  tff  them  Can  be  rhapped  on  the^ other  in" such  a 
way  that  the  distance  between  any  two  points  of  the  first  is  the  same 
nonzero  multiple  of  the  distance  between  their  images,  ,  [The  nonzero 
multiplier  is  of  course,  the  ratio  of  similitude  (or,  depending  on  one*s 
point  of  view,  its  reciprocal).  ]  Two  figures  have  the  same  size  and 
shape  if-  and  only  if  one  (.can  be  mapped  onto  the  oth^r  in  sucji  a  way 
that  the  distance 'between  any  two  points  is  the  same  as  that  between* 
their  images,    [if  you  wish,  introduce  the  words  4 sim®a,rt  and.  'con-  . 
gruent*..]   ^  ultimately,'  you  obtain  satisfactory  answers  from  your 
students  [don't  be  concerned  if  you  don't  —  just  drop  the  subject]  bring 
out  the  fact  .that,  for  example,  ah^yfrfo  "lines* a  re  congruent  and  that  any- 
two  segments  a r,e  similar.    Also,TPing  out  the  fact  that  the  conditions 
imposed  on  the  mappings  referred- f§  in  the  two  definitions  ensure  that 
these  mappings  are  one-to-one.    If  you  have  an  interested  class,  and, 
on  some  future  day,  have  plenty  of  time,  bring  out  the  fact  that  congru- 
ence is  a  symmetric  and  transitive  relation,  and  so  is  similarity,  - 
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Clearly,  any  other  ♦  viewpoint  , F  which  4ar  beyond  P  from  Q  will  do 
{.explain),  and,  from  either  of  two  such  viewpoints,  the  points  beyond 
P  are  the  same.  (  V. 

Two  rays  with  the  same  vertex^point  different  ways"  or,  as  we  shall 
say,  have  different  senses,  Rays  which  "point  ppposite  ways"  are  said 
to  have  opposite  sefises.  If  they  have  the  same  vertex  then  each  is 
callfcd  the  opposite  of  the  other.  For  example,  the  ray  1°Q*  [from  P 
through  Q]  which  is  pictured  above  tod  th$v  ray  QP  have  opposite 
senses  but,  since  they  have  different  vertices,  /hey  are  not  opposites. 
In  fact,  the  opposite  of  ?Q*is  a  proper  subset  ofQK  What  is  it?  What  is 
the  opposite  of  *PEi  What  is  the  opposite  'of  Clearly,  the  opposite 
of  a  ray  consists  of  its  vertex  together  with*  all  points  which  are  beyond 
the  vertex  from  any  other  point  of  the  ray,  , 

The  union  of  two  opposite  rays  is  a  lirte.  For  exsunpie,  the  line  / 
pictured  here  is  the  union  of  two  opposite,  rays  with  vertex  P.  If  Q  is 
any  poi^it  of  /  other  than  P  then,  since  the  opposite  of^Q'is  a  subsetrttf 


p  Q  :;  ' 
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QPmd'QP  C         *P§  U  *Q?.  Finally,  tlv&Iirie  /  which,  by  defmiUQ^y 
is  the  union  of/PQ*  and  its  opposite  is^  also,  the  union  of'QI*  and  its 
opposite.  So,  oven  any  point  of  a  line,  the  line  is  the  union  olf two^ 
opposite  ray/ which  h$ve  this  poipt  ^  veyiex.  It  follows  tJhat^^^^si 
only  one  line  containing  two  given  points.  '  V^'*J| 

Given  any  line  I  and  any  point Pel,  there  are  just  two  rays  whic^i 
have  P  as  vertefc  and  are  subsets  of  /;  Each  point  of  I  belongs  to  one  or 
{ftsrcther  of  these  rays,  and  P  is  the  only  point  whjph  bejongs  to  both 


As  remarked  in  the  general  comments,  the  various  statements 
made  in  this  section  are  meant  to  be  accepted  —  after  appropriate 
amounts  of  thaught,*  discussion,  and  just  plain  quibbling  — as  being, 
intuitively  obvious,    Fo^  example,  if  Pf  in  our  initial  description  of 
ray,  is  not  a  precise  location, then  the  points  directly  behind  P  will 


constitute  a  frustum  of  a  narrow  cone,      This  will  also  be  tHS^ase  if 
the  pupil  of  the  pictured  eye  is  not  a  point,    But,  P<is  a  pojrrit  and  we 

reed  feo  think  of  points  as  precise  locations*   and  we  shall  impese  th^ 
same  limitation  on  pupils,  4Jo,  if  Q  #  P  there  is  aunique  ray  which 
contains  Q  and  has'  P  as  vertex  and,  moreover,  if  R  is-  a  point  not  on 
this  ray,  the  ray  with  vertex  P  which^coxS^ins  R  has  only  PMn  com- 
mon with^the  former'  ra?y«    [There*  are  exactly  as  many  rays  with  vertex 
P  as  there  *afe  points  on  a  spherical*  surface  with  P  as  center;*  ano*  no 
two  of  these  rays  have  any  .point  Other  than  P  in  common.-  ]   Th^  expla- 
nation asked  ^or^  amounts  to  pointing  out  that  if  E  is  beyond  P  from  Q 
then.Q  is  bey&nd  P  from  E  —  being  "beyond  P  from*1  is  symmetric. 
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rays.  It  is  natural  to  speak  of  a  point  of  /  other  than  P  as  being  on  one* 
side  or  the  other  of    according     jt  belongs  to  one  or  the  other  c 


The  notation  \?~*'  which  we  introduce,  in  passing,  to  refer  to  rays 
is  sufficiently;  useful  and  self-explanatory  to  out-weigh  the  fact  that  it  4 
conflicts  w^th> a  notation  frequently  used  in  referring  to  vectors*  This 
conflict  will  certainly  not  trouble  students  at  this  time.    Later*  aiter 
Vi they  have  come  to  possess  clear  concepts  of  ray^s  and, vectors/ th^y 

will  %£r  agfe  to  cppq  with  the  various  notations  used  in  various  texts. 

..  r~  -  "*v      :  t   *  '  »        n     .  ;  •.  « 

^  \  •  ^^T3f«'- ^>ti^n  of  s^nsg  is  one.  which  will  come  up  frequently  later.  >  * 

.^o^hefp^  it  points**  and  what* 

?  ffeyflfr  fihto&jtiiffi^  meaning  for  -sensf 

•*''tajhav&^  - 
ii  clear  that  two1  such  yays Jfeithi^^^i^t  tiie-.same  way  or  point  opposite 

:Ways#%  -*  ^ ..7"*.* " ,*3'**^:r*X^ ^^r^,^:.^;;!- ^ —        ,  _ #  ;  y' 

It  may  occur  to  yot*  that  'direction/  would  T>e  a  more  natural; wofe&S 7 
to  use  thkrf  'sense*. :  Perhaps  it  would;  but,  -unfortunately,  we  need  a^ 
word  to/^11  the  blank  in  *  Parallel  lines  . have  the  same 
'direction*  seems  to4be  it* 


arfd 


So,  in  our  use  of  *ienae*  and  4  directicm'  ^ 
a  line  will  haye  a  dir6ctioil  and  each  ray  which  is  a  subset  of  that ;  ling 
■  will  ^aveVone  of  two  opposite  senses.    Two  rays  will  have  the  sar^e>  ^'^ 


two  rays.  This  suggests  $^y?Qg  ^lat  the  points  other  than  P  which  be- 
long to  one  of  thes^ /jays  consti&ite  a  side  of  Pf  with  respect  to  L  The 
line  /  is,  then,  the  union  of  three  disjoint  sets— the  two  sides  of  P  with 
T^pect  to/  and  th&sefr :{F$?Tkm  set  which  coiife^te  of  the  points  of  a  ray 
'Wftthec  than  P  is6&en  called  a  half-line -file  half-line  B?.  [It  has  P 
■jaifr  jj^itiertex,  even  thiiiiigh "P  does  not  belong  to  it]  So,  each  side  of  a 
^ftit,  with  respect  to  a  line,  is^  half-line.  ^ 


sense  if  and  only  if  they  a^e  coliinear  and  6ne  is  a  subset  bSjtht 
or  they  are  sublets  of  two  parallel  lines         aro  contained  3&i Ljg>  V 


V. 
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half-plane  whose  edge  if  the  line  which  contains  their  ver*icf¥„  ~f* 
;    Obviously,  none  of  the  fire.ce.ding .  is  appropriate  for"  class  -discussion 
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at  present.  'Whatever  intuitive  notion  of  sense\stude  nt  s  get  from  think- 
ing .of  the  sense  of  a,  ray  as  "the  way  the  ray  points'*   is  sufficient. 
When,   iiVa  1  ate  r  c  hapte  r.  'ray.  is  defined  formally  in  terms  of  'trans- 
lation',  its  tense  will  be  defined  in  similar  terms. 

A^thirttword  which  might  be  used  in  place  of  'sense'   or  "direction* 
isjorientation*  .    Thjs  word  is/also  needed  for  anothe  r '.purpose.  We 
shall,   for  example,   orient  a  line  by  associating  with  it  a  chosen  one  of 
the  two  senses  <*hich  are  associated  with  its  direction.    Thus,  a  line 
may  be  given  one  of  two  orientations/   Of  itself,   a  line  has  a  direction; 
and,  of  itself,  a  ray  has  a  sense. 

F  rom  the  intuitive >  view -point  of  this  section,   the  phrase  'the  union 
of  twc*opposite  rays'   should  oe  considered  as  an  adequate  description 
of  what  a  line  is;    In  some  formalizations  of  geometry*  it  might  se*rvc- 
as  the  formal  defining  phrase  for  •line'.    Since  the  formalization  for 
which  we  are  setting  the  stage  is  not  of  tTus  kind,   it  would  be  confusing 
to  students  to  r^ferjo  '  A  line  is  the  union  of  two  opposite  rays.*  as  a 
definition.    Use  'description'.,  instead.    In  the  formal  part  of  the  course 
Mine*  will  be  defined  in -term's  of  'translation*. 

According  .to  that  intuitive  notion  of  a  line  for  which  we  are  propa-' 
gandizing.here.  to  recognize  that, a  set  is  a  line  one  must  pick  outgone 
of  its  points  and  convince  himself  that  .the  set  is  the  union  of  two 
opposite  rays  which  have  this  point  as  their  common  vertex.  One 
might,   for  example,   pick  two  points    P  and  Q,  which  belong  to  the  set 

and  convince  himself  that  the  set  is  PQ  w  -PQ.  [We  have  not  intro- 
duced the  customary  oppositing  sign,  1 -\  ^in  the  text.  Do  so  in  class 
if  you  *Afi£.    Allowing  students  to  suggest  notation  gives  them  a  valuable 

SenSe#<WWer  °VPr  notation"     This  is  an  occasion  where  a  minimal 
amount  ^prodding  on  your  part  will  give  them  a  chance  to  feel  that 
they  are  contributing.    {Some  of  your  students  may  have  previously 
used  this  or  a  similar  operation  in  referring  to  complements  of  sets.- 
If  so,  you  may  need  to  point  out.thaf  oppositing  of  rays  is  certainly  not 
complementing,  with  respect  to  any  universe,  but  that  there  is  no  harm 
ki  adopting  a  new.  meaning  for  a  symbol  as  long  as  you  don't  use  it  with 
both  meanings  in  the  sa*ne  context.}]    That  one  can  also  recognize  a 
lme  by  noting  that,  for  .two  of  its-  points,   P  and  Q.'>  it  is  the  union 

PQ  is  a  slightly  different  intuitive  notion  of  a  line  —  even  though 

it  is  as  "obvious"  as  the  former  one.    Finally,  noting  that  if  a  set  is 
a  .line  then,  given  any  of  its  points,  it  is  the  union  of  two  opposite  rays 
with. this  point  as  vertex, Is  stijl  another  intuition.    If  Q  belong*  to  the 
union  of  two  opposite  rays  with  vertex  P,   it  is  at  least  sensible  to  ask 
whether  this  union  is  also  the  unifcn  of  two  opposite  rays  with  vertex  Q. 
On  the  intuitive'  level,  any  doubt  one  may  have  as  to  the  correct  answer 
should  be  momentary  -  but  the  question  deserves  recognition. 

Although  the  three  notions  concerning  lines  which  have  justHbeeh 
discussed  are  all  equally  obvious,  the  arguments  sketched  in  the  text 
for  acceptance  of  £he  last  two  of  them  are  of  value  because  tney  offer 
an  opportunity  to  review  some  concepts  from  the  algebA  of  sets.  As, 
suggested  in  the  text,  one  can  prove  that  PQ,'  w  -PQ  V  p<5  w  QP  if 
one  accepts,  that  *-PQ  C  QP  C  PQ  ^  -PQ/  [From  the  first  inclusion  . 
it  follows  tnat  PQ  w  -R<3  C  w  QP;    from  the  second,  that 
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PQ  lw  QP  c  PQ  w  -PQ.)    From  this  result  it  follows,  that,  given  any 
point  of  a  line,  the  line  is  the  union  of  two  opposite  rays'  which  l>aye  this 
point  as  vertex.     For,  consider  a  line  I  which  is  the  union  of  two  oppo- 
site rays  with  vertex  P,  and  let  Q  be  any  other. -point  of  J.    As  just 
shown,  I  -    PQ        QP.    Biit,   als<S%  -QP  C  PQ  C  Qp' u  >QP  a^d,  by 
the  same  argument,  QP  vj>  -QP  r  Qp  u  pq#    Since  QP  w  P^  - 
PQ  w  QP  ±  i  it  follows  that  i  Vs. -the  union  of  the  two  opposite  r.ays, 
QP  and  *QP,  with  vertex  Q. 

That  there  is  at  most  one  line  containing  two  given  points  Q.  and  R 
follows  from  the  result  just  proved.    For,  i'f.i  is  such  aline  then, 
since  Q  6  I,   t  is  the  union  of  two  opposite  rays  with  vertex  Q.  Since 
R  £  i,   R  belongs  to  oner  of  these  rays  and,  since  R  #  Q#  the  only 

ray  with  vertex  Q  which  contains   tC  is  QR,    Hence,  the  opposite  rays 

with  vertex  Q  whose  union  is  I  must  be  OR  and  its  opposite.  Since 
these  are  uniquely  determined  by  Q  and  Rf  so  is  i. 

We  have  seen  that,  given  a  line  I  and  a  point   P  €  i,  i  is  the  union 
of  two  rays  with  vertex  P.    Each  of  these  is,  of  course,  a  subset  of  /. 
Should  students  suggest  that  there  might,   somehow,  be  another  ray  with 
veVtex  P  which  is  a  subset  of  I,   recall  that  there  is  a  unique  ray  with 
vertex  P  and  containing  a  given  point.    Any  ray  with  vertex  P  which 
contains  another  point  of  I  must,  then,  be  that  one  of  the  two  rays  first 
mentioned  wh^ch  contains  this  o.ther  point,  *  . 

The  notion  of  'side'  is  an  important  one.    A  point  has  two  srdei 
with  respect  to  any  line  to  which  it  belongs*  a  line  has  two  sides  wi|h 
respect  to  any  plane  which  contains  it,  and  a  plane  has  two  sides  with 
respect- to  space,    It  is  convenient  to  identify  these  sides  as*  sets  of' 
points.    The  essence  of  this  notion  is  that,  given  a  line  and  a  point  in 
it,  you  can't  get  from  one  side  of  the  pQint  to  the  other  without  passing 
through  the  point  [or  going  off  the  line];    given  a  plane  and  a  line-in  it,  f 
you  can't  get  from  one  side  of  the  line  to  the  other  without  crossing  th#<  * 
line  [or  leaving  the  plane];   given  a  plane  in  space,   you  can't  get  from 
one  side  of  the  plane  to  the  other  without  passing  through,  the  plane  [or. 
'going  out  of  space].      The  separation  of  planes  by  lines  and  of  space  by 
planes  is  taken  up  later  in  this  section, 
■  '  ■      '  y  s 

The  notation  l— we ( choose  to  use  in  referring  to  half~lines  is,  of 
course,  derived  from  that  for  r^s.    in  the  case  of  rays  the  dot  af  the 
left  end  of  the  arrow  indicates  that  the  vertex  belongs  to  the  ray*   in  the 
case  of  half-line^  the  .absence  of  the  dot  indicates  that  the  vertex  does 
not  belong  to  the  half -line.    If  students  have  difficulty  with  the  distinc- 
tionbetween.  'has*  and  'belongs  to*,  recall  that  we  are  using  the  latter 
with  the  meaning  of  'is  a  member, of*  /  and  poirft  out  that  it  is  custdrriary 
to  say  that  a  circle  has^  a  center,  despite  the  fact  that  the  center  is  not* 
on  th^circle.  %  , 

Be  sure  that  students  understand  the  meaning  of  'disjoint*.  Two 
or  more  sets  are  disjoint  if  and  only  if  no  two  of  them  have  a  common  n  ' 
member  —  that  is,  if  and  only  if  each  two  of  them  have  the  empty  set,  * 
0t  as  their  intersection.    It  may  also  be  worthwhile  to  point  out  again 
that,  in  this  book  'two*  means,  literally,  two.    Two  things  are,  for  us, 
always  different  things. 
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t  H  Q  is-  beyond  /f'trom  P  [or,  L^uivalently,  if  P  is  beyond  R  from  Q\ 
it  is  natural  to  say 'that  ft  us  between  P  and  Intuitively,  the  points  - 
•  between  /'  ar^cK<>  arejflst  those  which  belong  tahoth  of  the  two  .half- :" 
line*  PQ  and  Q(\  The  set  of  at!  points  between  P  and  Q  is  called  the 
interval,  PQ,  with  endpoints  •  P  and  Q.  As  just  Veraarked,  PQ  '  PQ 
H  <^P.  From  our  description. of  opposite  rays,  two  points  belong  to  op- 
posite  half-lines  if- and  only  if  the.  common  vertex  of  4,hc  half; lines 
is  between  the  points.  Notice,  also,  that  if  two  points  belong  to  a  given 
halNine  then  so  do  aiTpoints  between  them.  Finally,  the  segment  P($ 
with  ei^cipomts  P  and  Q  consists  of  the  points  between  P  and  Q  toL 
gether  with  P  and  Q  themselves-^  -  PQ  U  {l\Q}.  Evidently,^ 
7>Q  n  *qp.  . 

Intuitively,  a  ^iane  is  a. flat  surface  without  holes  or  edges.  Thesur- 
face  of  a  flat  sheet  of  paper  makes 'a  pretty  good  model  of  part  of  a 
plane;  hut,  sir^e  the  paper  has  edges -and  might  have  holes  in  it  — it 
is  riot  a  model  of  an  entire  plane.  Lets  try;  now,  to  relate  this  rathe^ 
vague  notion  of- what  a  plane  is  to  the  notions  we  have  developed  of 
ray,  line.  etc.  One  way  to  begin.is  by  thinking  of  a  test  you  might  use 
to  determine  how  nearly  flat  some  surface -say,  the  surface  of  your 
desk -  is.  Suppose  that  you  have^a  ruler  whose  edge  is  straight  — no 
dents!  You  could  test  your  de^k  top  for  flatness  by  holding  your  ruler 
■Kg  that  two  points  of  its  edge  are  in  contact  with  the  desk  top.  If  the 
desk  top  is  flat  then  — unless  the  ruler  extends  over  an  edge  of  the  desk  * 
-all  points  of  the  edge  of  the  ruler  should  be  in  contact  with  the  top 
of  the  desk.  On  the  other  hand,  if  the  desk  top  is  not  flat,  you  can  find 
a  way  of  holding  your  ru^er  so  that  lat  least)  two  points  of  its  edge  are 
injcontaet  with  the  desk  top,  but  some  points  of  the  edge  are  not  This 
sj/ggests  that  \ve  might  define  a  flat  surface  without  holes  or  edges 
-that  is,  a  plane  -  to  be  a  surface  such,  that;  given  any  \£wo  points 
which  telong  tri.  it^each  point  of  the  line  which  contains  these. points 
also  belongs  to  the  surface.  *  .  _  .'■  // 


!KJ( 


V\^e  might,  .therfr;think  of  a  plane  as  a  surface  which  contains  eaclv 
linfe  through  any  two  of  its  points.  But,  thierstill  leases  us  with  the; 
question  as  to  what  a  surface  is.  This  is  a  rather  difficult  Question  to' 
answer.  To  say  thatl  a  Surface  is  thin  is  not  of  much  help,  but  it  may 

•/  suggest  that  a  surface  is  easily  cut*  To  cut  a  surface  you  dfcrft  nee4va 
s     saw -scissors  will  dp  the.  job.,  This  might  reminS  you  that  we  noticed 
earlier  that  it  is  even  easier  to  cpt  a  line.  For  this,. one  doesn't  even, 
need  scissors.  All  that  V  necessary  ft  to  punch  out  a  pointe  Just  as  a  " 
point  of  a  line  separates  the  line  into  two  half-lines,  so  a  line  in  &  plane 

♦  separates  the  plane  two  half-planes.  This  suggests  that,  in  investi- 
gating planes,  we  might  <begin  by  considering  half-plates.  -Just  as  we 
founcl  th&t  a  line  consists  of  a  point  P  together  with  the^points  of  two 

Q£J>p*posite.  half-lines  which-  have  P  as  vertex,  we  rpigfyt  expect  that  a 


The  tact  that,  all  points  between  two  points  of  a  ha\fJline  belong  to 
.  thaC  b.'ilt'^ine  i£  expressed  in  more  technical  terms  by  saying  that  a 
half- line  is  .i  convex  set.     Rays,  lines*   intervals,  and  segments  are  . 
also,    in  the  'same  sense.,  convex.    ['.Convex'  is  sometimes  used  with  r 
othe  r,  closely  re  latech  meanings  „    For  example,   a  convex  polygon" is  a  . 
plane,  potygon  which  is  stich  that  the  points  of  its  plane  which  are 
"inside"   it  constitute  a  convex  set.  ]    Other  examples  of  convex  sets^ 
are  the  half -planes,  closed  half- planes,   and  planes  [which  are  discussed 
next  in  the  text. f,  space  itself,  andAbe  set  consisting  of  thef^oints  of  * 
Space  whifh  are  ipside  a  given  spherical  surface*    [A  spherical  surface 
itself  is  not  convex,  but  the  ball  which  is  the  union  of  such  a  surface  and 
its  interior  is  convex.  ]    Convexity  is  a  very  important  geometric  pro- 
perty, but  we.^hali  not  have  -many  occasions  to  refer  to  it,  . 

Before  going  on  to  the  discussion  in  the  text  of  planes  you  might- 
ask  students  to  mark  two  points/  label,  them  *  A*   and  1  FY   and  draw  the 

AB.    T.hen,  on  'ot'he  r  parts  of  their  papers,  .draw  pictures  of  the 

While  they  are  so 


r  a  y 

ray  BAy\thc  segment  ■  AB,4  and.  t„he.  -internal  BA 
engaged.;  write  on  the  board:  ^  " 

V.     (aj  '  AB  -;■    AB       ■   ".        {b)   Xfi-  r  AB 


(d)-'  AB  \    BA  •  (e)  AB 

T  he'll,,- ask  for  true -false  answers. 


BA 


(c)  AB  C  AB 
(1)    AB  4.AB 


In  refining  trie's  intuitive  notion  of  what  a  plane  is,  the  .notion  that  ' 
.  it  is".a  flat  surface  without  holes  or  edges  seems  a  good  one  to  start  ■ 
i'rqrnt    The  phrase   'Without  holes  or  edges*   is  somewhat?  more  adequate 
'  than*  say,  *  which  goes  on  forever',    To  arrive  at  an  4 'adequate  de- 
\.  sciription**  of  planes  #we  begin  by  noting  that  being  flat  and  without  holes 
or /edges  suggests  that  any  line  which  contains  two  points  of  such  a  sef 
ajbfould  be  completely  contained , in  that  set.    [Technic ally »  a  set  which 
has  this  property  is  sa?d  to  be  1  ingar  ,  but  the  use  of  *  linear'   in  the 
^present  context  woulc?  scaroely  be  helpful,  ]   Although  not  only  planes, 
hut  lines  and  space  itself  have  thft  property*   it  should  be  intuitively 
fv6bvious  that  the  onlv  ll,surfaces% *  with  this  property  are  planes  —  k*fiat 
;  Surfaces  without  holes  or  edgea", 

Some  surfaces  have  the  property  that  it  is  possible- to  find  two 
'  points  o(  the  surface  such  that  the  lme  containing  these  points  is  in 
'.'*■  th'e  surf&ce,  and  to  find,  also*  two  points  of  the  surface  such  that  the 


Cylindrical  surface : 

Pt  Q  In  ihe  surface  and 
PQ  in  fh*  surface 

Rt  B  in  the  surface  crxJ 
RS  Q2i  m  surface 


line  containing  these  paints  is  not  in  the  surface*  The  cylindrical 
surface  pictured  above  is*  an  example,  *"".*' 
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plane  consists  of  the  points  of  a  line  /  together  with  the  points  of  twd 
opposite  half-planes  -each  .of  which  has  /  as  its  edge.*  \ 
•   A  half-line  with'vytex  P  consists  of  all  the  points  which  are  beyond 
/  from  some  point  E.  Analogously,  a  half-plane  with  edtfe  I  consists  of 


-..•'*  Fig-  1-13 

all  points  which  are  across  the  line  /  from  some  point  E.  fThe  phrase 
'across  /  from  E'  is  short  for  beyond  one  or  another  point  of  /  from'/?'.)- 
A  half-plane  is  analogous  to  a  ha  If- line',  and  the  edge  of  a  half-plane  is 
analogous  to  the  vertex  of  a  half-line.  So.  the  analogue  of. a  ray  is  the 
union  of  a  half-plane  and  its.edge.  Such  a-set  is  called  a  closed  half; 
plane.  It  should  seem  intuitively  obvious  that,  given  a  line  /  and  a 
point  Qii,  there  is  a  unique  closed  half:planc  which  contains  £?and 

^  has  edge  ./.  The  set  of  all  points  which  are  across  /  from  Q  is  another 
half-plane,  and  its  union  with  /  is  a  "closed  half^lane- the  opposite 
ilf  the  one  vwth  edge  /  which  contains  Q  .  [The  two  half-planes  -  a^  wejl 
as  the  closed  half-plarfes-are  opposites  of  one  another.]  Evidently,^ 
Q  and  R  belong  to- opposite  half-planes  then  there  is  a  point  of  the 
common  edge  of  these  half-planes  between  Q  and  R.' Also,  any  haif- 

.planfc  which  contains  two  given  -points  also  contains  all  points  be- 
tween them.  .  fi 

>■■  •  '      '   :  • 

■      •  -V  ,A.  +  '  * 

Q'   .  R 


'fig.  1-14  '  , 

A  little  thoueht  should  convince  you  that  a  given  union  of  two  oppo- 
site closed  halT-planes  seems  to  satisfy  our  two  requirements  that  a 
set  be  a  plane.  These  were:,  - 

If  Q  and  R  are  any  two  points  of  a  plane  then  the  line  QR 
which  ;con tains  Q  and  R  is  a  subset  of  that  plane.  I  "Planes  are 
flat."]  ...  ... 

If  m  is  any  line  which  is  a  subset  of  a  plane  then  this  plane  is  ■ 
the  union  of  m  and  two  half-planes  which  haye  rn  as 
edge.  ["Planes  are  thin."]. 
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of  JLreT,fnf-  to1ansJy«.whft  distinguishes  a  surface  from  ofher  kinds 
of  sets.    Intuitively    th;s  is  their  "thinness-,    in  the  case  of  Vlinear" 
1,1  pre£iexdinS  bracketed  sentences}  a  thin  set  is  one  which  is 

separated  by  any  line  contained  in  it.    In  summary,  one  adequate  des- 
cription of  planes  is  that  a  plane  is  a.jset  such  that  ■  • 

each  line  which  contains  two' of  "its  points  is  contained 
in  it,  and.  each*  tine  which  is  contained"  in  it  separates  it 


r 


pulling"  tint  m  out  of — 


this  p(on«  separates  wtot 

is  laft  of  the  plane  into 
tw&  ports  colled  holf- 
gjonw. 


■[the  union  of  these  three  parts  Is  the  [entire]  plane. 


.[The  second  property  is  closely  related  to  the  modern  theory  of  dimen- 
sion    A  two-dimensional  set  is  one  out  of  which  one  can  separate  arbi- 
trarily small  neighborhoods  of  any  point  by  removirig>ppropriate 
one -dimensional  sets;    a  one -dimensional  set  is  one  out  of  which  one 
can  separate  arbitrary  small,  neighborhoods  of  any  point  by  removing 
appropriate  zero-dimensional  sets;   a  zero-dimensional  set  is  one"  out 
ol  which  one  can  separate  arbitrarily  small  neighborhoods  of  any  point 
without  removing  anything.  ]  .    '       .  . 
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Our  description  of  line*  in  terms  of  rays  -  or,  more  conveniently 
now,  m  terms  of  half-line*  —suggests  that  there  may  be  an  analogous 

^aaac^aptxon-oi-pU^-^  togaiieF^ith 


tht  separation  property  in  the  description  we  have  just  arrived  at  sug- 
gests the  appropriate  ■description  of  half-planes.    A  half -plane  is  Iome- 
ga* like  a  half-line,  but  differs  by.  having'an edge  rather  than  aVertex. 
bmcetfee  re- seems  to  be  ho  appropriate  word  for  the  analogue  of  a  rav 
•we  call,  the, union  of  a  half  -plane  ;and  its  edge  a  closed  half-plane 
llncKientally,  the  meanings  of  'ray',  ' half-line ,r7in^rval',  'segment' 
and    half.plane    are  not  standardized,    In  reading  other  authors' you 
may  find  any •  of  these  .words  prdfixed  by  either  'open'  or  'closed'     If-  * 
by    open  ,  the  set  referred  to  does  not  contain  its  vertex,  end  points 
or  edge,  as.  the  ca^se  may  be.  ,lf  by  'closed',  it  does'.  1  * 


a  .  .  1.05  Some  Geometry 

As  a  matter  of  fart7a  union  of  two  opposite  closed  half-planes  does 
have-the§e  properties;  and  that  it  does  can  be  shown  jto  follow  from 
what  we  already  know  about  rays,  lines,  and  half-planes.  We  shall  v 
not  take  time  to  show  this  here  because  tJbere  are  other  properties  of 
planes  which  we  need  to  investigate. 

First,  let's  notice  that  the  "thinness  property"  does  tell  us  that  re- 
moving^ line  "cuts"  a  plane  into  two  disjoint  pieces.  This  is  because 
t&o  half-planes  with  th4  same  .6dge  cannot* both  contain  any  given 
poipt.  [No  half-plane  contains  a  mint  of  its  edge  and,  as  we  know, 
given  m  and  a  point  Q  4  rn,  Xhetehs  a  unique  half-plane  which  con- 
tains Q  a&d  has  *n  as  its  edge.]  Actually,  as  you  probably  suspect,  jve 
know  more:  .        )        .  . 

If  m  is  any  line  which  is  a  subset  of  a  plane  then  this. plane  is 
"the ^  union  of  m  and  two  opposite  half-plafies-which  have  mas' 
an  edge,    r  *  *  • 

This  is  usually  called  fthp  line-plane  separation  property'  and  follows; 
rather  easily  from  the  flatness  property,  the  thinness  property,  and 
th^  uniqueness  property  fpr  teilf-planes.  [What  is  the  point-line  sepa- 
*  ration  property?  Can  you  think  of  a  third  separation  property?] 
.   >  Next,  lets  investigate  gome  uniqueness  properties  lor  planes.  As 
■you  know,  there  is  a  unique  line  containing  any  tw6 giveh  points. 
WHat  would.be  an  analogous  uniqueness  property  for  planes?  Recall- 
ing the  earlier  analogies,  you  might  think  of  this  ckie:  % 

Given  any  line  /  an<^  any  point  P  not  on  //there  is  a^unique  .J 
,       plane  which  contains  /  and  {P}. 

One  plane  containing  /  and  is,  of  course, 'the  union  of  the, closed 
half-plane  containing  P  whose  edge  is  /  and  the  opposite  of  this  closed 
.half-plane.  Using  the  line-£lane  separation  property,  it  is  easy  to  see 
that  this  is  the  only  piane  containing 7/and  {P}..      .  "  ■  V  * 

V  Another  uniqueness  property  for  planes  which  you  may '  already 

 ki^re  thought  of  is;    '          w_  \  '  i&  * 

Given* three  points  not  on  the  same  line,  there  is  a  unique  • 
.  ,  plane  which  contains  all  of  them.  * 
This  foilowjb  from  the  preceding  uniqueness  property  and  the  flatness 
property.  [Dafc  I  he  the  line  containing  two  ofUhe  given  pointe^and 
let  P  he  the  thftxi  of  the  given  points.]  * 
For  our  final  property,  consider  %a  line  I  and  a  point  PfL  A^  you 
"  know,  there  is  a  unique  plane -  say  ,  T^  y/hich  contains  P  and  each 
point  of  Z,  It  is  the  union  of  /  and  two  half-planes-the  half-plane 
which  consists  of  the  joints  which  are  across  /  from  P  and  the  half- 
plane  which  is  the  opposite  of  this  one.  From  the  meaning  of  'across' 
it  follows  Chat  each  point  of  the  first  of  these  two  Ealf-planes  belotigs 
to  a  line  which* contains  P  and  some  point  ofTTThe  same  is;  of  coiirsa, 
the  case  for  each  point  of  £i(From  the  flatnSss  property  we  knowr  that 
iVf)  *        /  -  * 


We  take  it  as  intuitively .  obvious  *  * 

that  given  a  line  1  and  a  point  Q  ^ lt  there,  is  a  unique 
closed  half-plane  which  contains  Q  and  has  edge  I, 

that* the  opposite  of  a  closed  half-plane,  as  described 
in  the  text,  is  uniquely  determined,  and 

>  « 

'  that  a  union  of  opposite  closed  half-planes  does  have 
the  flatness  arfd  thinness  properties  which  [as  we.  have 
*    decided]  characterize  planes. 

pfesumably,   students  will  agree  to. this.    If  there  are  doubts  then  — 
although  you  will  not  have  time  to  discuss  proofs  — 'knowing  how.  the 
first,  and  least  dubious,  of  these  three  assertions  can  be*  used  in 
establishing  the  other  two  may  give  you  ideas  as  to  how  to  proceed. 
So,  in ~ihe~lie^FH>r  parag^plm  we  shall  do-  w* Hat  we  say  in-the  Jtext  _____ 
"We  shall  not  take  timeM  to  do  there.    [As  the  asterisks,  indicate, 
you  probably  need  not  take  time  to  read  them.  ]  * 
'  *  #    &  '  „ 

Suppose  then,  that  it  is  granted  that,  given  a  line  t  and  a  point  x 
Q    1,  there  >s  a  unique  closed  half^plane  which  contains  Q  and  has 
edge  i.    [Notice  that  it  makes  no  real  difference  as  to  what  we  are 
granting  if  we  delete  the  word  'closed*.    Given  two  half-planes  with 
a  common  edge,  their  unions  with  thisr  edge  are  two  closed  half-planes; 
given  two  closed  half -planes  with  ^ common  edge,  removing  this  edge 
from  each  of  them  leaves  two, half-planes #  ]   What  is  it,  exactly,  that  we  ^ 
are  granting?    According  to  our  notion  of  half-planes,  the  only  way  t&/ 
obtain  a  half -plane  with  edge  i  which  contains  Q  is  to  choose  a  point 
E*suchthat  0  is  across  £  from  E»  and  take,  as  our  half-plane,  the  . 
set  of  all  points  which  are  across  i  from  What  we  are  granting  is 

that,  given  two  points,  E  and  F,  §uch  that  Q  is  across  I  from,  each 


of *them,  the  points  which  are  across  I  from  either  Are  the  same  as 
those  which  are  across  i  from  the  other.    This,  now,  implies  at  once  . 
tha^jy  a  half -plane  has  a  unique  opposite.    To  see  this,  consider  a  half- 
plane  with  edge  I.    There*  is  a  point  Q  such  that  the.  points  of  the  given 
half-plane  are  ju«t  those  which  axe  across  I  from  Q*    Sot  given  any 
two  points  E  and  F  of  the  given  half-plane,  the  same  points  are  across 
i  from  either.    Hence,  in  describing  the  opposite  of  the  giyen  half -plane 
we  are  at  liberty  to  chobse  any  of  its  points  as  our  "view-point* %  X_he 
result  is  independent  of  this  choice**       r  * 

In  showing  that  a  union  of  two  opposite  closed  half -planes  ^ft-troth 
\flat  £nd  thin,  it  is  most  economical  to  begin  by  establishing  "part"  of* 
its*  flatness,  use  this  to  establish  thinness,  and  then  use  thinness  to 
complete  the  pSroof  offlatness.    [Actually,  rather  than  thinness,  we 
shall- establish  the  stronger  line-plane  separation  property  which*  in 
the  text,  is  shown  to  be  implied  by  the  properties  of  flatness  and 
thinness,  ]  V~ 
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Suppose,  then/that  ?r  is  the. union^of  two  opposite' closed  half- 
planes  with  edge  4.    For  flatness,  we  wish  to  show  that  if  Q  and  R 

belong  to       then  the  Jine  QR  which  contains  them  is  a  subset  of  it. 

To  begin  with,  we  consider  the  case  in  which  Q  t  i.    In  case  R  €  l' 

« 


QR  =  I  and,  sof  is  a  subset  of  m.  .  Suppose  then  that  U  ^1,    It  follows 
♦  [since  R  €  ?rj  that   R  belongs  to  pne  of  the  two  opposite  closed  half- 
planes  whose  union  is   jr.    Since  R     lt   R  belongs  to  one  of  the  two  cor- 
responding half-planes.    From  our  uniqueness  as sumptiefn,  the  points 
~af  this  mlf-pianex-an  be  desc-ribed  as  those  which  are  across  t  from 
any  point  E  we  may  choose  as  long  as   R  is  beyond  some  point  of*! 
.from  E.    So,  for  E,  we  may  choosey  point  which  is  beyond  Q  from  R. 

It  follows  that  all  points  of  OR  belong' to  the  half-plane  with  edge  i 
which  contains  R     All  points  of  QE  belong  to  the  opposite  of  this  half- 
plane.    Since  Q  €  I  and  QR,  Is  the  union  of  the  opposite  rays  'QR  and 
QE.  it  follows  that  §R  C  wu 

Before  completing  the  proof  of  flatness  by  considering  the  case  in 
which  neither  Q  nor  R  belong  to  !f  we  use  what  we  have  already  proved 
to  show  that  -ir  has  the  line-plane  separation  property.    What  we  wish  to 
show  is  thafrif  m  is. any  line  contained  in  n  then  ir  is  the  union  of  m 
andvtwo  opposite  half-planes  with  Wdge  m,    Tha  case  in  which  m  '=  i  is 
•trivial.    We  consider  first  the  case^in  which  rri  intersects  i  at  a  single 


s  y 


point  P.    This  point  separates  t  into  two  half-lines,  PU  and  FV,  The 
half-plane  with  edge  m  which  contains  U  consists  of  all  points  which 

are  across  m  from  V.    It  contains  each  point  of  FU,    The  oppogitf  oV  ' 
thU  half -plane  consist^  of  alii  points  across  rn  from  U,  an^  ebritaiis 
each  point  of  FV\  J  The  union  of  m  and  the.se  two  half^'planes  is  a 
plane  —  let\s  call  it  kffm'  —  which*  as  we  have'sien,  contains  4. 
It  should  turn  out  to  be  v.    Let's,  first,  shofcr  that  ffm  *C  t.    By  * 
^sumption,  'each^pdint  of  *m  is  either .  a?  fc>oint  of  m  -  and/so,  belongs 
to  #  -  or  is  across  rn  from  U  or  across  m  from  V,    Now,  each  point 
which  is  across  m-  from  U  belongs  to  a  line  which  contains  U/and  a 
point  of  m  —  thai\i§,  it  belongs- to  a  line  which  contains  two  points  of  w, 
one  ofjh^m  being,  a  point  oi  I*.  ^ince  we  have  shown  that  each  $ueh  line 
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is  a  subset  of  wt  each  point  which  is  across  m  from  U  belongs  to 
Similarly,  each  point  which  is  across  m  from  V  belongs  to  a*.  So 
4  [since  m  C  ir]  it  follows  that  each  point  of  *m  belongs  to  w.  Hence/ 


*m 


C  ir..    Since  we  haye  show#  that  I  C 


we  can  almost  repeat  the 


preceding  argument  —  beginning  with  *  By  assumption*  —  to  show  that 


■W    C  7T 


m 


To  begin  with,  let  Q  *nd  R  be  ppints  of  .m  which  are  on 


opposite  sides  of  p..  Since  m  C  w$  both  Q  ahd  R  belong  to  So. 
since  Pel,  the" two  opposite  closed  half -planes  with  edge  I  whos^e  union 
is  it  must  be  /he  unique  'closed  half-planes  with  edge  t  which  contain  Qr 
and  R.    So,  e/ach  point  of  n  is  either  a  point  of  i  —  an^,   so,  belongs  to 


1  m 


or  u 


across  I  from  Q  or  across  i  from  R.    Now,  each  point 
which  is  across  f  irom  p  belongs  to  a  line  which  contains  Q  and  a 
point  of  i  —  that  is,  it  belongs  to  a  line  which  cojHfeiris  two  points  of  srirn. 


Since  we  have  shown  that  each  stlc«h  line  is  a'sut 
which  is  across  i  from  Q  belongs  tq  ir^,  Simi 


each  point 
each  point  which 


is  across  i  from  R  belongs  to  7rm.i  So  [since  t  (T  ?rm]  it  follows  that 
eaph  poirft  of  it  belongs  to  *m.  Heice,  p  C  *m.  Consequently  [since 
we  showed  earlier  that  jrm  C  sr],  ir< 


To  complete  our  jjroof  of  the  line-plane  separation  property  we 
.must  frge  purselves  from  the  assumption  that  the  line  m  intersects  i. 
Thy?  ig  now  easy,    Let  P  and  Q  be  two  points  such  that  Pel  and  Q  €  m 


v- 


r 


Since  Pel  and  Q  €  rn  C  r  we  know  [from  the  case  of  flatness  already 
established]  that  the  line  n  which  contains  P  and  Q  is  a  subset  of 
£>om  what  we  have  established  as  to  line -plane  separatifcn,  we  know 
that    it  =  where  nn  is  the  union  of  n  and  two  opposite  half-pjanes 

with  edge  n.    Since,  by  assumption,  m  C  ir  it  follows  that  m  £  *  # 
Again  from  the  special  case  of  line -plane  separation  already  estabfished, 
rn  =  ^m^  where  wrn  is  the  union  of       and  two  opposite  half-planes -with 
edge  m.    Since,  w  -  irn  =  irmf  we  are  finished. 

We  return  now  to  flatness.    Suppose  that  Q  and  R  are  any  two  * 
points  of  ?rt  neither  of  which  belongs  to'  i#    [As  before,  jr  is,  by  as suinp - 
.  tipn  the  union  of  i  and  |wo  opposite  half  -planes  with  ed^e  I.  }  Let-*F  be— 


J 


a  point  of  I  and  let  m  be  the  line  through  P  and  Q.    By  the  cage  of 
flatness  already  dealt  with,  m  Q  i.    By  the  fir  at  case  of  line -plane  \ 
separation,  »  *  rm,  where  rm  ,i»,  as  usual,  the  union  of  m  and'two 


I 


TC  31  (4)  . 

opposite.  half-planes  with  edge  m,-  SThce  Q  Cm  and  R  £  71  -■  w  *  it 
follows  from  the  alrt-*4Uv  e  st  ml  Lshed  case  0/  tlatness  that  QK  tt 


Keturninc  now  to  "discussion  of  the  text  its«*ii,   some"  words  may  be 
in  order  .is  to  the  'inference  between  what  we  have  called  'thinness'  and 
the*  1  ine -plane  sep  > r.itibn -prope  rtv.     An  analogy,  rnav  help.'  ■  Make  a  Ibid 
in  a  *hi;t/t  ot  paprr;    TVe  result  ^  a  model' of  a  surface  dh*which  one  can 


drtiw  main  straight  lines  —  or,   .14  least,   segments  running  from  edge 
to  edge.     These  are  the  lines  which  one  could  draw  on  the  unfolded  paper 
without  ,  rosain^  the  fold.     Cutting  along  any  of  these  lines  separates  the 
PaPrr  ^to  tuo  pieces.     Only  cutting  it  along  the  fold  separates  it  into 
t**Ki  "half-planes".    No  cut  separates  it  into  ''opposite  half-planes'4. 
If.  the  paper 'were  flat,   each  cut  would  separate  it  into  "opposite  half- 
planes'*, 

-  the  pojnC-hne  separation  property  is  that  if  Q- As  any  point  which 
belongs  to  a  line  then  this  line  is  the  union  of  {Q}   and  two  opposite 
ha  If- lines  Which  have   Q  as  vertex.  - 


The  plane-space  separation  property  is  that  if  tt  is  any  plafie 
ion       is  the  union  of  it  and  two  opposite  half-spaces  each  of  whit 


in  £ 
which  has 


th 

if  as  its  face. 

property,  and  suggest  an- adequate  description  of  half-spaces  with  face 
tt,  and  opposite  half-spaces 


t  .-  r  ~ paces 

\our  stiidents  can  probably  guess  this  third  separation 


Accepting  the  plane -space  separation  property  amounts  —  as, you 
might  point  put  to  your  students  — -to  agreeing  tKat  space  is  three- 
dimensional.    [For  analogy t   had  we  agreed  that  if  I  is.  any  line  in.  g 


-then 


is  the  ^wi ^i^p-4n4- 


op^s 


-ha4£-^a-ne-s~  -eaeh^-ef-  which-lras  - 
have  limited  ''space'1  io  be  %plane.  ]   On  the  other 
study  four 'dimensional  space  we  would,  following 
iern,  have  described  a  hyperplane    as  the  union  of 
site  halff  -  hyperplane  s    having  this  plane  as  face. 


I  as  edge ,  we  w 
hand*   if  we  wish 
the  now  -f  am  ilia 
a,  plane  and  two 

[The  descriptions  would  be  those  students  should  have  suggested  for 
half- spaces .  J   We  would  then  have,  in  place  of  the  plane -space  separa- 
tion property,   a  plane-hype rplane    separation  property  obtained  frokn 
the  former  by  replacing  the  first  1 £'  by  *a  hyperplane'  and  the  second 
by  'this   hyperplane1.    Finally,  we  would  have  a   hype^jfane -spac^.  "* 
separation  property.  v       #  • 
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Although  wv  do  not  discuss  it  in'  the  text  at  this  point,,  this  is*  a  con 
venient  place  in  the  commentary  to  poin£  out  that  adoption  of  th«t  plane-, 
space  separation  property  has  the.  consequence  thaf  two  places  which 
intersect  do       in*at  least  two  points,*'  [Using  the  flatness* property  and 
the  three-point  uniqueness  property -of  planes  one  sees,  then,   that  the 
intersection  of  two  planes  is  either  empty       a  line*    (In  four-dimen- 
sional space,   on  the  contrary,  two  planes  can  intersect  in  a  single 
point,}]   To  show  this,   assume  the  plane-space  separation  property,  \ 
and  suppose  that'*  "and  vr  are  two  planes -which  have  a  point   P  in 
common.    Since   jr'  has  [only]  two  sides  in  [3 •dimensional ]  space ,  - 


tt  must  contain  a  {Joint  Q  on  one  of  these  sides..   Since   p£  tt' t   a  point 
R  ^bejeond   P  fron%  Obelongs'to  the  other  side  of  tt'/   Since  P  and  Q 
belong/to  itt  so  does  R.    Now,   choose  a  point  Se  tt  which  is  not  on 

QR./^lf  S  €  7r',   we  have  found  a  second  point  of  intersection  of  tt  and  tt'. 
If  not,  S  belongs  to  one  of  the  two*  sides- of  nf .    We  may  suppose  it  to 
belong  to  the  same  side  as   Q.    It  follows  that  S  and  R  belong  to  oppo- 
site sides  of  7rf  and,  so,  that  there  is  a  point  of  rrf  between  them. 
Since  each  point  between.  S  and  R  belongs  to  j'^t  follows  that  this  is 
a  second  point  of  intersection  of  tt  and .  w'*  "* 

'    *  "  / 

TlVe  "final  property*1   discussed  in  the  text  concern^  the  existence 
and  uniqueness  of  parallel  lines.    In  the  formal  part  of  the  course  we 
shall  defme  the  direction  of.  a  line;  and  parallel  lines  w.ill  be  defined  to  . 
be  lines /'hich  have  the  same  direction,    [in  consequence,  any  line  will 
be  parallel  to  itself.  ]   in  this  section  we  deal  with  the  mpre  *eual  notion 
of  parallelism  —  the  question  being,  first,  whether ,  givgn  a  line  X  and 
a. point  P/l,  there  are  points  of  the  plane  of  I  and  .P  which  are  n?t  on 
any -line  through  P  which  intersects  t  .  If  —  as.  we  finally  urge..stu~ 
rdents  t/o-agree -tlr^e^re— ^elapoiiits  theh~'bytne"flatne  s  s,  property";  " 
there  is  at  least  one  line*in  the  plane  of  £  and  P  which*  contains  P  and 
does  not  intersect  I.    Such  a  line  we  call  a  parallel  to  H  through  P. 
Whether  we  go  on  to  assume  that  theye  is  at  most  one  or  more  than  one 
such  parallel  depends  on  whether  we  decide  to  study  Euclidean  or'- 
I^pbachewskian  geometry.    Although  devices  such  as  your  students  : 
parallel  rulers  may  predispose  them  to  believe  in  the  existence  6{ 
parallel*  lines  in  physical  sp^ce,  we  know  of  no  device- which  would  tip 
■the  scales  in  favor  of  Euclidean  as  opposed  to  Lobache vskian  geometry* 
If  driven  to  the  wall,"  your  arguments  if!  fav^r  of  the  former  are  that 
it'.s  simpler  and  that  it  is  what  everybody  elsjsTinas  studied  first,  and, 
finally,  that,  like  it  or  not,  it's  what  we  are*  going  to^tudy.  in  this 
course.  « *  ,  * 
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teach  of^ese  tines  is  a  subset  of  7rt*and  we  also  know  that  "h^lf '  of ; 
i^ch  jine  is  made  up  of  points  of  the  secfind  half-plane.  Question;  U 
■ -^b'v^int  of  tite  sacond  half-plane  on  a  line  which  cqftt&WjP  -3n&a 


pQ 


"ftrst  haif-pfane'  / 


"second  half-plane' 


Fig;  1-15  - 


*  A 


Before  trying  to  answer  the  preceding  question  you  should!  experi- 
ment by  doing  some  careful  drawing.  [For  one  thing,  use  a  sharp  pen- 
cil j-.A  flat  she'et  of  paper  is  a  pretty  good  model  of  part  of  the  plane  it, 
and  by  using  a  ruler*  and  a  sharp  pencil  you  can  draw  pretty  good 
pictures  qf  parts  of  lines.  Working  as  carefully  as  you  can,  draw  a  pic- 
t^re  of  part  of /.ahd  of  parts  of  some  lines  through  P  which  intersect  /. 


i  ;.V 


p. 

A 


ex 


\ 


-—second  sheet 


Fig.  1-16 


The  %ure  suggests  how  you  can  use  a  second  sheet  of  paper  to  draw 
lines  which  intersect  /  at  points  -which  don*t  show  on*  your  finished, 
drawing.  Continue  ,  with  your  drawing  until  you  thi^k  you  know 
whether  khere  are  pointer  of  tt  which  do  not  belong  to  any  Un$  through 
P  and  a  point  of  I  Jf  you  decide  that  there  are  such  points,  try  to  lo- 
cate some  of  them  as  accurately  as  you  can,  on  your  paper,  [You  can 
spoil  the  fun  by  reading  on,  and  you  may  learn  more  if  you  complete 
your  drawing  first]  .  *  v  .  '  *s<  1 

If  you  have  done  the  job  suggested  in  the  preceding  paragraph,  you 
probpbj^r  havesbme  ideas  on  the  question:  Is  ih$  union  of  all  lines 


There  are  several  references  in  .the  tfflgb  and  exercised  to  a  draw- 
ing  instrument  called  a  parallel  ruler.    This  Instrument,  which  is* 
esse*itiairy'a  ruler  which  is  m ounted. on . roller s,  is  a  h^andy  device  for 
drawing  lines  which ,a re. pa-ran el  to  3  giVen  4ineV   l*here  are  quite-  a  few 
•mode  Unavailable,  and  any  we  ij-s  toe  ke$<  drawing  supply  store  will  loave 
'..  ,  a  *u?P)yj>* them.    If ;you 'cannot  manage  to  have  a  class rodtn- supply  0f 
such  instruments  asrBepartmental  prope  rty  for  students  to  "borrow  and 
use  in  solving,  the  eWerciseir'in  questions,  you  can  get  by  with  one  such 
instrument  that  cap  be  used  in  conjunction  with  the  overhead  projector 
or  with^a  iarg«  model  designed  for  use  on  the  chalkboard. 

t  ■  ■  ' 

Although  the  point  need  not  arise/  it  may  be  worth  examining  the 
evidence  for  parallel  lines     hie h  is  furnished  by  tpa^allel-mlexs.  Using 

t.   a  parallel  ruler  one  can,  on  rolling  it  from  J  until  P  is  on  its  edge/* 
*  draw  a  line*  which,  by  symmetry,  .has' the  property  that  if  either  of  it's 
rays  with  vertex,  P  intersects  f  then  so  does 'the  other,    So,  if  this 
line  intersects  £  at  all,  it  would  seem  to 'intersect  it  in  two  points. 

r  %*  Since  there  is-  only  one  i^pe  through  two  points,  and  since  P  tftt  it. 
woujd. follow  that :  the- linjfei-.in  question  cannot  intersect  i  at  all.  This 
.  ointment  has  its  owniflwj^.  We  have  tacitly  assurned  that  a  ray  is  not  its 

♦     own  opposite  . —  that,  sighting -from  E  through  P,  one  will  nev^r^ee 

* '  *  the  back  of  one's  own  head  —  or,  less  spectacularly  put,  that  E  i§  not 
beyond  J?*frorjin  E/   If,  for  physical  space,  this  assumption  Js  incp¥.iect 
then  our  argurjhent  based  on  the  behavi6r«o£  parallel  rulers  breaks  doWn, 
For„  in  this  case,  the  line  through  P  which  we  draw  "parallel^  to 
may  intersect  i{ in  a  single  point  which  we  can  sight  toward  by  looking 
"either  way°  from  P.    If  this  should- turn  out  to  be  so  then  lines  ** close 
up  onthemselves"'  —  ^topologically,  they  are  indistinguishable  from 
*^ircles.    And,  there  are  no  parallel  lin^s/  .  The  assumption thatjthis  is. 

.  1    trie  carse  commits  one  to  a  third  kind  of -geometry  —  called,  as  one      '  * 
wishes,  Riemannian,v  or  elliptic ^  .  .  ■ 

•  :      '     ..    ■:  -v......'       ■  \  .  , 
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•  through  P.  which  intersect  l  a  plane?  In  particular,  does  each  point 
you  could  mark  on  your  paper  belong  to.  such  a  lirie?  In  doing  your 
drawing-,  you  may  have  thought  of- a  way  of  using  your  parallel  ruler 
to  draw  [part  of]  a  line  through  P  which  seems  not  to  intersect  /.  [If 
you  didn't,  try  toHhink  of  one  now.]  If  so,  you  will  be  ready  to  agree 
With  us  that  the  answer  to  the  question  we  have  been  considering  is 
'No.'  And  you  will  agree  that  there  is  a  line  through  P  which  is  a  sub-* 
set  of  the  plane  it  and  which  does  not  intersect  I.  A  line  which  is  a 
subset  of  a  plane  containing  I  and  which  does  not  intersect  /  is  said  to 
he  parallel  to  /.  Sucft  a  line  can  also  be  described  as  one  which  has  the 
same  direction  as  /.  Later,  this  second  meaning  of 'parallel'  [same  di^ 
rection]  will  be\more  convenient  than  the  other.  Then  we  shall  also 
agree  that  any  line  is  parallel  to  itself  [it  certainly  has  its  own  direc- 
tion!]. So,  for  now,  let's  say  that  I  and  m  are  parallel  if  and  only  if 
I  r-  m  or  £  and  m  are  subsets  of  a,  single,  plane  and  have  no  point  in 
common.  ' 

There  is,  of  course,  more  to  .be  said  about  our  question.  Although 
experimenting  with  your  parallel  ruler  should  give  you  fairly  con-' 
vincing  evidence  that,  given  a  line  I  and  a  point  P  f  I,  there  is  a  line 
through  P  and  in -the  plane  of  /  and  P  which  does  not  intersect  /,  the 
evidence  may  not  seem  as  convincing  as  that  which  led  you  toKaccept  \ 
the  other  statements  we  have  made  about  rays,  half-plaries,  planes, 
etc.  Making  drawings  on  a  rather  small  sheet  of  paper  may  give  one 
a  cozy  feeling;  but  physical  space  is,  to  say  the  least,  large.  When  we 
agree  to  assume  that  through  a  point  not  on  a  line  there  is  a  parallel 
line,  we  are  agreeing  that  the  geometry  we  shall  study  is  of  a  special 
kind.  For  the  usual  Euclidean  geometry  which  we  are  going  to  study 
in  this  hook, s  we  shall  assume  even  more:-  x 

Given  a  line  /  and  a  point  P  £  I  there  is  a  unique  line  through 
P  which  is  a  subset  of  the  plane  of  I  and  P  and  does  not  inter- 

,  sect  I.  •  ■  -  . 

fn  terms  of  the  question  we  asked  earlier  tHs  means  that  not  all 
points  of  the  plane  of  /  and  P  belong  to  lines  through  P  and  points  of  I, 
but  those  which  are  not  all  belong  to  one  line  through  P,  If,  instead) 
we  assumed  that  there  is  more  than  one  line  through  P  parallel  to  I 
then  we  should  be  studying  a  non-Euclidean  geometry  which  is  called 
Lobachevskian,  or  hyperbolic,  geometry. 

«  Since  parallel  *lines  are  going  to  play  a  considerable  role  in  our 
study,  it  will  be  of  help  for  you  to  know  quite  a  bit  about  them  before 
we  begin  our  real  work  of  developing  geometry.  The  following  exer- 
cises give  you  <a  chance  to  notice  some  of  the  things  you  should  know. 
They  also  give  you  a.  chance  to  develop  some  gkill  in  drawing  which 
will  be  useful  to.  you,  * 


Exercise* 


lf  On  ^your  paper  a  picture,  sijnilar  to  the  one  giVen,  of  liHg-f 

^/and  points  A  and  B  not  on /.  ,  .  r  ^ 


(a)  Draw  a  line  m  through  4  which  is  parallel  to  /. 

(b)  Draw  a  line  n  through  B  which  is  parallel  to  /. 

(c)  What  relation  [or.  relations]  exists  between  lines  m  and  n? 


%  Make  a  picture,  similar  to  the  one  given,  of  lines  /  and  m  which 
intersect  in  the  point  P  and  of  points  R  and  S  which  are  not  on  L 
or  on  m.         *  > 


(a)  Draw  a  line  nx  through  R  which  is  parallel  to  line  L 

(b)  Draw  a  line  n2  thrbugh  S  which  is  parallel  to  line  rn. 

(c)  ^Are  the  lines  n5  and  n2  parallel?  Do  these  lines  intersect?  1 

(d)  Try  to  describe  the  locatiori  of  a  point  T  such' that  a  line 
through  T  parallel  to  /  does  not  intersect  the  lijie\.  What  is  a 
relation  between  the  lines  nB  and  nt? 

-  % 

3*  On  your  paper,  make  a  picture  similar  to  the  one  given  of  a  seg- 
ment AS  which  is  two  inches  long  and  of  a  point  C  which  is  not  oh 
%  the  line  aM.  . 

9  - 


c 


(a)  Draw  a  segment  W  such  that  W  is  parallel  to  Xfi  and  £8  is 
parallel  to  W.  How  long  is  £ZJ?  Compare  the  lengths  of  XS 
and  BD. 

ib)  Draw  a  segment  US  such  that  t!S  is  parallel  to     and  M  is 

-     '  109  V     /•■'.";;'.....-";V.''  ■}■./'■ : 
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Answers  for  Exeycises^  ,  * 

1,     After  doing  parts  |a)uand  (b),  t3ie  student1  s  diagram  should  look 
*    something  like  this:  ,  f  •  * 


(c)    Some  answers  you  might  receive  here  are;  . 

'  The  lines  m  and  n  are  parallel. 

^The  lines  m  and  n  won't  intersect. 
The  lines  I,  m,  and  n  are  parallel, 

[The  conclusion  that,  for         lines  tt  rri,  and  n,  if  rn  and  n  are 
both  parallel  to  I  then  m  is  parallel  to,n  amounts,  in  view  of  the 
obvious  symmetry  of  parallelism,  to  the  conclusion  that  .parallel- 
ism is  transitive  [if  m|[i  and  l{>(n  then  m||nj.    It  is  in  order  that 
parallelism  have  this  very  desirable  property  that  we  insist  on  each 
line  being  parallel  to^Ltself,  x -  ^  n 

Using  the  notion  that  m  and  n  are  parallel  if  and  only  if  rn  ~  n 
or  m  and  n  are  eoplanar.  and.  m  ^>  n  =  0  it  is  easy  to  see  that* 
our  parallel  postulate  implies  that  coplanar  lines  which  are  parallel 
to  a  third  line  are  parallel  to  each  other.    For,  suppose  that  m  and 
n  are  coplanar  and  that  both  are  parallel  to  £V        case  m  =.  n  it 
follows  by  definition  that  m  and  n  are  parallel.    Suppose,  then,  1 
that  m  #  n.    It  follows  that  if  there  exists  a  point  comrrjon  to  m 
".and  n  then  there  exists  a  point  through  which  there  are  two  Jines 
parallel  to  iP    Since,  by  the  parallel  postulate/ this  is.not  the  case 
it  follows  that  m  r\  n  =  0#    Since,  by  hypothesis,  m  and  h^are 
coplanar  it  follows,  by  definition,  that  m  and  n  are  parallel. 

Since  the  lines  m  and  n  of  Exercise  1  are  coplanar  this 
argument  shows  that,  having  Accepted  the  parallel  postulate, . 
ic^tsrare^rnrnttte 


The  rnore  general  proposition  that  [any]  lines* which  are  parallel  to 
a  given  line  are  parallel  requires  an  additional  argument.    In  view  of 
the  preceding,  it  is  sufficient  to  show  that  lines)  which  axe-parallel  to  $ 
givestHne  are  c$plas*ar\   We  first  dispose  of  trivial  sa$es  by  noting 
that  if  m  and  n  are  parallel  to  1  then,  in  cage  m  =.  ri  or  m  »  1  or 
n  =  I,  rh  anci  n  are  parallel,  either  by  definition  or  by  assumption*  • 
So,  what  remains  to  be  shown  in  that  if  two  of  three  lines  are  parallel 
to  a  third  then  these  two  are  parallel*   Suppose,  then,  that  i,  rn,  and 
n  are  three  lines  such  that  xnjji  and  -n|[l»   Since  rn  *  I /and  tnfji  it 
follows/ by  definition,  that;  rn  and  i  %re  coplanar  in  some  plane  arm. 
By  the  point -line  uniqueness  property  of  planes  it  follows,  since 
rn      I  -  0>  that  *m  is  the  unique  plane  which  contains  i  and 
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intv'rsec tsr  m.    Similarly,  h 


tt„   is  the  unique  pi.'me  which  contains 


n 


and'  £  art?  coplanar  in  scftie  £lane  nnt  and 

Since 


n  and  intersects  £. 
f  JB  which  dqes  not  belong  to 
n^Wi 


Answers  for  Exercises  [cont.] 


n. 


tn   *  n.  the.  r.e  is  a  point  j— '  say,  A —  of 

Let  7T  he^he  unique»plane  cbntVin^fci  -  arid  A .   "Siact;  ?rm  and  it 

are  planes  -fin  5 -dimensional  space]  which  both  contain  A  if  follows' 
t^at  cutler  ir^*  =   rr  or  jr^        f  is  a  line,  -  In  case  rtm  =  it  it  fcllowsV 
since  rj^  *  tt^  and-h        5r,  jthat  m'  and-ii  are  co planar*.4.    Suppose,  .  / 
.then,  that  7rm    ^  t  is' a  ijne  — *  say,   p.    Suppose,  that  p  intersect  If 
It  folio wj5,  since  p    *  it.   that  rr  intersects   i.    Since  rr  contains  n  it"- 


3-.^   *rhe^tudent'  s  ^completed  diagram  should  look  somethfhg'^^sjte^^is; 


follows  that  it 
follows  that  it 

IT    -  IT, 


n* 

jr. 


A  €  m  and  f 


n    "*  m 
But,  .since        ^.  ^m 

t  are  coplanar  in  ;r, 


it  follows*  that 


Since  A  e  nt  A  €  ir-n.  '  Since 
Since   tt       ?rn  and  7rn  =   ir  ^ 

p.    7T  •      *m.     Hence,   p        I  -"*0. 
it  follows  that  p 


7T„  it 


m 


|  i.    Since  A  e  p  o  m 


m ' 

Since'"  p  and 

H'nd  ml?  it  follows  "by  the  parallel  postulate  that  m  -   pl4  Since 
it  follows  tbat  .rn        n  and,   so,  that  m-  and  n  'are  coplanar  in  it. 

Hence,   if  'L  m ,  and  n  are  three  lines  such  that  m|ji  and  n|, 
then'.m  and  n  are  coplanar. 

•  ; 

2.  .  After  doing  parts  (a)  and '(b),  the  student's  diagram  should  look 
something  li{ie  this: 

R 


V 


(b) 


CD  is  Z  inches  long*  AC  ^and  BD  have  the-  same  length. 
Cfe  is  Z  inches  long.  ^AE  and  BC  have  the  same  length. 


(c) 


The  lines  n 


and  n'    are  not  parallel. 


(An-  argument  that  might  be  gi$/en  to  support  this  is-the 
following:   <From  the  conditions  stated*  we  know  that '  n1  ||  i 

it  for 


and-n2  f[  m,    Assuming  t^at  nx  [|ri£ 
parallelism  is  symmetric  and  transitive;* 


lows  f 
lat  t 


since 

I  f  in;  .  for  " 


i  |]  nx  j  | "  n?  *j  |  rn,  But,  this  contradicts  the  notion  that  two 
^ines  which  are  k,parallel  cannot  intersect,  for  we  were 


iven  that  I 
or,  as  tirer 

The  lines  '  n 


fence. 


is  not  parallel  tto  n2 


r  aiiowB^us  to  ]5ut~it," 


>t  parallel  ].  j 

x  *md  .*n£.  inte-rsect.         "  ■."    .-       x  ''" 

[Call  to  students  attention  the*4act  that  the  argument  given 
aboyi? "%o  justify  the" Conclusion  that  nt  |  [  n^.  does  not  suffice 
for  the  conclusion  Uiatyn^  ^"n^  4  0,    For.  this  conclusion  we 
need  to  i<fhow ,  alio,  tji^t-nx  and  n2  ate  coplanar.  To 
est^lish^his,  make  use  of. the  assumption  —  implicit  in 
the  exercise  tr*  that  to,  i*,  R,  and  .  S  are  coplanar^  J 

CHoosing  T  kf*out  of  the  pisme  of  i  and  m**  'will  do  the  job 
here.    Wh^t  we  intend  to  do  here  is  to^make  the  student  begin 
to  *hink  about  the  .points  k> above*  *  and  44 below' *  any  plane  in 
which  he  happens  to  be. working   or,  drawing]. 

<$&        *       '  ■   '     .  "... 


112 
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parallel  to  &(VHow  long  is  £g?  Compare  the  lengths  of-%£ ' 
and  «*.  '  '     ■        *  V 

)  ^bmpare  the  senses  of  ray  typ'  a'nd  ray  *CEf. 
id)  Om»  of  the  rayafo? and^Fhos  the  syme .sense  as^p*;  the&ther 
hasfthtt  same  sense  as  ftX -Which  is  whichV 

*  M 


4..  Make  a  picture,  similar  to  thet>ne  giv(?o,6f ppinti'P'and^'on  line/ 
'*  'and  of  point  ?f  tiot  on  i        ,     ...  v  '  * 


;  — 


(a)  Draw/M,  the  line  containing  points  P  and  H.  Draw.a  line  q> 
throuWi  Q  parallel  to  Ptf..Dr&w  a  line  r  through  R  parallel  to  /. 
(bV  Let  T^the  point  of  intersection  oflines  q  and  r.  What  cap  you 
>say  about  the  segments  F$  and  RT?  About,  the  rays  Wand 

(c)  Let  S  he  a  point  on  Pr such  that  P  is  between  ft  and  S.  Draw  a 
.  line  .s  through  H  parallel  to  /.  Let  U  b„e  the  point  of  intersectibn 
.  of  «  and  ,s.  What  can  you  say  about  P$  and        About  £T  and 

5(7?  About  Si?  and  Vq? 

(d)  Choose  a  point  V'  on ^§ such  that  Q  is  between  P  and  V.  Locate 
a  point  W  on  P$  such  that  TW  is  parallel  to  RV.  Is  there  more 
thanone  such  point?  Compare  VW  and  PQ.  Compare  W 
and  PO.-s  • 

&.  Make  a  picture,  similar  to  the  one*given,-of  angle  BAC  Ifor  short: 
ABACI  " 
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*  *  ^  and  CE '  have  opposite  ^crises. 

-  CD  has  the  same  sense  as  AB;    CE,  has  the  same  sense  as  BA. 

The  main  purpose  of  Exercises  3,  '4,  'and.  7  is  to  enable  students 
.    to. discover. .how r  given  thr^e  points   P,  "Q.  and*R.  to  find  the  point  T 
such  th.1t  RT.  .has  the  same  length  as  Vq  and  RT  has  the  same  sense 
■  as  PP.       v.  ,  .'.  ■       -      .  .•  '       ••  ..  • 

-  4.     The  student's  completed  diagram  should  look  something  like  this: 


(b) 
,  (c)' 

E 

The 


[See  the  diagram.  ]  ■  ^ 

PQ  is  parallel  to  RT  and  has  the  same  length  as  RT.    PQ  has 

the  "same  sense  as   RT.  * 

PQ  and  SU  are  parallel  and  have  the  same  length.    RT?  and 

SU  are  parallel  and  have!  the  same  length,    SU  and  |*Q*have 
the  sawejense,      ^  <■     '       *  ' 

T^ere  is  just  one  point  W*  on  HQ  feuch  that  TW  is  parallel  to 
RV.    The  segments  VW  and  'f*3  have  the  same  length.  The 
rays  VW  ahd"PQ  have  the  same  sense. 

student's  completed  diagram  should  look  something  like  this: 


(a)  M^jjk  a  point  /)  about  2  inches  from  A.  Draw  a  ray *D]£ through 
£>  which  has  the  same  mtm  as  the  ray*A^.  {Start  by  drawing 
DE  paStSrallei^to  ffl.]       k-     ;  .        .    :  . 
Ob)  Draw  a  ray  D?  which  is  parallel  to  the  ray^  andsuch  Ihai 
v  z^I>F  js  congruent  to  /MAC.  1 

(c)  Draw  a  rayTC  which  is  parallel  to  *M?  and  aUch  that  LEDG 
"  is  not  rongruent  to  LBAC.      ,     '  . 

(d)  Compare  the  rays  *ttf?  and  ^Gn 


(a),  (b),  {c).   [in  the  diagnarn,  ] 

(d)    The  rays  DF  and         a^e  opposite  rays. 


MAPPINGS  -  \ 

6*  Make  a  picture,  similar  to  the  one  given,  of  poittts  A  andP  on  line  t 
and  of  points  B  and  C  such  that  A,  B,  and  C  are  not  collinear. 

<  •       _  r  . 

/  (a)  Draw  the  rays       and  *AC*.  Draw  lines  fri  through  £  and  r 

through  C  which  are  parallel  to  /. 
(b>  Draw  a  line  s  through  P  parallel  to  Xtf.  Let  D  be  the 
*%      intersection  of  lines  r  and 's.  What  can  you  say  about 

mente      and  ♦        .    ■■  f   f  - 

(c)  Draw  a  line  /  through  P  parallel  to  XS.  Let  E  be  the  point  of 
intersection  of  lines  m  and  t  Draw  lines  and  Whati^kn 
you  say  about  these  lines? 

(d)  Compare  the  segments  tZJwS?f  and 
*7.  Make  a  picture,  similar  to  tjie  one  given,  of  the  segment  XSj 


&  /    ....  .  % 

(a)  Mark  a  point  A'  about  2  inches  from  A.  Draw  the  line 

(b)  Draw,  the  line,  through  A'  which  is  parallel  to  the  line  XS. 
Drdw  the  line  tljtough  B  which  is  parallel  to  Aa*.  Leti?'  be  the 
point  of  inters^Kion  of  these  lines. 

(c)  Compare  the  Segments  AfBf  arid  X$>  Compare  the  rays XrB^ 
andAB. 

id)  Mark  a  point  A*.  Repeat  parts  (a),  (b),  and  (c). 
(e)  Compare  the  segments  Jl'A^and  B'B^ 

Mark  three  noncoHinear  points  P,  C|f  and  G.r  Draw  the  rays  %*c] 
and  r  •  .  *  . 

.  (a)  On  half-line  PC^,  mark  two  points  A  ,  and  B,  which  are  differ- 
ent from  C^.  Draw  A4C^  and  tr^B* 


n  ,(b)  Draw  a  Une^  through^  paralielto^.^.Let^  be  thepointof 
.  intersection  of  /  and  PCT  DraW  AJBV  ^ 

(c)  Draw  a  line  m  through^,  parallel  to  htC^  LetB2  bfe  the  point 
of  intersection  of  m  aiid  Pur  t>raw  AyS^!   ^ 

(d)  Make  a  guess  at  a  relation  'between  A^Sj  and  A      Check  your 
guess  with  jfour  parallel  ruler. 

9,  Let  lt  and  /2  be  two  lines  which  intersect  in  the  point  P.  Mark  thr^e 
points  Alt  Blt  asd  Ct  on  iy  which  are  different  from  P  and  which 
are  not  all  on  the  same  side  of  P,  Marie  a  point  on  l2  which  is 
different  from  P.  Locate  points  A^  and  B2  dn  lti  as  in  Exercise,  8, 
and  compare  the  Unes  X^B*  and  A fS2  a^  you  did  in  that  exercise* 
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> 


J 


*  The  student's  completed  diagram  should  look  something  like  this: 

■  i  ■  ■ 


[See  the  diagram.  ] 

Segments  PD  and         are  parallel  and  have  the  same  length, 
he  lines  DE  and  BC  axe  parallel.  * 

D-,  AP,  and  .<BE  are  parallel  and  have  the  same  length. 

.  #    $    *  » 

Part  (c)  of  Exercise  6  .illustrates  a  case  of  Desargues*  theorem. 
This  is  one  of  two  very  fundamental  theorems  [the  other  —  see 
Exercises  8  arid  9  r-  is  Pappus*  theorem]  which  may  suggest  to  ypu 
other  exercises.    Desargues*  theorem  is  more  easily  described  than 
stated  formally.    We  begin  by  describing  the  kind  of  situation  to  which 
Desargues*  theorem  applies.    Suppose  given  two  triangles  and  a 
"matching  of  the  vertices  of  one  with  those  of  the  other  such  that  cor- 
.  desponding  vertices  are  distinct  and  the  lines  conteining  corresponding 
sides  are  distinct.    Suppose,,  further,  that  the  line^which  contain 
corresponding  vertices  are  either  parallel  or«concurVfent#    It  follows 
[of  course]  that  the  lines  which 'contain  a  pair  of  dor  responding,  sides 
are  c op! ana r  and,  so,  either  are  parallel*  or  intersect  fft  a  unique  point 

In  the  case  of  parallelism  the  lines  are^  distinct  since,  otherwise  the 
same*  line  would  contain  the  vertices  of  two  pairs  of  corresponding 
vertices.    There  are,  then,  two  cases:   for  each  of  two  pairs  of  cc*r- 

lines»  and  for  each  of  two  pairs  of  corresponding  sides,  the  lines  ' 
containing  these  sides  are  two  intersecting  lines.    In  the  second  case, 
the  points  of  intersection  are* distinct  and,  .so,  determine  a  line  t  — 
otherwise,  the  same  point  would  be  e^ch  of  a  pair  of  corresponding 

*  vertices,    ttesargiie*1  tr^prem*  how,  Velates  to  the  line*  containing 
tjie  remaining  ,corr espondiiig^sideM    It  asserts  that  in  the  Jirst  case 

v^hese  lines  are  parallel^  and  that  in  the  second  ca»e  they  either  are 
parallel  to  I  or  intersect  at  a  point  of  i#  ■  '      J  ' 
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Answers  for -Exercises  [cont.j 

The  student*  *  completed  diagram  should  look  something  like  this 

fa 


(c) 


(d) 
(e) 


A'B'  and  AB  are  parallel  and  have  the's^me  length.  The 

rays  A'B'  and  AB  have  the  same  sense. 

[Same  answers  as  in  (a),  (b),.  fc).  ]    .  '  ■* 

A'A"  and  JB'B"  are  parallel  and  have  the  same  length. 

Parts  (a)  -  (d)  show,  again,  how  to  find  points  "at  a 
given  distance  in  a  given  sense**  from  given  points  —  the 
points  A'  and  A".    Part  (e)  suggests  that  the  points  so 
found  —  B'  and  B"  —  arre  the  same  distance  apart  as  the 
'given  points,  and  that  the  line  containing  them  id  parajlel 
to  the  line  containing  the  given  points.    In  the  terminology 
of  the  next  section:   A  translation  of  £  preserves  distance 
and  maps  each  line-  info  a  parallel  line** 
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Answers  for  Exercises   [cont*]  * 

*  . 

8.  ;   The  student's  completed  diagram  .should  look  something  like  this:. 


9.    the  student's  completed  diagram  should  look  something  like  this: 


The  segments  A2B2  and  A^B£  are  parallel. 

•    ;  *  ^  $  \  ,         '  •  - 

Exercises  8  and  9  illustrate  Pappus*  theorem.    Like  Desargues*, 
this  is  a  theorem  whirh  may  suggest  to  you  many  exercises.    The  kind 
of  situation  to  which  Pappus*  theorem  applies  can  be  described  in  the 
following  manner.    Suppose  one  is  giv^n  coplanar  lines  4  and  I'.jhrte  ^ 
points  A,  By  and  £  each  of  which  is  on  i  but  not  on  l\  and  three  points 
A'>  BV  and  C'  each  of  which  is  <>n  i'  but  not  on  I.    It  follows  [of  course}  5 
that  A**  C'  *  B  *  A'  *  C  *  A.    Furthermore,  the  lines  of  the  t 

pair  {A'C,  AC'f  aire  co&lanar,  as  are  those  of  {B'C,  BC'}  ^ and  those 

of  {A'B,  AB'}.    So,  as  in  the  case  of  Desargues*  theorem*  there  are      ,  •  ■  ^ 
two  cases:  for  each  of  twa  pairs  the  lines  of  that  pair  adre  parallel,  and:      J  - 
for  each  of  two  pairs,  the  lines  of  that  pair  intersect.  In  the  second 
case  the  points  of  intersection  are  distinct  and,  so,  determine  a  line  m, 
Pappus*  theorem  asserts  that  in  the  first  case  the  lines  of  the  third  pair 
are  parallel  and  that  in  the  second  case  these  ^ines  either  are  parallel  to 
m  ot  intersect  at  a  poi&fcof  m.      m#   '«.-  L.        "  "  .  • 
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1,06  Translations^!  <r 

"  *  *  * 
In  the  preceding  sections  you  have  been  improving  your  acquaint- 
ance with  some  simple  geometric  figures  —  rays,  segments('Kalf-planes, 
etc.  — and  reviewing  some  of  what  you  know  about  functions  [or: 
mappings).  Most  of  the  time  we  used -as  examples  functions  whose 
domains  and  ranges  consisted  of  real  numbers'— that  is,  functions 
which  mapped  real  numbers  on  real  numbers.  In  particular  you 
studied  some  especially  simple  mappings  —  translations  af  :tf~- of  the 
set  ./?  of  ail  real  numbers  onto  itself.  |  Another  name  foi;  these  map- 
ping is  'linear  functions  with  slope  l\i 

*  Here  are  statements  of  some  of  the  things  you  learned  about  trans-, 
latiohs  of 

(a)  For  any.  real  numbers  a  and  b<  there *is  just  one  translatton  of.# 
.  which  maps  a. on  h.  [In  fact,  this  is  the  translation*  (te,.v):  y  ~  x 

+  "  .  *  ..  .  "  •  '»  '  ' ' 

(b)  A  resultant  of  translations  of\>?  is  a  translation  of.tf.    .  * 
.(c)  Composition  of  translations  of     is  commutative. 

(d)  The  converse  of  a  translation  of  ./"is  a  translation  of  1 
,You  also  discovered  that  one  way  of  describing  translations  <sL$  is  to 
say;     #  . 

A  translation  of  .>£  is  a  mapping  /of  .  A  into  itself  such  that,  for 
.  any  real  numbers  a  and  6,  fin)  -  a  =  f(6)  -  &  [and  anV  such 
mapping  is  a  translation  of  * 
*  In  short,  the  identity  mapping  of  ;Jt  onto  itself  is  a  translation  of./?, 
and  the  other  translations  of  .>?  are  those  Trappings  each  of  which 
moves  all  points  of  the  number  line  a  given  distance  in  a  given  sense. 

The  reason  for  having  spent  so  much  time  on  mappings  is  that  in  our 
study  of  geometry  we  shall  make  considerable  use  of  functions  which 
map  points  on  points  — that  is,  of  mappings  whose  domains  and  ranges 
consist  of  points  of  #f.  In  particular,  althotigh  points  are  very  different 
from  real  numbers,  we  shall"  find  that  there  are  mappings  of  space  onto 
^t^if^vhidriiirve^^m 
for  translations  of  We  shall  call  these  mappings  translations  of&\ 
of,  fgr  short,  merely  'translation^  The  remainder  of  this  chapter  will 
be  spent  in  becoming  acquainted  with  these  mappings.    ,   f  "  ■ 

One  way  of  getting  ideas  about  geometry  is  by  d,ra\ying  and  studying 
pictures.  In  the  preceding  section  you  practiced  picturing  geometrical 
figures  in  a  given  plane*  by  making  drawipgs  on  a  sheet  tff  paper.  We 
can  bfegin  to  get  acquaiitfced  wit|i  translations  of  in  a  similar  way:  To 
begin  with,  our  pictures*  will  show  us  what  a  translation  does"  to 
the  points  of  a  giveh  plane.  When  we  understand  this  we  will  be  able 
to  see  haw  a. translation  acts  on  ail  of *  v 
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The* purpose  of  this''  section  is  to  lead  students  to  become  aware- of  - 
certain  mappings  of  Euclidean  space  5  onto  itself  and  of  some  of  the 
properties  of  these' mappings.    The  mappings  in  question  a  re  the- iden- 
tity, mapping  of  6  onto  itself  and  those  mappings  each  of  which  moves 
all  points  oi  S'a  given  distance  h^a  giyen  sense.    They  are,  then,  anal- 
ogue to  translations  of.ft«and  will  be  called  translations  of  6.  The 
properties  of  these  mappings  whi^h  students  will  discover  ift  this, sec- 
tion are  summarized  an  page  47.     Of  these,    (1)  -  (3)  will  be 
the  basis  of  the  first  thre'e  postulates  which  we  shall  adopt  when,  in 
Chapter  2,  we  b^gin  our  formal  development  of  geometry;    and  (4)  will  * 
suggest  the  most  important  part  of  our  fourth  postulate,    [it  should  be 
apparent  "that  section  1,06  is,  like  section  1.05,  a  concept -development  * 
section  whose  role  is  to  help*prcpare  students  for  the  formal  development. 

r  "•  *         *        •      ■  ' 

Student's  curiosity  as  to  the  meaning  of  the  word  'vector*  should 
remain  uris^psfied  : —  at  least  as  far  as  you  are  concerned  —  until  this 
(  word  is  introduced  later  in  the  course,    It  is, -  however,  appropriate 
now  to  relate,  for  you,  the  notion  of  a  translation  with  the  notio^k  you 
may  already  have  obtained  of  a  vector  from  other  sources  *    As'yhtu  may 
recall,  -vectors  are  often  introduced,  in  elementary  texts  on  vector** 
algebra,  as  directed  segments  which  are  represented  pic  tor  telly  by ' 
arrows.  .  Ne*kt,  two  such  vglttrs  afe  s-aid  to  be'equivalent  if  and  only  if 
they  have  the  same  length  and  the  same  direction  —  in  our  terminology, 
the  same  sense.     Finally,  it  m^y  be  mentioned       perhaps  in  a  foot- 
note —  that  a  vector  is  not  really  a  directed  segrnent       rather,,  it  is  a 
class  of  equivalent  directed  segrr>ents#    A  better  procedure  which  is 
sometimes  followed  is  to  begin  by  saying  that  a, vector  is  represented 
by  a  directed  segment,  that  directed  segments  with^  the  same  length  arfci 
Wense  represent  the  same  vector,   and,  finally,  that  a  vector  is; the  set 
of  all  directed  segments  wh^ch  represent  it#    This  latter  procedure  is 
logically  unexceptionable,,  b^t  may  be  a  bit  sticky,  pedagogieally. 

The  procedure  used. in, this  text  to  introduce  translations  is  essen- 
tially the  reverse  of  the  method  for  introducing  vectors  outlined; above , 
Note,  first,  with  regard  to  the  latter,  that  nothing  but  perhaps  the  pic-  * 
torial  representation  would  be  changed  essentially  if  one  spoke  of         ^  ■ 
ordered  pairs  ©f  points  rather  than  of  directed  segments.    Matching  . 
each  directed  segment  with  the  ordered  pair  whose  first  and  second  \ 
m  components  are  the  initial  and  -terminal  points  of  the  directed"  segment, 
respectively,  gives  us  a  one-to-one  correspondence  between  ordered 
pairs  of  points  [with  distinct  components]  and  directed  segments.  So, 
in  the  context  .of  the  preceding  paragraph,  a  vector  4  mighty  as  well  he  -  * 
defined  as  a  set  of  '* equivalent* *  cpjpred  pairs  of  points.    Since  the 
equivalence  relation  in  question  is  iroch  that,'  given  a  point  and  a  set  o£ 
equivalent  ordered  pairs,  the  latter  contains, just  one  ordered  pair 
which  has *the  former  as  its  first  Component  it  follows  that  aVeotor  as. 
so'  defined  is  a  mapping  of,tne  Bet  8  j*£  all  "points  ,into  itself*    En  fact, . 
it  is  precisely  a  translation  of  C.    Also,  each  translation  of  8j  [with 
.  the  exceptionyGf  the  identity  mapping}  is,  in  this  sensfe  of  the  Word,  a 
vector.    {The  identity  mapping  corresponds,  of  course*  with  thes^ero 
vector.  4n  the  usual  developments  the  latter  rs  sotriewhat  mysterious 
since  ft  is  .obvious  that  it  is  not,  like  other  vectors,  a  set  of  directed 
segments.    The  former,  on  the  "other  hand,  while  it  may  seem  of  a 
somewhat  different  nature  than  other  translations/  is  just^anoiher 
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"mapping,  |  Since  [as  your  student's  will  discover}  a  translation  is  deter- 
mined when  one  is  ^iven  any  point  and  the  image  of  that -point  tinder  the 
translation  in  question,   a  translation  is  determined  by  any  one  of  tine 
ordered  pairs  of  points  which  are  its  members,    Consequently,  a  trans- 
lation may  bt*  represented  pict-orially  by  any  arrow  whose  initial' point 
represents  the  first  component  of  some  such  ordered  pair  and  w hose  - 
terminal  point  represents  the  second  component  of  this  orde red  pai r . 

It  should/now  be  evident  that  in  ouV  study  of  translations  we  shall 
era!  up  with  essentially  the  s«irne  re-sults  a.s  are  obtained  through  the 
usual  elementary  approach  to  vectors.    -The  difference  between  our 
.approach  and  the  usual  is  tha*  we  begin  .with  the  notion  of  a  translation 
'  and,  on  the  ,basis  of  .this.'  investigate  the  members  of  a  translation, 
instead  of  beginning  with  the-  potential  membership  of  vectors  and  ob- 
taining the  latter  as  certain  subsets  of  the 'former .   'The  principle 
advantages  of  our  .approach  are  pedagogical.-  One  advantage  is  due  to 
the  fact  that  translations  are  very  simple  mappings  —  easily  under- 
stood and  forming  an  initially  reasonable  subject  for  investigation  — 
while  the   "construction*4   of  vectors  by  classifying  directed  segments 
is  a  fjomewhat  abstract  procedure  and- the  re  seems  to  be  no  Very  con-  , 
vineing  motivation,   initially,   for  choosing  the  appropriate  equivalence  ) 
relation,  J  .  m  ; 

The  similarity  between  the  notfon  of  translation  and  the  elementary 
notion  of  vector  might  be  taken"  as  sufficient  ground  for  referring  to 
translations  as  vectors.    The  word  'vector'   has ,'  however,  many  mean- 
ings and  our  reasons  for  using  the  word  in  this  connection  are  quite 
different.    Although  'vector*  as  introduced,  much  later  in  this  course, 
it  may  be  helpful  to  go  into  the  matter  now  [but,  of  course,  not  now  in 
ejass).    As  you  will  recall,  elementary  vectors  are  subject  to  a  binary 
operation  called  addition  and,  for  each  real  number,  to'a  singulary  oper 
ation  calfred  multiplication  by  the  real  number  in  question.  These 
operations  have  a  number  of  familiar  properties  —  for  example,  addi- 
tion is  associative  and . commutative ,  each  of  the  singulary  operations 
just  mentioned  is  distributive  over  addition,  and  any  two  of  these  sing- 
ulary ope  rations  are  permutable.    There  is  also  a  singulary  operation 
:of  oppo  siting  and  a  zero  vector  *hose  properties  with  relation  to  addi- 
tion are  those  which  oppositing       real  numbers  and  0  have  with  relation 
to  addition  of  real  numbers.    Also,  the  operation  oppositing  coincides, 
absinthe  real  number,  case,  with  multiplication  by  -1,  multiplication 
*by  0  always  yields  the  zero  vector,  and  the  result  of  multiplying  the 
aero  vector  by.  any  real  number  is  the  zero  vector.    Because  of  all  this 
th«rs  is       Algebra  of  e  1  ement a ry  vec to r s  —  of  which  the- algebra  of 


real  numbers  is  a  special,  case  * .  The  usefulness  of  elementary  vectors 
is  due  to  the  existence  of  this^  algebra,  „  i  ' 

*  ...  » 

It  turns  out  that,  ,  in  addition  to  the  set  of  all  elementary  vectors,  1 
there  are  many  sets  on  which  one  can  in  natural  ways  define  algebras 
of  exactly  the  same  kind  as  the  algebra  of  elementary  vectors.    As  is  . 
obvious  from  pur  earlier  remarks,  the  set  of  all  translations  of.  {J  is 
one  such  example.    Here  the  natural  addition  operation  is  function" 
composition,  opposifcing  is  function  inversion,  and  the  zero  element  is- 
the  identity  mapping.    [Multiplication  of  translations  by  real  numbers 
will  be'  introduced  in  a  later  chapter  after  an  appropriate  concept- 
develdpment  section,  ]   As  a  source  of  other  examples,  consider  the 
set  of  all  real -  valued  functions  with  a  given  tiomain.    For  the  mernbers 
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of  such,  a  set,  addition  caifl  be  defined  by  saying  that  the  sum  of  two  real- 
valued  functions  with  the  given  domain  is  the  function  whose  value  at  any 
argument  in  that,  domain  is  the  sum  of  the  values  of  the  given  functions  \ 
at  that  argument.    Oppositing  and  multiplication  by  a  real  number  can 
b*  defined  in  an  .analogous  manner,  and.tht?  zero  element  is  the  function 
whose  value  at  each  argument  k>  G.    The  resulting,  algebra  turns  out  to  ~~ 
be  of  the  same  kind  as  that  of  the  elementary  vectors.    If,  instead  of 
considering  all  real -valued  functions  on  a  given  domain,  one  considers 
onjy  those  of  a  subset- of  these  which  contains  the  zero  function  and  is  -  «x 
closed  under:tne  Operations  in  questibn,  one  obtains  another  example  of 
the  same  kind  of  algebra.     For  example*  not  only  does  the  let  of  all 
real-valued  functions  whpse  domain  is  the  set  of  all  real  numbers  have 
an  algebra  of  this  kiad,  but,  also,  the  set  of  all  such  functions  as  are 

represented  by  polynomials  has  such  an  algebra.    As  a  final  example  

one  to  which. we -shall  wish  to  refer  shortly  —  the  set  of  all  ordered 
pairs  of  real  numbers. may  be  subjected- to  the  same  kind  of  algebra. 
To-do  so,  define  the  sum  of  two  such  ordered  pairs  to^be  the  ordered 
pa^r  whose  components  are  the  sums  of  the  components  of  the  given 
pairs,  define  the  opposite  of  an  ordered  pair  %o  be  the  ordered  pair  > 
whose  components  .are  .the  opposites  of  those  of  the  given  pair,  etc.  ' 

In  View  of  the  multiplicity  of  interesting  'and  useful  examples  it  is 
c|esirable  to  have  a  name  to  use-  in  referring  to  a  set  on  which  one  has 
""imposed  the  kind  of  algebraic  structure  which  is  exemplified  by  the 
usual  algebra  of  elementary  vectors*.    Since  the  latter  is  the  prototype, 
and  since  geometric  intuition  is  helpful -in  developing  the  .theory .of  such 
objects,  the^naturai  term  to  use  is  'vector  space*.    So,  by  definition,  ' 
a  vector  space  is  a  set  omwhich  one  has  imposed  an  algebraic  structure 
like  the  usual  algebra  of  elementary  vectors.    [Of  course,  the  phrase 
modifying  'structure*   in  the  preceding  definition  must  be  replaced  by 
something  mosA  precise.    This  wilM>e  done  as  the  course  develops.  ] 

Knowing.,  mote  or  less,  the  meaning  of  'vector  space*,  it  is  natural 
to  ask!   What  is  a  vector?    The  best  answer, we  can  give  is  that,  in  a 
given.context,  a  vector  is  a  member  of  a  s^t  which  is,  iirthat  context, 
being  dealt  with  as  a  vector  space.    So,  ,  for  example, /when  we  shall' 
Have  succeeded  redefining  a  vector  space -structure  on  the  set  of  tr,ans-«. 
lations  of  S  we  shall,  refer  to  translations  as  vectors.    To  exemplify 
the  point  still  further,  let's  return  to  the  set  of  all  ordered  pairs  of  real 
numbers.    As  we: have^seen,  this  se$  can  "be  made  into"  a  vector** 
space  by  giving  appropriate  definitions  of  the  relevant  operations.    In  a 
context  in  which  the sfe  .operations  are  of  interest,  we  should  'refer  to  an 
or4e4^^air-^^eai  o^mbex^as-^  recto  r,-^Ag-just  point ed  out,  "in  the 
context  of  this  text  vgtL shall. refer  to  a  translation  of  R  as  a  vector. 
Does  this  mean  that  %  translation  is, an  ordered  pair  of  real  numbers?: 
Of  course  not.    What  it  means  is  that, the  word  'vector/  has  different 
meanings  in  different  contexts,        *  ^ 

Recall  that  we  have  defined  the  number  line  to  be  the  set  of  all  real 
numbers  with  the  structure*  imposed  by  defining  the  distance  between 
re>l  numbers  to  be  their  absolute  difference.    Similarly,  we  shall  take  '' 
the  number  plane  to  be  the  set  of  all  orderecTpairs  of  real  numbers  with 
the  structure  imposed  by  using  the  Pythagorean  formula  to  define  the 
distance  between  ordered  pairs,   {in  terms  of  this  distance'wg  can  de- 
fine such  geometric  terms  as/ 'straight  line*-,  'circle1,  'angle  measure*,  : 
etc.  ]  In  this  context  it  is  natural  to  refer  to  an  ordered  pair  of  real 
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Fig.  1-17 


One  way  of  picturing  the  effect  of  a  translation  is  to  make  use  of  a 
tracing  sheet  As  a  first  example,  consider  vFig.  1-17  as  a  picture  of 
three  points,  Ay  Bf  and  C  and  a  segment  all  in  some  plane  sr.  [The 
arrowhead  drawn  at  Q  is  part  of  the  instructions  of  the  exercise.]  Copy 
the  figure  and  trace  your  drawing  on  a  tracing  sheet.  As  you  trace  the 
letters,  draw  a  star  I*]  after  each  tracing.  [Read  *A*f  a&fA  starM  You 
will  now  have  two  copies  of  Fig.  1  - 17.  Your  work  should  look  like  this: 

Your  copy  of  Fig.  1-17- 


,  Tracing  Sheet - 


Fig.  1-18 

Now  slide  the  tracing  sheet  along  the  line  through  P  and  Q  until 
the  point  P*  lies  over  the  point  Q.  Clip  the  tracing  sheet  and  paper 
together*  Your  work  should  look  like  this: 


Paper  dip 


fiper  Clip 


Tracing  Sheet 


77'.  ;  .: 
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numbers  as  a  point.    But,  in  the  preceding  paragraph'  we" have  said  that 
an  ordered  pair  ok  real  number*  may  be  ^referred  to  as  a  vector.  Does,*? 
this  mean  that  points  and  vectors  are  the  same?    Of  course  hot.  In 
different  contents  we  use  different  words  in  referring  to  ordered  pairs. 
In  one  context  we  may  use  *poinV>  ;in  another  *  vector*  ?  and  tin  a  tjiird  * 
4 complex  number*.    Which  word  \tfe  use  wUl  be  determined  not  by  the 
objects  we  are  dealing  with,  but  by  the  structure  we  have  imposed  on 
the  set  of  these  objects, 

i<"      TC  38  CD  . 

In  regard  to  the  tracing  sheets  referred  to  in  the  text,  various  - 
kinds  of  materials  are  readily  available  for  this -purpose*    Among  them 
are  ordinary  tracing  paper,  onionskin  paper,  velum,  plain  notebook 
paper,  and  clear  acetate  sheets.    With  the  latter,  the  students  will  have 
"to  use  grease  pencils  to  make  the  tracings*    [in  the  early  trials  of  this 
text, .  acetate  sheets  were  used.    L*ater,  Ave  found  that  any  appropriate 
tracing  materials  served  just  as  well  as  the  acetate  sheets.  ]  . 

The  use  of  a  tracing  sheet,  as  described  in. the  text  and  illustrated 
in  Figures  and  1  -IB,  seems  to  give  students  adequate  intuitions  as 

to  How  a  translation  acts  on  points  of  6*    It  also  leads  rapidly  to  the 
discovery  of  the  properties  of  translations  which  are  of  immediate  im- 
portance.   For  example,  the  exercises^of  Part  A  on  page  39  single 
out  translations  as  those  mappings  of  £  into  itself  ^hich  move  each 
point  the  same  distance  in  the  same  sense.    And,  they  show  that  any 
translation  can  be  described  pictorially  by  an  arrow  whose  length  shows 
the  coxnrnot*  distance  through  which  points  are  moved  and  whose  sense 
is  the  senate  of  the  motion.    The  .exercises  of  Part  B  -call*  attention  io 
the  fact  that  translations  map  segments  into  segments  of  the  same 
length  and  map  each  line  int^a  parallel  line.  « ■ 

For  pur  purposes  the  only  inadequacies  of  atracing  sheet  are  due 
to  the  fact  that  the  portion  of  space  dealt  with  in  making  use  of  the 
tracing  sheet  is  subset  of  a  single  plane  and  is,  in  fact,  a  ** very  small* * 
subset  qf" a  .plane.    Students*  work  in  section  1 .05  should  make  up  for 
the  second  of  these  inadequacies  —  they  have  learned  by  now, how  a 
plane  diifexs  from  the  model  which  a  sheet  of  paper  may  be  thought  to 
be.    The  fact  that  the  domain  of  a  translation  is  all  of  3 -dimensional 
space  is  brought  out  in  the  paragraph  immediately  preceding  the  exer- 
cises and,  also,  in  Exercise  5  of  P%rt  A*    One  way  of  stressing  this 
in  class  is  to  make1  a  fold,  parallel  to  the  line  of  the  arrow  in*  both  the 
tracing  sheet  and  the  underlying  paper,  in  order  to  show  how  a  transla- 
tion acts  On  a  pair  of  planes.    [The  need  for  making  the)  fold  parallel  to 
the  direction  of  the  translation  may  bring  out  the  fact  that  a  translation 
maps  certain  planes  into  themselves  and  maps  other  planes  into  planes 
parallel  to  them*  -ife.j^s  not  estenti^if&st "students  beaome  awa|^:of -'tMsu 
now;  but,  if  they  do*  'the^f Will  fi&v^'a^igto 

tion  is.  ]  Another  way  of  indicating  that ,we  are  talking  ofr3-dimenSionia 
space  is  to  use  a  pencil  held  in  one  hand  ai  an  arrow  describing  a  trans- 
lation, and  the  tip  of  a  finger  of  the  other  hand  to  indicate,  first,  a  _ 
given  point  and,,  then,  after  moving  the  fingers  appropriately,  the  image 
of  this  point  under  the  given  translation,    Y ou .a^,ckec.fc fot'^^^Mpm' 
lag  by  asking'  students  to  do  this*       :-:  v;-':;- -  '  "  :^-:CX^' 
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Other  devices  will  no  doubt  occur  to1  you,  including  various  uses 
niL?  9/erhead  P*°jfctor.    Many  teachers  have  found  it  helpful  to 
to?£  «~JS-l<S*lr?l--P-r0jeCt6^tha  "•"*»■"  P-cedurePdescribed 

protduSi  ;^^tfor?8.tra'ion  of  slidi5?g  a  tracing  heiBfi  to  ; 

t.an^e  £inal  ^arni»g-.„N'«te  ^at  although  it  is  helpful  to  speak  of  a  - 
^translation  as  "moving"  points  onto  their  images,  it  is  literal  rion- 

«f  TJ°  LPeaK  °f  POintS  °f  8pA"  aCtually  c^nging  position.    A* point 
of  space  *  where  it  is.    The  motion  of  the  tracing  sheet  when  it  i,  used 
to  show  the  msult  of  a  translation  maj,  prove  misleading,    ftis  for  "he 
purpose  of  #»ening  the  likelihood  of  this  that  we  ask  stents  to  use 
ft.s  in  labeling  marks  they  make  on  |he  tracing  sheet  and  "*s  in 

ISrinR  ^  nia/kS  °n  tHe  pAper  Which  show  the  itnages  of  points.  Note 
■  that  the  p^per  does  not  move.    The  movement  of  ^tracing  £Lt  is 

really,  only  a  device  for  locating  images. 

Many  of  the  following  exercises  can'profitably  be  done,  'individual^ 

to  S2fv«       thrla88r°r-    HoPe^.  «»  claL  will  be'smalTenoug^ 
so  that  youxan  check  work,  answer  questions,  and  offer  advice  on  an 
individual  basis     This  should  certainly,  if  at  all  possible !  be  "one  for 

orecPelir  K     Y      T'"8  °f  !"17  WWch  is  ^ribed-in  the  text 

preceding  the  exercises,  v 


1.06  Translations  of  iff  39 


By  pushing  a  pin  through  the  tracing  sheet,  make  ho^es  in  the  paper 
under  the  points  A«,  B*5  and  O.  Remove  the  tracing,  mark  the  pin- 
holes in  the  paper  with  your  pencil,  and  label  them  M",  'B",  and  *C  % 
respectively.  Your  picture  now  shows  three  points,  A,  B9  and  C,  and 
their  images,  A\  B\  and  C  under  a  mapping  which  moves  each  point 
the'saijie  distance  -  the  distance  between  P  and  Q,  in  the  same  son&e 
-the  sense  of  the  ray  P^,  The  .mapping  which  moves  each  point  of 
space  in  this  same  way  is  called  a  translation. 

Given  arty  point,/?  in  space,  there  is  a  plane  which  contains  P$Q, 
and  R.  So,  you  could  picture  P,  Q,  and  Ft  on  a  sheet  of  paper  and,  re* 
peating  what  you  did  with  the  tracing  sheet,  find  the  ii&age  of  ft  under 
the  same  translation.  Evidently,  to  find  the  image  of  any  given  point 
under  this  translation,  all  you  need  know  are  the  locations  of  P  and  Q 
and  that  the,  sense  ofthe  translation  — as  indicated  by  the^arrowhead 
-  is  that  of  the  ray  PQ:  So,  we  can  describe  the  translation  we  have 
been  discussing  m  the  translation  from  P  to  Q.  ■>  '» 


Exercises 
Part  A 


1«  Mark  a  point  i)  on  your  drawing  and  use  your  tracing  sheet  to  find 
linage,  D\  of  D  under  the  translation  from  P*to  Q. 

2-  (a) .  Compare  the  lengths  of  the  segments  P($ ,  kA'*  l3Bf*  ttCf*  and 
SB?.  What  may  you  s,ay  about  the  distance  between  any  point 
and  its  image  under  the  translation  from  P  to  Q? 

(b)  Is  there  any  point  which  is  its  own  image  under  the  translation 
from  P  to  Q?  •    /       •  ;  *  ' 

3.  (a^  Use  yqur  parallel  ruler  to  draw  the  line  through  B  parallel  tof 
*PQ.  What  do  you  guess  about  the  line  through  a  given  point 
and  fts  image  under  the  translation  from  P  to  Q? 

(b)  Check  your  guess  in  the  cases  where  the  given  point  is  A,  Cf 

—  *  i>,p,  orQ.  — ~ — ,  .  • 1 — w- 


4.  Recall  that  two  rays  which  "point  the  same^way"  are  said  to  have 
the  same  sense.  Would  you  say  that  the  ravs  XK*  and  P(§  have  the 
same  sense?  How  about       and *P§?  XaJ  and  §|f ? 

5.  In  the  preceding  exercises  we  have,  been  dealing  with  points  all  of 
which  lie  in  a  single  plane.  We  pointed  out,  just  preceding  the 
exercises,  thai  the  domain  of  the  translation  from/3  to  Q  is  8\  Sup- 
pose, now,  that  R  is  any  point  not  in  the  plane  we  have  been  con- 
sidering and  that  its  image  under  the  translation  from  P  toQ  is  R\ 
(a)  How  may  you  describe  the  distance  between  R  and  ft"! 

ibl  How  may  you  describe  the  se^e  of  th^ray  Hfl*? 
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Answers  for  Part  A  i  ■ 

1.     [While  following  the  directions  earlier  in  the  text,  students  will 
have  mariced  points  A* f  B'{  and  C'  on  the  work-sheets-  in  such  a 
'    way  that  if  arrows  were  drawn  from  A  to'  A',  frorrj  B  to  B',  and 

from  C  to  C't  these  would  be  of  the  same  length  and  point  the 
*  same  way  as  the  arrow  from  P  to    Q.    On  completing  the  present 
exercise  they  will  Ijave  ^marked  points  of  some  other  such  pair 

;    (d,x>')4  '       •    ■  *    .  ; 

Z#     (a)    The  distance;  between  any  ypoiht.  and  its  image  is  the  same  as 
that  between  P  and  Q.     [Trie  pictured  segments  should  turn 
*  :  out  to  have  substantially  the  same  lengths  when  students  * 

measure  them  with  a  ruler.  ]  f 

.  (b)    No,    [The  distance  between  any  such  point  and  its  inrage  would 
be  0  and,  so,  unequal  to  the  distance  between  P  and  Q.  ] 

v  .  *  m  m 

3.     (a)    The  line  through  any  point  and  its  image  is  parallel  to  PQ. 

(b)    On  completing  this  a  students  worksheet  will  contain  drawings 

of  at  least  four  parallel  lines,  AA;,  BE*,  Ccf',  and  PQ.  There 

will  also  be  a  fifth  such  line  unless  DD'  coinci4es  with  one  of 
these  four.' ] 

4#.    Yes*,    [three  times]  The  ra^r  f rom  any  point  through  the  image  of  <? 

that  point  has  the  same  sense  as         [and  any  two  such  rays  have 
the  same  sense;  ]  ' 

s  • 

'  5\     (a)    The  distance  between  R  and  R    is  that  between  P  and  Q, 
**    (b)    The  sense  of  RR'  is  that  of  P<5,  ' 
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Answers  for  Part  B  * 

I.     (a)    [One  procedure  a  student  might  use  is  to  draw  the  segment  AC 
on  his  worksheet  and  use  a  tracing  sheet  to  firjd  the  image  of  » 
%he  entire  segment.    Another  student  might  mark  one  or  two 
f  points  between  A  and  C  and  make  the  intended  d^s^overy  by 
*  finding  only  their  images.]  .:    e     -  .  . 

(b)  [The  picture  should  be  that  of  the  'segment  A'C*.  j       ,  - 

(c)  The  image  of  AG  is  the  segment  whose  end  points  are  the 
 irnaggg  of -A*  and  CV  [The  discovery  summarized. in  the 


answer  to  part  (c)  actually  amounts  to  two  intuitions*    The  ' 

first  is  that  the  image  of  any  point  of  3VC  is  .i  point  of  A'c\ 

The  second  is  that  gach  point  g£  A'c'  is  the  image  of  some 

point  6i  AC.    It  should  not  he  s^rjxiriiiirig  .tb  f  in&  a  stt*den$  who^ 
at  this  point,  ii  ready  to  accept  the  first  but  is  not  quite  ready 
to  accept  the  second,    (Such  a  student  should  be  cherished  f)  : 
If  this  occurs,  you  have  the  choice  between  leaving  the  Ques- 
tion open  for  the  student  to  think  about  and  giving  him  a  hint 


►    1-  (a)  Use  your  tracing' sheet  to  help  you  see  the  images  of  points, 
between  A  and  C  under  the  translation  from  P  to  Q:  * 

(b)  Picture  [on  your  drawing!  the  set  of  images  of  the  points  of  the 
segment 

(c)  Describe  this  set- of  images. 

2.  (a)  The  set  of  all  images  of  points  of       under  the  translation 

from  P  to  Q  is  catted- thejmage  of       In  Exercise  1  you  have, 
seen  that  the  image  of  A?  is JrC*  What  is  the  image  of 
^  (b)  What  is  the  image  of  the  ray'^C  under  the  translation  from  P 
to  Q?  [Use  your  tracing  sheet  to  check  your  anWer,]  ' 

(c)  What  is  the  image  of  the  line       under  the  translation  from  P 
k     •     f  to  Q? 

3.  (a)  In  Exercise  2  vou  have  seen  that  the  translation  from  P  to  Q 

maps  the  line  At?  onto  the  line  X7^.  From  your  drawing,  you 
should  be  able  to  make  a  guess  about  these  two  lines.  What 
guess? "  .  • 
(b)  Use  your  parallel  r&ler  to  draw  the  line  through  Bf  which  is 
paralle|  to  BC*.  The  result  should  give  you  evidence  in  favor  of 
the  guep  you  made  in  part  (a).  What  is  this  evidence? 

c  *'  - 

1.  (a)  On  your  drawing,  u^^your  parallel  ruler  to  draw  the  line 
through  Q  parallel  to  $P* 
<b)  In  Exercise  3* of  Part  B  you  probably  guessed  th&t  the  tra$isla% 
tioxt  from  P  to  Q  maps  each  line  onto  a  line  parallel  to  it.  Does 
your,  work  in  part  (a)  give  you  more  evidence  for  this  coiyec- 
ture?  [Of  what  point  is  Q  the  image  under  this,  translation 
.  from  P  to  Q?) 

'  (c)  Check  your  conjecture,  again,  by  drawing  the  line  through  C 
parallel  to  5P . 

(d)  to^check  a  different  case  of  your  conjecture,  consider  the  line 
PQ.  What  iirife  isfits  itoage.  undarv the  translation  from  f  to  Q? 
Is  this  line  parallel  to  PQ?  *  "    .  %. 

(e)  Suppose  that  R  is  a  point  on  0B*  which  is  different  from  <B. 
- —  What  liag-is  the  image  of      under  ^tlie  transiMionrfronrf  ta 

this  line  parallel  to  &B*7 

*  2*  By  now  you  should  be  convinced  that  the  translation  from  P  to  Q 
maps  each  line  onto  a  parallel  line.  You  can  use  this  knowledge 
abput  translations  to  confirm  a  guess  which  you  made  in  Part  A, 
This  guess  was  that  the  line  through  a  given' point— for  example, 
the  point  4 -and  the  image  of  this  ^oint  under  the  translation 
from  P  to  Q  is  parallel  to  P^.  To  confirm  this  g^ess,  suppose  that 
the  translation  does  map  each  line  onto  a  parallel  line.  It  foliows 
that  the  translation  mapskA^onto  a  parallel  line? through  A f.  So, 
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such  as  'What  happens  to  A'C*  under  the  translation  from  Q 

to*  .  Jf  you  adopt  the  former  course,  you  can  make  sure 

that  the*  question  is  settled  when- you  discuss  Part  H.    Since,  as  .  -  r 

is  pointed  out  there,  the  translation  from  Q  to  P  is  the  inverse 

o£  the  translation  from  P  to  Q,  and  since  we.  are  agreed  that  a 

translation  maps  a  segment  onto' *[at  least  ]  a  subset  of  a  se'g- 

ment,  we  can  see'that  the  first  mentioned  translation  maps  any  .... 

given  point  of  A'C/  on  some  point  of  AC  and,   so,  be  convinced     #     "  " 

that  the  translation  from  P  to  Q  mapSvthis  latter  point  on  the  '  *" 

given  point  of  A'C'.    Hence,  each  point  of  .A/cT'  is  the  image, 

under  the,  translation  f rom  ^  to  Q,  of  some  point  >of  AC?.  ]  *  4 

Answers  for  Part  B  [cont.'J 

2.  (a)    A'.B'   [The  point  of  this  exercise  is 'not  so  much  the  answer  as  T    -   ■  '  . 

it  is  to  introduce  the  notion  of  the.  image  of  a  set,  as  opposed 
to  that  of  the  image  df  a  point*] 

.(b)  A^a  .  v  ■  .  ; 

(c)    A'C'   [Here,  and  in  part  (b),   one  might  raise  the.  same  ques-  .  -  V 

tion  as  we  did  in  the  discussion  of  Exercise  1(c)  *vnd  answer 
it  in -the  sam^  way,]  '  ..  . 

3.  (a)    that  A'C'  and  AO  are  parallel.  , 

(b)   'The  line  drawn  should  go  through  the  mark  representing  the       \       .  " 
point  C',  thus  ^suggesting  "that  B'C  is  parallel  to  BC.  '  • 

Answers  for  Part  C  *  <      *  * 

1.     (a)    [Theft  students* -drawings  should  indicate  that  B'  belongs  to  the 

line  through       parallel  to  BP.    Students  should  begin  to  real- 
;     ize  the  connection*  of  these  es?erci§es  with  some*  of  those  at  the 

end  of  the  preceding  section.    In  the  latter  exercises  they  '  ' 

learned  how  to  describe  the  point  at  a  given  distance,  in  a  given  .  . 

«"   sense,  from  a  given  point  as  the1  intersection  of  tW  lines  which  ^ 
were  parallel  to  lines  determined  by  the  given  data.    In  short, 
students  should  realize  that  they  might,  have  known  that/  B'  is  '  ' 

'  the  point  of  intersection  of  the  line  through  Q  parallel  tt>  PB  • 

and  the  line  through  B  parallel  to  PQ,  ^ 

\h)    Since,  under  the.  translation  from  P  to  Q,  B'.  is  the  image  of 

B  and  Q  is  the  image  of  P.  it  is  to  be  expected  [from  Exercise  *  - 

.  3.  of  Part.  B]  that  B'Q  is  the  line  through  Q  which  is  parallel 

„  to  BP.    Since  the  work,  in  part  (a)  seems  to  shd\^  that  this  is  .   £  ^ 

the  easef  this  work  does  give  additional  evidence  for  the  ',   

'         'conjecture.  '  *  '  .  .•  ' 

m       (c)    [The  drawing  should  show, that  Q  is  a  point  of  the  line  through 

C*  parallel' to  CP*  ]    -  .  .  -   '  *  1 

(d)    PO  is  its  own  image  and  is  parallel  to  itself,  ,  ; 

(er)    BR  is  BB',  is  its  own  image,  and  is  parallel  to  itself. 


1.06  Translations  of  t. 
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the  "translation  maps  .4,4 f  onto  itself.  [Explain.]  For  the  same  rea- 
son *yie  translation  maPs  ^  onto  itself.  It  follows  that  any  point 
in  .4^4 '*Pi  y*Q  would  have  for  its  image  a  point  in  AA*npQ. 
(Explain.)  Since  no  point  is  its  own  image  itf follows  that  if  AA[ 
n  PQ  is  not  empty  then  it  contains  at  least  two  point?.  If  XjC 
Pi  *PQ  is  empty,  then,  since  are  coplanar,  Za*\\P8,  if 

,AJC  n  PQ  contains  two  points  then  XA1  -  PQ  and,  so, 
So,  in  any  case,  fi^li?^. 


Part  D 


1*  Below,  you  are  given  some  figures  together  ivith  arrows  whjch 
describe  the  translation  from  P  to  Q  .  Your  job  is  to  sketch  the  im- 
-ages  of  the  giyen  figures  under  this  translation. 


(a) 


(c)  . 


(d) 


p. 


/ 

A" 


i  Given  all  points  in  the 
•line  through  G  and  H. 


K 


\  (Given  all  points  in  the 
\  line  through  J  and  K. 
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Answers  fog  Part  C  [cont.J 

62.     [The  two  explanations  asked  for  are,  first,  that  since,  by  definition, 
a  line  is  parallel  to  itself  and  two  parallel  lines  are  disjoint,  the 

unique  line  through  4'  which  is  parallel  to  Aa*'  is  AA';  and, 

second,  that  since  each  of  AA'  and  pS  is  its  own  image,  any  point 
which  belongs  to  both  lines  must  have  its  image  in  both  lines.  ] 

Students  may  wonder  what  mappings  other  than  translations  map  * 
each  line  into  a  linfe  parallel  to  it.    Aside  from  the  identity  mapping 
[which  is',   in  fact,  eventually  included  among  translations  J  and  the  con- 
stant mappings  [each  of  which  maps  all  points  of  €  on  some  single 
point]  the  only  such  mappings  are  th»N  "uniform  stretchings* *  about  one 
or  another  fixed  point.*  For  such  a  mapping,  the  lines  which  are  mapped 
into  themselves  are  just  the  lines  through  the  fixed  point  —  rather  than, 
as  in  the  case  of  a  translation,  a  family  pf  parallel  lines, 

t  ■     .  ■  ;•' 

The  real  point  of  the  optional  Exercise  2  is  that  it-shows  that  any  . 
mapping^of  £  into  itself  which  maps  each  line  into  a  parallel  line  .and 
leaves  no  point  fixed  has  the  property  that  all  lines  each  of  which  con- 
tains the  image  of  one  of  its' points  are  parallel.    It  follows  that  if  a 
mapping  is  known  ta  leave  no  point  fixed  and  to  map -each  line  into  a 
parallel  line  then,  given  the  image  Q  of  any  g^vervpoint  P  the  image  * 

of  any  point  A  [not  on  PQ]  is  the  intersection  of  the  line  through  Q 

parallel  to  AP  and  the  line  through  A  parallel  to  PQ,    The  intuitions 
developed  in  working  the  preceding  exercises  [including  those  in 
section  1.05]  strongly  suggest  that  the  mapping  in  question  is  none 
other  than  the  translation  "from  P,  to  Q.    Thi,s  is,  in  fact,  the  case  — 
the  translations  o^.R*. {other  than  the  identity  mapping]  are  precisely  ' 
those  mappings  of1  £  into  itself  which  leave  no  point  fixed  .and  which 
map  e^cb  line  into  a  line  parallel  to  ft,         *  .,'        •'•  *  " 

The  preceding  suggests  an  alternative  definition  of  ' translation' 
which  is  simpler  tl&ri  (the  description  ["moves  all  points  the  same 
distance, in  the  same  sense1*]  which  we  are  using.    This  simpler  defi- 
nition  has,  however the  pedagogical  disadvantage  —'always  to  be 
expected  of  simpler  definitions  —  that  one  has  to  work  with  it  longer 
before  coming  to  appreciate  its  significance*    So,  for  the  text,  we -m 
have  adopted  a  description  in  terms  of  'distance*  and  'sense*.    In  the 

appendix  referred, to  in  the  second  paragraph  of  the  fromnientary  for  

section  1#05,  we  adopt  the  simpler  definition  and  show  that  it  [and  the, 
postulates  adopted  in  the  appendix]  imply  the  desired  theorems  con- 
cerning translations.  .  * 

Answers  for  Part  D  '  *  '       .  vV"  1 

Each  exercise  in  Part  D  can  be  checked  with  a  tracing..  A  tracing 
also  provides  a  yexy  efficient  way  to  resolve  arguments. 

I*     [If  you  have, your  students  make  careful,,  drawings  of  the  image  sets 
in  question,  their  answers  should  compare  favorably  with  the  jdiar 
grams  given  bslow.  In  any  caiq.ihe  students  should  note  that  seg- 
~-    ments  go  into  parallel  segments  of  the  same  length,  lines  go  into 
parallel  lines,  rays  go  intq  similarly  sensed  rays,  noncoliinear 
points  go  into  none oilinear  points,  etc,]  '.-v  "  ! 
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2.  In  each  of  the  following,  you'  are  given  two  figures.  You  are  to 
:  decide  whether  one  of  the  figures1  is  the  image  of  the  other  under 
 some;  translation ,  If  you  think  that  this  is  the  case,  draw  an  arrow 

from  some  point  to  its  image  under  that  translation.  If  you  think 

that  it  is  not  the  case,  give  a  reason. 


(a) 


,  (b). 


0- 


(c) 


Cf) 


PartE  * 

'  I. 


•vj- 


ERIC 


%m. 


On  a  sheet  of  paper  mark  three  t^ncx>Iiinear  points  Pf  Q$  and  i?, 
two  or  three  inches  apart*  Use  your  parallel  ruler  to  draw  the  line 
through  R  f>arallel  to  V§  and  the  line  through  Q  parallel  to  P$. 
Mark  the  int&rs6qtio&. 
1L  On  your  picture,  fitTln  the  p^mentj^'andnSraw  an  arrowhead 
— -sH^rtfi&Frp?^ 

under  the  translation  fmmPioQ/  '% ' 

&  Compare  the  resuits  you  obtained  ia  Exercises  1  and  SL  Relate  your 

finding  to  your  previous  discoveries. 1      7~"^'f'/? ""  '  "  '  '  ■ 
4.  (a)  In  Exercise  2  you  have  seen  that,  given  two  points  P  &b&  Q, 
the  image  under  the  translation  from  P  to  ^  of  my  point  not 
t  ,       on  ^  is  the  point  of  intersection  erf  two  lines  which  you  can 
v :  ^ra«?^with 4fte  help  of  yowt  parallel  ruier.  Does  this  method 
*       work  if  you  wish  to  find  the  image  of  a  point  on  !p$?  Explain, 
(*)(b)  Figure:  out  hbw  to  use  your  parallel  ruler  to  find  the  image, . 
.jJJ^timto*  the  teanglstf  tow  itej*  to  &  of  a  plaint        v   ...  I  - 
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2.     (a)  /Yes,    The  student  should  draw  an  arrow  from  a  point  of  one  of 
.    '  the  triangles  to  the  corresponding  point  in  the  other.  The 

easiest  points  to  choose  in  this  regard  are  corresponding  ver- 
tices.   [Some  students  will  have  arrows  drawn  from  the  tri- 
angles on  the  left  to  the. one  on  the  right  while  others  will  have 
arrowsc^awn  from  the  triangle  on  the  right  to  the  one  on  the 
left.    C^ourse,  the  latter  describe  the  inverse  of  the  fdrmer, 
•  and  conversely.  } 

~(b)    No.    [Translations  preserve  distance.  ]  . 

*    (cj    No.    [Translations  preserve  distance.  ]  * 

.    (d)    No.tv"fThe  image  of  a  segment  under  a  translation  is  parallel 
to  the  segment*]         .  %      >  . 

1  "  "  *r  \  ' 

2.     (e)    No.    {Notice  that  corresponding  sides  are  parallel  and  of  the 
same  length,  -  But,  a  translation  maps^  a  ray  onto  a  ray  with 
the  same  sense,  ]    -\  ^ 

(i)    No.    [Translations  preserve  distance.    The  given  figures  are 
.mirror  images  of  one  another.]     "  ' 

AnswVrs  for  Part  E  . 

1.  [This,  exercise  amounts  tousing  the  parallel -line  coils  traction  to 
locate  the  image  of  R  under  the -translation  from  P  to  Q.  ] 

2.  {This  exer^se  is  to  check,  using  a  tracing  .sheet,  that  t*he  point 

.    •  located  in*Exercise  v  1  is,  in  fact,  the  image  of  R  under  the.  trans- 
lation from  P"  to  Q.  ]  ■ 

3.  [The  ^purpose  of  this  exercise  itt'tp  give  you  a^oheck  on  whether 
students  do  realize  that  the  parallel-line  construction  does  work. 
In  .case  they  doxtft  as  yet  realize  this,  we  tell  themvin  the  follow- 
ing exercise,]  '  °  ^  $ 

4.  (a)        R£  p3  then  the  imafce,  R'„  of  R  under  the  translation  from 

"P  to  Q  is,  as  before,  on  the  line  through. Q  parallel  to  PR  . 

*  %  and  also  on  the  line  through  R  parallel  to  f*?5.  But,  |n  this 
case-;  these  are  -the  same,  ling.  So,  in  this  case the  method 
does  not  serve  to  determine  R*,  *  >'  ~  . 

(b)    [This  optional  exercise  appears  again  as  Exercise  7  of  iFart 
F.,  By  that  time  most  students  should  he  able  to  figure  out' the 

^mple^^fe4«— 


^-under-the^fcY&nsl^tion-frQm-  I^cr^;  "The  translation  from 
•S  to  S'  is  the  same,  as the  translation from  P  -to  Q#         to  - 

find  the  image  under  the  latter  dz  a  point  R  on  p3  it  i»  iuffi* 

ci*aft;to,  ^ind.the  'imag^of  'R  ujxde.r /.tl^.-tra^latio».:feam  S-  totS^ 
So,  two  paraliel*Hne  constructions  -«%££id£-  ■^^M,^'"^bMSLS^-"  .l 
the  other  to  find,.  R^.  }         V"-::    ^'-"r  ■  '-r  ~  -  ^v^--V> 
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PartF 

\  I.  Mark  four  points  A,  S,  C,  and  Dona  sheet  of  paper  and  use  a  trac- 
ing sheet  to  find  the  imaged  A'  rind  Bf  of  A  and'B  under  the  trans- 
Iation  from  C  to  D. 
2.  Use  your  tracing  sheet  to  find  the  image  of  B  under  the  translation 
from  A  to  A\ What jtoint  is  this  image?  i 
'  \  .  s-  Can  you  find  a  point  whose  image  under  the  translation  from  A  to 
Af  is  different  from  its  image  under  the  translation  from  C  to  D? 

4,  As  you  know,  you  can  describe  on  your  paper  the  translation  from 
C  to  D  by  drawing  an  arrow  from  the  mark  for  C  to  the  mark  for  D. 

1  Of  course,  you  can  describe  the  translation  from  A  to  Af  by  draw- 

ing another  arrow.  Draw  these  two  arrows.  You  saw  in  Exercise  3 
that  the  translation  from  .4  to  A'  is  the  same  mapping  as  the- 
translation  from  C  to  D.  So,  your  two  arrows  describe  the  same 
translation.  Draw  three  more  arrows  which  describe  this  trans- 
lation [The  quickest  way  is  to  use  your  parallel  ruler.] 

5.  In  each  of  the  following,  you  are  given  two  figures  and  the  informa- 
tion  that  one  of  the  figures  is  the  image  of  the  other  under  a  certain 
translation;  In  $ach  case,  draw  three  arrows  from  points  to  their 
images  vjrhich  describe  the  required  translation.   ■  , 


7  6.  (a)  Describe  five  Wanslationa  by  drawing  five  arrows.  ~'  . 
(b)  Describe  the  same  five  translations  by  drawing  five  other 
:  ;  arrows. .  '..*  •'  .  "".j. 

■  7.  If  you  did  Exercise  4(b)  pf  Part  E  yon  were  probabiy  already  aware 
of  the  answer  to  Exercise \jB3^^Mhe!dxw  or  not  you  were  able 
to  do  Exercise  4(b),  review  it  now  and  make  sure  yoii  can  do  it 

•'*„..  t.  Return  to  your  work  for  Exercise  1  bf  Part  F,  Measure  the  distance 
between  A  and  i?  and  the  distance  between  A'  and  B'.  What  do 
you  guess  to  be  true  concerning  the  distance  between  two  points 
and^ 
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Answers  for  Part  F 

1,  2.    The  image  of  B  under  the  translation  from  A  to  A'  is  its-image, 
B' V  under  the  translation  from  C  to  D, 

3,.     No.    The  translation  from  A  to  A'  is  the  same  mapping  as  the 
translation  from  C  to  D,  * 
•  *     '     '        "  * 
4.     {Any  three  arrows  which  have  thq  same  length  and  the  same  sense 

as  the  arrow  from  C  to  D  will  do,  J  . 

*»  ^ 

5*.     [Any  three  arrows  from  points  in  one  of  the  figures  to  the  corres- 
ponding points  in  the  other  will  do.    These  arrows  will  have  the 
same  length  and  same  sense.    The  point  of  this  exercise  {and  others 
like  it)  is  to  reinforce  the  notion  that  a  translation  m^y  be  described 
by  any  arrow  from  a  point  to  its  image  under  that  translation*  } 

6.  >i  (a)    [Any  five  arrows  will  do  as  long  as  no  two  have  both  the  same  / 
length  and  the  same  sense.  J  ■ 

4       (b)    [Any  five  arrows  which  are  "simila**1 ,  respectively,  to  those 
~       -      drawn  in  answer  to  part  (a).]  £s 

7#  c  [See  the  earlier  discussion  of  Exercise  4  of  Part  E*.]  * 

Answers  for  PartL.G       4.  ,  *  * 

v. 

1#     The  distance  between  two  points  is  the  same  as  the  distance 
between  their  images. 
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( 


2.  Mark  another  point,  E%  on  your  paper  and  find  its  image  under 
.  the  translation  fij>m  C  to  D.  Compare  the  lengths  of  A£  and  AlEf 

and  those  of  ancT^7^.  Do  your  results  confirm  the  guess  you 
you  made  in  Exercise  I? 

3.  There  are  three  other  pairs  of  sdfcments,  whose  end  points  are 
marked  on  your  paper,  which  you  can  use  to  check  your  guess. 
So  use  them/  .     .  . 

*  4.  Draw  a  line  /  on  another  sheet  of  paper.  Mark  four  points  of  /,  A 
and  R,  two  inches  apart,  and  C  and  Z>,  three  inches  apart.  Use  your 
parallel  ruler -but,  don't  use  the  scale  markings  on  it -to  mark  a 

~~*~~     *m~~~pom t  on T"wKi^TS"five"u!chra  frorif ■'(?.  In  a  similar  Way,  m 
point  of  /  which  is  one  inch  from  C. 

\    *    ■ , 

In  Part  A  you  have  seen  that,lbr  any  two  points  P  and  Q  ,  there* is  a 
mapping  of  f  into  itself- the  translation  from  P  to  Q  -  which  maps  P 
on  Q  and  which  moves  all  points  the  same  distance  [Exercise  2]  in 
the^ame  sense  [Exercise  ^J.  You  have  seen  in  Parts  B  and  C.that  such 
a  translation  maps  each  line  into  a  parallel  line.  In  I&cerrise  2  of 
Part  C  you  have  seen  that  this  property  of  translations,  together  with 
the  fact  that  no;  point  is  it$  own  image,  implies  that  the  lines  which 
join  points  and  their  images  are-parallel.  In  Part  E  you  have  seen  how 
these  two  parallelism  properties  enable  you  to  vise  your  parallel 
ruler  to  mark  images  of  given  points  under  a  given  translation.  In 
Part  F  you  have  seen  that  a  translation  can  be  described  hym giving 
any  point  and  its  image  under  the  translation.  In  particular,  there  is 
just  one  translation  which-maps  one  given  point  on  another  In  PartG 
you  have  seen  that  a  translaUpn  preserves  distance.  One  consequence 
of  this  is  that  each  tr#nslJHfci3  a  one-to-one  mapping. 

You  learned  earlier  th^pPmctions  which  are  one-to-one  have  in- 
verses —  that  is,  have  converses  which  are  functions.  Since  each  trans- 
lation is  a  one-to-one  mapping,  it  follows  that  each  translation  has  an 
inverse. 


1.  You  may  have  realised  before  this  that1  a  translation  has  an  in- 
verse. At  any  rate,  with  the  help  of  £our  tracing  sheet  you  can 
show  even  more  than  this.  Mafrk  two  points  -A  and  B  —  on  a  sh£et 
of  papcfr  and  draw  the  line  >Ut  Mark  a  third  point— say ♦  C.  Use 
jfour  tracing  sheet  to  find  the  image  C  of  C  under  the  translation 
from  A  to  B.  Now>  use  your  tracing  sheet  to  find  the  image  of  C* 

*     under  the  translation  from  B  to  A,  Whgt  pdirjt  is  this? 

2.  Repeat  Exercise  1,  but  this  time  apply  the  translation  from  B  to  A 
first,  and  then  the  translation  from  4  to  Bt  Where  do  you  end  up? 
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2,  '  [T-hey  should.  ]  .  % 

3,  [The  results  of  this  exercise  should  confirm  the  answer  given  for 

'  Exercise  1 ,  ]  *  . 

4,  [Analysis:    To  find. a  point  5.  inches  from  C_.    Assuming  that  the 
points  are  sp-vchosen  that  the  rays  and  CD  have  the  same  sense 


J' 


,  Q 


what  is  wanted  is  the  image  of  fD  under  the  translation*  which  maps 
A  on  B,    (if  the  rays  have  opposite  senses,  we  want 'the  image  of 
D  under  the  translation  which  maps  B  on  A,  )  Choose  a  point  S 
not  on  I  and  find  its  image*  S'  under  the  translation  frpm  A  to  B. 
Then  find  the  image  of  D  under  the  translation  from  S  to  S'. 

To  find  .a  point  1_  inch  from  C.    Assuming  that  the  points  are 

so  chosen  that  the  rays         and  CD  have  the  same  sense,  what  is 
wanted  is  the  image  of  D  under  the  translation  which  maps  B  on  A# 

*    *    #  .  . 

Exercise  4  shows  how,  with  the  aid  of  translations,  one  may  ''add** 
[or  "subtract"  ]  collinear  segments.    Using  uniform  stretching  (see  the 
discussion  of  Exercise  2  of  Part  <£]  one  may  also  "multiply1*  collinear 
segments  ~  supposing  t^at  one  has  previously  chosen  a  unit  segment. 
As  an  illustration  and  application  of  these  procedures  we  show,  beioto, 
how,  having, chosen  an  origin  O  and  a  unit^point  U  on  a  line  I  one  can 
define  addition  and  multiplication  operations  for  points  of  I  in  such  a 
way  that  if  i  is  the  number  line.  O  is  0,  and  U  is  1,  these  operations 
are  the  usual  operations  for  real  numbers.    As  in  Exercise  4,  S  is  an 
arbitrary  point  not  on  i.     In  the  first  pf  the  following  figures*  S*  is  the 
image  of  S  under  the  translation  which  maps  O  on„B;  while  in  the 
second,  S*  is  the  image  of  S  under  the  uniform  stretching  which  m>ps  , 
U  -on  B.    Using  these  points,  we  find  [as  in  Exercise  4]  the  poinr^ 
A  '+  B  which  is  the  im^ge  of  A  under  the  translation  which  maps  O  on  _ 
^  and  [in  a  similar  manner]  the  point  A  X  B  which  is  the  image  of  A 
under  the  uniform  stretching  which  maps  U  on  .  B;   In  the  first  case, 
i'  is  the  line  through  5  parallel  to  t;  in  the  second  J'  is  the  line 

§t  A  S  S+ .  ~ 
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O  8  U    AsB  A  ~  ■ 

r'  .  / 

^  through_S  which- contains  O.    In  the  first  case  BS?  ||  5s;   in  the  second 
case  BSX.||  US.    In  the. first  case  A  +  B  .is  on  the  line  through  S+fparal- 
lei  to  SA;  in  the  second  case  A  x  B  is  on  the  line  through  Sx  parallel 

'  tO  SX.  , 

tinnaY°U  ffd  "in,te  nesting  to,  add  to  the  above  figures  tlfe  construe- 

tions  tor  B  f  A  and  B  *  A.    It  should  turn  out,  of  course,  tLt  B  "  A  « 
:o:i!i;X  ')  =  A  K  B'    J  >ou  do  a*  suggested,  *ou  will  find  that  the 
commutativity  of  addmon  and  multiplication,  when  these  operations  are 
21  ^  a^.abovje-  18  »  consequence-  of  Pappus'  theorem.    The  fact  that 
the  operations  depend  only  on  O  and  U,  and  not  on  the  choice  of  the 
point ,5,  is  a  consequence  of  Desargues'  theorem.    This  is  also  easy  to 
anH  ly°U  "JiT*  °Ut        aPPr°Priate  construction.    Recall  that  Desargues' 
and  Pappus  theorems  are  discussed  in  the  commentary  for  Exercises 
e,  8,  and  9  of  section  .1.05,  ],      *  «  • .  . 

Warning;    In  thV" algebra  of  points  and  translations"  which  we 
t^liTL\ns       e\°pinf  8eome^y  f^ee  section  1.Q7]  we  shall  not  use 
these  addition  and  multiplication  operations  for  points.    If  you  show 

wi.T  £  iTfTlil™'-  Y°?  maY  latC  r  have  to  Q°Pe  with  ^udents  who 
wish  to  include  them  in  this  algebra.  > 

♦*         '  •  *  ■ 

Answers, for.  Part  H  \  . 

I   r — ...'«'••  ... 

1.    'The  |mage  of  C  under  the  translation  from  B  to.  A  is  C. 
l'    At  C. 
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3.  In  Exercise  1  you  found  that  the  resultant  q£tw,o  mappings ->the 
translation  from  A  to  B  followed  by  the  translation  from  B  to  A 
-maps  C  on  itself.  Is  there  any  point  which  is  not  mapped  on  itself 
by  this  resultant?  v 

4.  In  Exercise  2  you  found  that  the  resultant  of  the  translation  from 
*  B  to  A  followed  by  the  translation  from  A  to  B  maps  C  on  itself.  Is 

there  any  point  which  is  not  mapped  on  itself  by  this  resultant? 

5*  In  an  earlier  section  you  saw  that  if  fand,g  are  mappings  such 
that  /  >  g  maps  each  element  of  the  domain  ofgon  itself,  and  g  °  f 
maps  each  element  of  the  domain  of  /  on  itself,  then  each  of  f  and 
g  is  the  inverse  of  the  other.  What' has  this  to  do  with  the  results 
of  Exercises  3  and  4?  4 

6.  As  you  have  known  all  along,  the  domain  of  any  translation  i$ 
You  have  also  Jffrown  that  the  range  of  any  translation  is  a  subset 
of  f.  \V>at  additional  information  do  you  now  have  about  the  range 
of  a  translation? 


1.  [Read  this  exercise  all  the  way  through  heforq  starting  to  work  it,] 
Draw  two  arrows -one  about  2  inches  long  anemone  about  1  inch 
long  — so  that  the  lines  containing  them  are  not  ^parallel.  These 
arrows  describe' two  translations.  Let's  call  the  first  translation  %f 
and  the  second ptransl a tion  *g\  Yoii  are  going  to  study  the  mapping 
g  rf.  Since  you  will  use  your  tracing  sheet,  it  will  be  well  to  draw, 
,  lightly,  ,the  lines  which  contain  your  arrows,  Mark  three  points 
—  A,  fit  and  C— on  your  paper.  Cover  your  paper  with  ihi  tracing 
sheet  and  mark  on  it  the  dots  A*,  B*,  and  £>  which  lie  above  your 
marks  for  A,  B,  and  C;  and  trace  the  arrow  which  you  drtew  to 

*  describe  f.  Now,  slide  the  tracing  sheet  so  that  the  points  A*9  B*, 
and  O  are  above  the  images  f(A)f  f{B)f  and  f(C)  of  A,  Bf  and  C 
under  the  translation  f. 

Next,  being  careful  not  to  move  the  tracing-sheet,  copy  the  arrow 
you  drew  to  represent  g.  Now,  slijieTB^sKeet  So  that  A*f  B*,  and 
*C*  lie  over  the'itaages  g(f(A))>  &f  (B)),  and  gif(O)  of  f(A),  f(B), 
ftnd  ftC)  under  the  translation  g        Vour  pin  to  pinpoint 

»    O     y  J  i  '"  i  ™T 

images  on  your  paper.  Remove  the  tracing  sheet,  mark  the  images, 
% and  label  them  ig  °  fftAY,  *lg  °  f](BY,  and  fig  *  f](C)\ 
2«  There  is,  of  course,  a  translation  from  A  to  (g » f](A).  Draw  an 
arrow  which  describes  this  translation,  Repeat,  with  'B*  for  *Af 
and,  again,  with  'C  for  *A\  1  . 

3.  You  now  have  three  different  arrows  [in.  addition  to  the  two  you 
drew  to  describeff'and  g).  Do  these  three  arrows  describe  different 
translations?  f Yob  can  check  |>y  using  feithsr  youfc parallel  ruler 
or  your  tracing  sheet]  * 

4.  Is  there  a  point  D  such  that  the  translation  from  itt&{g°  f}0)  is 
different  from  the  translation  from  Ato[g  *  /1(A)? 
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3.     No.  •  •■  .       •  -  • 

•         -  •  •  • 

5.     The  translation  from  A  to  B  and  the  translation  from  3  to  A 
both  have  £  as  domain.    From  Exercises  3  and  4  we. know  that 
the  resultant  of  these  translations,  in  either  order,  is-  the  identity, 
mapping  of  €  onto  itself.    Hence,  by  the  result  quoted  in  this 
exercise'  each  of  these  translations  is  the  inverse  of  the  other. 

6*-  The  range. pf  any  translation  is  S.    [This  question  may  surprise 
some  students  wha  have  been  taking  the  answer  for  granted.  On. 
the  other  hand,  see, an  earlier  comment  on  Exercise   I  of  Part  B.  Y 

Answers  for  Part  V        «  ' 

lrZt    A  students*  drawing  might  look  like  this:  ■  « 

A. 


3. 
4, 


5. 


Np,  they  describe  the  same  translation/ 

No.    [Students  may  wish  to  do  more  drawing' to  be  su 
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f  ihia.  ] 


Yes.   Jin  terms  of  the  operations  with  the  tracing  sheet/,  this  . 
should  be  obvious.  ]  4t 

If  the  identity  mapping  ig  is  counted  as  a  translation  then,  by 

Exercises  4  and  5  and  the  definition  of  'inverse*,  the  resultant 
of  any  two  of  ihe  mappings  we  have  previously  called  translations 
will.be  a  translation.  >  Also,  if  f  is  any  of  these  mappings  then, 
f  oig  &  f  and  \g6f  a.  £■    Since, finally,  i£  ©  i£  =  ig  it  follows  that 

if  we  include  ig  among  the  translations  then  a  resultant  of  any  two 

translations  [or)  of  any  translation  and  itself]  is  a  translation. 

£^*lg^^rc4^^ft>ui^^  room  discussion, — 5 

find  an  arrow  which  represents  f2f©  £1 '  the  only  way  to  start  is  to 
mark  a  point  P,  find  the  location  of  f2£f-{P}}  somehow;  and  draw 
the  arrow  from  P  to  this  latter  point.    One  way  to, do  this  is  to  use 
a  tracing  sheets  as  in  Exercise  1,  but  shifting  the  tracing  sheet 
twica  was  probably  not  very  easy*.    Could  we  do  the  job  with  just 
one  shift  pf  the;traeing  sheet?,'   The  first  shifting  of  the  sheet  in 
Exercise  1  ^was  for  the  purpose  of  finding  images  of  points  undejr 
the*  f^rst  applied  translation  [the  translation  fx  J.    So,  wd  could 
avoid  this  if  we  cotild  choose  fdV  P  appoint  whose  image  under  £x 
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5.  One  effect  of  our  instructions  to  draw  the  arrows  describing/ and 
g  so  that  the  lines  containing  them  are  not  parallel  is  to  rule  out 
the  ease  in  .which  /*  and  £  are  inverses  of  one  another.  Suppose  f 
and  #.are  translations  which  move  points  in  the  same  sense,  or 
which  move  points  in  opposite  senses  but  are  not  inverses.  In  this 
case,  would  g  *  fhe  a  translation? 

6.  You  have  probably,  concluded  in  Exercises  4  and  5  that  iff  and  g 
*     are  translations  which  arj?  not  inverses  of  one  another  then  g  -  /'is 

also  a  translation.  If  we  include  one  other  mapping  of  tf  onto  itself 
^  among  the  translations  of    [which  mapping?],  it  will  follow  that 
the  resultant  of  any  two  translations  of  6  is  a  translation  of 
Explain.  o, 

7.  A  resultant  of  translations  which  are  not  inverses  of  each  other  is 
a  translation  which  is  not  the  identity  mapping  and,  so,  can  be  rep- 
resented by  an  arro#  Suppose  you  are  given  arrows  which  describe 
translations  /;  and  ft  which  are  not  inverses  of  each  other.  What  is 
the  easiest  way  you  can  think  of  to  draw  an  arrow  which  describes 
the  translation  ft*  /;?  ,  / 

\  # 
In  Part  I  ^ou  have  seen  that  if,  as  we  shall,  we  include  the  identity 
mapping  of  d  ontajtself  among  the  translations  of  \g  then  the  set  of 
translations  of  £  is  closed  with  respect  to  function  composition.  In 
Part  H  you  saw  that  the  set  of  translation^  of  as  we  then  under^ 
stood  translation',  is  closed  with  respect  to  inversiftg.  Is  it  still?  You 
also  know  that  function  composition  is  an  associative  operation  -  so, 
in  particular,  composition  of  translations  is  associative.  Finally,  you 
know  that  function  composition  is  not  commutative -but,  i^may  be 
well  to  check  up  .on  composition  of  translations*  It  might  be  com- 
mutative. [Explain.]  We  shall  investigate  this  possibility, in  the  fol- 
lowing exercises. 

Part  J  * 

1.  Suppose'that  /  and  g  are  translations.  We  already  know  that  g  °  f 

_t_  _^andXD^g-ai^-traaslationg.  ^ocause  of  Mother  ^repCTty^whichrw 

know  that  translations  have,  if  we  choose  any  point  P  then  g  *  f 
^and  f*g  will  be  the  same  if  it  turns  out  that  [fag]{P)  -  [g  °  f](P). 
Explain.         .  0    '  * 

2*  Mark  a  point  P  and  draw*an  arrow  from  there  to  describe  a  trans- 
^  lation  f  From  your  mark  for  f(P)  draw  an  jutoW  to  describe  a 

■  f  translation  g  in  a  direction  different  from  that  ojf /*  Mark  tad  label 
«.*'.'.          the  point  \g  *  /1(PH.      .  i 

3.  Continue  wi|h  your  drawing  for  Exercise  2  jana,  using  ypur  parfllel 
ruler,  find  g(P).  Now,  mark  and  label  the  ii^fege  of  g(P)  under  the 

■  ■  translation  f:  Label  it  appropriately.  \ 

4,  kit  the  case  that/(#(P))  *  giftP))?         *)  \  \  . 
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we  already  know.    Since  we  are  given  an  arrow  describing  f x  we 
do  have  such  a  point..    If  we  choose  for   P  the  point  marked  by  the 
tail  of  this  arrow  then  f^F}  i^  the  noint  marked  by  its  head.  Now, 
all  that  is  left  to  do  is  to. find  the  image  of  fx(P)  under  the  trans- 
lation fa.    This  can  be  done  either  with  one  shift  of  the  tracing 
sheet  or  by  using  the  parallel  line  construction.    An  even  easier  . 
way  is.  to  use  a  parallel  ruler  to  make  a  copy  of  the  arrow  describ- 
ing f?'  sq  that  its  tail  c  oincides  with  the  head  of  the  arrow  which 
describes  f,  .    Then,  the  arrow  from  the  tail  of  the  f^arrpw  to 
the  head  of  f^is  new  .f2 -arrow  describes  f2  of1#    Students  Will  have 
much  use  for  this  triangle  construction  for  finding  resultants  of 
translations,]     .  . 

*'         '  . 
We  know  that  function  composition  is  not  a  commutative  operation: 
because  we  can  produce  functions  f  and#g  such  that  fog  4  g  *  f .  This 
does  not  mean  that  function  composition  restricted  to  a  particular  class 
of  functions  must  turn  out  to  be  noBcommut/tive,    Consider,  for 
example,  the  set  of  all  linear  functions  wifh  intercept  0  —  tl\at  is,  all 
functions  f  such  that  the  domain  of  i  is  ft  and,  for  each.x  €  ft, 
f(x)  =  mx»  for  some  nonzero  m.    If  t±  and  f2  are  such  functions  then 
for  some  nonzero  real' numbers  mx  and  m~ ,  fx(x)  -  mxx  and 
'f2(x)  ■=  nr^4i   ^Clearly  f.ofa  ^%aflt  for  [f  x  o  f^]{a)  -  f^f^a})  * 
m1(maa)  =.m2(m1a)  =  (2(ix{a,))  =   [f2©fj(a)#.  ,  . 

Answers  Tor  Part  J 

1.  We  know  that  a  translation  is  determined  once  we  know  the  image 
under  it  of  some  given  point.    Since  each  of  f  p  g  and  g  °f  is  a 
translation  it  follows  that  if  P  has  the  same  image  under  both 
then  they  must  be  the  same  translation,  . • 

2.  [f(P)  is,  of  course,  at  the  point  of  $he  first  arrow  and  g(f(jP))  is 
at  the  point  of  the-  second  arrow.  ] 

3.  [Since  g  is  described  by  the  arrow  from  f(P)  to  g#<P)),  g(  P)  is 
'"the  intersection  of  the  line  through  P  parallel  to  f(P)g(f(P))  and 

the  line  through  g(*fp))  parallel  to  Pf(P)  (Exercise  4(b),  Part  E). 
■'  Similarly,  f(g(P5)  is  the  intersection  of  the  line  through  g(P) 
parallel  to  Pf(P)  and  the  line  through  £(I?)  parallel  to  Pg(P),  j 
41  Yes/ 
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*  5.  (u)  In  working  Exercise  3  you  used  the.  arrow  from  fiP)  to  gif(P)) 
as  a  description  of  g.  (On  your  paper,  draw  the  line  containing 
this  arrow  and  label  it  T.]  You  found  giP)  as  the  intersection  of 
lines  rn  and  n%  where  m  is  the  line  through/*  parallel  to / and  n 
Ls  the  line  through  [g  -  f\(P)  parallel  to,Pf(P).}On  your  paper, 
draw  the. lines  m  and  n,}  .  * 

(b)  Having  found  g\Pr$ou  next  found  its  image  under  the  transla- 
tion f  as  the  intersection  of  two  lines/One  of  these  is  the  line 
through  giP)  which  is  parallel  to  Pf(P)\  the  other  is  the  line 
through  f\P\  which  is  parallel  to  PgiP):  What  two,  lines  are 
these?    *  * 

(c)  Relate  your  answer  for  part  (b)  to  your  answer  for 'Exercise  4. 
6.  If  you  had  chosen  for  g  a- translation  with  the  same  direction  as 

that  of  /;  would  it  have  been  the  case  that  fig(P))^g(f(P))? 

In  the  preceding  exercises  you  haye  discovered  several  thingsr  about 
the  mappings  of  ?  into  itself  which  we  £aH  translations.  For,  Review 
and  for  fut  ure  reference  we  shall  now  summarize  some  of  these  things. 
►     (I)  A  translation  is  completely  determined  when  one  is  given  any 
'\         point  and  its  image  under  the  translation. 
*        I  In  fapt,  if  the  given  poi ot  and  its  image  are  different  points, 
you  know  how  to  find  the  image  of  any  other  point  by  using 
yoiir  parallel  ruler.  If  tjie  given  point  and  its  image  are '  the 
. .  same  point  then  the  translation  must  b&th£  identity  mapping 
of  /  onto  /  )  p  TWk\ 

i2)  For  any  point  A  and  any  point     there  is  a  translation  which 
maps  A  on  S,  »  .  ,  ' 

,  [Because  of  (I)  and  <2),  there  is  a  unique  translation  which 
maps  a  given  point  A  on  a  given  point  S.] 
J3)  The  set  of  translations  is  closed  under  function  composition, 
(4)  Composition  of  translations  is  commutative, 
<?5)  A  translation  which  leaves  $py  point  fixed  leaves  each  point 
■fixed. \As^2l  matter  of  fact,  (5)  follow^i,oflM2VanA^4)4  — 

(6)  The  identity  mapping  of    d|itd  itself  is  a  translation. 
[This  follows  from  (2)  and  (5)J 

(7)  The  converse  of  a  translation  is  a  translation,    .  f 

{As  a  matter  of  fact,  f7)  follows  from  (2);  (3)t  and  {5)4  *  -\ 
<S)  A  translation  maps  each  line  onto  a  parallel  line. 
(9)  A  translation  other  than  the  identity  mapping  moves  each 
point  the  same  nonzero  distance  in  the  same  sens^-. 
(10)  A  translation  preserve  distance  between  points* 
4  In  this  course,  our  aim  is  to  make  a  formal  study  of  geometry.  We 
Shall,  in  the  main,  be  concerned  with  geometric  figures  which  we  will 

lit  ■  ■  :  • 
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5.  (a)  '[I  *  f(P)g(f(P)),  m  =  Pg(P),  n  =  g(f(P))g(P)J 

(b)    Lines  n  and .  I,    The  Une  through  g(P)  parallel  to  Pf(P)  is  n; 

the  line  through  f(P)  parallel  to  Pg(  P)  is  f.  ^ 

(cL  By  part  (b)  f(g(P)}  is  the  point  at  which  n  and  I  intersect/ 
But,  by'pa^rt  (a),  1  and  n  both  contain  the  point  g{f(P)).  So, 
'  f(g<P)V  =.  g(f(P)>,    [Referring  to  part.  (b)4  f(g(P))  is  on  the  / 

line  through  g(  P)  which  is  parallel  to  Pf ( P)?    By  part  (a),. 

this  is  n.    Referring  again  to  part  (b),'  f(g{P))  is  On  the  line 

through  f(P)  which  is  parallel  to  Pg{P).    By  part  (a),   Pg{  P)  ■ 

is  parallel  to  the  line  t  and  1  contains  f(P),    So,  I  is  the 

line  through  f(P)  which  is  parallel  to  Fg(P)»  ] 

6.  Yes,    [This  is  essentially^  because  addition  of  real  numbers  is 
commutative.]  "     .  . 

«  As  remarked  earlier,  (1)  and  (2)  on  page  47  Form  the  basis  for 
the  first  two  postulates  adopted  in  Chapter  2.    [The  exact  relationship 
of  (1)  and  (2)  with  these  postulates  will  come  cut  in  section  1.07,  ] 
Similarly,  (3)  is  the  basis  for  our  third  postulate.    Our  fourth  postu-^ 
late,  whose  evolution  begins  in  Chapter  3,  involves  (4), 

fNote  that  neither  (I)  nor  (3)  would  be  true  had  we  not  included* 
ig  among  the  translations. 

It  is  perhaps  worth  mentioning  here  that,  -although  (1)  -  (3)  tell  us 
quite  a  lot  about  translation's they  do  not  characterize  the  set  of  all 
translations  among  sets  of  mappings  of  .£  into  itself*    For,  'the  set  of 
all  constant  mappings  of  £  into  itself  has  similar  properties.  However; 
this  latter  set  does  not  have  any  of  the  properties  which  {4)  -  (7)  impute 
to  translations.    As  we  are  about  to  see,  (4*)  is  particularly  important. 

Up  to  the  point  at  which  we  decided  to  include  i^  among  the  trans- 

lations^  we  mfght  have  said  that  no  translation  leaves  any  point  fixed, 
[See  Exercise  2(b)  of  Part  A,  ]  Statement  (5)  is  the  restatement  of 
this  result  which  is  necessitated  by  this  decision.    Of  course,  (5)  by 
itself  does  not  tell  us  that  ig  is  a  translation.    But,  since  (2)  implies 

that  there  is  a  translation  w^ich  maps  a  point  A  on  itself,  (6)  does 
follow  from  (Z)  and-  (5).  * 


Recall  that  it  was  because  of  \7)  that  we  included  iff  among  the  ' 
t   *  -    »  .  -o  . 

translations  in  order  to  .ensure  the  truth  of  (3).    So,  it  is  not  surpris** 
ing  that  (3)  and  (?)  together  imply  (6).    It  is  somewhat  surprising, 
however,  that  (I)  -  ,{3)  and  (6),  together,  imply  (7). .  To  see  that  they 
do,  let  {  be  any  translation,  let  A  be  any  point/  and  suppose  that 
£{A)  -  B.    By  (Z)f  there-Is  a  translation  <— say,  g  —  such  that  g(B)  ■=  A, 
It  follows  that  fg  *f](A)  =  A  .and.  {f  «gJ{B)  =  B.    By  (3),  both  g  ©f  and' 
f  0  g  $re  translations.    So,  by  UK  gef  is  the  only  translation  which 
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maps  A  on  xtteli  and  t  og  is*  the  only  translation  which  maps  B  on 
itself.    Since,  by  (6),  i     is  a  translation,  and  since   i^A\  =   A  and  , 

it,(B)  *  R,   it  follows  that  g"?f    -   i,,       f  o  o      Hence,   f  and  c  are  in-. 
>'  ,  .  c*  ^  .  ft  *  .. 

verses  of  each  other.    Since  g  is  a  translation  it  follows  that  the* 

•converse  of  d  is  a't^atislation^    Consequently,  {?}.  h      ■  • 

In  place  of  appealing  to  (I)  and  (6)  in  the  preceding  argument  in- 
order. to  show  that  g^f.-    L"-   fog,  we  can  appeal  to  (S).    So,  (7)  is 
•  v  ™ 
a  consequence  of  (3),  and  .(^).    Since,  as-shown  eaHier,  ;(6)  i«  a 

consfc*quj>nce  of  (•!)  and^(5)f   one  sees  that  (S)  is  a  rather  strong  state- 
ment.   The  importance  of.  (4)  is.  then,   indicated  by  the  fact  that  (I) 
and  14)  imply  ($).    ^To  see  that  this-is  so,  suppose  that  f  is  a  transla- 
tion and  A  is  a  point  such  that  f(A)  =  A.    Consider  any  othe/point  B, 


According  to  U)  there^       a  translation ■       say,   g  —  such  that  g{A)  *  B. 
Since  f(A)       A  it  follows  thai  [go  (j(A)  =   R.    So,  by  (4 ), '  [f  o  fi J*( 4)  =  B,- 
Since  g(A)  =;  B „it  follows  thaS  f(B)  -   B  —  that  is,,  that  f.maps  B  on 
itself.     Consequently,   (:>).    '  *.         ■  , 

Summarizing  the  results       the  preceding  arguments,  we  have  seen 
that  '  . 

•       .       *     .  '  .  *  .4 

assuming  (i)  -  (3),   statements  (ft),  -ancft  (7)  are  equivalent, 
.  and  assuming  {l)-*(-4)  commits  us  to  accenting  (5)/  (6% 
and  (7).  .         •    .  ^ 

Since '(1)  -  (4)  will  be  among  our  postulates,  (5)  -  (?)  will  be  theorems. 

As  has  been  pointed  out  ir^the  discussion  of  Exercise  Z  of  Part  C, 
(S)  and  [8\  characterize  translations  other  than  the  identity  translation, 

othe,r  words,  all  properties  of  translations  follow  from  1 'conventional* 
postulates  for  geometry  supplemented  by  H>),  (6),  l>nd  (&).  1 

'•■  ,    It  should  be  recalled  that  (7)  implies. that  each  translation  is  &  / 
mapping  of  S  onto  itself,  [see  Exercise  6  of  Part  H]  and  that,  in  view 
of  (7),  the.  word  4into*  in  (8)  may  be  replaced  by  4onto*   [see  the  dis- 
cussion of  Exercise  1  of  Part  B],  :*  m  " 

In  our  . formal  development,  (8)  .will  be  an  immediate  consequence 
of  the  deiiniti*pastwe  shall  adopt  fd£r  Mine*  and  'parallel*  and  will,  in  \ 
fact,  form  part  of  the  motivation  for  the  latter  definition.  Similarly, 
(9)  and  (10)  will  be  immediate  consequences  of.  bur  formal  definitions 
of  'sense*  and  'distance**;   and  the  former  will  furnish  motivation  for  f 
these  definitions.  v 
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Infection  1,07  we  introduce  a  very. convenient  algebraic  notation 
which  we  shall  use  throughout  this*  course.  .  We  continue  to  use  upper- 
case letters,  .from  the  beginning  of  the  alphabet,  as  variables  whose 
domain  is  £  [the  set. of  all  points]  and  lower-case  letters,  from  the  r 
beginning  of  thk  alphabet,-  surmounted  by  arrows  as  variables  whose  ' 
domain  is  T  [the  set  of  all  translations],    [We  shall  as  at  the  beginning 
of  this  chapter,  use  lower-case  letters  without' arrows  as  variables 
whose  domain  is.  ft.  ]   Instead  ofv  4a(A)'.  for  *J:he  irriage  of  the^point  A 
under  the  translation  a\  we  shall  use  4 A .+  a*.    [Kfead  4 A  +  a*  as  4 A 
plus  arrow  a* .  ] '  As  an  abbreviation  for  4the  translation' from  A  to  B* 
we-shall  use  /B  -**A*.    In  accordance  with  these  conventions,  the  fact 
that,  for  any  points  A  and  B,  the  translation  from  A  to  B-  maps  A 
on  B  is  formulated  in:  -t  . 

Postulate  Z(a).    *  A*  +  ( B  -  A)^  B  .  \   •  V  ; 

Jsee  (9)  on  page  51  ].  To  be  able  to  prove  thajt, .  for. any  points  A  and  . 
B,  there  is  a  translation  which  maps  A  on  B  we  need  to  complet^the 
formulation  of  "our  convention  as  to  the  meaning  of  4B  -  *A*  by: 

.  Postulate  1(a).      *     B  -  A  €  T 

[By  Postulate  1(a),  Postulate  2(a)  is  an  irista#CTr^r&he  existential 
generalization  ,  i 

,  3^  A  +  x  =  -B  v[U)  on  page  47  ]. 

So,  the  existential  generalisation  is  a  consequence. of  Postulates  1(a) 
and  2(a).  ]  t  0  ..■  .         <"'■       '  v  -  '  \t  ■ 

That  a  translation  is  determined  once  one  knows  the  image  under  it 
of  some  given  point  may  be  /orrnulated  in:    ".  .. 

. .  (6)       "  ;     Afa=  B=>a=  B-A'  * 

which,  by  our  notational  conventions*  says  that  if  the  image  of*A  under 
a  is  ,  B  then  a  is  the,  translation  from  A  to  B,    Alternatively,  one 
might  formulate  the  samef  pVop^rty  of  translations  [tfie  property/Stated 
in.  (l.).on  page  47]^in:  '  f 

.  *  A'+S't  Afa  ss*S  =  a  I 

-'•  -  ^      ♦  •    •  " 

which,  says  that  if  some  point  A^has  the  same  image  under  a  transla- 
tion b  and  under  a  translation  a*  then  b  is '  **a.    These  two  formulations 
can  be  shown  to  be*  equivalent  once  we  adopt;  V  :  " 

Postulate  ltbt._.    .    AialS'    ■    '      '  '  .  V 

which,  according  to  our  conventions,  formulates  the  fact  that  *  trans-, 
latipr^^rnjtppin^ol  £  into  itself.  ^  —  — 

In  fact,  by  Postulate  l^b),         has  .as  a  Consequences 

■         •  >       ^ a -is  A  *  S  «sa^-  a  i  -<Av4  S) -  A  ■ 

In  particular^,  sirt&fAH  a1  4  A  +  a*  it  fallows  that  a  =  (Afa)  ^  A  and 
[switching  'a1  and         that  if  A  4  t  ^  A  £  a  then  S  =  (A  f  0  -.  A. 
Consequently,  if  A  +  b  *,Afa  then  $  =  a.    So,  (lir^r)  is  a  consequence 
o£  (^r)  and  Postulate  1(b),  .  . 
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think  of  its  subsets  of  the  space  ^vof  points.  Using  our  intuitions  about 
geometric  figures,  we  saw  in  this  chapter  that  the  mappings  we  called 
translations  "preserve"  important  geometric  properties  such  as  length, 
parallelism,  and  sense.  ^ 

We  want  to  organize  and  extend  our  knowledge  of  geometry.  To  do 
this,  we  shall  make  use  of  notions  which  are  based  on  the  properties 
of^translatioos.  One  advantage  of  doing  this  is  that  it  will  enable  you 
to  solve  problems  in  geometry  i)y  using  techniques  very  much  like 
those  you  learned  in  yodr  study  of  algebra.  Another  advantage  is  that 
you  will  become  familiar  with  some  of  the  basic  techniques  by  which 
new  mathematics  is  being  discovered  at  the  present  time.  . 

-  Before  we  begin  to  formalize  our  notions  about  points  and  transla- 
tions, it  will  be  convergent  to  introduce  some  useful  and  suggestive 
natation.  We  do  this  in  the  next  section. 

1 .07  A  New  Kind  of  Algebra  ' 

*  r  \ 

In  stating  generalities 'about  points  we  have  used  capital  letters 

-  *A\  fB\  etc.  -  as  variables  whose  domain  is  For  example,  we  mighty 
have  written;  * 

For  any  two  points  A  and  B,  there  is  a  line  which  contains  A  and  B. 
More  shortly,  wq  might  write: 

If  A  ^  B  then  there  is  a  line  which  contains  A  and  B. 

or;  '    ■  h  %  h 

A  #  B    +  3,(/  is  a  line  containing  A  and  B) 

In  stating  generalities  about  mappings  we  hav§  used  a  similar  device, 
choosing  lower  case  letters  — for  example,  lf  and  'g9  —  as  ^variables 
whose  domain  is  the  set  of  all  mappings.  For  example,  we  might  write; 

RfQDg-*D[g<>f]  =  Df 

In  what  follows  we  shall  have  frequent  need  to  state  generalities  con- 
cerning the  special  mappings  .which  we  have  called  'translations  of  &\ 
We  might,  for  example,  write:  vr~  — 

f  Snd  g  are  translations  of  If      f 0  g  -  g  °  f 

Much  space  and  effort  will  be  saved  if,  instead  of  using? f  and  'gV  we 
introduce  special  variables  whose  domain  is  the  set  of  all  translations 
*of  &  rather  than  the  set  of  all  mappings.^  Since  translations  can  be, 
represented  pictorial  ly  by  arrows  it  seems  natural  to  use  fo\  *Pf  etc,  as 
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On  the_pther  hand,   from  it  follows  [switching  'a'  and  *P:i 

that  if  A  +  a  =  A  +  b  then  a1  =  S.  So,  by  Postulate"  1(a),  if  .A  *  a 
A  f  (B  -  A)  then^a  =  B  -  A.  Consequently,  by  Postulate  2^a),  if\ 
A  +  a  =  B  then  a^  B  -  A.  So,  (*)  ia.a  consequence  of  (ifif)  and 
Postulates  1(a)  and  2(a),  . 

Instead  of  adopting  either  the-  "transposition"  principle  (£}  or  the 
- ''cancellation"  principle  (*rft)  as  a  postulate,  we  shall  adopt  the 
simpler:  *  ,  •  '  "  * 

.     Postulate  2(b).      a      (A  +  a)  -  A 

This,  by  itself,  implies  that  if  A  +  a  =   B  then  a  ~  B  -  A.    On  the 
other  hand,  it  has  already  been  shown  in  an  earlier  paragraph  that  ($) 
•uand  1(b).  imply  that  a  =  (A  f  a)  •  A, 

Summarizing,.  Postulates  1  and  2  formulate  the  fact  that  transla- 
tions are  mappings  of  £  into  itself  which  have  the  properties  that,  for 
any  point  A  and  any  point  B,  there  is  a  unique  translation  which  maps 
A  on  .  r 

^The  two  parts  of  Postulate   2,  as  well  as  (ft)vand  exemplify 
the  close  similarity  which  exists"  between  this  algebra  of  points  and 
translations  and  the  algebra  of  real  numbers. 

Our  aim  in  the  preceding  discussion  has  been  to  give  you  an  intro- 
duction' to  the  algebra  of  points  and  translations  which  would  clarify  the 
Content  of  the  first  two  postulates  which  will  fie  adopted  in  the  next 
chapter  and^relate  this  content  to  (1)  and  (I)  on  page  47.    The  aim  of 
the  discussion  in  the  text  is  slightly  different.    There  we  introduce 
students  to  more  of  the  algebra  but  concentrate  on  motivating  the  choice 
of  symbolism.     the  prime  motive  being  on  obtaining  .an  algebra  of 
points  and-  translations  which  will  be  as  similar  as  'ppssible  to  the 
familiar  algebra  of^he  real  ibubers. 
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* 

such  variables.  [Read  *a  as  'arrow  a.  J.  Doing  this,  we  can  simplify  the 
last  of  the  Sentences  displayed  above  to:  r 

(1)  lx*T)=      a*  * 

Another  generality  we  wish  to  be  abre  to  state  easily  is  that  any 
resultant  of  translations  is  a  translation.  This  we  can  now  do  by 
writing  a  o  h  is  a  translation'.  It  will  be  a  great  time-saver  in  this  and 
similar  situations  if  we  adopt  \T 9  as  a  name  for  the  set  of  all  transla- 
.  tions.  Then,  we  can  say  that  any  res  u  J  tan  t  of  translations  is  a  trans- 
lation by  writing  merely: 

*  ■ 

(2)  "a       :T  '  ^ 

In  short,  because  of  our  convention  about  arrow-letters,  we  shall 
accept  any  sentences  obtained  from:  * 

■,*.,□  a  -  a  °  □    ••     •.  ... 

by  substituting  for  the  frames  expressions  whose  values  are  transla- 
tions, Att\  example  of  sucli  $  sentence  is: 

(3)  s  'Ti*ce&~' 
Two  other  examples  are: 

(b c)  °  h  —  h  »  {$ ;  °  c$ 

(Give  substitutions  for  the  frames  in  each  of  the  three  examples.  Hoy?  ,  v 
does  (3)  help  you  in  justifying  some  of  these  substitutions?)  * 

Suppose,  now,  that  you  are  given  a  translation  cT  and  a  point  P,  as 
illustrated  in  the^ii^gram  below.  Copy  this  picture  on  a  sheet  of  paper  M 


a  — «*= 


Fig.  1-20    .     ;   ■  ; .  •  / 

and  usejrour  parallel  ruler  to  locate  the  point  Q  which  is  the  image  of  „ 
P  under  a .  Si  nee  a  is  a  mapping  we  may  use  ordinary  function  notation 
to  describe  Q: 
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(4)  Q  =7(P) 

, 1 5  0 


*ff  ... 
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*  • 
After  introducing  "arrow-letters'*  as  variables  whose. domain  is* 
the  set  of  all  translations  and  *T'  as  a  name  for  this  domain  we  give  a 
few  illustrations  [for  example,  (1)  and  (2)  on  page  49]  of  how.we  cant 
say  things  in  te  rms  of  this  notation.    We  also  pc^int  out  at  the  top  o$  the 
page  how  one  can  infer  othe_r  sentences  like -these  by  substitution.  The 
use  of  *  P+  a1  in  place  of       PK  is  then  introduced.    The  immediate 
motivation  for  this  .is  that  in  order  to  show  the  . image  of  P  under  the 
translation  a  one  begins  by  marking  the. point  P  on  one's  paper  and 
then,  from  it,  draws  an  arrow  which  describes  the  translation  a. 

*  ' 
It  is  important  trfkt  students  learn  to  .recognize  logical  connections" 
among  sentences  and  to  discover  and  verify  such  connections  by  deriving 
desired  conclusions  from  given  premisses.    Ultimately,  they  should  be* 
able  to  put  such  arguments  [i.e.  derivations]  in  the  "paragraph  form*' 
which  has  been  illustrated  frequently  in  this  commentary.  Experience 
has  shQwn  that  this  latter  skill  is  gained  more  surely  and  rapidly  if 
students  practice  giving  derivations  in  a  "column  form**  where  eacht 
"line**  of  the  derivation  follows  from  preceding  lines  by  virtue  of 
explicitly  .stated  rules  of  logic.    In  turn,  such  derivations  are  more 
readily*  understood  when  analyzed  into  "trees".    Consequently,  rules 
of  logic,  and  derivations  in  tree  fQxm  and  in  column  Hfrm  are  dealt 
with  later  in  the  text  and,  mtare  explicitly,  in  the  commentary.  These 
matters  ar.e  also  treated  in  High  School  Mathematics,  Courses  1  -  3 
and  students  who  have  studied  Course  1  —  or  better,  Courses   1  and  3  — 
will  already  have  a, good  understanding  of  much  which  they  would  other- 
wise have  to  learn  from  the  present  course. 

It  cannot  be'  over-emphasized  that  the  explicit  rules  of  logic  and 
the  formal  procedures  for  writing  derivations  which  we  shall  introduce 
are,  for  us*  crutches.  6  Their  purpose  is  to  slid  students  to  learn  to 
reason  logically  and  to  formulate  their  reasoning  in  acceptable  prose. 
You  can  easily  bog  down  your  students  .and  distract  their  attention  from 
the  mathematical  subject  matter  of  this  course  by  insisting  on  too  many 
formal  proofs.    [A  proof  is  a  derivation  who%e  premisses  are  postulates, 
definitions,  or  previously  established  theorems*.]  Students  should  be# 
encouraged  to  give  acceptable  paragraph  proofs.    When  they  fail,  formal 
proofs       or  parts  of  such  —  can  be  used  in  showing  them  how  they 
might  have  succeeded.    Doing  sp  will  te'ach  them  to  write  bits  of  formal 
or  semi -formal  proofs  as  scratch-work  aids  to  formulating  paragraphs/ 
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The  following  remarks  deal  briefly  with  the  rules  of  logic  which  are 
implicit  in  section  1.07.    These  rules  are  discussed  in  the  text  in  1  ' 
sections  2.03  and  2.04.    Introducing  them  in  ^our  discussion  of  the 
present  section  will  ^reduce  the  load"  when  you  take  up  Chapter  2,  ' 

The  rule  of  logic. whic h  forrrtulates  our  decision  to  express  univer- 
sal generalities  by  open  sentence s>  is : 

The  Substitution  Rule  '  * 

Any  sentence  implies  each  of  its  substitution- 
-i  instances.  ,  * 


tor  srhort,     (Subst)*.      [Since  we  shall  also  use  open  sentences  in 
another  way  —  ,as  "assumptions*;  in  derivations  —  this  rule  wifl  be. 
modified  later.    The 'form  just  given  is,  however,  suitable  for  the 
present  context/]    Before  stating  this  rule  you  should,  of  course,  point 
out  the'-brirsts- for~1t T  Our  decision  as  to  the  meaning  of  an  open  sentence 
is  that,  when  we  assert  such  a  sentence  ^vf  are.  to  be.  understood  as 
saying  something  about  all  values  of  the  variables  which  occur  in  the 
sentence.    For  Example,  what  we  mean  when  we  assert  'A  +  a  €  £*  is 
expressed  in  English  by:  v 

The  result  of  adding  any  translation  to  any  point  »• 
is  a  point. 

This  being  so,  any  sentence  obtained  from  the  given  one  by  substituting 
for  *A#  an  expression  whose  values  are  points,  and  for  \a*  an  exprea- 
si$n  whose  values  are  translations,  is  a  sentence  which  expresses  no 
more  than  does  the  given  sentence.    For  this  reason,  we  say  that  such 
a  sentence^  implied  by  the  given  sentence.  Tor  example,  the  sentence 
*(A  f  a)  4  b  efff  is  implied  by  —  or,  is  a  consequence  of  —  or,  follows 
from  —  the  sentence        +  a  6  S1.  ' 

There  are  two  joints  ^vhich  you  should  check  your  students*  knowl- 
edge of.     First,  substitution  of  a  given  expression  fof  a  variable  is 
replacing  each  occurrence  of  the  variable  by  an  occti&ence  [or:  copy] 
of  t>he  given  expression.    Second,  "given  expressionWis  not,  in  the 
preceding,  to  be  taken  quite  literally.  -For  example,  if  we  were  being  ' 
veryvpre*cise,  we  would  have  said,  on  TC.  48(1},     "Instead  of  'a(A)' 
vs*  shall  use  *{A  +  a}'.'1  ^It  is  common  practice  to  omit  the  second  pair 
of  parenthesis  and  we  shall  follow  this  practice;    As  a  result,  when  a 
student  is  asked  ^o  "substitute  'A  +  a*  for.  .,,,"  what  he  should  do  is 
substitute  •(Aur, 

'Continuing,  now.  with  a  possibly  preamble  to  stating  the  substitution 
ru4e-j  -the-  sentences  which  follow  from  a^^ronTb^ca^ge ~o{    our  deci- 
sion tavuse  bjStm  sentences  to  express  util^  are  just  "~*  ■  ~ 
those  wWch  can  be^pbtained  from  it  by  substituting  for  sotoe,  or  all,:  Df 
its  variables  expressions  wliose  values  belong  to  the  dongas  of  the 
variables  for  which  they  are  substituted*   thus,  *<A  fa)  *  b  $  6*  is 
implied  by  'A  4  a  £  6\  but  'A  4  (£4  5)  €  V  is. not.    [in  fact,  speaking 
strictly,  the  latter  is  not  eveii  a  sentence.  ]  'The  sentences  which  can  be 
.obtained  from  a  given  one  by  substitutioi^which  a*%  ** appropriate1 1 
dnes  are,  by  definition,  the>  substitution -instances  6f  the  given  sentence. 

After  this,  the  substitution  rule,  as  stated  above,  should  make 
sense.        '   "  " 
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^  *  A  minor  embellishment  which  you  may  wish  to  make  when  discusw^T 
ing  substitution  concerns  our  later  use  of  the  word  'term*.    For  jis, 
'term*  is  analogous  to  'algebraic  expression*       rather  than  tpt  say,  the 
more  specific  phrase  'indicated  product*.    A  term,  then,  is  an  expres- 
sion Which, "refers"-  to  objects,  in  the  sense  in  which  nouns*  and  pro- 
nouns do.*   The  objects  to  twhich  a  term  refers  are  its  Values,  ['term* 
contrasts  with  'sentence* —  terms  are  "nominative**,  sentences  are 
"declarative**.  ]   Variables  are  terms,  and  expressions  which  are  con- 
structed out  of  variables  and  operators  [with  grouping  symbols  supplied 
where  needed]  are  terms  —  ifthe  construction  is,  in  accord  with- the 
rules  of  the  language.    [In  our  language,  the  expression  '(A  4  B)%  for 
example,  is  not  ajterm.  ]   Terms  may  be  distinguished  from  "one  jmother 
by  what  kind  of  objects  they  have  as  values.    For  example,  *  A  +  a1  is  a 
point-term  and  1  B  -  A*   is  a  translation-term. 

With  this  "terminology"  available,  the  notion  of  substitution- 
instance  can  be  described  by  saying  that  a  substitution-instance  of  a 
given  sentence  is  any  Sentence  which  can  be  obtained  from  it  by  sub- 
stitutions of  point*terms  for  point-variables,  translation- terms  for 
translation -variables,  or  —  eventually  —  real  number-terms  for  real 
number-variables.  \  ~ 

The  substitution  rule  tells  you  that  you  may  [or:   that  it  is  legiti- 
mate to]  infer, from  a  sentence  any  of  its  su&stitution- instances.  The 
act  of  doing  so  is  an  act  of  "making  an  inference".    It  is  very  conven- 
ient to  stretch  this  last  colloquialism  a  bit  and  refer  tbV  figure  such  as: 

i   ■  A  4  (B  -  Aj  =  B 

A >  {{A  4  a)  -  A)  =  A  4-  a 

as  aji  inference.    [You  may  read  the  horizontal  bar  as  'therefore', } 
Since  £he  sentence  below  the  bar  is  a  substitution -instance  of  the  dne 
above  it,  the  substitution  rule  asserts  that  this  particular  inference  is 
valid.    Inferences  of  this  type  will  be  called  substitution  inferences. 
In  Chapter  2  we  shall  r-equire  students  to  insert  another  premiss  in 
such  an  inference  to  show  why  the  conclusion  of  tne  inference  is  a 
substitution-instance  of  the  first  premiss:  a  * 

.  °  AMB-A)  =  B     A  4  a  €  e 


A.4  {{A  4  a)  -  A)  *  A  +  a 


If  several  substitutions  are  involved,  several  such  auxiliary  premisses 
are  required/  This  requirement  is  made  purely  for  reasons  of  pedagogy, 
Its  purpose  is  to  direct  the  student's  attention  to  the  fact  that  there  We 
terms  of  differ eiit  kinds  and  16  he  a  _partiat%afeguard  ag  inappro- 
priate^* subsfitutidn~s.    It. also, presents  you  ^ith  a  point  o£  attack  in 
cases  when  inappropriate  substitutions  have  be£n  mads,    The  require- 
ment is  dropped  after  Chapter  2/  The  use  of  such  auxiliary  premisses  "  > 
does  cdrresnond  A^ith  the  verbal  translation  of  i^e |stference  whi^n 
.  might  occuHln  a  paragraph  proof:  •  '  "r"  Yl  * 


Since^A  4  a  & £  ancj  A.4  (B  -  A)  -  B  it  follows  that  '  Ws?. 

A  4  »A  4  a)  r  A)  «  A  4  a.  *  •  ;:>f 

*  As  an  example  of  the  need  for  thought  as  to  what  kind  of  term  a 


given  expression  is  [or  whether  it  is  any  kind  of  term]  you  might  ask 
whether  '<A  4  S)  -  «C  4  S)  4  a)*  refer*  to  points  ^r  to  translations. 
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?One  answer  is  that,  for  the  same  reason  that  *C  +  b*   refers  to  points, 
;(C  +  b)  +  a'   refers  to  points-    Since,   also,  *A  +  b*   refer s  to  points  and 
since  a  difference  of  points  .is  a  translation,  the;term  in  question  refers 
to  translations.    As  an  aid  to  giving  such  answers,  snuggest  the  .adootion 
of  f^atuiate   I;  .  P 

'(a)    R  -  A  £  T     *  (b)  A  g 

With  these  assertions  to  refer  to  one  can  substitute  the, following  for 
the  answer  suggested  above:        .  5 

'  -  , 

-From  Postulate   Kb)  it  follows  that  c'  +  ,Bc  C  and,  so, 
by  the  same  postulate,  {C  +  S )  '+  a  £  B .    AlSo,  from  '  . 

Postulate   i(b),;  A  +  5  €  £.     Consequently,  by 
'      Postulate   KaK' f  6)  -  ((C  +  a)  €  T.  - 

[As  motivation  for  rapid  development  of  skill,  assure,  your  students 
that  they  will  need  to  write  this  sort  of  thing  only  until  they  have  con- 
.yinced  you  that  they  know  what  is  £Qtng  on.  j   In  case  ,  of  need,  or  as  an 
introduction  to^tree-forrn  derivations,  the  preceding  verbal  argument 
can  be  set  forth  as:  •>  . 

•  A  +  a  £s£ 


A  ♦  a  e  £       c  +  S  e  & 
B  -  A  €  T         '     (C  +  S)  +  a  £  C  A  +  a  e  6 


B  -  ((C  *  b).+  a)  €  T  ^       /  A  +  S  €  £ 


f  A '+  S)  -  ((C  +  b)  +  a)  €  T 
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.  If. students  ask  why  you  don* t#w rite: 

A  +  a€£     v/b£T          V     /     .             A  8 
*  1  ~  ~*  '   ingle  ad  of:  —  

a.*  b  €  e  /  ..  a  +  S«  e  • 

tell  them  that  you  are  willing  to  assume  that  they  know  .which  variables 
have  points  as  values  and  which  have  translations' as  values,  ' 

As  another  example,  take  •(A  +  a)  +  (B'fB)1  and  asU  whether  this 
expression  refers  to  points  or  to/translations,  .Answer:  .Since  *A  -f  a* 
and  lB  +  b"  refer  to  points,  ancywe  have  not  defined  addition  for  points, 
the  expression  in  question  Is  nonsense,       „  - 

The  other  rules  of  logic  whose  discussion  is  pertinent  here  are 
those  for  dealing  with  equations^  Briefly,  since,  for  us,  '  =  »  is  to  mean 

.  wha{  *is  the  same  as**  does,  an  equation  such  as  *2  +  3  =  5*  sAys  that 
2*+  3  is_  $r  An  equation  such  as  *A  +  .{B  -  A)  ^       says  that  aify'y£l5e 
of  its  left  side  is^  t be  corresponding  value  of  its  right  side.-  Assuming 
that  a  first  object  is  a  second  object,  anything  one  says  about  the  first 

v object  one  may,  just.as  properly,  say  about  the  second  object*    For  . 
example,  each  of  the  inferences  in  the  figure:  * 

S  =  R  +  (Q  -.  p)1       S  -  R  =  S  -  R/'  * 

* -         •  t  \  — —  '     :  x   + 

fR  +  (Q  -»  P)]  -  R  =•  Q  *r;P       S>  R  =^|R  +  {Q  -.PJ]  -  R 

:  /  s  -  r  =  q  -  p    "r   ;      f  ? 


/ 


i 
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is  valid,    [For  the  source  of  this  example,  see  page  si* )   In  words: 

Assuming  that  S  =  R  +  (Q  -  P)  It  follows*  since 
S  -  R  =  S  -  R,  that  S  -  R  ?  [R  4  (Q  -  P)j  -  R. 
*     [Under  our  assumption,  what  'S  -  R  *  S  -  R* 
*  says  about  S,  we  may,  equally  well,  say  about 
R  +  (Q  -  P).  ]   Furthermore,  since  [by  Postulate 
2{a>]  [R  +  (Q  -  P)J  -  R  =  Q  -  P  it  follows  that 
S  "  R  =  Q-P.    [What  has  been  said  about 
[R  +  (Q  -  PJJ--  R  we  may,  ^equally  well,  say 
about  Q  -  P#  ]  • , 

[fen  the  chalkboard,  colored  arrows  running  from  the  leftmost  *S*  in* 
the, top  line  of  the  figure  to  the  rightmost  one>  and  from  the  *R  +  (Q  -  P}' 
in.  the  top  line  to  the  rightmost  one  ^n  the  second  line\  help  to  show  what 
is  going  on  in  the  first  inference.    Similar  arrows  dan  be  used  in  ex- 
plaining the  second  inference.  ] 

The  same  tree -form  derivation  gives  an  opportunity  to  point  out 
that  the  premiss  4S  -  R  =  S  -  R*  is  somewhat  speciaj.    Unlike  tn%  other 
sentences!,  this  one  is  true  merely  because  of  what         means  [4*A  thing 
is  the  same  as  itself.**^  and  because  lS  -  R*  is  a  term  —  that  is,  is, 
meaningful.    Sentences  of  this  nature  are  sSaicLto  be  valid. 

Our  two  remarks  about  *  =  *  motivate  our  two  rules  of  logic  for 
dealing  with  equations: 


The  Replacement  Rule  for  Equations 

Given  an  equation  and  a  second  sentence,  if  either 
side  of  the  equation  is  replaced,  somewhe  re  in  the 
second  sentence,  by  its  other  side  then  the  result- 
•ing  sentence  is  implied  by  the  given  equation  and  . 
sentence  m  .  ' 

The  Introduction  Rule  for  Equations 

Each  of  the  sentences  *  A  =  A*,  a  =  a,  and  'a  =  a* 
is  valid*  '  / 

1  ;  r  ■     ,   .  "'/-. — —  :  1 — — -?  1 

[Note  that,  by  the  substitution  rule,  the  sentence  *S  -  R  =  S  -  R*  of  our 
example  is  a  consequence  of/the  sentence  *a  -  a* .    So,  as  we  shall 
argue  later,  if  follows  from'  the*  introduction  rule  for  equations  an^  the 
substitution  rule  that  the  former  sentence  is  also  valid.  ] 

 I  For  additional  material  on  these  r^ules,  see  gggfltiri  2,p^  and  its 

commentary,      ^ ' '  /  '  4  ' 


50     MAPPINGS  *  ^ 

-Although  this  notation  is  excellent  for  many  purposes  it  \yill  be  to  our 
advantage,  as  well  as  moye  suggestive,  to  write  'P  +  a*  instead  of  ^(PY: 
[You  may  see  why  this  is  more  suggestive  if  you  draw  on  your  paper 
the  arrow  from  P  to  Q:  How  should  you  label  this' arrow?]  Using  this 
notation  we  would  write: 

•*  * 

(5)  .       Q  -  P  f  u 

instead  of  'Q  ~  a{P)\  (Read  'P  + 1?  either  as  fthe  image  of  P  under 
arrow  a  or  as  T  plus  arrow  a\#Notice  that  "adding"  a  translation  to  a 
point  gives  a  point.  -  * 

Since,  as  we  know,  the  converse  of  a  translation  is  at  translation,  it 
follows  that  anyjranslation  has  an  inverse.  We  may,  of  course^use  the 
usual  notation  a  v  to  refer  to  the  inverse  of  the  translation  a*.  On  your 
paper,  draw  an  arrow  which  describes  the  translation  which  is  the 
inverse  of  a,  and  label  it  *o  v:  Locate  the  point  Q  +  or1.  On  your  paper, 
complete  the  following  sentence:         \  V "  ■  . 

•       (6)  Q  +  a* 1  =(P  +  a]>c^1   : 

This  sentence  rAay  suggest  to  you  that,  since  we  are  usin^,  +  >  to  indi- 
cate application  ef  a  translation  to  a  point,  it  would  be  natural  to  use 
-nd\  instead  of  V  r,  to  refer  to  the  inverse  of  a.  (R^ad  '—a  as  'the  in- 
verse of  arrow  a\  or  as  'the  opposite  of  arrow  aM  We  shall  adopt  this 
notation  and,  instead  pf  (6),  we  shall  write:  1 

Q  +  -a  -  (P  +  a)  +  -o/=  P. 

You  may  already  begin  to  see  that,  with  our  new  meanings  for  the 
addition  and  oppositing  signs,  some  sentences  we  can  write  about 
points  and  translations  look  very  much  like  sentences  you  are  familiar 
with  from  the  ordinary  algebra  of  real  numbers.  This  will  be  more 
apparent  —  and  helpful  ^  as  we  go  on.  , 

On  3  fresh  sheet  of  paper,  mark  three  noncollinear  points  P,Q,and  R. 
Draw  an  arrow  which  represents  a  translation  which  maps  P  og^, 
How  do  we  know  there  is  such  a  translation?  Is  there  more  than  one 
such  translation?  [Explain J  So,  we  may  speaKTor^  —  — ' 
•»  *  .  * 

(7)  tfte  translation  which  maps  P  on  Q.  ;  ^ 

Because  of  our  convention  as  to  the  meaning  of  f-f  •  we  flight  write: 


.  P  +  (the  translation  which  maps  P :on  Q)  -  Q 


The  adtfitive  notation  for  function  application,  suggests  the  use  of  an 
oppositing  sign  to  indicate  function  inversion.    The  resulting  identity: 

v-  ,    •  (P  *  a)  +  ~a  a  P  ■> 

is  similar  to  a  familiar  identity  for  real  numbers.    Since  a  translation  . 
is  the  inversje  of^its  inverse,  you  may  also  jsuggest  at  this  point  the 
identity  * — a  -■•  a\  as  well  as  *{P  +s*-aX^a  =   P,    Sin'ce  the  inverse  of 
a  translation  is  a  translation,  '-at  €  T'  is  an  identity.    At  this  point  '• 
students  may  anticipate  the'  answer  to  a  later  question  and  suggest  using 
a\  say,  in  place  6{  '  Q  +  -a'  .    If  so,  you  may  agree  that  this  seems 
,11%  a  good  idea,  and  note  the  resulting  identities:  -  v. 

(P+a)-a=*P        arjd:        (P  ~  a)  +  a  -  P 

Should  students  suggest  4  P  +'  (a +  -a)  =  P^or  *  P  +  (a  -  a)  =  P'  call 
their  attention  to  the  fact  that  we  ha,ve  not  yet  defined  addition  [or 
subtraction]  of  translations.    If  you  wish  to  carry  the  matter  further 
at  this  time  you  could  ask*what  'a  +  -a'  would  hav£  to  mean  if  the 
first  of  these  sentences  isv  an  identity.    |Answer:  ig]  Students  m4y 
then  suggest  that  "addition**  of  translations  must  mean  function  com- 
position.   If  tKey  do,  tell  them  that  there  is  another  po$B ibility ,  /but  « 
leave  what  this  is  to  their  imaginations.    [We  shall  use  *a  +       4s  an 
abbreviation  for  '|ea'  rather  tti&n  ffcr  'a  00s,  J  *       .        .  j 
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Can  you  think  of  aft  "algebraic  expression*  we  might  use  in  place  of 
(7)  which  would  make  (8)  look  familiar?'  * 

You  may  have  already  guessed  what  we  shall  write  instead  of  (7). 
It-is:  •• 

< 

Q-P 

{Read  'Q  -  F  as  you  would  (7)  or  as  minus  F.]  Notice  that  "sub- 
tracting" a  point  from  a  point  gives  a  translation.  Using  this  notation 
we  shall  write; 


3W< 


(9)  '      -  ...  P  +  (Q  -  Fjfe  Q 

rather  than  (8)... 

On  your  paper,  label  the  arrow  you  have  drawn  to  describe  the 
translation  from  P  to  Q  with  <Q  -  F.  [How  many  arrows  could  you 
draw  which  would  describe  the  translation  Q  -  P?  Draw  several  such 
*  arrows.  I  Be  sure  you  realize  that,  while  Q  and  P  are  points,  Q  -  P  is 
a  translation.  On  your  paper  complete  the  sentence  '0t£f  and  Peg 
and  Q-P*  ...  \ 
Since  Q .-  P  is  a  translation  it  maps  the  point  R  on  the  point 

\   '•  R  +  {Q  ±  PI' 

V  9. 

Locate  this  point  on  your  paper  and  label  it  *S\  So, 

V;.*  a      '..  S-=R  +  (Q  -P)J  ■ 

/  This  sentence  tells  *us  tliat  Q  -  P  is  a  translation  which  maps  B  on  S. 
Since  there  is  only  one  translation  which  does  this,  Q  -  Pis  the  trans- 

•  lation:  which  maps  R  on  S.  So,  by  our  convention  concerning  the  use 
of  the  subtraction  sign,  it  follows  that 

Notic^^am^Ji^  andtranslations^parallels 
the  algebra  of  real  numbers.  ' 
v.    As  another  example,-  note  that  if~a  i&,the  translation  which  maps  P 

*  on  Q  then*  by  our  convention  as  to  the  use  of  9+\ 

:  .    up  ;    .  ■        ,p  +  7=q     -  : 

and,  by  our  convention  as  to  the  use  of  *  -  \ 
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The  next  step  is  to  introduce  "  subtraction**  of  points*    Again  the 
motivation  is  that  of  algebraic  elegance.    In  view  of  one* s  familiarity 
with  the  algebra  of  real  numbers  there  is  some  aesthetic  satisfaction,, 
to  be  gained  from  the  fact  that  'P  +  <Q  -  P)  =  Q*  is  an  identity.  Call 
attenticm  to  the  fact  that,  for  any  P  and  Q,  Q  -  P  €  T»  and  remind 
studenta  that,  for  any  P  and  any  a,  P  +  a  €  8. 

The  Vrgument  given  in  the  text  to  show  that  4 S  -  R  +  '(Q  -  P)r  im-  % 
plies.  4S  -V R "~  Q  -  P\  appeals,  of  course,  to  tljie  meanings  of  the  terms 
occurring  \n  these  equations.    Once  we  have  adopted  Postulates  1(a) 
and  2(b)  wd  shall  be  able  to  derive  the  second  of  these  sentences  from  * 
the  first  ana  these  postulates.    For,  assuming  that  S  =  R  -f  (O  ■  P)  it 
follows  that  S  -  R  =  [R  +  (Q  -  P)]  -  R.    Since,  by  Postulate  Z(h)t 
[R'+  (Q  -  P)]\  R  =  Q  -  P  it  follows  that  S  -  R  =  Q  -  [Strictly 
speaking,  Pos\uiate  U(a)  is  needed  at  two  points  in  the  preceding  argu- 
ment. ]  Similarly,  uktng  Postulates  1  and  2(a)  and  the  second  of  the 
two  sentences  ak  premisses  we  can  derive  the  first  sentence,  v 

Remarks  similar! to  those  in  the  preceding  paragraph  apply  to  (ID) 
"and  ill).    Specific alM,  (11)  can  be  derived  from  (10)  and  {$,)  on  TC 
l,07(l)';   and  that  (U)\ixn  plies  (10.)  is  essentially  the  content  of  Postu- 
late 2(a).    'Substituting  from  (11)  into  (10)*  means  replacing  the  'a* 
in  (10)  by  *Q  -  P\    ScX  the  result  is  (9).  u Substituting  from  (10)  into 
(11)*  means  replacing  tijfie/Q*  in  (11)  by  *P  +  a*.    The  result  is: 

a  =  (P  +  a)  -  P 

which  is,  essentially,  Postulate  2(V). *  f 
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Substituting  from.'(ll)  into  (10)  you  get  (9).  What  sentence  do  you  get 
r  if  you  substitute  from  (10)  into  (11)?  \  .    ' \ 

Finally,  it  follows  from  (11)  that 


(12) 


-a  -  -<Q  -  P). 


Since  a  is  the  translation  which  maps  P  on  Q,  its  inverse,  ~a,  maps  Q 
on  P.  Since —a  is  a  translation, -it  follows  that  it  is  the  translation 
which  maps  Q  on  P.  So,  . 


ciar 

and  [from  U2J  and.U^)] 


—a  — 


HQ  -  P) 


Complete  these  sentence. 


Exercises 


.  Suppose  that  A,  i$$and  C  are  points  of  )S  as  shown  in  the  diagram 
below. 


A. 


Make  a  diagram  similar  to  this  one  on  your  paper, 
-(a)  Dfaw  an  arrow  to  describe, the  translation  B  ~  A. 
tbJ'Dxaw  an  arrow  to  describe  the  inverse  bf  B  -  A. 
(c)  Complete  these  sentences:  * 
•    (i)  >A  +  (S  - 

(ii)  Th£  inverse  of  B  ~  A  maps  _  on     :  * 

miV-(B  -  A) .=        -  _ 


<iv)  B  v+  -<B  -  A)  -  B  +  L 


(d)  Locate  the  point  fife  such  that  D  =  C  +  (B  -  A).  Locate  the 
"V.  poiiStD  +  (A  -  fl).  :  f 

(^.Complete:  D  +  <A  -  #> 


IfX^^  map^Tt? ofi  _  ABo  D  -  (J maps  C  ori  J.  So, B  -  A 

"■  ^  .-.  ;;     ■  '  '       ■  /■ 

2.  Let  4  be  any  point  of^f  and.  let  a*e  any  trankationwThen  A  +  ~a 
^       ,4|  the  ima^V^r—  ugjter       Also,  (A  4-  a)  -A  is  the translation 

Jv  "  "  ^^.ifia^iL—qn  "  therefore,  •  «  V     -  . 


on 


u'  +  &5  -*a  ^ 


-  *3v|$£eal|  tfcfct  for,  any  point  A,  the  Etmly]  translation  which  maps  A 
/'  to  A  is  Ki^^entity  tr^pslatioB,  i&  Hence,  _  ■  • 


Since  the  identity  translation  oh  8"  leaves  each  point  fixed,  it  fol-^ 
lows  that  for  any  points  A  and  B, 

and 


A  +  .(A  -  )  =  A •+  iV-  -  '  » 

B  +  (         -  A7~  B  +   


This  suggests  that  we  use  '0  instead  of  to  denote  the  identity 
translation  on     So,  for  any  points  A  and  B,  * 


A  -  A  -0  =  B  -  B 
A  +  (A  -  A)  =  A  +  . 
B  +  (A  -  A)  =  B  +  . 


4.  On  your  paper,  mar^  points  A  and  P  and  draw  arrows  to  describe 
translations  a  and  6,  as  in  the  diagram  below. 


A. 


*    (a)  Draw  an  arrow  from  P  to  describe  the  translation  6  °  a. 

(b)  Mark  points  B  and  C  such  that  B  =  A  +  a*  and  C  -  B  +  b, 

'  '    t  ,       ■  Then,  '  •     ■       :  ' '*  "  '  ./ 

(A  +  a}  +  T  -  ,  

(c)  Mark  the  point  A  +  tf>  *  aj.       ,  *  /  . 

\         The  diagram  shows  that    »  •  '.  3 

.;  .  .  *  ;  A  -f  [T*     =  (A  '+  o5  +  "  •  ''fi 

Explain  why  it  ought  to,       '  .  '    .  •/ 

 — '  —  —  ^  :  ■  :  —  > .  - 

Suppose  that  a  and  6  are  any  translations  and  that  A  is^any  point.  ^ 
Since  we  are  using  ^  to  indicate  application  of  a  translation  to  a  fc  -4|| 
point  it  follows  that      "  '  \  ^ 


arid,  finally, 


(A  +  a)  +  6  »       +  "a, 
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.This  remit  certainly  does  not  look  much,  like  ordinary  algebra.  To 
change  it  to  something  whicfctfcs,  we  would  have  to  replace  *i T»  7*T 
by^a  +  hf  lor  by  *\~b  +j7)$l  it  we  do  so  we  shall  be  using  *f '  in  two 
ways -sometimes  to,  refer  to  the  result  of  applying  a  function  to  an 
argument,  and  sometimes  to  refer  to  the  result  of  composing  func- 
tions. A  little  reflection  will  suggest  tjiat  doing  this  v^ould  not  be  as 
confusing  as  one  might  think.  We  shall  'certainly always  be  able  to 
tell  at  a  glance  whether  an  expression  refers  to  a  point  or  a  translation. 
This  befftg  so,  we  shall  have  no  trouble  recognizing  that  a  which 
occurs  after  a  point-expression  and  is  followed  by  a  translation- 
expression  indicates  function  application;  while  a  which  occurs 
between  translation-evxpressions .indicates  function  composition.  So, 
we  shall  adopt  this  second  meaning  of  f+\  along  with  the  first  We 
still  have  two  choices  \'it  +  V  9*  ^  J  o*l.  It  is  slightly  rjiore  convenient 
to  use: 


in  place  of: 


a  +  b 


h  a 


Doing  so,  we  write: 

<}* 

*  15 »  y      tA  +  a)  +  V  =  A  +  ia+  V) 

■  >  *---.'• 

instead  of  (l4h  There  are  four  '+*s  in  (15).  For  each  e+\  tell  whether  it 
refers  to  functioh  application  or  function  composition. 


Exercises 


1.  Oil  your  paper,  draw  points  A9  fi,  and  C\  as  in  the  figure  below. 


9 

ERIC 


*fa)  Draw  arrows  to  describe  the  translatio^;jthat  map  A  on  B, 
B  oh  C9  and  ^4  on  C.  Use  yie  "minus  sign*'  notation  to  label 
each  of  these  translations.         *     ;  /   :  ' 

(b)  Using  a      to  indicate  composition  of  translations,  we  have 

'  v   '  \B  -  A)  +-(C  -  S)  -  _  ;      ,v  "  '  *    '  ■ 
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Answers  for.  Exercises 

1 ;     (a)    fThe  easiest  answer  to  give  is  the  arrow  from  A  to  B.  ] 

(b)    [Any  arrow  With  the  same  length  and  direction  as  the  arrow 
from  A  to  B»  but  having  the  opposite  sense,  ] 

ic)    (i)  R  "        (ii)   B(  A  (iii)  A,  B  (iv)   A  -  B,  A 

(d)    [D  should  be  marked  at  the  tip  of  an  arrow  from  C  whose 
length  and  sense,  are  the  same  as  those  . of  the  arrow  from  A 
to  B;   ih  short,  ABD£  is  a  parallelogram.    D  +  (A  n  B)  =  C; 
note  that  D  +  ( A  -  B)  -  K C  +  (B  -  A)]  +  -(Q  -  A).] 

(el    C  "■  * 

(f)    D;    D;   D  -  C    [The  justification  for  the  last  answer  is,  of 
course,  that  a  translation  is  completely  determined  by  what 
it  does  to  any  one  point,  ] 

Z,     A,  a;   A,  A  +  a;  a 
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■  '  *» 

3,  •  A;    A,  A;    A,   B;   3,  A;    <5r  B 

4.  (a)    [Students  s^hould  first  draw,  from  the  tip  6f  the  arrow  given  to 
.  ,  ■'  describe  af  an  arrow  which  describes  o#    The  answer  is 

Obtained  by  drawing  the  aurow  from   P  to  the  tip  of  this  latter 
•  arrow.  ]  .*'.".  • 

(b)  C  *  <        ,  ■       '  ■ 

(c)  [The  mark  in  question  has  already'been  labeled  fcC*  ♦  ] 

*(d)    By  our  convention,  A  r-  [U  o  a  ]  =  [S^a](A)  -  S(a{A}}  = 
%  $(A  +  a>  =  .(A  +  a).+ 
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*  -  , 

In  <  1 3 )V  each  of  the  first  three  *+*s  [from  left  to  right]  refers  to 
function*  application;,  the  fourth*  refers  to  function  composition. 

"  Answers  for  "Exercises 

 : —     s        *  ^ 

i«  (a)  The  arrows  should  be  those*f rohv  A  to  B(  from  B  Xo  C;  and 
^  from  ^  A  to  C,  respectively.    They  should  be  labeled  *B  *  A% 

-and  *C  -  AV— 


(b)    C  -  A  [The  completed  s entenpi^  will  be  adopted  as  Postula^3. 
As  will  be  shown  in  Chapter  Z  *it  follows  from  Postulate  i  1-3 
f    that,  for^any^  translations  a  and  6\  a  f  S  6  T  and,  for  any  point 

A,  A  +  (a  +  b),  =  (A  4  a)  fS,    On  tbe  ot^hef  hand^  from  thetfe 
^    two  sentences  aad  R>stulates  1  and  2,  one  can  derive  Po#ttf-  - 
^  late  3.    So,  given  Postulates  1  and  2,  l^stulate  3  does  * 

neither  more  nor  less  thari; formulate  our  convention  that  *+*  * 
between  translation-eKpressions  refers  to  function  composition, 
and  assert  that  a  resultant  of  translations  is  a  translation, }. 
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•  ■  * 

2.  Recall  that  a* 1  ->  a*  is  the  identity  translation  0.  Using  a  %+\to  indi- 
cate composition  of  translations  and  —a*  instead  of  'cr1',  we  have 

* .   ,  /  .  •  f  •    *  ■ 

^  - 

As  a  preparation  for  an  algebraic  study  of  points  and  translations 
we  have  introduced  five  conventions: 

(a)  A.+  a  -  aiAK  so,  A  +.ae^.  [A  translation  is  a  mapping  of  jf 

into  V.|  ... 
.  — #  .    #  — « 

(b)  =  a  };  so,  —a  t  J  .  [The  inverse  of  a  translation  is  a  transla- 
tion J 

(c)  B  -  A  =  the  translation  from  A  tb*fi;  so,  B  -Ac  J  . 

(d)  0  -  /, ;  so,  0  e .  [The  identity  mapping  of  "i  onto  itself  is«a  trans-# ' 
lation.J 

(e)  a  +  h  =  b  !  a;  so,  a  +  6  c  JT.  [A  resultant  of  translations  is  a 
translation.]  ^ 

Later  we  shall  find  it  convenient  to  adopt  two conventions  which 
will  give  meaning  to  expressions  like  fA  -  a  and  (a \-  lr.  Perhaps  you 
can  guess  what  these  conventions  will  be.  - 

■"■/■■- 

1.08  What  Comes  Next? 

In  earlier  courses  you  have  probably  had  some  practice  in  showing 
that  if  a  given  operation  has  certain  properties  then  it.must  have  cer- 
tain others.  For  a  very  simple  example,  you  may  have  proved  that 
because  addition  of  real  numbers  is  commutative  and  associative  it 
must  have  another  property  which  may  be  expressed  hy  saying  that, 
for  any  real  numbers  a,  b$  and  c,  ? 

ia'+  b)  +  a  =  (a  +  c)  +  b. 

[Given  any  real  numbers  a,  6,  and  cf  it  follows  by  commutativity  that 
teM^-frM^e  ^  c  +  ia  4*  6)>4fo  asscx:iativityT^4^a-4-  b)  =  (e4^g)^M*^ 
By  commutativity,  (c  f  a)  +  6  &  (a  +  c)  +  6.  Consequently,  for  any 
real  numbers  ee,  6,  and  c,  (a  +  h)  +  c (a  +  c)  +  6  ]  This  new  prop- 
erty we  shall  sail  the  switch  property.  Can  yo^  think  of  another  opera- 
tion on  iml  numbers  which  has  the  switch  property?  As  you1  have 
learned,  function  composition  is  an  operation  the  set  ST  of  trans- 
lations of  if.  Can  you  tell  whether  composition  of  translations  has  the 
^witch  property?  Explain.  .'*.,*■ 
J:  Although  most  of  your  experience  along  the  lines  illustrated  in  the 
preceding  paragraph  hrfS  probably  been  gaitied  in  developing  the 
al^bra  ckf  real  numbers,  yoy  will  find  that  geometry  can  be  develops 
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'  £.     a,  —  a 

Here  is  a  sample  quia.    It  consists  of  some  completion  and  true- 
false  itemjs  which  are  typical  of  the  kinds  of  questions  you  should  expect 
your  students  to  be  able  to  answer.    Answers  are  given  in  brackets. 

Sample  Quiz 

1,  P  +  p  is  a   ^;    P  -  Q  is  a._  .    [point;  translation] 

2.  -     The  translation  which  maps  A  on  Q  is   .    [Q  -  A] 

5;     Composing  a  translation  a  with  the  identity  translation  gives   . 

.  I*) 

4.%    Composing  a  with  its  inverse  gives   .    [the  identity  translation 

(or;    ig  or:    3)]  . 

If  P  -  Q  =  "R  -*Q  then   .    [P  =  R] 

6.  *If  P  +  p  =   P.f^then  [pi  -  r] 

True-FalSe.  *  .      '  •  '  ' 

7,  A  resultant  of  translations  is  &  translation.    [True.  ] 

Each  translation  has  an  inverse  which  is  a  translation.    [True.  ] 

9.     Each  point  determines  a  proper  translation.    [False.  ] 

LO.     Any  translation  ma£$  a  line  onto  a  parallel  line.    [True'.  ] 

11,     The  identity  translation  is  the  inverse  of  each  translation,  [False.] 

lZm     Any  translation  composed  with  itself  is  the  identity  translation. 
[False.  4 

13.  Eac|  two  points  determine  a~  different  translation.    [False.  ] 

14,  Any  translation  is  determined  b|r  a  pair  of  points.    [True.  ] 
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in  a  similar  manner.  In  the  next  chapter  we  shall  adopt  three  postu- 
lates [or:  axioms*  or:  h0ic  principles]  which  say  that  translations  have 
certain  of  the  properties  which  your  tfork  in  Section  1.06  has  con- 
vinced you  that  they  do  have.  In  later  chapters  we  shall  postulate  a 
few  other  properties  of  translations,  some  with  which  you  are  already 
acquainted,  and  some  which  you  will  discover  on  the  basis  of  experi- 
ments like  those  you  carried  out  while  studying  Sections  1.05  and  1.06. 
From  these  postulate^  we  can  derive  other  theorems  ifrhieh  tell  us  of 
other  properties  of  translations.  Some  of  these  properties  will  be* 
familiar  to  you,  but  others  will  be  quite  new.  You  will  also  discover 
that  it  is  possible  to  define  other  geometric  notions,  like  those  of  line, 
plane,  angle,  triangle,  parallelism,  perpendicularity,  etc.,  in  terms  of 
just  the  notions  of  point  and  translation.  These  definitions  of  kinds  of 
geometric  figures  and  of  geometric  relations  ^ill  be  quite  different 
from  the  descriptions  which  you  used  in  Section  1.05,  but  the  work 
you  have  done  in  Sections  1.05  and  1.06  will  help  you  to  see  that  the 
new  definitions  are  appropriate.  From  these  definitions  arid  our  postu- 
lates concerning  translations  you,  will  be  able  to  deduce  theorems 
which  tell  you  about  properties  of  geometric  figures  and  relations 

*  ar^png  such  figures.  In  this  way  you  will  be  aBle  to  explore  th^ geome- 
try °f  space  and  so  enlarge  your  knowledge  of  geometry. 

In  pur  study  of  geometry,  we  shall  state  our  postulates  in  the  alge- 
braic language  which  you  were  introduced  to  in  Section  1.07,  and  we 
shall  also  use  this  language  jn  stating  many  of  our  definitions  and 
theorems.  This  has  the  advantage  that  you  will  be  able  to  apply  to  the 
study  of  geometry  many  of  the  techniques  which  you  have  already 
learned  while  studying  the  algebra  of  real  numbers.  It  has  the  dis- 
advantage*, however,  that  you  might  come  to  cprrydut  the  algebraic 
manipulations  without  thinking  about  why  yofo^re  doing  so/ To  avoid 

;  this,  draw  pictures  to  illustrate  what  your  jequations  and  other  sen- 
tences say.  Such  pictures  will  serve  other  curjboses  besides  helping 
you  to  keep  in  mind  the  geometry  you  should^e  thinking  about.  Som^ 
times  such  a  picture  will  suggest  a  procedure  which  may  help  you  to 
3rovfr,a,  theoreyn  or  to  solve  a  problem.  Sometimes  it  will  suggest  a 
cotyecture  wfyich  you  will  b&able  to  justify  on  the  basis  of  the  postu- 
lates and  definitions.  If  so,  you^will  have  discovered  a  new  ^theorem.  \ 
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1.09  Chapter  Summary 


Vocabulary  Summary 


function  mapping  * 

value  *  image 

domain  range  . 

linear  function  permutafale  functions 

translation  of  converse  of  a  function 

function  composition  .  inverse 

translation  of  Sf  identity  translation 


Definitions 


A  function  is  a  set  of  ordered  pairs  no  two  of  which  have,  the  same> 

first  component  [and  any  such  set  is  a  function]. 
A  function  is  linear  if  and  only  if  (i)  JD/*is  theset  of  all  real  numbers, 

and  (ii)  fc*r  some  nonzero  real  nurfiber  m  and  some  real  number 

bf  f(x)  —  mx  -f  b  for  each  real  number  x. 
A  translation  of.°£  is  a*  lii|ear  mapping  with  slope  1. 
For  any  functions  f  and  Mm  Dig  o  f)  =  \x  €  Df:  fix)  e        and  (ii)  for 

each  x  eDlg  •  f]f  Ig  *  Mx)  =  g(f(x)). 


Other  theorems 


Any  subset  of  a  function  is  a  function. 

For  any  function  /  and  any  function  g  such  that  g  C  f  (a)  Dg  Q  D/, 

and  (b)  g  =  /"if  and  only  if  Dg    Df.  * 
Function  composition  is  associative 

For  any  function  /"which  has  an  inverse,  f~l  °  f  —     and/  °  f  1  -  i^. 
For  any  function  f  /has  an  inverse  if  and  only  if  there  is  a  function  g 
-such  that  g*f=*  €  .  '  - 

For  any  functions  /and  g,  g  is  the  inverse  of /if  and  only  i£(i)g  *  f 

=  i^an&mDg  ±  Rf, 
For  any  functions  f  and  g%  g  is  the  inverse  of /if  and  only  if  (i).g  ° / 
^J^and  (iOfog83  V 


Convention*  Concerning  Points  and  Translations 

is)  A  +  sq,  {A  tmnsla^m  #is  a  n&j$ing  of  f; 

into  if.}    '■      .  ' \/v  y^- 

(b)  -~a  «  a  ^;.so,  -«  €  <f7lThe  inverse  of  a  translation  is  a  translation.! 
•(c)  R  r  A  -  the  translation  'ftom  A  U*  B;\fy9  B- ~  A  c'ST.  ' 
(&)  Q    i?;  so,  Oje  ST*  [The  identity  mailing  tfir  oniditselfis  a  trans- 
.  .  iation,}  .        •  •  y    *.  * : ':'  ' 

.  m  (^{a^V^V^sc^^^T^  [A  rmultimt  of  translations  is  a 
i .  .    -  -  translation.]  .  3  ;  -,- ' 
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Chapter  Teat 


•  1.  Suppose  that  g  and  h  are  linear  functions  such  that,  for  each  *; 
gix)  =  3x  -  1  and  h\x\  =  *  +  2.  Complete  the  following, 
(a)  g  maps  —3  on   (b)  5  is  the. image  of        under  h. 

'  (c)  g(h(a))  =  (d)  higi—))  =  1. 


(e)  #M  )) 


o. 


(f)  g  maps  {.r.  ~2^x^3}  on/ 
{*;_„}.. 
2,  On  your  paper,  draw  a  picture  like  the  one  below. 


(a)  Locate  aiA). 
icf  Locate  C  +  (B  -A). 
3.  Complete  these  sentences, 
(a)  The  translation  


D 


(b)  Locate  B  +  s.j 

(d)  Locate  JS  such  that  £  +  "ol  =  D. 


ma^s  A  on  A  +  6. 


<b^  The  translation  which  maps  S  4-  c  on  B  is 
(e)  The  translation  which  maps  C  +  a  on  C  +  eTis. 

(d)  The  sides  of  a  triangle  ABC  have  lengths  5  in.,  12  in.,  and 
13  in.  The  image  of  triangle  ABC  under  a  translation  which 
moves  points  6  in.  to  the  north  is  a  triangle  with  sides  of 
lengths  i  ,  _  and  :   ' 

4.  Each  of  the  following  expressions,  is  either  a  point-expression,  a 
translation-expression,  or  nonsense.  In  each  case,  tell  which, 
(a)  C^  B  (b)  M  -B)+T', 

(c)  A  el  ■       (d)  a  + 

(e)  Ufri  +  B  (f)  C  +  HC-£)  \- 


\ 


Answers  for  Chapter  Test 


i, 


(a)  -10 


(c) 
(e). 


3a  +  5 


(b) 
fdj 
(f) 


■7  ^'  x 


3|  i 


Your  students  should  have^a  picture  something  like  t^us: 
(a)-(d)  .  .    X   5 


B 


3.  (a)    (A  ±  5)  -  A  [or:  b] 

(b)  B  -  <B  +  c)   [ox:  -c] 

(c)  (C  +  a)  -  (C  +  3)  [or: 

(d)  ,  5  in, ,  12  in.  f  13  inf 

4,  (a),  (b)  and,  (c)  are  translation-expressions 
(d)  and.  (e)  are  n'onsenae 
^£).is  a  point-expression 
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Chapter  Two 
A  Start  at  Formalizing  Our  Intuitions 


2.01  The  Need  for  Postulates 

In  Chapter  1,  listed  some  properties  of  translations  qfS,  that  is, 
translations  of  the  set  of  points  of  spW  You1  became  aware  of  some  df 
these  properties  by\making  use  of  arrows  to  represent  translation! 
Although  we  cannot  Vely  completely  on  diagrams  and  intuitive  notions 
in  our  study  of  geometry,  we  shall  quite  often  refer  to  diagrams  and 
make /Use  of  our  mtuitipns  to  help  us  as  we  proceed  in  our  formal  de- 
velopment of*  geometry.  As  . we  mentioned  at  the  close  of  Chapter  1, 
diagrams  can  be  quite  useful  in  helping  us  to  develop  a  deeper  under- 
standing and  insight  in£o  the  geometric  ideas  that  are  discussed. 
There  are,  however,  serious  4i mi tations  involved  with  deriving  infor- 
mation from  diagrams,  and  it  is  important  for  you  to  be  aware  of  these 
limitations.  For  exa$J>Ie»in  the  figure  .below,  we  cannot  assume  that 
the  angles  are  not  all  right  angles  for  it  just  m$y  be  the  case  that  we 
are  looking  at^a  picture  of  the  top  of  a  rectangular  box: 

■  \      ■      ■  .4  . 


Discuss  some  of  the  reasons  why  'we  should  not  rely  completely 
on  picture^  in  our  study  of  geometry.  Some  reasons  you  might  iron- 
side? are  .  / 

(a)  optical  illusions,  • 

(b)  inaccurate  measurements  and  drawings, 

<€)  danger  of  accepting  a  general  result  on  the  basis  of  a  single 

-  drawjngjor  even  on  the  Wis  of  many^awmgsl,  ■  ■  •  •   ■ 

(d)  lack  of.  precise  definition  and  proofs. 


In  this  chapter  we  introduce  our  first  three  postulates  [see  pages 
64,  65,  and  105],  and  we.j3r.ove  five  theorems.    The  theorem*  are  of 
less  importance  than  the  methods  used  in  proving  them,  and  the  bulk 
of  the  chapter  deals  with  the  rules  of  logic  which  [together  with  the 
postulates  and  theoramsj  are  summarized  on  pages  111-113.    It  as 
worth  emphasizing  that,  for  this  course,   such  rules  are  not  an  end  in 
themselves  *«r  for  example,  we  place  no  value  on  students*  memoriza- 
tion df  them.    Experience  has  shown,  however,  that  understanding  such 
rules,  and  applying  them  occasionally  to  justifyj^he  steps  in  a  formal 
proof,  enables  students  to  acquire  —  surprisingly  rapidly  —  the  ability 
to  constrict  acceptable  "paragraph  proofs*' •    The  development  of  this 
ability  is_  one  of  the  purposes  of  this  course/ 

Up  to  this  point  in  the  course  Ave  have  tried  to  develop  the  student's 
intuitions  about  how  translations  act  on  points  by  making  use  of  tracing 
sheets,  parallel  rulers,  and  diagrams.    What  we  want  to  point  out  fere 
is  that  a  formal  treatment  of  a  mathematical  topic  requires  that  postu- 
lates be  established  and  that  accepted  results  be  those  which  are  logical 

stulates.    Diagrams  may  suggest  theorems  but 
lish  theorerhs. 


consequences  of  the 
diagrams  do  not  esta 


The  point  to  be  e 
is  that  pictures  requi 
as  to  what  informatio 
read  out  of  it.  Just 
conventions  as  to  the 


phasized  in  discussing  the  drawings  on  page  59 
e  interpretation  by  the  viewer.    We  must  be  wary 
we  read  into  a  picture  in  supplementing  what  we 
the  communicative  bower  of  language  rests  on 
eanings  of  words,  sXdoes.the  communicative 
power  of  pictures  rest* on  conventions.    It  is^Nfqr  example,  becauae  of 
a  convention  which  most  of.us  accept  that  the  second  figure  is  interpre- 
ted as  representing  a  closed  box  or  a  block  rather  than  three  coplanar' 
parallelograms ,  • 
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like  this.  This  rectangular  boundary  is  13  cnv.  long  and  5  cm,  high. 
The  area  of  the  region  bounded  by  the  rectangle  is  sq.  cm,  [What 
is  wrong?!  /"  i 


As  was  mentioned  in  Chapter  1,  we  are  going  to  study  geometry  by 
developing  an  algebra  of  paints  and  translations.  There  will  %e  many 
'  similarities  between  this  study  of  geometry  and  your  sfudy  of  the  alge- 
i ' .  ;  bra  of  real  numbers,  but  there  will  also  be  some  important  difference. 

Before  discussing  some  of  the  differences,  let  us  recall  the  general 
procedure  you  may  have  used  i^studying  the  real  numbers. 

■  You  probably  ^pressedJ|ttH^>rpperties  of  real  numbers  in  sen- 
tences which  you  called  {Mmu&es  and  from  these  you  derived  other 
sentences  expressing  further  properties  of  real  numbers.  The  postu- 
%.        lates  together  with  the  sentences  which  can  be  derived  from  them  are 
v  callcy [Jfyeorenis. 

~We  planTto  foUdw  much  the  same  pro^ureih^tu^ing  geometry. 
We  shall  adopt  some  basic  principles  which  we  call  postulates.  The 
first  few  postulates  will  be  suggested  by  what  we  learned  from  our 
■J-  ,  intuitive  discussion  abdM  translations  of  if.  Later  we  shall  consider 

^  .     '  • '    other  properties  of^translations  of  gf  and  add  to  our  list  of  postulates. 

Just  as  in  the  study  of  real  numbers,  the  postulated  will  serve  as  a 
foundation  upon  which  we  can  organize  our  knowledge  and  as  a  start- 
ing point  from  which  we  can  |>roeeed  to  derive  other  theorems.  > 
-  We  now  discuss  some  of  (the  important  differences  between  thisj 

study  of  geometry  and  your  study  of  real  numbers.  In  Jfae  ease  of  real, 


Answers  to  Exercise 

The  area  of  the  squarfe  region  which  is  pictured  on  page  60  is  64 
square  centimeters;  that  of  the  region  bounded  by  the  rectangle  is  Sj[  . 
Square  centimeters.  •   ^   ■  , 

The  students  should  have  an  intuitive  feeling  for  the  notion  that  if 
a  geometric  figure  is  dissected,  the  sum  of  the  areas  of  the  Vaulting 
parts  is  equal  to  the  area  of  the  original  figure/  With  this  notipn,  they 
will  be  able  to  see  that  there  is  11  something  more"  in  the  rectaengular 
region  than  just  the  "parte"  of  the  original  square  region.    Of  course, 
it  is  not  difficult  to  prove  that  the  edges  which  appear  to  line  up^Wlong 
the  diagonal  of  the  rectangular  region  really  do  not  do  so,  for  the  , 
slopes  of  the  lines  involved  are  different.    With  a  careful  diagram,  one 
can  illustrate  where  the  " extra"  I  square  centimeter  comes  from.  ' 
It  is  the  area  of  the  region  bounded  by  the  parallelogram  ABCD  shown 
in  the  diagram  .below.  .  ,  ;\ 


If  you  were  to  make  a  cardboard  model  of  the  given  square  region  . 
and  then  dfissect  it  as  indicated,  you  would  f$nd  that  it  is  very  difficult 
to  locate  or  to  see  the  parallelogram  ABCD,    It  turns  out  that  the 
measure  of  the  angle  ZBCD  is? approximately  1*  15*. 

This  puzzle  is  related  to  the  Fibonacci  sequence, . 

lt\  lt  2,  3,  5,  a,  U,  .... 

each  of  whose  terms  {after  the  second}*!*  the  sum  of  the  two  which  pre* 
cede  it.    One  property  of  this  sequence*  ie  that  the  square, of  any  term  * . 
[except  tfoe  first]  differs  from  the  product  of  the  adjacent  terms  by  -I 
pr  1.*  [1*  -  1  *  2  =  -I,  22  -  1*3  =  1,  %2-  2*S  =  -1,  etc.  J  So,  any-  ^ 
square  wiiose^gida -measure.- is  a  Fibonacci  nurpberc^n  be  dissected  so 
tbat  the  parts  van  be  fitted  together  in  a  rectangle  in  such  a  w&y  that  a  7; 
parallelogram  with  area-measure  1  either  it  not  covered  pr  is  covered, 
twice.  "       *  * 


-  T^e  .^r'd4j^fi^rem *  is  ^ften  used  with  the  intent' af  excluding  pos- 
;  ^  tulates  from  ^^^mhood".  ''Since  a*iy  sentence  is  U  logica}  conse- 
quenct^  of  it^el^^^who.-w  is  he  s  .to  use  /theorem*    in  this  way'must  be 
'    ..carefuLUn  fii s  deWEp^m  of  the  word  —  it  will  not  do,   £or  hie  purposes, 
^      to  say  that%a  ^heprem  is  ^sentence  which  is  a  consequence  of  his 

•postulates,    iSinceT  however,  if  is  just  tHese'  sentences  which  make  up 
whatever  tbepry  is  be  tag. .developed,  this  definition  seems  to*  us  a  good 
one  .  .  [The  statement  in  the  text  is  equivalent  to  it,  though  redundant:  | 
Postulate s,  then,  are  somewhat  arbitrarily  chosen  theoremst  from 
'which  the. remaining,  theorems  — -^as  well  as  the*y,  themselves  —  can  be 
derived*.  .  %  " 

*  •  »        *  *  $  $ 

T«)deye.lop  thi^vpoint  a  bit  further f  let's  defirjte  a  deductive  theory 
•^to  be  any  set/of  sentences  wvhic>h  is  such  that  each  sentence  ^hich  is  a 
*■     logic a^  Consequence  of  memkrs  of  the  sfct' is  also  a  member  of  the  set. 

-,in  short,  a  deductive  theory  ;s-a-set  of  sentences  which  is  closed  with 
V  ,  respect  to  deduction*'    We'chfeoa^  to  refer  to  the  members,  of  a  deduc- 
tive theory  as  the  thepgems  of  that  theory*1  'Sor  example,,  the  set  of  all 
true  ^ntence|  c^nc^rnin^  »o.Ae*subject  m-atte  r  —  say,  geometry^-  wfcich 
can  be^lormiaJated  in  a.giy&n,  language  is  a  deductive  theory.    This*  is 
so  because/  since  logical  consequences  of  true  sentences  are  true^this 
^et\6f.ntfntence«  isMtedu£tively  closed*    For  anoftier  example,  if  one 
'ckopses  -certain  of  these  sentences  then  the  set  of  all  consequences  of 
the  chose/i  sentences  is  also  a  deductive  theory.    This  is  so  because  a 
sentence* which*  is  a  consequence  of  sentences  which  c^n  b£  derived  *' 
from,  the  $bosen  ones  is  plso  *  consequence  of  .'khe  chosen  sentences. 
..!7he(cha'sen  sentences  ar£  cafled  'postulates* v  and  any  one.  of  many 
!  s4t"s  pf  postulates  w^iM  erigemder,  through  tieducti^n,  the  same  deductive 


We^ave,  then,  two  wajs  [at  least]  bf  obtaining  deductive  theories. 
'.  We  may  ^ake-all  true  sentences  concerning  the  subject  ^chich  interests 
lis,  or  yfc  may  take  *t>te  "deductive  closure*1  of  some  set  of  the.se  sen- 
••  ^ces/M  cor^m<}n,'prqcedis>re  —  and  ttfe*bne  upon,  which  we  are  now 
h -;  v^mba^kfcng  —  is  to  adopt  trie  latter  alternative,  and  to  try  to  choose  our 
■^°*6tu^fte*  in  such  a*way  that  *he  resulting  deductive  theory  .will  include 
anion^  iU  theorems  a  large    number  ahd«variety  pf  the  theorems  of  the 
^dedti^tive  theory  which  consists  of  all  tr*ue  sentences.    To  this  end,  we 
/^egin  by  choosing  a  few  promising  postulates  and  investigating  some  of 
>  'tHeirtcouseqxterjces,    Having  done  so,  we°  adopt  additional  postulates  — 
x    defining  in,  Vfcis  way^jMiore'  inclusive  deductive  theory  —  and  see  what 
%    "additional  sfc nte nc4j s  ^feirt mi\^X\i^^rr\Bm~  "We  rrfay  hope  by  tnts^mearis  to 
arrive  at  lasj  at  a  set  ©4  postulates  whose  deductive  closure  is  the  set 
.-.of  aJitrue  tf$ftteneje*.  *  At  any  rate^  we  shall  by  this  method  obtata  a 
r   better  understanding,  and  a  n*$r.e  nearly  complete  knowledge^  of  the 
.subject^  -  •  -  •  * 

fjfe  Another^proc^dure  —  aside  from  merely  adopting  additional  postu- 
l^Ks*-—  for ~*£niarging*a  deductive  theory  is  tha£  df  adding  new  wortis  tb 
o^r  language^  This  automatically  enlarges  thetset  of  true  $enter^e<es. 
Iri  order^to  catch  up*  we ^nuj^jpf  of  course, - , adopt  sorne  o^th&se  new  true  4 
sentences  as  postulates*  SoYne  times  the  new.  wortis  merely  allow  us  to,  - 
*    £iy  more  simply  things  which  we  could  say  without  using  ttoftA;  :  In,  sueh 
i  <Sase  we  ca**catch  up  by  ^ll^tin^  a  postulate  of  the  aarticSPrly  simple 
Hjpd  caUed^deflnitioru      As  has  fceen  implied,  de/initi6«s  {in  a  deductive  * 
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development]  are  postulates*.    They  differ  from  othe^R  postulates  only  in. 
that  we  could,  in  theory,  ^e.t  aTohg  without  themt    (in  practice,  we 
couldn*t,  ]   Note  that  any  true  sentence. of  a  certain  form  can  serve  as 
a  definition*    Whether  it  is  adopted  as  a  definition  is  a  matter  o£  choice, 
just  as  it  is  a  matter  of  choice  with  regard  to  any  true  sentence  whether 
that  sentence  is  adopted  as  a  postulate.  -v  ' 

.       %  ■  *       *•  ■  ■ 

It  seems  convenient  to  use  abbreviations  —  like  *CPA*  for  ^the 
cornmutaf ive  principle  for  ad'ditipn*  —  for  common  des'criptive,  phrases. 
Some  people,  however,  find  it  a  nuisatjee.    Use  them  or  not,  as  you  like 

'  Some  students  will  have  used  quantifiers,  'V;  and  *3*f  in  their 
study  of  Sigebra,  and  some ^111  not.    Those  who  have  not  will  learn 
how  to  ufce  thern  when  studying  later  chapters.    Fpr  the  present,  and 
in  Chapter  3*  as  well,  we  shall  have  no  use  for, them.  * 

Even  though  students  hayte  used  generalizations  in  their  work  {n 
algebra,  some  may  have  difficulty  in  making  or  in 'recogniaing  Instances 
of  generalizations  about  points  and  translations.  iOne  reason  for  this  is- 
that  they  must  now  begin  to  .concern  themsel^s^out  the  doxnain^^>f  the 
variables  involved  in  the* generalizations  the'y^^ork  with.    In  their  work 
in  algebra,  all  of  the  generalizations  were  about  real  numbers.   In  this 
worR(  the  generalizations  are  about  noints,  pr  translation*,  or  real 
numbers,  or  even  ab<$ut  sets  of  points.    For  this  reason,  special  sorts 
of  variables  wijl  be  used  for  pointsr  for  translations,  ar>d  for  real 
numbers,  and, plater  for  ce/tain  kinds  of  sets  of  points  such  as  lines, 
rays,  planes,  etc#    It  may  take  some  ti^me  for  all  of  the  student* [to ^  get 
thoroughly  farniHar  with  this  notion^  • 

*  •  *  * 

One  device  which  has  proved  to  he  quite  helpful  in  checking  in- 
stances of. generalizations  [especially  on  a  chalkboard]  involves  tjie  use 
t  of  frames  and  underlines,  instead  of  letter  variables,  in. pattern  sen* 
tenets.    For  example,  consider  the  sentence:  A- ' 

(1}      ;:.  -  A  +  (B  -  A)  =  B  ' 

To  show  that  the  sentence:         ^  „ 
/.  tt)^    .      (P4r!;f  [(Q+s)MP+?)]  =  Q  >+  « 

is  an  instanc^pf  (l)t.  one  might  establish ^;cdi^fintion  for  drawing 
loops  around  expressions  for  transiatiq^a^i .^l^riining  expressions 
for  points.    [Colored  chalk  works  very  ^ely'he^  ]  ^Making  ule  of  this 
convention,  we  see  that  {1  >  has  the  pattern 


and  that  (2)  ii^s  this  pattern  precisely.  . 


Of  c^u^rse,  we  must  know  that  4F  -r  r*  an^*0  ^  ^ 'refer  to  points  Iri 
prdser-to  see  that  (Z)  fits  the  pattern  for  (1 ^if  I*  this  feature  of  tfedf  " 
generalizMidns  that  we  willsb6  dealing  witji  in  this  course  that  is      -,"•«.;  :A 
different  f!r6nv|he  generalizations  met  ixi^IiMn^ntary  algebra,  -~ 
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-      .    •  ,  ^  •  ■ 

'numbers,  you  dealt  with  only  one  kind  of  thing,  namely,  with  real 
numbers.  So,  only  orie  kind  of  variable  (lower  case  letters]  was  needed. 
AIhq,  since  the  ofSeratioris  dealt  with  always  led  from  real  numbers  to 
real  numbers,  there  was  never  any  heed  to  say  that  t hp  result  of  an 
operation  was  a  real  number.  For  example,  you  could  be  sure  that 
every  value  of  %  -  ti  was  a  real  number  {There  was  nothing  else  it 

could  be!|.  Cohs4*quentlyr  vou  coulckbe  sure  that: 

7  v  • 


(a  -  h)  +  c  -  c  +  ia 


\ 


was  un'inHtanceof  the  commutative  principle  for  addition  |the  CPA1. 
For  these  reasons,  you  did  not  need'a  name  [such  as  '  >f  J  for  the  set  of 
real  numbers,  nor  flithyou  need  a  postulate  such  as: 


[Read  V/(  for  example,  as  Tor  each  real  number  x\\ 

On  the  other  hand,  in  our  proposed  study  of  gSbmetry  we  shall  be 
dealing  with  three  kinds  of  things  —  points,  translations,  and  [later] 
real  numbers.  So,  in  opder  to  deal  easily  with  ttiese  things,  we  need 
three  kinds  of  variables'.  We  shall  use 

4    upper  case  letters  \A%  B,  .  .  .  |  as  variables.for  polt&s, 
*  ;  lower  case  letters  with  arrows  |q,  6,  .  *.  .  j  as  Variables 
for  translations,  apd  *  " 

lowen  case  letters  |a,  b,  .  .  .  i  as  variables  for  real  numbers.  _ 

In  addition  to' dealing  with  three  kinds  of  things,  it  ig  also  the  ease, 
as  you  saw  in  Section  1.07,  that  the  operations  we  shall  deal  with 
M*nix  upM  these  different  kinds  of  things.  For^canrple,  the  ^ult  of 
adding  a  translation  to  a  point  is  a  point,  antfthe  r^sulrof subtracting 
a  point  from  a  point  is  a  translation.  Consequently,  we  must|be  more 
particular  when -getting  instances  from  generalizatibnsH&ian  wefwbi*e 
*tn  our  study  of  real  numbers/lFor  esampfe,TO^ 

(♦>  .       .  • #   yxv$x\  x)  -  x  ~  j?  *  -  ' 

or  the  "free  Mailable  generalization";  *  ■* 

•  li. '  {««)  iA  +  a)  -  A -a  [Exercise  2  on  page  52]  . 
.Somes,  sentences  which  are  instances  of  both  (*)  and  (*+)  are; 


and: 


[P  +  (Q  ~  P))  -P»Q  -  P. 


|(P  +  m)  +  sj •  -  IP  +  m)  »  tfc 
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As  an  example  of  .a  sentence  which  i§  algebraically  correct  but.ft  \, 

not  an  instance  of  the  generalization  ( I  )>  is,  the  fo]J$wing;% 

.'  .  ■  "  * 

-  a  +  (B  -  a)  =  B  ■  "  • 

*  ->  * 

This  vis  not  an  instance  ol  (I)  because  "a1   has  values'whic^h  are  trans- 
lations and  only  expressions  whose  values  are  points  may  be  substituted 
for  'A'  in  (1).  *      n  "      v    •  y 

In  addition  to  keeping  straight  which  kinds  of  substitutions  are 
legitimate,  ±t  is  also  necessary  to  pay  attention  to  the  placement  of 
grouping  symbols.     For  example,  the  expressions:  *  t 


(A  +  B)  -  A 


and: 


A  +\B  -  "A 
are  meaningless  in  our  system,  " 


-  -  •  • 


V 
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Give  the  substitutioliSMpr  fA*  and  'a  which  you  would  make  in  (**)  to 
obtain  these  instances. 

In  order  to  know  that  the  given  sentences  are  instances  of  (**),  we 
need  to  know  That  the  values  of  'Q  -  F<are  translations,  and  that 
those  of  T  +  ?n  are  points.  For  this  reason  we  neecl  postulates  which 
tell  us  that  this  is  the  case.  To  state  these  postulates,  we  shall  Use  the 
names  \r  for  the  set  of  translations  and  W  for  the  set  of  points.  The 
postulates  we  need  are  as  follows:  ' 


(a)  B  -  Ac  J 

(b)  A  +  aef 


■  \ 

\ 


[Read  (a)  as  B  -  A  belongs  to  V "  or  as  'B  -  A  is  a  translation1;  read 
lb)  as  'A  .+  a  belongs  to  or  as  'A  f  a  is  a  point'.)  n' 
In  case  you  are  used  to  using  quantifiers  fas  in  (*))  to  formulate 
jperalizations  and  are  atccustom^i  to  think  of  "open  sentences"  like 
^T,  (»),  and  (b)  as  merely  showing  forms  which  statements  may  have, 
yoy will  need  to  remember  that,  in  this  course,  wh§n  you  "assert" 
such  a  sentence  -say,< a) -you  are  using  this  sentence  just  as  you  are 
accustomed  to  use  a  quantified  sentence -for  example,  the  sentence: 

Iri  particular,  adopting  (a)  as  a  postulate  has  the  same  effect  as  adopt- 
ing (a')  would  have.  An  open  sentence  which  is  adopted  as  a  postulate 
or  definition,  or  one  which  is  proved  to  be  a  theorem,  has  the  same 
meaning  as  does  a  corresponding  quantified  sentence.  What  thisf 
amounts  to  is  that.such  a  sentence  implies  each  of  its  instances. 


Exercises 
Part  A 


T' 


1.  Here  is  a  quantified  sentence  which  can  be  used  to  state*  the  asso- 
^  ciative-pnneiple  fot^addi&efl:   .-- — a — ~  

V>  yrV.^/x  +  y)  +  z "  -  x  +  (y  +  z)  '       *  .  : 

Aa)  Write  a  corresponding  "free  variable  generalization"  sentence 

which  has  the  same  meaning  as  (*). 
(b)  Does  the  sentence  you  Wrote  in  (a)  have  any  ft^se  instances? 

2,  Suppose  that  somebody  told  yoirthat  the  following  sentence  is  true.; 

'  <**>."     .     ■  ,    %*yf(x  ±y)  +  z  -  x  -  (y "  +  z) 

r'  .  "  '   '  'V  •  ■         «  *.:.«•■ 

(a)  SHb^f  that  this  person  is  mistaken.  s 
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To  obtain*  the  first  of  the  exhibited  in-stjiaces  of  the  sentence 
on  page  61, -substitute  *  P*  for  *A*  and  'Q  -  P1  for  *a\    [The  first 
substitution  is  legitimate  because  1  F  is  a  variable  with  the  same 
domain,    g.,  as  the  variable  *A*.    The  second  is  legitimate  because 
*<S  -  P*  refers  to  translations,  and  these  constitute  the  domain  of  the 

variable  *a%']  *  • 

•  •  ■     *  ■ 

To  obtain^ the  second  of  the  instances,  substitute  'P  -f'nV-  for  'A' 
and  *s'  for  'a\    [The*  first  substitution  is  legitimate  because  4  P  +  nV 
is  a  point-term  anfl  the  values  of  *  A*  are  points,  J  The  second  is  legit- 
imafe^bs.cause  both  *s*  and  'a'   are  translation-variables.  ] 

Making  use  of  the  convention  of  drawing  loops  around  expressions 
for  translations  and  underlining  expressions  for  points,  we  see  that 
(<rit)  has  the  pattern:  -     *  ^ 


and  that  each  of  the  given 

sentences  fits  this  pattern  precisely: 

(hp  +  m 

*  QD)  -(p+mrj .  cry" 

i  ■ 

The  universal  quantifier  tVf  is  used  occasion||j^in  this  section,  * 
mly  for  the, benefit  of  students  who  are  unaccustomed  to  using  *"o£>en 
ientences"  to  express  universal  generalities,,  -H-yoo^L^have  no,sua>h 
students,  pass  over  the  occurrences  of  1 V*  as  ligntlyaT^5c**s^le ,  A 
srief  discussion  of  quantification  is  given  on.  TO  67(#1)  and  TC^M^.)  bttt 
f  feasible,  the  Subject ^should  be  ignore cT until  it  is  in^toduced  in  the 
*extt    *'  '  3 

Answers  for  Part  A  •       . -n  ,  ■  •"  , 

1.  (a)    [Answers  may  vary  here.    They  should  all  be  of  the  forfrx 

'(a  4  b) ■+  C;3.  a.  +  {b  +  c)^  and  should  be  composed  of  * 
T^       ~~ varla^Ies^'  that  isy  lower  case  letters  from  near  the"  . 
beginning  of  the  alphabet.  ] 

(b)  No.  •  ,     '  -0 

2,  (a)   [The  students  should  give  counter-examples  to         In  ordet 

to  show  that  on  A  who  thinks  that  is  a  true  generalization 

'  is  mistaken.  ] 
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tb)  Write  a  corresponding  free  variable  generalization  sentence 
which  has  the  same  meaning  as  does  f**). 

(c)  Show  that  the  sentence  you  wrote  in  (b)  is  a  false  general- 
ization. * 
3*  Suppose  thai  soroebody  told  you  that  the  following  free  variable 

generalization  about  points  and  translations  is  a  true  one: 

i^)        *  A  -  iA  HhaV=a*  m%  *  ^ 

■  '  '  "  * 

(a)  Write  a  corresponding  quantified  sentence  which  has  the  same 

meaning  as  does  (4t). 
(h)  Is  (i/>)  a  true  generalization  or  not?  Explain  your  answer, 
(c)  On  the  basis  of  your  answer  in  (b),  what  can  you  say  about  the 

quantified  sentence  you  wrote  in  (a)? 


For  the  generalization  listed  in  each  exercise,  make  an  instance  as 
suggested.  < There  may  be  several  correct  answers.) 
Sample:  SMake  ari&nstariee  ofs^  ■*  % 

,       v/t9*  +  y  =  y  +  *  *  ' 

concerning  the  numbers  *2  and  ^8.         *  ■■  *■ 

Solution:  Two  correct  instances* we  could  make  concerning  *2  and 

8  ar&  -  ■    -  #": 

v    f2  +  8  =   8  .+  *2  \.  .        a  '  , 

.     *  akd:  8  +  *2  -  '2  +.  8 

1.  Make  an  instance  of: 

• J  ....   •.'    >W?.*(y        =  xy  +  xz 

.  ■  concerning  3,  *  1/2,  and  0.  ...  »• 

2.  Make  an  instance  of:  '••*.• 

.  V,x  +  0  =  *       .•  • 

■  *     ■  S  \ 

concerning  *3  and  2,  v  \  '4 

3n^iake  an  Tnstanc^(^  T~  7~~ 


5  ~  A  €  jr 


■4 


(a)  concerning P  and  P#+a;  <b)  concerning j4  +  a  and  C; 

(c)  concerning  A  +  (B  -  A)  and  B;^(d)  concerning  a  an&yl  +  a. 
4,  Make  anjnstance  of:       *  f 

(a)  concerning  P  and  Q  -  P;  *  (b)  concerning  S  +  c  and*; 
(c)  concerning -A ■+  lz$ndli  fl)i*     (d)  concerning cTand  B; 
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2,     (b)    [Answers  ahould  all  be  of  the  form1  '{a  -  b)  f  c  -  a  -  (b  +  c)\  ] 

fc)    [The  -same  counter-examples  as  were*>given  in  {a}  are  % 
appropriate  here.  ] 

3\     (a)    There  are  three  possible  answer*  for  this  part,    T^ey  are:  . 
(ii)  Vx  X  -  (X  +  1)  =  a 

(iii)  V*  A  -*<A  +  x)  -  x  V 

(b)  No.  ^We  already  know  that  a  is  the  translation  from  A  to  : 
A  +  a.    If  it  were  the  case  that  a  is  also  the  translation  from  • 
A  +  a  to  A,  then  a  would, be  its  own  inverse.    But,  the  only 
translation  which  is  its  own^invers-e  is  the  identity  translation* 

^  So,  (&)  is  not  true  for  any  translation  except  (L    [This  argu-  % 

ment  suggests  a  source*  of  counter-examples,  namely,  trans-  t 
lations  different  from  3.  ]  ?,  • 

(c)  It  is  false. 

*     *  * 

■  •  "  f 

Part  B  of  the  exercises  focuses  attention  on  a  master  that  has 
been  a  problem  with  some  students  in  this  course.    As  we  have  indi- 
cated, stating  generalisations  without  quantification  will  be  to  our  g 
advantage  in  this  work  and  is  something  mathematics  students  should  I 
learn  to,do#    However,  students  who  are  accustomed  to  dealing  with 
gfenexalitfations  in  contexts  where  quantifiers  are  used  may  have  trouble 
at  first  making  and  recognizing  instances  of  generalizations  stated  with"- 1- 
out  quantification*    Part  of  the  problem  is  that  it  is  sometimes  neces-  t$ 
sary  for  letters  used  in  the  generalisation  to  ^Iso  be  tiled,  perhaps  in^/1" 
different  positions,  in  an  instance  of  the  generalization.    We  have 
included  .exercises  l^ke  those  in  Parf  B  in  several  other  places  in  the 
forthcoming  material.    If  your  students  seem  to  have  trouble  w*ith  this 
activity,  It  would  be  wise  to  generate  work  sheets  with  additional  - 
exercises  of  this  type  for  them.  n 

Answers  for  Part  B  . 

;  —        1  a 

1.  [There  are  six  correct  answers  which  use  "3,        and  0  as  values 
for  the  indices.    There  a  for  infinitely  many  answers  if  combinations 
of  "3,  f|,  and  0  are  u'sedl  For* example,  "3}(^  +  0) 
-  (*i  ■+  "35*  +i  +          **3}#  0k^»  one  such  instance,  } 

.    j  +  0)  =  "3  .  4  4r  '3  •  0  *±(Q  +  '3)  =  ^-0  +  ^/3 

"3(0  +  .*|) -3.0  *  "3t^  0f3%  ^)  *  0v3  +  0.^ 

2.  <*3&  ~2)  f  .O  -  *3  4  'Z  [Notice  that  if  is  sometimes  clarifying  to        • ; 
insert  grouping  symbols  in  an  instance  that  -do  not  appear  In  the 
gerxe  ray asatiojif  ]        .  t  .  »„■    -  ^  . 

3.  (a)    P  -  (P^aOef  or      ^   -  ;      ,        t  S/ 


(b)   (A  4.  a)  -  C  €  T.  or  • 

C  -  {A  >  J)  €  t     V  ;  .  fv 

■(c)    [Av+  (9  -A)]  -  B  e  TVpr 
;     B  -  (A  +  (B  *.  A)Jfe  Tt  »- 
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2.02  Out  first  Postulates  ai^l  Another  Theorem 

As  just  mentioned,,  we  shall  adopt  these  sentences: 


(a) 


B  -  At  ,r 
A  .+  a'i/ 


'as  postulates*  to  use  in  determining  what  terms  we  may  substitute  for 
our  different  kinds  of  variables.  Let's  review  what  these  sentences 
mean.  I 

In  Section  1 .07  you  learned  that,  given  a  point  A  and  a  pint  B,  there 
is  a  mapping  of  /f  into  itself  which  is  called  the  translation  from  A  toB. 
This  translation  could  be  pictured  by  marking*  points  A  and  B  on  a 
sheet  of  paper,  copying  this  on  a  tracing  sheet,  and  sliding  the  tracing 
sheet,  with,  out  twisting,  over  the  paper' until  the  mark  which  was  overx 
A  is  over  B.  Jhis  translation  could  also  be  described-  in  terms  of  the  > 
points  ^4  and  B  and  parallel  lines.  Since  this  unique  translation  is 
certainly 'determined  when  we  are  given  A  and  B,  we  may,  as  we 
decided  in  Section  1.07.,  call  it  'B-^jil  In  adopting  (a)  as  a  postulate 
we  are  merely  giving  notice  that,  for  any  points  A  and  B,  B  -  A  is 
a  translation. 

Having  adopted  this  subtraction  notation  for  translations  it  seemed; 
in  Section  1.07,  sensible  to  use  an  addition  notatio/i,  'A  +-a*,  to  refer 
tonhe  image  of  a  point  A*  under  a  translation  oTsinee  a  translation  is* 
a  mapping  of  £  into     it  follows  that,  for  any  translation  tT and  any 
point  A,  A  +  «  is  a  point.  This  is  what  (b)  says,  •% 

We  combine  (a)  and  (b.)  into  a  single  postulate,  Postulate  1, 

Postulate  1      (a)  B  -  At  J      ib)  A  +  aV# 

(a)  A  difference  of  points  is  a  translation.  • 

(b)  A-stun  o{  a  point  and  a  translation  is  a  pointy  ■ 


Exerciser 


1- 


In  each  of  the  following  exercises,  complete  the  given  expression  so 
that,  when  the  result  is  treated  as  a  universal  generalization,  it  is  a 
true  one.  [If  it  is  notrpoaeible  to  do  so,  say  so.]  You  may  use 
or  a  variable  for  a  point  or  a  translation.  ' 


1.  A  +  Fe 
4.  C  -  Bj. 

7.  B  -  _ 

t  , 


3.  A  -  A*  '  ^  j 
B.   -  Beg' 


-  BtJ      9.  A'  + 
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(d) 


We  cannot  make  an  instance  cdhcerning  a  by  using  'a*  as  a 
value  for  'A'  orlfor  *B\  since  the  values  of  both  *A*  and  4B* 
are  points,  not  translations.    Of  course,  .if  'a'  is  used  in  a 
point -valued^expre skion  t^||k the  resulting  sentence -is,  in  a 
way,  about  a  and  whateveHJjSlse  was  used  in  that  point -valued 
expression.    For  example,  ^(C  >  a)  -  (  A  +  a)  s^T'  is  an 
instance  of  '  B  -  A  €  T%  and  , is  about  C  +  a  aric 
C  and  a  —  and  A  +..a,  i 


id,  so  about 


(cj 


p  +  «D  - 

<B  +  c)  + 
(A*.  a).+ 
B  -f  a  €  6 


(a  +  S) 
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As  is  illustrated  with  Postulate  1,  we  frequently  accompany  postu- 
lates and  theorems  by  "Englislf  sentences"  which  approximate  as 
closely  as  possible  the  "algebra  sentences*.*  in  question,    [This  is  not 
always  easy;    if  it  were,  there  would  be  less  reason  than  there  is  for 
developing  mathematical  notation.  ] 

The  purpose  of  exercises  such  as  those  following  the  statement  of 
Postulate  1  is  to  help  the, student  become  familiar  with  the  kinds  of  ' 
expressions  that  are  meaningful  in  the  formal  system  we  are  developing. 
It  may  be  the,  case  that  you  will  need  to  construct  more  such  exercises  * 
in  order  to  give  individual  studentq  more  practice.    One  practice  which 
proved  to  be  helpful  was  that  of  having  students  generate  some  expres- 
sions which  make  sense  and  some  which  are  "nonsense".  I 

We  wis)i  to ^ all  attention ^Pt he  facts  that  in  our  system,  (a)  adding 
a  point  to  ^translation  is  not  meaningful,  1(b)  neither  is  subtracting  a 
point  from  a  translation  and  (c)  neither  is  adding  a  point  to  a  point.  I 
This  is  not  to  say  that  systems  cannot  be  constructed  inVhich  these  , 
processes  are  meaningful.    It  is  simply  the  case  that  there  is  no  real 
need  to  de^l  with  such  expressions      this  particular  formal  system. 
As  thing s^ave  been  developed  to  this  point,  anji  as  they  will  continue  to 
be  developed,  each  of  the  meaningful  expressions  is  introduced  via  the  ^ 
postulates  and  is  based  on  our  intuitions  about  points  and  translations* 
T!he^c_arg„_lha£  must  be  exercised  in  dealing  correctly  ^iilv^xfirs^ssiong— ^- 


*a£out  points  *and  translationsvWili  serve  tb^einforce  the  dependence  of 
one' s  results  on  the  goftulates.  /. 


'  Answers  i&  feyerciaes  .  ,: 

i.  e         "  *  r  ' 

4.     T    •     *  ,      "  1 

A  [or*  .any  variable 
for  a  point] 


:;3J^  {not.possible  ] 
5. 


8. 


a'  [or,  iny  variable 
for.  a  translation] 

A  [or,  any  variable 
for  a  point] 


'  3- 
6. 


[not  possible] 
{not  possible] 


V 


1S3 
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-      •  t 

Notice  that  Postulate  1  tells  us  absolu^jiy  nothing  about  haw  the 
translation  B  -  A  relates  to  points  A  and  B,  nor  does  it  tell  Us  how 
the  point  A  +  Prelates  to  pqijit  A  and  translation  a!  For  this  we  heed 
additional  postulates.  v/      •  '  ■ 

In  SeAion  1.06  you  saw  that  the  translation<>/ro;u  A  to  B  maps  A  on 
B.  Using  our  addition-subtraction  notation  we  may  formulate  this  as: 


<c) 


.  A  +  (B  -  A)  =  B 


,  You  also  learned  that,  given  anyjsoint  A,  any  translation  a  .is  de- 
termined by  the  im^ge  of  A  under  a.  This'image  is  A  +  a  and, -'as  we 
have  just  noted, -A  the  same  image  under  the  translation  from  A 
to  A  +■  a^It  follows  that,  however  the  translation  a* may  have  been 
chosen,  a  is  the  translation  from  A  to  A  +  a.  Using  our  addition- 
subtraction  notation,  this  may  be  formulated  as: 

<d>  -         (A  +  a)  -  A  \ 

We  combine  (c)  and  (d)  into  el  single  postulate,  Postulated.  * 

*  ■ . .        **  .  .      •     *  .' 

Postulated      (a)  A  +  {B  -  A)  =  B      (b)  a*  =  (A  +  a}  -  A 


(a)  .The  translation  from  A 
to  B  maps  A  oq  B. 


,;i  (b)  &  is  the  translation 
^       fifom  AioA+a. 


\A*iB"A) 


/ 


/&  A. 


2-3 


j  Notice  the  similarity  between  Postulates  2(a)  and  2(b)  and  the  real 
number  sentences  %  ■  • 

.  . .      .      ■ .       *  '      3  *  .    -  • 

*a  +  (b  -  a)  -  6*  ^     £rid  '*;  'a  =  (6  *a)  -  fc'j 


Exercises 


In  each  d  the  ^towing  exercises  bfcmplfete the  ^re&soon  so  that 
when  the  result  j$  treated  as  a  tmiversat  generalization^  is  a  true 
one.  iff  it  i§j ^  not  i>it^lle  to  do  so,  s^  p.]  v;  \ 

1.  &  (t  (B  -  m  '    7  -     2, * [A  +  (5' 


A  £|  -  A 
AM  r  ^ 


^    »  #   -  •  * 

m  The  purpose  of  these  exercises  is  to  give  the  students  some  prac- 
tice in  making  use  of  Postulates  2|a)  anci  2(b).    It  may  be  that  more 
such  exercises  are'needed  iri  individual  cases.    Since  none  of  the  exer- 
cises in  Pa rt  A  are  impossible  to  complete  in  a  meaningful  way,  you 
ma#  wish  to  make  up  a  few  expressions  which  cannot  be  completed.  , 
Here  are  a  few  you  might  start  with:      %    '/  .  ' 

/  (A  :  B)  +  B  =  - 


[A  +.(3  T.AJl  +  ^B  +  (A  -  B}]  =  ^ 


[<P  -  6)  4  A]  -  <P  -  Q)  = 


Note  that  while  e^ch  of  the  completed  sentences  is  a  consequence 
of  Postulate  2,  only  the  first  four  are  instances  of  one  or  ^the  other 
part  of  this  postulate.    [Exercise  Z  gives  an  instance  of  Postulate  2(b) 
which  is  also  a  consequence  of  Fos filiate  2(a). J"  '  *  ,  h 


Answers  fAr  Part  A 

1.     B       *      x-  .V       I.    B  -  A       '  '   .•'  ■•' 

*  i '  ■ 

3*     B  -  C  4;    A •«*  A  [>Formallyr  we  cannot  accept'  *j5*  here 

0>;  . f  as  we  have  nothing  in  our  postulates  at  this  l( 

time  which  tells  us.  what  *0'  is.  ] 
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S.  '  B  f/.a  :6V  B-+  I     ;  7;  •   A  -  Af  -m      J       8.    a    !  •  •  ; 

■  ■  ■    .  ■  *  '  s 

Answers  for  Part  B  '  "      J  %  '         ^  % 

[There  are  infinitely' many  correct  answers  for  each  part.  We 
give  some'of  the  obvious  ones.  },'.".  ; 

1.  (a)    (P+2)4  [Q  -  (P+3)}=fH  ;  V; 

Q+  [(^+  a)  -  Q]=  P+ 

(b)  There  is  no  instance  which  uses  *a*  as  a  value  for  4A*  or  for 
*B\    Of  course,  if  -Mis  used  in  a  point-valued  expression 
then  t$e  resulting  sentence  is  about  a  and  whatever  else  was 
used  in  that  expression.    With  this  in  mind,  the  following'are 
among  the  possible  answers: 

\      R.  +  (f;R^+  a)  -  R)  =  R  4  a   '    (Rf  a)         -  (R  +  a))  =  ^ 

There  are,  of  course, infinitely  rchny  possible  correct  answers. 

(c)  ,A  %(C  -  A)  -  C;  C+jA  %C)  =  A         ;      \  ]  .  ;:t '  ,:J  ;       \ . 

(4)  '(P:+  (Q  -  P)]4t  {B  -IP.+  <Q  -PT5)  =  S;  1 

B.+  {[P4  (Q  -  P)]  -  B}  ?        (Q  >  P)  -  v 

2.  4a)   B  ■  A  a  fB  4-  tB  -  A)}  w  b7 


(b)  a  4      [c  4  (? 4  %>  c  f  •       •      '  ;  "     /,  ; 
^c)  S  =  {[a  *{b   A)]4;S)  -  [a  4 A^J;      ./         :  ; 

(d)   (B  -  A)M(A4a)  +  a- •A»-  (A+'4;'-       :  -  j 

t  K:1ia>A)4|=;lAt  ((B  -  A)  4  a))  -  A  :  f  This  ai*to^»  that 


"i  It  rnlght'be  argued  in  connection  with  Theorem  I *1  that  we  are^not 
yet  in  a  position  tq  grove  a  theoretn  s|nqe  we  have  not  established  the  \ 

^•ip^ical  ^r^uiid  rules* *  unde r  which^^we  inteiid  to  operate*  What  we  . 
wish  to  do  at  this  stage  Of  the  game  i*  to  motivate  a  Hiecussioa^of  .mtome 
matters  of  logic.   We  do  this  by  pre'senting  proofs  of  both  ••parfs**  of 

'Theorem  2-1.   \%     ':.  1-     '     •  r  :  '  <S  '  ' 


'  155 


.      .    ^     ;.  ,  •  v..  .  .  ,y,yr  .-•.-v.-v'-.  -^iV-vr- 


A  START  AT  FOKMAUZIN%)LR  INTUITIONS 


5,  [A  +  (fl  -  A)) "  + 


a  = 


6,  [A  +  (S  -  A)]  +  [(A  +  a5  -  A] 


7,  A  -  (B  +  (A  -  B>1  = 


A 


PartB 


[P  +      -  [A 


+  (P  -  A)}  = 


Make  an  indicated  instance  of  each  liberalization .  . 


1.  An  instance  of: 


A,  +  (B  -  A)  =  B 


2. 


(a)  concerning  P  +  a  andt?; 
(c)  concerning*^  and  C; 
An  instance  of; 


(b)  concerning/?  and  a; 

(d)  concerning  P  +  (Q  -  P)  and  B. 


/ 
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5      ?he  strategy  employed  in  these  proofs  will' be  lomewhat  familiar 
'to  the  studenfcjjrom  their  work  in  algebra.    Notice- that  we  invite  the 
students  to  try  fheir  hands  at  writing  their  own  proofs  of  the  theorem 
before  reading  the  proofs  in  the  text.    Students  who  make  a  practice  of 
this  should  gain  power  and  confidence  in  their  ability  to  use  both  the 
rules  of  reasoning  and  concepts  in  the  formal  system  we  are  developing. 

We  shall,  generally,  use  'derivation' ,.  or  'argument'  when  refer - 
^  ring  to  a  discussion  which  purports  to  show  that  a  given  conclusion  is  a 
consequence  of  given  premisses.    [A  derivation  may  be  valid  or  invalid  ] 

E£2£i  ls  a  derivation  which  jshows  that  a  given  conclusion  is  a  theo- 
rem —  that  is,  is  a  consequence  of  our  postulates-.    More  loosely,  a 
proof  is  a  valid  derivation  whose  premisses  are  sentences  already 
known  to  be  theorems. 

The  bracketed  remarks  inserted  in  the  proof  of' Theorem  2-1  are, 
of  coursfe,  <^ot  part  of  this  prooL    Rather;  they  serve  to  explain  the 
proof.    It  is*  recommended  thaf  the  teacher  \vrite  the  proof  on  the  board 
or  overhead  as,  the  discus sidn  on  pages  66  and  67 proceeds'  so  that 
students  see  those  sentences  actually  constituting  this  proof. 


(a)  concerning  B  ~  j\  and  B\ 

(c)  concerning  A  f  (#  -  A)  and  6; 


We  can  now  prove  a  theore 


(b)  concerning  C  and  o*+  lrf 
<d)  concerning  B  -  A  and  at 


Theorem  2-£. 
A  +  a  =  Bifan 


only  if  a  =  B  -A 


. .    .  ■       ,  Fig,  2-4  '  ^  ; 

[Recall  that  a  theorem  is  a  sentence  which  is  a  logical  consequence  of 
our; postulates.  |  To  prove  a  thfefi^enf  i#  tasho^  that  it  is  a  consequence 
of  our  postulates.  Theorem  2  - 1*:  will  follow  if  we>  can  prove  two  simpler 
theorems:  ,    '       ,V>.  1 


In  connection  with  fhe  proof  of  (a)  you  may  wish  to  point  out  that 
the  use  of  la  =  B  -  A*  as  an  assumption  is)  Quite  differ eht  from 
assenting  Postulate,  2(a).    In  writing  *  Assulme.  that  a  =  B  -  A.  *  we  are 
in  effect  saying  "Consii$er  some  translation  a,  and  some  points  A  and 
B,  such  that  t  =  B  -  A.**   On  the  other  hand,  our  justification  for  f 
writing,  in  this  c  ont»*tf  c**y  Postulate  2(a),  aV(B  -  A)  =  .B,'  is  that 
;  this  postulate  assert*t£at;  for  any  points,  including  the  points  referred 
*He  as  sumption,  *tHe  result  of  adding  their  difference  to  .the  first  of 
-therp  i#  the  second.    [The* distinction  might  be  made  clearer  by  using 
•'C1  inftead  of  *A\  and  *D<  instead  of  4B*  throughout  the  argument, 
postulate  2teM*  uiftrffected,  tbut  (I)  becomes  a  different  sentence  % 

Uken  up  later,  . 

^he  re'  a*e  0t&?^<^ 

[<a)J   Suppose' that  a  *  B' ^'A^^  S'intl  *■  JM»3&.ife     ^;S-4^'-:;--*:  *  — 
follpws  [reccing  the  *a* 4 Wl^e  ript^^B  -  A4f"^"^^ 
that '^4  2  *  A  +  <B     * v  *^  - 


2(a),  A  +  (B 
Hence ,  ££  a 


A).  Since,  by  Postulate  . 
-  A)  =  B  it  follows  that  A  +  a  *  B. 
=  B  -  A  then  A  +  a -«  B. 


Kb)]- 


(a) 
(b). 


If  a  =  flL-  A  then  A  +  a  =  S. 
If  A  +  ^^M^pam^'B  -  A. 


Suppose  that  A  +  a 
if  fotfow*  that  (A  + 
-Po4tulat«^2|& 


*  B.    Since  B 
a)  -  A  =  B  -  A* 

%  Hence,  if  A  +  a  •  *  B  then 


A«  B  -  A 
Since,  by 


ISTOR  Before  reading  the  prodfe  iir  (a)  and  (b>,  try  to  prove  these 
sentences  yourself-  Try  to  derave-(a)  iy  logical  reasoning  from  Postu- 
1  Iates  1  and  Z^J>o ^  tH^kme^fof  4" 
Piw^T^^^ti,  [We.^t^lpeveWl  ' 
Assume  that"a  m  B  -  4.  Jy  Wtulate2(a),         ,     %  .  .^^^ 


(1) 


a  =  B  -  A 

These  proofs  make  use  cfc  the  logically  valid  sentences  *  A  4  a 

^-A^B*^  ai  premisses.  ,  The-second  of  thete^itt?TO«i__ 
also  used  in  tl»  derivation,  of  Postulate         from  sentence?/  •.-aK^1^4?.*S:-:? 
Postulate  i{a)  wMA  is  given  on  page  64/  As  is  pointed' ^m^^^S*^'^^ 
cussion  of  this  defrivation,  *B  -  A  =  B  -  Af  is  valid  because  ,#a:  thing  -  ^  "C 
is  itseir*  and  Postulate  l<a)  assures  us  that  the  expression  #S  -  A**  "  £ 
refers*  to  things  of  some  kind,   {A  sibnilar  remark  appHes  to  »A4m 
A  +  a*.   On  the  other  hand,.  'A  +  B  »  A  4  B%  for  example,  is  not  a  ;« 
sentence,  let  alone  a  valid  one,  jbeca^se  *A  +  B*  'is  nonsense } 


'•^i  *** ..... 


:      f      *  *  2.03  Substitution  67 

Since  [by  our  assumption)  B  -  44  is  the  same  as  a  it  follows  that  b 

"  (2!     •         '  •    .'    A  +  a'  -  /*.  ' 

Hence  (it  follows  from  ( 1  >,  above,  that), 

v    (.^'  if  (T=  «  -  4  then  /A  +  a"  =  /?..■■ 

[STOP.  As  you  see^our  procedure  for  showing  that  (a)  is  a  consequence 
of  our  postulates  w  as  to  show  that  'A  -b  a  .=  fi'  is  a  consequence  of  our 
postulates*  together  with  the  assumption  7r  -  B  ~  A\  From  what  we 
mean  whence  say  fif  .  .  4  then  it  follows, that  fif  a  -  B  -  A 

then  ,4  '+  a  =  B  is  implied  by  our  postulates  alohe. 

jn  deriving  (2)  from  our  assumption*and  (I)  we  made  use  ofltTeTact 
that  by  we  mean  vvh$t  'is  the  same  as'  does.  Sot  it  is  logical  that, 
under  our  assumption, „  we  may  replace  any  occurrence  of  V  or  of 
fB  -  A*  by  the  other 

Now,  before  £eadin^  the  proof  we  givefpr  (b)r  try  to  write  your  own.  J 

Assume  that  Aj  a  -  B,  Since;  by. Postulate  2(b),  a=p  +  a)  -"A 
it  follows  that  a*-~  B*-  A.  Hence,  if  ^4  ■+  <T~  B  then  a  =*.B  -  A. 
*|To  complete  the  proof  of  Theorem  2-1  it  remains  to  be  shown  that 
this  sentence  is  a  consequence  of  (a)  and  (b).. Briefly,  this  is  so  because 3 
of  what  we  mean  when  we  say  Hf  artfi  only  if\%  We  shall  go  into  this 
later  in  this  chapter.  Granted  this  point,  our  proof  shows  that  Theorem 
2  -1  is  a  consequence  of  just  Postulate  2  J  F 

In  carrying  out  th§  "preceding  proofs  we  h^ve  used  several  rules  of 
reasoning.  [Th^  use  of  those  rules  was  pointed  out  in  the  three  brack- 
eted; remarks  following  the  proofs.  1  FamiHarity  with  the  rules  we  have 
used  is\important  if  one  is  to  learn  tp^understand  proofs  and  to  make 
them  up.  So,  in  the  next  few  sectitftfs;  we  shall'discuss  these  rules, 

__2Jft ^  j$MbstltutiQn  -  .   ..   i  ^        -- —  - 

We  are  using  sentences  which  contain  variables  as  one  way  of 
making  general  statements  about  all^ values  of  these"  variables.  For 
an  example  concerning  real  numbers,  consider  the  .sentence: 

W  *        If  a  +#c  =  6  +  c  then  a     b.  -  * 

Here  is  Another  way  of  saying  what  (1)  says:  *  >. 

If  the  sum  of  a  first  number  and  a  third  number  is  the  same  as 
the 'sum  of  a  second  number  and  the  third  number  then  the  V 
first  ftumber  is  the  same  as  the  second  number; 

.  \'   .  t     ■  *  % 


if 
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Sentence  (1)  -illustrates  one  Way  of  making  a  general  assertion 
about  all  real  numbers.    Another  way  of  making  the  same  assertion  is: 

'  /  (!')       V  V  V     [if  X  +  z  4  y      z  then  x  #  Vj 

.  x  y  z    ,       *.  • 

The  use  of  the  universal  quantifier  and'iridices  [letters  from  the 

-  ends  of  our  three  alphabets]  is*  discus $ed  later  i^ this  course.  There 
is*  also,  a  relevant  discussion  in  High  Sc  hool  Mathematic  s  .  Course  1_, 
pages  116  -  123.  .  This  latter  discussion  needs^some  modification  to 
make  it  appropriate  to  the  language  developed  in  this  text.     Here,  open 
sentences  are  used  to  make  assertions  about  all  values  of  the  variables 
which  occur  in  them;    the  re/ variable  s  are  merely  place-holders  — 
differing  only  in  form  from  frames  and  underlining^  —  and -serve  only 

Mo  s|?ow  'some  of  the  forrhs,  which  statements  may  have.    What  are,  in 
the  reference  cited  above,  cailfed  'dpen  sentences'   carv.here,  better 

—  .Ue  referred  to  as  'predicates* » x    .  /  . 

Although  you  will  probably  have  no  need  to. discuss  the  universal 
quantifier  at  this  time,  the  following  discussion  may  be  helpful  should 
the  need  arise.    In  our  present  language  we  can  say  that  all  real  num- 
bers have  the^property  which  is  Expressed  by  the  predicate: 

by  filling  the  places  held  by  the  place-holder  by  occurrences  of  a  * 

■  variable:  •  .       •  0  \t 

■  ,        >•!  *  »  1  ^  ■   ~\  . 

Another  way  [see  the  refe  rence  jCited]  of  exp  res  single  same  generality 
is  to  write:     .  "        *      #  %     .  *  4 

^  Always  0  *  I  - 

or,  -more  shortly:  * .  *  . 

*     *  -  v      1  -  K  "  '• 

where  the  place-holders  fiave  been -crossed  out  to  show  that  they  no 
.longer  serve  their  function  of  holding  places.    InsteaS  of  crossing  out 
tfce  place-holders  we  might  orrtit^them,  but  indicate  that  the  spaces 
which  remain  are  not  a  new  kind  of  place-holder  by  linking  them  with 
the*  quantifier:  4       *  '  ' 

*  t          »  y.   .  1  =  i 
.  1  ...i  .  :  1    *  ■ 


Next,        note  0aat  it  is.  mor*e  economical  merely  to  indicate  the  upward 
prongs  of  . the  Horizontal  bracket some  arbitrarily  chosen  symbol: 

•    ••■».        ■  * 

Finally^  .since  letters  are  east^to  write  and,  sinc^e  it  is  desirable  not  *. 
to  use  two  lines  for  one  sentence;  wef>&dopt  ,the  format: 

'       •    •  'v  V    X  *  1  W  — -  ~  •■  

.  •  x  * 

*     '  1  '  \     "  ^ 

But,  since  the  function  of  letters  when  used  3.$  indie esA> is  different. frqrn 

feeir  function  when  useH  [as*  in  the  present  text]  as  variable^,  we  take 

care^ndt  to  use  the  lame  letter  ^bpth  as  a  variable  and  as  index. 

Specifically,  variables,  are  chosen  .from  beginnings  of  alph^bets7  indices 

from  the  ends.  :  *    ■    %  *  •  • 
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This  sentence  tells  us  many  things  about  numbers.  For  instance,  since 
we  know  that  -9  and  11  are  real  numbers  it  tells  us  that 
.'  *•  '  '  * 

if  the  sum  of  a  first  number  and  the  number  11  is  the  same 
•     as  the  sum  of -9  and  11  then  the  first  number  is  -9. 

Using  variables  we  can  express  this  by  writing. 

•     j2)  '  If  a  +  11      -  9  +  11  thenn  -  -9.  - 

Since  what  (2)  says  is  part  of  what  (1)  says,  we  shall  say  that  (2)  fol-' 
lows  from  il),  or  that  (2)  isa  consequence  of  ( 1 ),  or  that  (1)  implies  (2). 
[Note,  however,  thaj^to  know  that  (1)  implies  (2)  we  had  to  know  that 
both  -9  and  1 1  are  rea^  numbers.  | 

Sentence  (2)  is  obtained  from  sentence  (1)  by  substituting  the  nu- 
meral -9'  for  the  variable  '6'  and  the  numeral  '11'  for  the  variable  V, 
{Recall  that  to  substitute  an ^jipression  for  a  variable  you  must, re- 
place each  occuirence  of  the  variable  by  the- given  expression.)  Here 
is  another  sentence  which  can  be  obtained  from  (1)  by  substitution: 

<3)         if  a  f  b  =  (2a  -^5)  +  6  then  a  =  2a  ^'b. 

(What  expression  should  you  substitute  for  '6'  in  (1),  and  what  expres- 
sion should  you  substitute  for  V,  in  order  to  obtain' (3)?)  Again,  what 
(3)  says  is  part  of  what  (1.)  says  [but,  to  know  this  one  must  know  that 
2a  -  6  e.^-that  is,  that  the  expression  '2a  -  b'  refers  to  real 
numbers!.  « 

For  another  example,  consider  Postulate  1(b):       •  . 


-       *  . 
This  says  that  the  result  of  adding  any  translation  Yo  any  point  is  a 
point -for  short,  any  point-translation  sum  is  a  point.  Since  we  know 
by  Postulate  If  a)  that  any  point  difference  is  a  translation,  It  follows, 
for  instance,  that  '  ,  '  * 

(5)  '         A  4  (B  -  A)6t. 

Other  "consequences-by-substitution"  of  Postulate  Kb)  are: 

'  C  '+  (B-  A)€<*      and:     ,  (A  +  V)  +  ,(£  r  A)f%  v_  .      • . 

(For  each  of  these  sentences,  tell  what  substitutions  you  must  make  in 
Postulate  Kb)  to  get  it,  and  why' these  substitutions  are  legitimate.] 
As  o.ux  work  with  sentences  fl)  and  (4)  illustrates,  one  way  to  obtain 
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>  .   To  obtain  (3)  by  substitution  in  (I),  substitute  §  *  £a  -  b'  for  4V 
and  *b*  for  *c\  .  r 

To  obtain  lC  +  {B  -'  A}  €x£*  [on  page  68]  by  substitution  in  (4)  one 
must  substitute  'C   for  4  A*  and  _  *  B  -  A'  for  *t\    The  first  ofjhese 
substitutions  is  legitimate  because  'C  is  a  variable  w^ose  domain  is, 
the  same  as  that  of  *  A1 ,    The  second  is  legitimate  because  the  values 
of  *B  -  A1  belong  [by  Postulate   1(a)]  to  the  domain  of  the  variable  'a'. 

.To  obtain  l(A  +  S)  =f  (B  -  A^€j2'  from  (4)  one  must  substitute 
*A  +  V   for  '*A'  £iid  *  B  -  A'  for  'ji* ,    The  first  substitution  is  legiti- 
mate because  the  values  of  4  A  +  b'  belong  [by  Postulate  1(b)]  to  the 
domain  of  4  A\    The  reason  for  the  legitimacy  of  the  second  substitution 
has  been  given  in  the  preceding  paragraph.    [Note,  as  another  example, 
that  these  instances  of  (4)  are  also  instances  of  (5),  and  that  the  second 
of  them  is  also  an  instance  of  the  first.  ] 

In  discussing  the  precedingSxample s  it  may  be  well  to  point  out 
that  *B  -  A'*  is,  when  considered  as  a  term,  an  abbreviation  of  '('B  -  A)\ 
So/  'substitute  *B  -  A"  is  always  a  short  way  of  iaying  'substitute 
*(B  -  While  making  the  substitution  one  decides  whether'or  not 

the  resulting  expression  will  be-ambiguous  if  the  parentheses  are 
omitted.  ^ If  not,  one  may  —  but  need  not  —  omit  them.,  In  ordinary 
algebra  one  usually  adopts  a  number  of  rules,  for  omitting  grouping 
symbols.    Because  the  algebna  of  points  and  translations  with  its  two 
kinds  of  terms,  is  more  complex,  the  only  such1  rule  we  adopt  is  that 
for  omitting  outermost  grouping  symbols,    [For  example,  we  write  (4) 
rather  than  4(*A  +  a)  €  £\  ]  One  who  feels  quite  "at  home"   in  this 
algebra  might,  without  danger,  omif  the  parentheses  about  *B  -  A* 
from  each  of  the  two  instances  of  (4)  which  we  have  been  discussing. 
For,  since  indicated  additions  of  point -terms  are  meaningless,  the  , 
Emitted  parentheses  could  be  reintroduced  in  only  one  way.    On  ^he 

pother  hand,  the  expression  *A  +  S.  +  (B  -  A)1  is  —  or,  ,will  be,  once 
we  introduce  addition  of  translations  —  ambiguous.    It  might  be  taken 

'for  an  abbreviation  of  either  *(A  +  S)  +  (B  -  A)*  -or  'A  +  [Ty  +  (^  -  A)]'. 

•  i.'      ,  • 

As^notecl  in  our  discussion  of  the  proof  of  (a)  on  page  66,  vari- 
ables sometimes  occur  in  assumptions,  and  such  sentences  are  not 
intended  to  be  under stod^  as  assertions  about  all  Values  of  the  vari- 
ables winch  occur  in  them.    This  other  use  of 'open  sentences  requires 
a  modSfio^fcicm  of  the  substitution  rule.    .For  this,  see  page  '  111.- 
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a  sentence  which  is  a  consequence  of  a  given  sentence  is  to  substitute 
expressions  for  variables.  Be  careful  to  see  that  the  expression  sub- 
stituted for  a  variable  is  one  which  refers  to  members  of  the  domain  of 
that  variable.  Sentences  which  can  be  obtained  irf  this  way  are  called 
substitution-instances  [for  short:  instances]  of  the  given  sentence,  tiur 
first  rule  of  logic  is:, 

The  Substitution  Rule 

Any  sentence  implies  each  of  its  sub&titution-instances. 

As  pointed  out  in  connection  with  the  preceding  examples,  this  rule* 
is  reasonable  because  of  the  way  we  intend  to  use  variables  in  sen- 
tences to  express  general  properties  of  points,  translations,-  and 
real  numbers.  ' 

Although  you  should  have  little  trouble  in  forming  instances  of  a 
given  sentence,  you  may  need  some  practice  before  you  fincTit  easy  to 
tell  wRether  a  given  sentence  is  an  instance  of  another,  ^or  example, 
the  sentence:  _ 

9 

{Q)  Q >  +  (C  -  D)  -  P  if  and  only  if  C-D  =-P  -  Q 

is  an  instance  of  a  sentence  which1  you  should  recall.  [In  case  you  don't, 
•look  f©r*it  on  page  66.]  Show  that  (6)  is  an  instance  of  the  sentence  in 
question.  f 

One  way  to  ffnd  a  "simpler"  sentence  of  which  (6)  is  an  instance  is  to 
notice  that  the  variables  'C  and  1Df  occur  in  (6)  only  in  the  combination 
fC  -  D\  Since  ?C  -  D*  refers  to  translations,  (jp)  is  an  instance  of  a* 
similar  sentence  which  has  a  translation- variable  — say,  'a*— where 
<6)>as'C  -  D'  [or  '(C  -  £)']: 

(7)  Q  +  a  =  P  if  ind  'only  if  aV=  P  -  Q 

— » 

The  .sentence  (7)  is  "simpler"  than  (6)  in  that  fa  is  "shorter"  than 
fC  -  p\  Because  of  this  it*  is  easier  to  upderstand  what  (7)  says  than 
what  K6)  says,  and  it  may  be  easier  to  recognize  thatdt  is  similar  to 
gome  sentence  you  have  &een  before.         *   v  '  ■  . 

As  Another  example,  consider:  -  , 

(8)  .  B  -  A  =  [(B  +  a)  +  (B  -  A))  ~  (B  +Ufi 

This  might  be  obtained  from  another  sentence  by  substituting^  -  Af 
for  some  translation-variable  which  does  not  occur  in  (8).  For  example, 
(8)  is  an  instance  of: 

(9)  7T  =  [(B  +  o3  +  V\  -  (B  +  oV     V       .  ' 
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(6)  is  an  instance  of  Theorem  2-1,    To  obtain  (6)  from  Theorem 
2 7 1 ,  "substitute' Q*  for  'A',  'C  -  D*  for  'a\  and  *  FT  for  'B',  These 
substitutions  are  legitimate,  for  *QV  and  '  P*   are  variables  whose 
domain  is  the  same  as  that  of  *  A'  and  of  1  B*  t  and  the  values  of  kC  -  D 
belong  to  the  domain  of  'a'. 


j 


« 

Sample  Quiz  * 

Each  of  the  following  is 

^either  a,  point-expression,  a  translation- 

.expression;  /a  real  number^ 

-expression,  or  nonsense.    Tell  which. 

(R  +  7)  -  (P  +  V) 

[t  ran  slat  ion  ^expression] 

2  / 

(P  f  p)  +  (R  -  P) 

[point  -  exp  £e  s  s  ion  ] 

3, 

(p  +  P)  -  (Q  +  p)  . 

[nonsense] 

4. 

'(a  +  3)  -  (b  +  3) 

[real^  number-expression] 

5. 

(P  +  p)  +  (Q  +  p> 

[nonsense ] 

6. 

MP  -  Q)  f  Q)  ^  P 

[nonsense ] 

7. 

Cp  +  q)-  +  (P  -  Q)  V 

[translation-expression]  " 

"8. 

(p  4  5)  +  (q  -  5) 

[nonsense] 

9. 

(P  +  (Q'-  JR))  -  <R  +  7) 

*  [translation-expression] 

10. 

(P  +  p)  +  «P  +  q)  -  R) 

^  [point-expression] 

ri/iT 
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Sentence  < 9)  is-an  instance  oCaay: 

/       • ,       //=  ic  +  V)  -  c         /     '  .  ' 

and  this  last  is  an  instancy  of  Postulate  2(b): 

'  (10)  •     a  =  {A  f'V)  -  A*    *       '  ' 

Evidently  ;  18)  can  be  obtained* frorn  <  10)  by  substituting  'H  -  A'  for 
Ja  ana  7J  +  a  for  '4'.  I  Note  that  in  order  to  obtain  (8)  thejsubsti'tutions 
must  be  made  "simultaneously".  If  one  first  substitutes  'H  -  A'  for 
'a  in  U0),  one  gets  'R  -  A  iA  +  \B  -  A))  -  A\  If  one  then^ubsti- 
tutes  'H  +■  f>ybr  'A '  in  this  sentence,  theresult  is  a  different  instance  of 
(10)  than  (8).  Can  you  tell  what  it  is?  1  V  , 

The  importance  of  being  able  to  see  that  (8)  is  an  instance  of  (10)  is 
due  to  the  faej  that  (10)  is  a  theorem.  Since  this  is  the  case,  and  since 
sentences  imply  their  instances,  it  follows  that  (8)  is  also  a  theorem. 
In  brief,  by  showing  that  (8)  is  an  instance  of  (10)  [and  recognizing  that 
(10)  is  a  theorem  |- we  have  proved  (8).  As  this  example  illustrates,  in 
looking  for  sentences  of  which  a  given  sentence  is  an  instance,  we  shall 
usually  be  looking  for  such  sentences  which  we  also  know  to  be  theo- 
rems [postulates  included |.  For  example,  although  'A  +  (A  -  A)  =  A' 
is  an  instance  of  the  very  simple  sentence,'/*  =  A\  this  fact  is  not  very 
..important.  [Of  what  postulate  is  the  given" sontence  an  instance?)  •  ' 
.        '  "  ■*     \  . 

,  Exercises 
Part  A 

For  ewh  sentence,  flecide  whether  it  is  an  instance  of  Stny  of  our 
I  four  I  postulates  or  of  Theorem  2^1.  Justify  your  answers, 

'     '    L  B  "'i'"  {A  +  jS  -  A)l  -  A     2.  A  -  B  mA-.\A'+  (B  -  A)} 

-    3-  -d  tH?*~  A  +  a*if  and  only  if  A  +  (B  -  A)  =  B  if  ahd  onlj*tf 

a  f         a), -'A  B  r  A  -  B  -  A 

5.  s  Meif          "  .   ;•'  *6.  (P  +^  ~  \Q  +^e,r  (\"* 

7.  B  +  Ac  j  8.  A  +  {B  -  A) €8'  '  ^  ' 

9.  (B  -  A)  +  A  -  B          m  10.  B  +       A  +  H*if  and  only  if 

.    .  '     a  =  B  -  (A  +  <,  ' 

We  shall 'sometimes  indicate  an  application  of  the  substitution 
rule  by  writing  a  substitution-instance  of  a  given  sentence  below,  a 
horizontal  line  and  writing  above  the  line  the  given  sentence  and 
(to  the  right  of  it]  the  sentences  which  assert  that  thg  substitutions 
performed  are  legitimate.  For  example*  the  c^agram: 

If  a  +  c  =  6  +  c  then  a  =  6.      2  gjff      3  c^f  0  ,        *  » 
*  If  a +.3*  2^+ 3  then  a  -2/  (Subst) 
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'The  result  ofjirst  substituting  '  B  -  A'  for  'a*   in  (10)  and  then 
substituting  '  B  +  a'   for  4  A'   in  the  resulting  sentence  is: 

'     B  -  (B  f  t)  ■«  [( B  +  a)  +  [B  -  (B  +  a)]]  -  (B  +  a) 

The  result  of .  "simultaneous  substitutions"  can,  however,  always  be 
obtained  by  successive  substitutions.     For  example,  to  obtain  (8) 
from.  (10),  begin  by  substituting  'C   for  4A'   to  obtain:  * 

a      (C  *Jt)  -  C 

Now,  substitute   '  B  -  A*   for  'a'   and,   having  done  sp,   substitute  'B  +  a1 
for  1 C*  -  'Another  procedure  is  to  begin  by  substituting  4  B  -  C   for  'a* 
in  (10),    Then,   substitute  *B  *  a*  for  'A',  and,  finally,  'A'   for  kC\ 

The  sentence  4  A  +  (A  -  A)  -   A'   is  an'instance  of  Postulate  2(a). 
To  obtain  this  particular  instance,   substitute  'A'   £pr  1  B' .    This  sub- 
stitution is  legitimate,  for  1  A*  and  4       are  variable's  whose  domain 
is  the  same,         \  '  m 

-Answers  for  Part  A 
1.      Postulate  l{b);    *B  -  Af  for  'a* 

I.      This  sentence  is  not  an  instance  of  any  of  our  postulates  [or  of 
Theorem  2-1]/    Since  it  is  am  equation  whose  sides  are  transla- 
*tion-terms,  the  only  postulate  it  could  be  an  instance  of  is  * 
Postulate  Z(b)^    And,   substitution  of  1 A  -  B'   for  'a'  in  this  ^ 
postulate  does  not  yield  the  sentence  in  question.    The  latter  sen- 
tence is,  however,  a  consequence  of  Postulate  Z(a),  since  it  may 
be  obtained  f*rom  the  valid  sentence  1  A'  -  B  =   A  -  B'  by  replacing 
the  second  '  Bf  by  'A  f  (B  -  A)\    This  kind  of  inference  is  dis- 
cussed in  section  2.04.  *» 

.  3.      Theorem  2-1;    *A '+  a1  for  *£V  *  * 

4.  ^Theorem  2-1;   *  B  -  A*  for  4af  * 

5.  Npt  an  instance  of  any -postulate  or  theorem,  since  'a  +  A1  is 
nonsense,  * 

Postulate  1(a);    'P+  p1  for  1  B\^LQ/+  q*  for  4 A'         *  * 

7.  Like  $m  % 

8.  Postulate  1(b);  *B  -  A*  for  ^a* '    "      *      * 

9.  Like  5. 

10.^   From  its  form,  this  sentence,  couid  be  an  instance  only  of  Theorem 
2-1,    It  isn't. 
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'says  '  that  the- condusion  'If  a  +■  3  -  lN^3  .rhen  a  -  2/  a  con- 
sequence of  the  premisses  'If  n  +  c  h  v  then  a  -•  64  '2t„^\  aYid 
'.'U  *\  iWer  we  shall  -  as  wv  already  do  in  the  statement  of  the 
substitution  rule  -  omit  t he 'premisses  '2*  ^  and  For,  the 

present,  they  rierve  the.  useful  pur[x>se  of  reminding  us  that  the  ex- 
pression we  substitute 'for  a  variable  must  refer  to  things  which  arc 
values  of  that. 

It  is  sometiit&s  Mjlpful  to  rvad  the  horizontal  line  in  diagrams  of 
this  kind  as  tnerNub'',  As  another  example,  the  diagram: 

A  t  at'1 
.   -  -  -  -  ihubstJ 
a)  e  > 


indicates  the  application  of  the  substitution  rule  to  infer 'C  -  iA  +  «*> 
e       from  Postulate  iUih  Postulate  lib)  is  written  to  4:  ho  right  of 
•     Postulate  Ii.-u  to  indicate  that  the  substitution  of  'A  f  a*  for  W  is  a  t 
legitimate  one.  The  substitution  of  C  for  73*  is  legitimate  bearfise 
T  is  a  variable  of  the  same  kind  as  7T.  <    .  k  * 

J  I.  fobiplt'te  this  diagram: 

■ '  v     .  .  < 

a  -"4      ;v  ■(Sl,b8t' 

2..  For  each  of  the  sentences  in  Part  A  which  is  an  instance  of  a 
postulate  or  of  Theorem  2-  1,  make  a  diagram  which  shows  the 
appropriate  application  <jf  the  substitution  rule.  ^  ^ 

2,04  Equations^ 

Our  simplest  sentences  are  equations  anii  rrieinbership-sentenees. 
For  example,  .  *  } 

#  'A  +  ■(/*  v  A)  ><B*  is  an  equation,  and  '  r 

*       -  Ac ./ is  a  membership-sentence.  . 

In  English,  confusingly  enough,  one  can  use  V  in  saying  what  either 

.  of  these  says.  The  equation,  for  example,  can  be  "translated"  into: 

■  ^ 

!       «  i$  +  (B  -  A)  is 6.  • 

•  * 

The  membership-sentence  can  be  read  as:   ^ 

B  -  A  is  a  translation. 

In  the  first  of  these  two  sentences  the  meaning  of  'is*  is  that  of  'is  the 
same  as'  or  of  'is  identical  with'.  When  Ms*  is  used  with  this  meaning 
it  is  called  the  'is' -of  identity.  Evidently,  the  'is'  in  the  second  sentence 
•does  not  have  this  meaning.  Whetj  lis'  is  followed  by  a  phrase  of  the 
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answers , 
its  it  one  ^u* 


Answers  for  Part  B  *  *    ,  ■  * 

~  ■  «   ,  *  r*. 

[Diagrams  like  those  displayed  here,   and  asked  f o r jx s 
tiro  c  ft  1 1  e  d  '  i  n  f  e  r  e  n  c  e  « ,    Although  an  inference   ''says"  that 
sion  follows  logically  frorn  its  nrc„mis8es  it<may,  of  course,  lie  in 
saying  so  —  that  is  an  inference  rnay.be  invalid..    Most  of  our  rules  of 
logic  willtbe  assertions  that  inferences  of  one  or  another  form  are 
valid.    The  substitution  rule  may:A>e  interpreted  as  saying  that  infer- 
ences oi  the  form  discussed  here  are  v. 4 id, 

^It  seems  well  at  this  point. to  insist  on  students  writing  the 
"auxiliary  premisses"  which  met ic^ie  the  legitimacy  aMhc  substi- 
tutions.    We  shall  continue  doing  dfiAroughout  the^pre sen£  Chapter/ 
After  this,  there  should  be  no  danflW^'ln  omitting"  them ,  f* 
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B  -  A  € 
A)]  -  A 
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B  if 


jnd_o.nl  y-  if  a  -  B  - 
~i  if  and  only  if  a" 
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Aj- 
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A  +  a5"^  A 

-    B  if  and  only  if  a 


A  4-  a  e  ff. 


(A 


■I 


(B  - 

B  -  A  €  T 


B  - 


A- 

A  e  r 


A)  =   £  if  and  only  if  B  -  A 


(P  ♦  ]3)  -  (Q  +.<J)  €  t; 


8. 


B 
A 


A..t 
♦  a  €  £ 


B 


€  T 


Wt'  shall  treat  the  relation  of  equality  -  [better:    identity)  as  per- 
taining to  logic.     What  relation  it  is  must,   then,  be  explained'  by  rule:  s 
of  logic.    The  requisite  rules  are  the  replacement  niltt  fox  equations 
[page  74]  and  the  introduction  rule  for  equations  [page  75],    An  alter- 
native procedure  ^—  adopted  in,   for  example,   some  algebra  texts  —  is 
to  treat  4  "*   as  a  mathematic  al.  predicate  which  is,  then,  characterized 


by  postulates,  In  the  case  of  our  language* 
we  would  need  tcn'^uch  postulates: 


as  so  f&i;  developed  — 

•V  • 


c 


=  b  and  S  -■  c) 

B  =>  A>  a 
-»         ,■  -+ 

s  b  =>   A  +  a  : 


a  = 
B  +  a 


Each  enlargement  of  our  symbolism  would  require  the  adoption  of 
additional  postulates  to  further  specify  the  meaning  o£       ■  ' 

Our  treatment  of  ' as  a  logical  predicate  has  thev  advantage  that 
all  such  sentences  —  which  would,  otherwise,  -  .have  to  be  adopted  as 
postulates  —  become,  essentially,  logically  valid  sentences,    More  f 
precisely,  they  can  be  derived  from  "closure  postulates!'  like  Postu- 
late  i  by  the  use  of  our  rules  of  logic/,  [See,  -for  example,  the  dfe^ 
cussion  of  (4)  on  page  84  ,  as  wqll  as  TC  84  and  TC  85{l)f  ]     *  * 

TC  72(1)  • 
Note  that  our  use  pf  the  word  *terrn*  for  expressions  which  have 
* 'things*'*  .as  values  —  as  apposed,  foi:  example,-  to  expressions  which 
arc  sentences  —  is  broader  than  the  usual  use  of  the  word  in  elemen- 
tary algebra.    The  broader  u&age  is  convenient  and  is  customary  in 


discissions  of 
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fynn  'a  so-and-so*,  it  is  called  the  */V  of  membership.  It-  is  in  order  to* 
.  % avoid  this, somewhat  ambiguous  use  of  'is1  .that  we  use  '   '  in  place  of 
the  V  of  identity  and  Y  instead  of  the  ris'  of  membership.  In  particular, 
/    '  means  just  whatsis  the  same  as1  does.    '   -  ' 

For  an  equation  to  make  sense,  the  expressions  which  Hank  the  -=,> 
[the  "sides"  of  the  equation  |  should  refer  to  the  same  kind  of  thing 
-  numbers,  pomts,  or  translations.  Expressions  vefcieh  refer  to.  things 
are  called  'terms for  example?  'a  4  21  is  a  Veal  numlwr-terni,  'A  +  a 
is  a  point-U-nh,  and  H  -  A9  is  a  translation-term.  |Also\  V  and  '2' 
are  real  number-terms,  X  is  a  poii^t'term,  and  'a  is  a  translation- 
term.!  Formally,  km  equation  is  a  sentence  obtained  by  flunking  an  '  =  ' 
with  terms  which  refer  to  the  same  kind* cjf  things.  Note-that,  by 
Postulate  1,  both  parts  of  Postulate  2  are* equations.'  t  ' 
•    Here  is  a*i  example  of  how  an  equation  may  be  used  in  a  proof/ (W 
problem  is  to  prove:  '  '  ' 


•W*  '        Ifu-t   4=-  9  then  a  ^  13. 


!?      This  desirvd  conclusion  may  Suggest  the  cancellation  principle  used 
'«»  an  example,  in  the  preceding-section: 

t 

(1>         -  If  a  -  r  -       f  c  then  a  *=  6.       -  ' 

We1tnow*by  the  substitution  rule  that  (1)  implies  the  instance: 

(2)  '   If  a  f   4  =  13  +'  4  then  a  =  13,.  , 

Now,  t-2)  is  very  much  like  the  sentence  we  wish  to  prove.  All  we  need 
do  to  get^our  conclusion  is'taxeplace  '13  t'  4\in  (2)  by  '9'.  If  we  know 
that  13  +  ,  4  is  9  then  what  (2!  says  about  13  +  4  must  be  "equally 
true"  of  9.  More  formally,  the,  equation: 


"'      (3)  t  f         .      }Z  +.  4  =  9 

and  (2)f  ■fcther  imply: 

14)    W    '     rlfaf   4=  9  then  a  =  13. 


So,  since  (2)  is  a  consequence  uf  (1),  (4).is  a^fconsequence  of  (1)  and  (3) 
together.     '.  ;  •  - 

An  argument  like  the  preceding  is  equally  valid  in  case^ve  equation 

  corresponding  to  (3")  contains  variables.  To  illustrate  this  \&e  prove. ^ 

cancellation  principle  for  our  algebFa  of  points  and  translations:  v 

.  \  If  A  +  a  =  A  +  6*thena*  =  b*.  * 
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Note,-*  also,  that  an  equation  is.  in  this  text,  not  merely  an  '=* 
flanked. by  terms.    The  terms  must  be  of  the  same  "kind".  -  For 
•example,-  *B  -  A       C  +  a*    is  not/ a  false  sentence;    it  is,    rather,  a 
meaningless  expression. 

The  intuitive  justification  of  the  replacement  rule*  as  it  is  applied 
in  the  argument  involving  sentences  (1)  -  (4)  is  very  simple.  [We 
shall  discuss-  (b)  -  (7^)  later.  ]    This  justification  rests  on  the  insight  * 
that  from  a  sentence  —  say,  (3)  —  which  says  that  a  first  object  is_  a 
second  object,  and  a  sentence  which  asserts  something  about  the  first 
object,  one  may  reasonably  infer  a  sentence  which  says  the  same 
thing  about  the  second  object.     From  'John  is  the  boy  next  door.  \  and 
any  sentence  which  is  explicitly  ..about  John  |ue.  ,  which  contains 
'John*  J,  it  is  legitimate^  to  infer  the  cor  responding  sentence  which  is 
explicitly  about  the  boy'next  door*  t  »'"''• 

Npte  that  the  last -mentioned  inference  is  valid  whqther  or  not 
John  actually  is  the  boy  next  door,  and  whether^or- not  what  is  said 
^hout  Kim  is  true.    The  validity  of  an  inference  'depends  in  no  Way  on 
.  the  truth  of  its  premisses.    What  the  validity  of  an  inference  does 
depend  on  is  the  forms  of  its  premisses  and  its  conclpsion.    \#hat  the 
validity  of  an  inference  guarantees  is  that  its  conclusion  is  no  whit  - 
more  dubious/than  the  most, dubious  of  its  premisses .    As  limiting 
cases,  if  the  premisses  *of  a  valid, inference  are  true** —  that  is,  are!- 

2dubitable  —  then  so  must  be  its  conclusion;    and  if  the  conclusion  of  '" 
valid,  inference  is  faTse  —  utterly  dubious  ;— .  then  so'mvLSt  be  at  least 
of  its  premisses/   This  latter  remark  justifies  the/common  kind  of 
argument  in  which  one  establishe s  *the  falsity  of  a  sentence  by  adopting 
it  as  a  premiss  and  deriving,,  from  it  and  cither  premifises  which'  are 
true,  a  conclusion  which  is  faltfe,    [Example:*  1  *  You  .sayThat  Johry  is 
the  boy  next  door.    Well,  we  both  know  fhaV,John  has  a  bicycle.  But. 
it*te  not  true  that  the  boy  next  door  has^t  bicycle.  M    (As  often  happens, 
the  speaker  here  assumes  that  his  listener  wilLsupply  the  conclusion 
'  The  boy  next  door  has  a  bicycle.1  which  is  implied  by  his  assumptions. 
Of  more  moment|for  us/  is  the  type  of  pr>oof  —  proof  by  contradiction 
in  .which  one  shows  thafr  a  sentence  is  a  theorem  by  deriving  a  contra  " 
diction  from  premisses  one  of  which  is  the  denial  of  the  sentence  in 
question  while  the  others  are  theorems.  'The  justification  of  this  kind 
of  proof  depends  on  rules  of  logic  which  will  be  discussed  later.  We 
mention  it  here,  however,  to  emphasize  the  importance  of  recognizing 
that  the  validity  of  an  inference*^  independent  of  rtie  "acceptability1*, 
in  any  sense,  of  its  premisses,    {incidentally *  proof  by  contradiction 
bears  no  very  close  analogy  to  arguments  like  that  in  our  example  con- 
cerning ^ohn  and  his  bicycle.    Arguments  of  this  latter 'type  are  of  the 
form:   If  it  wsjre  the'ease  that  p  then  it  would  be  the  c&s<e  that  ^;  but, 
it  isn't.  ^An  attempt  to  give  a  similar  form  to  proofs  by  contradiction  * 
leads  to:'  If  *~p*  were  a  theorem  the  rt  this  re  siting*  contradiction  WQt^dd 
be  a  theorem;   but  no  contradiction  ijs  a  theorem.     Even  if  one  is  con- 
vinced that  one's  postulates  are  consistent  [so  that  no' contradiction  is 
a^  theorem],  all  that  an  argument  of  this  form  shows  is  tha,t  '""p*  is  riot 
a  theorem.    It  is  seldom  the  case  thafone  can  argue  £rom  this,  that  *p' 
is  a  theorem.    Proof  by  contradiction  requires,  for  its  justification, 
stronger,  rules  of  logic  than  those  whic'h  are  sufficient  to  justify  argu- 
ments of  the  previous  kind.  ]       /  s  «  * 
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«   '  i      [This;  thijorem  says  that,  forany.pdfnt  4,  if  the  image  of  A  under  a 
*  translation  a* is  the  same  as  the  ima£e  of  A  under  a  translation  h  then 
■      q  4s  the  same  translation  as  6.  In  other,  words^there  4s  at*  most  one 
;v/    _     translatioli  uncter  which  a  #iven  poii>t  has* a^ivtm  image.!  We  have 
*^  already  proved  .a  theorem-,  w^iiph  looks  ^ohieq&ijig  like  this:  It  i&ib) 

on  page  66:    t  \:       ■      '  ,   *  '  .  -  *  *f ■ '  -  '  s  '      *  •  - 


.(b)-"  <v  -  'If  A  +  a  =  fltheircf  ='fl  -  4. 


We  cCPlrld  "get  a  start  toward  the  desired  conclusion  by  substituting 
y    Y  ;      V\  4-  7?Vfor  7i\  I  Postulate  lib), assure^  us  that-Ihis  is  a  legitimate  sifb- 
stitutioh.l  Sb,  we  know  by  the  substitution- rule*  th&t  ()3)-impHes  its 


^instance: 


15)   ,       If  A  >  a=  A  +  7Tthena  =  <A  +£)  -  A.  ; 
Just  as  in  tke  preceding  argument,  the  equation:  , 

(6)  6  =  iA  +  6)  -  A 
^nd  (5)  together  imply; 

(7)  *   if  A  f  a*—  A  f  6* then  a*  =  V. 

,  So,  sinc^  (5)  is  a  consequence  of  (b),  (7)  is  a  consequence  of  (b)  and  (6) 
r  togetk^r,  '{In  fact,  (6)  is  an  instance  of  Postulate  2(b)  and,  as  we  have 
seen  earlier,  (b)  is  also*  a  consequence  of  this  postulate.  So*  (7)  is  a  con- 
sequence of  Postulate  2(b).  j  '  m 

The  justification  we^gave  for  inferring  (4)  from  (3)  and  (2)  and  for 
inferring  (7)  from  (&)  and  it),  can  be  formulated  as  a  rule  of  logic,  Be- 
fore doing  so,  it  may  be  well  to  note  a  slight  difference  between  these 
two  inferences,  •  In  the  first  case  we  replaced  an  occurrence  of  the  left 
side  of  the  equation  (3)  bjrits  right  side  in  sentence  (2V  This  is  illus- 
trated" in  the  following  diagram; 

.  '  ,       13+  4         If  a  +  -4  =  13+  -4   then  a  =  13 


Ifa+4  =  9   then  a  =  13 


In  the  second  case  we  replaced  an  occurrence  of  the  right  side  of  the 
equation  (6)  by  its  left  side  itf  sentence  (5), 

?  b'  ■  '( A  4-  \if-  A  If  A  +  w  =  A  +  V  then  a*  =  (A  ±  t>)  -  A  '■ 
.     ,  *A*  UA  +'a  ^  A,+.  b  thena  =  b 
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Although  your*  students  are  not  likely  to^raisg  this  issue,  you 
*  should  bt?  awarp  that  the  justification  foil  the  use  of  the  replacement 
-  rule  in  thfc  argument  involving* the  sexntences  (b)  -  (7)  is  somewhat 
more  complicated,    ^though  the  sides  '2 .  +  3*   and  *  5*  "of  equation  (3«) 
are  ** names /or  the  same  thing"  ,^  this ^is  not  t&fc/case  for  the  sides  *V  * 
and  *\a  f  2)     A'  of  equation  (6).    Neither  of  these  expressions  is  a  » 
name  for  anything.  *  [The  common  explanation  of  equality  —  in  which 
explanation,  for  clarity,  "we  insert^semi-quotes  —  is:  ^ 

■/3a--  b*  means  tha^t  (or',  is  true  if  and  only  if]" 

*a'   and!,  'b*'  are  names  for  the  same  thing* 
*      ^  .  *  • 

With  or  without  semi-quotds/  this  is  clearlc^*  nonsense,  ]w-  Nevertheless, 
if  We  txea!  {6)  as  an  assej^joo  then  what  it  asserts  fs^tohat  whatever 
values  ar^  chosen  for  *b*   and  *A* ,  the  corresponding  values  of  *b*  and 
MA  f  b')  -  .A*   are  the  darnel    So,  from  (6)  and  any  Sentence  —  say, 
(5)  —  which  asserts  something  about  all  values  of  one  of  these  terms, 
we  may  infer  the*  sentence       in  tHis  case,  (7)  —  which  says  the  same 


Uiing  abo^t  all  values  of  thfffother^ 

As  before,  the  validity  of  the  inference  from*  (6)  and  (S)  to  (?)  is' 
independent  of  the  "acceptability"   of  its. premisses.    Since  in  this 
•  , particular  argument,  the  premisses  are  theorems,  the  conclusion  is 
^  also  a  theorem.    And.  for  our  purposQs,  theo'r^m.s  happen  to  be  accept - 
able.    In  "rnost**  applications  of  the  replaeemen);  rule  it  will  not,  how- 
ever, be  the  case  that  the 'equation  premiss  is  an  "acceptable"  sentence 
For*  example,  recall  the  argument  given,  as  a  proof  of  the  sentence  (b) 
on  page  87:  *  '  . 

Assume  that  Avt  a  -   B«    Sinde^/by  Postulate  2(b), 
a  =  (A J-  a)  -  A  it  follows  that' a  =  B  -  A.  Hence, 
^       if  A  +,a  =  B  then  a       B  -  Af 

The  use  of  the  replacement  rule  occurs  in  the  second  sentence  of  this 
argument.    The  validity  q£  the  inference  from  ' A  +  a  =  B'  and  PostU- 

/*late  Z{b)  to  *a  *■  B  -  A*  may  be  justified  intuitively  just  as,  in  the 
preceding  paragraph,  we  justified  the  inference  from  (6)  and  (5)  to  ■ 
(7L    Here,  however,  the  * 'acceptability"  o5  the  equation  premiss  and,  • 
of  the  conclusion  are  a  different  matter.    We^jgidicate  our  unwilling- 
ness to  accept  everything  thaf  the  equation  'A>  a  -  B1  says  by  using 
the  phrase  *  Assume  that'  *    Since,  however,  the  inference  is  valid  even 

Jn  the  case  Qf  points  and  translations  which  do  not  satisfy  the  premiss 

3a  Vit  ~=  ~  B'  we  are 

^conclusion:  .  M  ^ . 


If-A  +  a  =^B  then  a  =  B  -  A.    :  :  * 

is  satisfied  by  all  points  and  translations  [strictly,  by  all  which^  satisfy 
Postulate  EOJj^^^ut,  this  is  all].    In  short, '^fainted  the  validity  ^df  the 
oreplacementSjiference,  the  acceptability  of  the  conclusion  (b)  derives 
solely  from  the  acceptability  of  Postulate  2{b).    [Formally,  the 
validity  of  the  inference  ^from  Postulate  2(b)  to  (b)  would  be  justified 
p  by^the  deduction  rule  qf  section  2.06,    The  preceding  may  be  inter-    '  , 
preted  as  an  intuitive  justification  for  this      fairly  representative  — • 
application  4bf  the  deduction  rule*] 


* 
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I  In  each  case,  we  "chose  sides."  in  such  a  way  as  to  arrive  at  the  desired  ^ 
result.)  Since      has  the  meaning  of 'is  the-same  as',  one  procedure  is>  ^ 
just  as  logical  as  the  other.  *  • »  ' 

A  Another  point  of-great  importance-is  that  with  ttfjs  kind  of  argument' 
we  do  not  need-  to  replace,  one  side  of  the  equation"hy  the  other  every- 

•  where  it  occurs  in  the  second  sentence.  For  example,  using  left-by-right 
replacement,  it  follows  from  (6)  and  (5)  tha^     .  - 

•  »f  A  +  a.   A  +  o'then  a  -  iA  +  [iA  f  V)  -  A\)  -  A. 

Note  that  we  chose  to  replace  only  the  second  occurrence  of  'V  in  (5) 
by  the  right  side  of  (6).  Which  occurrences  we  replace  is  determined 
by  where  we  wish  to  arrive. 

We  can  now  state  the  first  of  two  rules  dealing  with  equations: 

' ' !         The  Replacement  Rule  for  Equations 

(liven  an  equation  and  a  second  sentence,  if  either  side  of 
the  equation  is  replaced  by  the  oth£r  side  somewhere  in  the. 
second  sentence,  the.  resulting  sentence  is  a  consequence  of 
the  givep  equation  and  sentence.  . 

[When,  in  applying  this  rule,  we  replace  ihe  left  side  of.  the  equation.  T. 
by  its  right  side  we  say  that  we  have  uspd  the  left-by-right  replace-  . 
rnent  rule.  1  . 

To  arrive  at  our  second  rule,  of  logic  for  dealing  with  equations  we 
need  to  lo/>k  at  the  kinds  of  reasons  we  may  have  for  believing  what  a 
.    given  equation  says.  As  an  example,  consider  Postulate  ^(a):  ' 
...  '  '  '  .t  ■     •  »  '  0  i 

A  +  CB  -  A)  «  B 

t  V 

This  equation  is  our  way  of  saying  that,  for  any  points  A  and  B,  the 
io*age  of  A  under  the  translation  from  A  to  B  is  £.  Our  belief  in  this  is 
based  on  our  knowledge  of  translations.  No  one  who  did  not  know  at 
least  a  little  about  what  translations  are  could  believe  this.  On  the 
other  hand,  consider  the  equation:         *!  ' 

•r       (8)  B  -  A  ~  B  -  A  .     '    .  .  " 

which  says  that,  for  any  points  A  and  fi,  the  translation  from  A  to  B 
•is  the  translation  from  ^4  to  5.  In  order  to  believe  this  all  one  needs  to 
know  is  that  there  is  something  which  is  called  'the  translation  from  A 
to  B'-he  doesn't  need  to  know  any  properties  of  translation,  or  even 

•  what  a  translation  is.  In  short,  we  are  willing  to  accept  (8)  just  be- 
'  cause  we  know  that  'B  -  A'  is  a  term  andthat means  what  'is  the 

same  as'  does.  ■  v  '   '  • 
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A  sentence  winehis  ev.cn  simpler  than  (8)  is: 

'  -  '.V  ■ 

Our  grmfncLs  for  aufcpting  this  are  purely  logical:  a  is  a  variable  <md 
'•■  '  nuu*ns  what  is  the  same* as'  does.  Sentences  which,  likcj  (Hj  unci 
(9),  are  acceptable  on  purely  logical  grounds  are  called  valid%entences. 
We  can  now  stattf  oqr  second  rule  for  equatiqns; 

11  The  Introduction  Ruleior  Equations  , 
I     The  equations  IA  *  A\'a  =  u  ,  and  «■  =  (/  are  valid  sentences. 

I  The  name  of  this  rule  of  logic  is  meant  to  remind  you  that  the  rule 
tells  you  of  equations  which  you  may  introduce  into  any  argument 
without  making  any  extra-logical  commitments.  I 

You  will  learn  more  About  valid  sentences  in  the  ilext  section, 

fitxercises 

In  order  to  say  that  a  sentence  follows  logically  from  one  or  more 
sentences  we  shall  sometimes  write  the  first  sentence  underneath  a 
horizontal  line  and  write  the  others  above  the  line.  For  example, 
the -diagram:  ,  ,  •  a 

m 

2  +  3  =  5-  If  a  r  3  ==  2  +  3  then  a  =  2.  pRF  / 
" If  a  +  3  -  15  then  a  -  2. 

says  that  the  sentences  abo^b.thfe  horizontal  line  imply  thesentence* 
below  that  line,  1  You  may,  think  of , the  horizontal  line  as  standing  for 
th£  word  'therefore'.]  The  replacement  .rule  for  equations  tells  you 
*"*  that  what  the  above  diagram  says  is  correct.  [When  such  a  diagram  is 
meant  to  illustrate  the  replacement  rule  for  equations  we  write  the 
equation",  on  the  left  and  the  "second  sentence"- which  may*  in 
special  cases,  also  be  an  equation  — on  the  right.) 

You  are  to  complete  the  diagraifis  In  the  following  exercises  cor- 
rectly by  using  the  replacement  rule  for  equations.     f  m 
Sample  1,  a  -  b  ~  c      e  >  c  -  2 

y  m 
'*  •      Discussion,  Since  the  right  side:  of  *a  -  b  ±  cf  occurs  twice  in  *c  >  c 

-  2'  we  can  apply  the  right-by-left  replacement  rule  iri  either  of  three 

ways  to  arrive  at  a  conclusion  which  is  a  consequence  of  the  premisses 

'a  -  b  ~  c9  and  (c  >  c  -  2\  We  may  replace,  in  '<?  >  c  T  2% 

'    „  the  first  V  by  'a  -  b\  6r  " 

the  second  V  by  'a  -  6',  br 

both  Vs  by  'a  -  b\ 

[replacing  the  first  c  J   a  -  b  ><?  -  2  
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10  pie/'more*'  that  is  to  he,,  learned  about  valid  sentences  is  that 
such  sentence  s«rn«fy  be  Used  as  premisses  of  an  argument  and  then 
"fargottenV  wheh  reportyfg  the  results,  '  More'  explicitly , 


a  sentence, which  is  a  consequence  of  given  premieres, 
of  which  some  are  valid  sentences  is  alsd  a,  consequence 
t  .  ,    of.the  other  ["invalid"]  premisses,  alonu, 

The  rule  "for  ignoring  valid  premisses",  which  has  just  been 

stated  can  be  justified,  on  the  grounds  of  some  underlying  rules  of  logic 

which  we  do  not  discuss  in  the  text.    For  completeness  we  state  thern 

here,  and  illustrate  their  use;  -.  *  .  /         *  - 

«    *  *  V  * 

(C^)    A  sentence  is  a  cdnsequence  of  any  set'of  sentences 

to  whic h  it  belongs ,  -  f 

(C?)    A  sentence  which  is  a  consequence  of  a  set  of  sen- 
tences, each  of  whose  members  is  a  consequence  of 
'        a  second  set  of  sentences,  is,  itself,  a  consequence 
■     of  this  second  set  of*  sentences. 

In  explanation  of,  these,  "consequence"  is  a  relation  between  sentences 
and  sets  of  sentences  —  a  given  sentence  may  [or  may  not]  be  a  con- 
sequence of  a  given,  set  of  sentences.    For  example?,  a  sentence  is  a 
theorem  if  and  only  if  it  is  a  consequence  of  the  set  of  ^postulates  <— 
whatever  this  set  may  be.    (Cx)  ancU(CP)  are  statements  concerning 
this  relation.    When  supplemented  by  more  special  rules,  such  as  the 
replacement  rule  for  equations,  they  constitute  a  definition  erf  the 
word  'consequence' ,      ^        j  * 

If  we  take  seriously  the  definition  according  to  which  a  theorem  is 
a  sentence  which  is  a  consequence  of  the  set  whose  members  are  our 
postulates,  It  is  (C%)  which  tells  us  that  each  postulate  is  a  theorem; 
and'it  is  (C2)  which  tells  us  ^that  any  consequence  of  given  theorems  is, 
itself,  a  consequence  of  the  postulates  and,  so,  is  a  theorem. 

For  convenience,  ;we  define,  in  terms  of  'consequence*  two  uses 
of  the  word  'valid':  * 


(^i)  A  valid  sentence  is  one  which  is  a  consequence  of  th 
S  empty  set  [of  sentences].  ~ 


/ 


(V2 )    A  valid  inference  is  one  whose  conclusion  is  a  don" 
0  sequence  of  the  set  consisting  of  its  premisses. 

It  follows,  for  example,  jth^t^*  *'  , 

l\     Any  consequence  of  [a*set  of]  valid  sentences  %s.  a 
.  valid  sentence. 


and 


"p 

I.     Any  inference  of  the  form    *~    is  a  valid  inference. 

i  P  . 


[The  fir st (follows  from  (V2)  and  (CP);  the  second*  from  (V-)  and 

To  obtain  the  "rule  for  ignoring  valid  premisses"  we  begin  by 
noting: 
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3,  A  sentence  which  is  a  consequence  of  a  given  set  oi 
sentences  is   Hso.a  consequence  of  any  set"  of  sentences' 

-  .which  has  the  »iven  set  as  a'  subset, 

[This  foUows  from  (,CL)  And  (CV,       6y  (Cj),  eac  h  .m.tjmbc  r  ot  the  f>ivo/i  f 
Set  is  a  consequence  of  th*  "larger"   set.    So,  bj£  (C'.J,   ant  sentence 
which  is  a  convenience  of  the  given  set  is,   itself,  a -consequence  of  the 
''larger"   set.]    From  this  and  (V*)  it  follows 'at  once  that  « 

4,  A  valid  sentence  is  .i  consequence  of  any  set  of  sentences. 

[For,  the  empty  set  is  a  subset  of  any  set.  ]  Finally, 

.    '5.      A  sentence  which  is  a  consequence  of  a  given  set  of 

/  sentences  is  also  a  consequence  of  the  subset  consisting 
of'the  mtvnhers  of  this  set  which  are  not  valid  sentences. 

fFor,  by  (Cx),  each  of  the  .  non -valid  Jnembe  rs  of  the  set  is  a  consequence, 
of  the  subset  of  all  such  members;    and  by  4.  ,   each  of  the  valid  members 
of  the  set  is  also  a  consequence  of  this  subset.    So,   by  (Cy),   since  the 
given  sentence  is  a  consequence  of  the  set  in  question,   and  t:ach  member 
of  the  set  is  a  consequence  of  the  subset,  the  given  sentence  is,  itself, 
a  consequence  ot"  the  subset.  ] 
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A  "START  AT  FORMALIZING  OUR  INTUITIONS 

.  '  .      /  f  ■     ■  '.  .      '•  r  ■ 

*  *  * 

(replacing  the  second  V)*— - — r"f^  A     %  f —        >  /"* 

I  replay  both  t -*|        ^——-—-j*      _  ) 

*  Remark..  Diagrams  like  these  and  those  of  Part  Ji  on*p&££  70  ane 
called  inference^.  An  inference  whose  conclusion  is  a  consequence  of 

•  its  premisses  is  said  to'  he  valid  «  %  1 

Sarnple2.        .      1." A  +  « ....  •  ' 

C  -  ii4  +     -  -(/J  -  O 
Discussion.  The  desired  conclusion  contaifis  both  the  left  side  J£T  of 
ihe  equation,  as  well  as  its  right  side  '^4  f  ti.  So  the  conclusion  can 
be  obtained  from  the  given  equation  and  either  one  of  these  two  possi- 
ble second  sentences: 

ia>  r  1  B  =  Hfi  -  C)  ' 
ib)  (.'  -  iA  4  al  -  —Wj4  -h  a5  ~'C) 
I  If  you  use, (a)  you  will  usethg  left-by-right  replacement  rule  to  derive 
the  conclusion,  and  if  yoii.vuse  (b)  you  will  use  the  right-by-left  re- 
placement rule  to  derive  tn**conclusion.] 

A  B  =■-  A  +  a      C  -  B  r  -H/i  -  C)  [using  (a)  as 

Ansu}ers,  -s  ■    43   .  , 

C  -  iAA  a)  ="-{B  -  C)  a  premiss] 

C  -  (/\  4  aV-  -(fl  -  CT         ^  a. premiss] 

6  +  'a  -  B   _  iA  +      -  (fl 

•  •  '  ■  ■  ■ 

•  2.  h;  f  y  -  a  +  c       h  +  c  ~  c'  +  b 

3.  B  -  A  =  a  ,  r  f>  - 


'       A  +  a  -  A  4r  (i3  ~  4> 

4.  Afj^jV  Af  is  the  midpoint  of  %3.  a 

5,  M  is  the  midpoint  of  %$.      The  midpoint  of      belongs  to  >0f, 

6*  B  ^  A  +'a'      UA  la  =  >l  4-  a*  then  A  =  U  ia)  -  a! 
7.  Ji  -  A  =  ~a      A  +  (B  ~  A)  =  B  only  if  i?  -  A  g  g  -  A 

S.*  (A  +      -  A'  -  a*     If  (4  +      -A  =  B  -  4  then  A  ±  0*=  B, 
9.-  a  +  6  =.r  +  ci      e  j-d  <  0 


10.  A  -f(C  -  4)  >  a 


A.- 
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Answers  for  Exercises 


[TV>e  rule  according  to  which  the  *  'equation' *  premisfr  of  a*  replace- 
K^Tient  rule  inference  is  to  be  written  to  the  left  of  the  11  second1'  premiss 
.  t£  adopted  he*re,- nip  rely  to  nyike^it  eksyto  distinguish  one  premiss  from* 
the  other  in  case  both  are  equations.    There  is  no  logical  pieces  sity  for 
such  a  r^le,  but  you  "Will  find  it  a  yonvtenient  one  to  adhere  to,  ]   ^  . 

1;     (A  f  a)  -  [(A  +  a)  +  a]  €  T;    right -by ~left  replacement  rule 
or:    B  -  (B  f  a)  €  T;    left-by •'right  replacement  rule  - 

Z.     a  +  c  r  c .  +  b;    left-by-right  replacement  rule 

3.      A+a-   A+a;    right-by-left  replacement  rule 

or:  *A+{B-A)=A  +  (B  -  A);   left-by -right  replacement  rule 

.4.      N  is  the  midpoint  of  AB,  ;   left-by-right  replacement  r.ule  l? 

6,     M  belongs  to  AB.;'   right-by-left  replacement  rule,  with  the  word 
*.4i3*  playing  the  role  of.        in  the  first  sentence, 

6,      There  are  seven  [Z3  -  1]  possibilities,  each  involving  the  use  of 
•    the  right-by-left  replacement  rule.    The, possible  answers  are: 

(i).  .'if  B  =  .  A  +  a  the*  A  =  (A  +  a)  -  a. 

(ii)   If  A  +  a  ^=  B  then  A'  =  (A  +  a)  -  a. 

(iii)  If  B  -   B  then  A  =  (A  +  a)  -  a.     .  »  ; 

(iv)  If  A  f  a  =  A  +  a  then  A  =  B  -  a.  ,  "  . 
^    ■       (v)   If  B  =  A  +  a  then  A  ~  B  -  a, 

*jv%^  If  A  f  a  =  B  then  A  =  B  -  a.  . 

'  {4&f*i£  B  =   B  then  A  -  B.  -  a.  . 

7#     Th^re  are  seven  possibilities,  ^^ach  involving  the  use  of  the  left- 
by-iUght  replacement  rule.    The  pc^sibl^  answers  are:  *■ 

*.  1     (i)  A.+  a*  i=  B  only  if  B<-  A  =.  B  *  A#  •  *  .  " 

(ii)  A  +  (B  -  A)  =  B  only  if  a  =«B  -  A.-  .  "  ' 

(iii)  A  +  (B  -  A)  =  iB  only  if  B»-  A  =  a.  fc  \ 

^iv)^  A  +  "a  —  B-only  4f*  a^  —  B  -  A,  ^  -  .  r— 

(v)  A  +  |  a-  B  only  if  vB'/-  A  *=  a.  . /  #  ' 

—  (vi)  A  +  a  =  B  only  if  a  =  a.  -         '  . 

,(vii)  A  4-  (B»-  A)  =  B^onJyl?\a  =  a.  ' 

•  84     Using  the ^le#ft -by -right  replacement  riile,  the  answer  is: 

.  1  If  S  =#  B  ~  A  then  A  +  a  =  B, 

f  ■  * 

Using  the  right -by-left  replacement  rule,  th«  thrge  possible 

answers  are*    '- 

'       U)  If  {X?[(A  -f  a)  -  A]}  -  A  =  B  -  A  then  A  B. 

(U)   If-  (A  +  a)  -  A  -  3  "  A  then  A  +  [(A  +  a)  -  A]  =  B. 
>  '  (iii)  If  {A  -h  ffA  +  a)  -  A]}  -  A  =  B  -  A  t^ien  A  &  [(A  +  a)  -  A]  =  B* 
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2.05  Conditional/Sentences  arid  Modus  Ponens 

In  order  tp  saj\more  complex  thing? 'than  we  couja  by  using  only 
equations  arid  memWship-sentences,  we  need  ways  of  constructing 
complex  sentences.  OneHuch^ay  is  by  using  'if  V  and  'then':  ' 


la) 


If  a*=  B  -.'Vtheti<4  +  a=  fii 


Such  sentences'  are  called  conditional  sentences.  In  such  a  sentence^ 
the  sentence  between  'if  and  'then''  is  called  the  antecedent  and  the 
sentence  which  follows  ^then'.is  called  'the  consequent.  Here  is  an  ex- 
ample from  everyday  speech:.       m.      +  <     )  . 

(1)    If  Bill  lives  in  Princeton  then  Bill  lives  in  New  Jersey. 

Just  as  there  are  two  rules  for  equations -the  replacement  rule 
and- the  introduction  rule -which  tell  you  all  you  need  to  know 
about  '  ; -so  there  are  tw^  rules  which  tell  you  all  need  tp 

know  about  'if  -  .  .  then  '.  One  of  these  rules  tells  how  conditional 

sentences  are  used  in  arguments;  the  other  tells  how  a  conditional  sen- 
tence can  be  deduced  from  given  premisses.  In  this  section  we  shall 
discuss  the  first  of  these  two  rules. 

To  begin  with,  consider  the  following  conversation: 

Jack:  Can  you  tell  me  in  which  state  Bill  lives?  .  . 

Jim:  %  Well,  Bill  lives  in  PrincetoriTAnd,  if  Bill  lives  in  pifn^g$on 
then  he  lives  in  New  Jersey  .  . 
Has  Jim  given  Jack  enough  information  to  answer  his  question?  If 
'your  answer  is  'Yes.'  then  you  know  what  this  section  is  about.  You 
probably  agree  that  the  answer:  ' 


(2) 


Bill  lives  in  New  Jersey. 


-AnsTwe^rs  for  Exeraises    [eont^]  * 

9.     a  +  h  <.   0;    right -by.-left  replacement  Tule 

10.     C  =tB;    left  -fey- right  replacement  rule  ■ 

or:  *B  -   C;    righi-by-left  replacerrientfrule 


TC77 


follows  logically  from  'Bill  li^es  in  Princeton/  and  (1).  If  asked  why, 
you  might  answer  that  it  does  because  that's  [part  of]  what  'if '.  ,  ! 

then  ^  '*  means.  p  v 

.  Notice  that  we^do  not  claim  that  (2)  is  a  correct  answer  to  Jack's  < 
question.  Jim  may  be  mistaken  in  saying  that  Bill  lives  in  Princeton^ 
Height  feven  be  mistaken  in  asserting  "(1)— Bill  may  live  in  Prince- 
ton, Illinois;  But,  whether  or  not  Jim  is  mistaken  in  his  facts,  (2)  does 
follow  logically  from  his  two  assertions,  and  if  Jack  agrees  to  them 
then  he  certainly  shoulji  accept  (2).  * 

%As  the  preceding  argument  illustrates,  from  any  sentence  and  any 
•conditional  gentence'which  has  this  as  its  antecedent,  vfc  may  validly 
;  infer  foe  consequent  of  the  conditional  sentence*  More  briefly,  we  can 


Figures  used  to  exhibit  the  form  of  an  inference  may  be  called 
inference  schemes.    They  may  contain  loops,  like  the  first  such  figure 
oti  page   78 ,    or  "schematic  letters" ,  usually,    4p',  'a',  and  *  rf  — 
like  the  one  in  the  bojSfed  statement  of  modus  ponens.    [* Schematic 
letters'  rather  than  'v^^ables'  because  variables  must  have  values. 
The  schematic  letters  are  place-holders  for  sentences  but  we  [per- 
sonally] are  not  aware  of  entities  which,  being  denoted  by  sentences, 
could  be  assigned  as  values  of  these  letters.    Those  who  believe  that  4 
there  are  entities  — .  say,  "propositions"  —  which  are  denoted  by 
sentences  may  properly  call  our  schematic  letters  'variables'  — 
say,,  -propositional  variables'.  ] 

Experience  reveals  that  students  are  not  inherently  sensitive  tQ 
the  sentence  patterns  in  the  inference  scheme  for  modus  ponens.  This 

may,  in  part,  be  because  the  meaning  of  kl£  . ,  .  then  *  in  ordinary 

speech  varies  so  much  from  one  sentence  to  another  that  it  is  not  prac - 
ticable  to  single  out  a  component  of  the  meanings  of  such  conditional 
sentences  which  is  due  solely  to  their  "conditionally".    In  mathema- 
tical reasoning,  however,  there  is  such  a  component  and  it  is  Just  this 
which  is  specified  by  modus  ponens  and  the  deduction  rule  ,of  section 

♦     »  ■  ■■„'■ 

Although  there  is  a  sense  in  which  carrying  out  an  argument  with- 
out paying  attention  to  the  total  meanings  of  the  sentences  one  utters  is 
a  sterile  pursuit,    it  is  perhaps  impossible  to  develop  a  critical  under- 
standing of  \ogic  in  4riy  other  way.    One  needs  to  become  aware  of  the 
fact  that  the  validity  of  one*  s  arguments  depends  solely  on  the  structure 
of  one's  sentences  —  and  not  at  all  on  the  meanings  of  the* extra-logical 
word's  which,  by  sheer  bulk,  are  most  prominent.    For  validity  it*  $  the 
little  words ^  'any',  'ify  'then*,  ♦not',  etc/  —  which  co1*nt.    It  is  only 
once  one  has  a  firm  grasp  of  this  that  he  can  argue  logically  without 

.  attending  _to_the  logic  of  his  argument  to  an  extent  detrimental  to  ite  

content,  '  '..'■-* 

#~  '  • .  *■ 

The  exercises  are  intended  to  focus  a  student's  attention  on  the 
pattern.  i: 
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7%    A  START  AT  FORMALIZING  OUR  INTUITIONS 

% 

say  that  any  inference  of  the  form: 


1  > 


.  is  valid  flhat  is,  its  conclusion  follows  froih  its  premisses).  *  * 

Since,  in  an  argument,  wt1  can  use  a  conditional  sentence  to  go  from, 
the  antecedent  of  this  sentence  to  its  consequent  we'shall  write  a  con- 
,  ditional  sentence  by  writing  an         between  its  antecedent  and  its 
consequent.  For  example,  instead  of  the  sentence  (a)  we  shall  write; 


(3) 


a  -  B  -  A  ™*  A  f  a  -  B 


Also,  in  writing  about  different  kinds  of  inferences,  it  is  easier  to 
use  letters -say  *p  and  V  —  as  place-holders  for  sentences,. instead  of 
the  frames  which  were  used  above. 

,  We  can  now  state  our  ifrtpt^ule  for  conditional,  sentences.  I  We  give 

it  its  Latip  name.  I  C 

*  ■ 

MqcIijs  Ponens  ^ 

Any  inference  of  the  form: 

Q  ! 

is  valid.  '■  "  •     „        .  . ' 

Eyerviffes  \  ,  , 


Part  A  .  r  - 

Copy  ea^of  the  following  exercises  and  write  [below  the  horizontal 
bar)  the  conclusion  which  can  be  inferred  from  the  given  premisses 
by  modus  ponens.  I  If  no  conclusion  can  be  reached  by  modus  ponens, 
*        N  say  so.  1 

i*      *      - '       .   —  If  Marthas  a  dime  - 
Mary  has  a  dime.      then  Mary  has  more  money  than  I  have, 

2.  Charles  lives  in ,     If  Charles  lives  in  California 
California.  then  Charles  lives  in  the  United  States. 

3.  Charles  lives  in         If  Qharles  lives  in  California 

the  United  States.      then  Charles  lives  in  the  United  States. 

.   .  4.  B  -  A  ~  B  -  A      B-At=B-A—>A  +  {B-A)=^B 

,  5.  a  +  3  =  5      a  ±  3  =  5  — +  a  =  2  f  ' 
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6.  3  >  5      3  >  3  -r^  0  >  2 
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One  caution  is  in  order  as  to  reading  eoryiitional  sentences  [and 
.sentence  schemes].    It  is  very  tempting  tv***e^d  kp  ^=>   'q'  as 
implies  q',    succumbing  to  t-fcis  temptation  has  unfortunate  conse- 
quences —  especially  as  concerns  pedagogy.    To  see  what  these  ar^, 

note,  first,  that, the    ■  =*> '      is  [like  the  phrase  'if...  then  *]  a 

conjunction,  and  is  used  to  combine  sentences  to  form  another  sentence. 
In  contrast,  'implies*  is  a  vejjb;    By  analogy,  if  sentences  were  names, 
of  appropriate  objects  —  as,  for  example,  numerals  are  name^s  of 
numbers  —  then  could  be  thought  of  as  an  operator  used  to 

refer  to  an  operation  on  those  objects  —  just  as   '+*  is  an  operator 
us*ed  to  refer  to  the  operation  of  addition  of  numbers-.  *  In  contrast, 
since  'implies'  is  a  verb  and,  so^  presumably  refers  to  some  relation, 
*  implies*   must  be  analogous  to  a  predicate  —  for  example,  to  1  >* . 

^     In  addition  to  hinting  that  'if  ,  .  ,  then  '  and  "implies'  perform 

different  functions,  grammar  can  suggest  what  kind  of.  relation  it  is  to 
which  'implies1   refers.    As  a  first  example  note  that  while  the  sentence; 

{it)   If  it  is  raining  then  the  sky  is  dark, 
is  at  least  grammatically  correct,  the  sentence:  A 

It  is  raining  implies  the  sky  is  dark, 
oegs  for  at  least  one  —  and,  better,  two  — -  'that's: 

J       That  it  is  raining  implies  that  the  Sky  is  dark. 

In  this  irfiage,    'implies1,  refers  to  a  relation  between.the  "facts"  which 
are  referred  to  by  the  noun-clauses  'that  it  is  raining*  and  'that  the 
sky  is  dark*.    One  might  then  argue  for  the  existence  of  a  relation 
among  "facts'*  —  wh ate ve r  they  are  —  to  which  relation  the  word 
'implies*   refers.    For  our  purposes,  however,  it  jls  more  helpful  to 
use  'implies'  to  refer  $o,a  relation  —  about  whose  existence  there  is 
no  question  —  among  sentences.    With  this  meaning  (itir)  should  be 
reformulated:  ■?  ■  «L 

•It  is  raining, *    implies  "The  sky  is  dark.'.  .■- 

[This  sentence  is  certainly  false  but,  like  (&),.  is  grammatically 

correct.]  ■    •    ■       ;  .  p  ^ . 

■    *  *  \  '•  ■  ■  'O* 

We  can  now  see  clearly  why,  ip  spite  of  one's  grammatical  V*  . 

instinctSfr^one  tend*  tcr-read   1  ™r->*     a^  -  *  implies^ .  ^  The  reason  is;  that 
a  sentence  of  the  form:  '  .  *  ■ 

*p*  implies  *q* 'o 

• 

is  true  if  and  only  if  the  corresponding  sentence  of  the  form: 


»  P  ==3r    Q  •  > 

.  t   is  iogicaUy  valid.  K         ■    .  .  :* 

.  [In  detail,' -if  a  conditional  sentence  is  valid?  then*  by  modus  ponens  and 
■the'  rule  for  ignoring  valid  premisses,  its  antecedent,  by  itself,  implies 
its  consequent;  conversely,  if  the  latter  is-  the^a'se  theri,  by  the  deduce 
^jiai^rule,  the  conditional  . sentence  is  ^lidi  ] 

The  pedagogical  consequences  of  reading    *         *         'irnplies*  are 
now  eaiy  to  anticipate.  '  Suppose*  for  example,  that  ^you  illustrate 
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modus  ponens  by  sav>ig  something- in  this  farm  [with  \p*  and  'g' 
-epiaced  bv^ome  well  ^Jiosen  sentences  ): 

Together,  'p1    and  'p  implies   q*   imply  .'q*. 

Cieari.y,  with  vour  two.u^'*  of  'mWy;  you  have  at  lea'st  given  your 
student*  something  to  puzzle  over.*  Fven  if  you  are  careful  to  stay  out 
oi this  hole  [and  t£e  deeper  one  we  shall'  next  point  out],   students  who 
have  c^e  to  read  '  =>    '    as   'implies*   are  likely  to  stumble  into  it 
by  the£rt<selves#v 

^  "deeper  hole"   has  to  do  with  thtf  othej  basic  rules  for  con- 

ditio^ sentences  -  the  deduction  rule.    A  special  case  of  this  rule 
may  be  formulStedcorreetly  by  saying  something  of  the  form:       '  " 

If  %p%   implies   'q*   then  'p    =>   q*   is  valid. 
Somewhat  mo»e  freely  put: 

We  can  provf  'p,=*    q*  by  showing  that  4  p4 
implies  *q\ 

Exerciser  Reread  the  preceding  sentence,  saying  'implies'  when  yow 
get  to  the   *    =3>    '  .  . 

Moral:  Don't  nay  implies'  when  you  mean  'if  ...  then  *  [unless 
you  are  talking  with  experts  who  are  beyond  danger  of  being  confused 
by  this  usage  ]. 


A  n  s  vv  e  r  s  lo  r  Pa  r  t  A 

i.     Mary  has  more  money  than  I  have. 
Charles  lives  in^he  United  States, 
no  conclusion    [See  discussion  on  pwige  .80. 
A  MB  -  A)  v  B         ¥  .'. 
a  =  I  v  * 

0 


21° 


2.05  Conditional  Sentences  and  Modus  Ponens  79 

*•  *  . 

7/a  ^  b  and  6  +  '5  =  7  .     (q  =  6'and  t?  +  5  =  7)     »  a  +  5  =  7 

\  '  .     ■     *°        .  f 

8*  a  -  h    ,  4a  =    and  6  =  c)    ^  a  -  c  * 

9.  Ar±][e$     9a  =  B  -  A  —*  A  +  a*  =  fl 

10.  >t  +  <T  =  £      a  =     -  4  — ; >Aj*:  gLr  A 

*     ^Ua  ^  B  -  A      a±B  -ft  —»  A  fo^  £y 

12,  /  is  a  function      fis  &  function  — ■»  /4s  a  set  of  ordered  pairs 

*  v     '  "  ■  *  '  • 

.  13.  /'  is  a  set  of  ordered  pairs      /is  a  function  — *  /'is  a  set  of  • 

 >   ordered  pairs 

.«  * 

Part  B   <«,  ■        .  * 

In  each  of  the  following"  exercises,  supply  the  missing  premiss 
1    (if  possible]  so  that  the  conclusion  folio ws^om  the  two  premisses 
by  modus  pen  ens.  [Follow  the  pattern  givenyirt  the  statement  of 
the  rule.  1  * 

1.  Harry  weighs  100  pounds.   t 

H^rry  weighs  more  than  Harold.  f 

'    ,  2.  a  ±  h  =  0  

 _  _,   «  , 

a  = 

3.  '  2c>  0  *-»c  >  Q  • 

e  >  0 

4.  2^0 


2  >  0 

5.  /Is  a  one-to-one  function 


5.  f\&  a  - 


/has  an  inverse 
6.      ;  a ■  +  2  g  5  — »q  >  0 

7*  a  +  2-5  — »a  >  0 

8.  a  -  A  +  ^        '       '  '  " 

fi^r  A  =  a  c 

9.  (A  C  B  and  a  e  A)  ^rotS 


10. 


a  =  £J  -  A 

PartC  * 

1.  Make  an  instance  of: 


1 


a  ~  B  -  A       A  +  a  =  B 


* 


(a)  concerning  c,  A  +  a,  and  P;  Cb>  concerning  A,  jB,  and  B  -  A. 


v..  .    '*  '  ' 
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7.  a  +  5  =  7  '  •     *  "    '  ^ '  { 

8.  no  conclusion  [Using  anqther  rule,  "exportation"  in  addition  to 
modus  ponens,  one  may  conclude  *b  =  c  =>   a  =  c\  See 
Exercise  6  of  Part  C  on  page  102,  ]  f  . 

9.  no  conclusion 
10#  no  conclusion 

11."  A  +  a  =  B  4    .     *  \ 

12..,  f  is  a  set  of  ordered  pairs  *  ^ 

13.  no  conclusion  ' 

Answers  for  Part  B  -» 

If  Harry  weighs  rnore  than  100  pounds  then  Harry  weighs  mo^-e 
-  than  Harojd.         ■ » 

2.  a  +  b  =  0  =s>   a  =  -1^,         ;    '    -      -     «  ■  ■ 

3.  2c  >  0 

4.  -  2  >  0  2  >  0  v 

5.  ^  f  is  a  one -=to -one  function  f  has  an  inverse 

6.  impossible  < ■  » 
7;  a  +  2  =  5;  a  >  0 
6.  B  =  A  +  a  =s>  B  -  A  =  a 

9.     A  C;  B  and  a  €  A;  a  €  B     (This  may  give  students  some  momentary 
4         difficulty  because  it  is  a  sentence  about  sets.    *A*  and  kB*  are 
variables  for  sets.  J 

1°»  ;s  .  a  -  B     A  [For  a  correct  answer,  fill  the 

blanks  with  copies  of  any  sentence  you^ choose.  ]  \, 


Answers  for  Part  C 

11     (a)   c  »  (A  +  jl):-  P=s>  P+  c  =  A+T ox  . 
_  Ji i  P 4  a) -=±sa (A-^- 5^P— 
(b)    B  -  A  =  B  -  ik^  A>  (B  -  A)  *  B  or 


r 


B  •  A  =  A  -  $*E==&  B  +  { B  'r  A)  f  A  ^  ■^  '  c '  ^ 


80      A  START  AT  FORMALIZING-  OUR  INTUITIONS 
2*  Make  an  instance  of: 

(a)  concerning  4  +  a,  4,  pnd  a;  (b)  concerning  A  +  a'fl,  and  a! 

Consider  the  inference: 

,  If  Charles  lives  in  California 

then  Charles  lives  in  the*. 
Charles  lives  in  the  United  States.      United  States. 

Charles  lives  in  California. 

People  sometimes  make  the  mistake  of  thinking  that  inferences  like 
this  are  valid.  Of  course,  thfey  are  not.  Even  if  the  sentence  'Charles 
lives  in  California,  happens  to  be  true,  it  doesn't  follow  from  the  given 
premisses  by  modus  ponens  or  by  any  other  rule  of  logic.  [We  hope  you 
didn't  make  this  mistake  in  doing  Exercise  3  of  Part  A..  If  you  did,  you 
had  better  check  your  ahstoers  to  the  other  exercises.]  ' 
.  E$rltert  we  saw  that  the  sentence: 

.  (a)  Ua     B  -  A  thenA+a=B 

is  a  consequence  of  Postulate  2<a)  and  that: 

-        '  &)lfA+a     B   then<T=  B 

is  a  consequence  of  Postulate  2(  b).  Looking  again  at  sentence  (a)  may 
suggest  fehat  it  should  be  possible  to  reverse  our  steps  and  derive 
Postulate  2(a)  from  (a).  The  sentence  (a)  and  Postulate  2(a)  seem  to  say 
about  the  same  thing,  flf  you  think  you  see  how  to  derive  Postulate ' 
2(a)  from  (a),  write  down  your  argument.  Do  you. need  any  other 
postulate  as  a  basis  for  your  argument?] 

—  Actually,  it  is  possibfcrfcq  showthat  Postulate  2te)  is  a  consequence 

"  of  sentence  (a)  and  another  postulate.  Here*s  how: 
Since  B  -  A  is  a  translation  it  fpllows  from  (a)  that 

(4)  '*      if  B  -  A  ■=  B  ~  A  then  A  +  (B  -  A).  =  S.' 
Since  v  • 

..-.«.■■  ^  •  t  .  ■ 

(ft)       B  -  A  ^  B—  A      [any  translation  is  itself! 
.  it  follows  that 

(6)  .  ••    A  +  (B't  A)  «  B  * 

ERJC  .  -      l  ... 
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(a)  (A  +  a)  4  a  =  A==>  a  =  A  -  (A,f  a) 
'A  +  a  -  A  +  a  *=>  a  -  (A  +  a)  -  A 

(b)  {A  +  a)  +  a  =  B  ==>  a  -  B  -  (A  +  a)  ' 
B  +  a  =  A  +  a,==>a  =  (A  +  a)  -  A 

*  ' 

t  One  who  acts  as  though  some  inference  of  the  form!  * 

q    '    p  q  '     (  "  '■  v 


is  valid  is  said  to  have  committed  thg_  fallacy  of  asserting  the 
consequent. 


■M 


1 


4 


2.05"  Conditional  Scntejujes  and  Modus  Pohens 


j Recall  that  asserting  <a)  .means  that  you  are  willing  to  accept  any 
instance  of'<a>.  So,  to  infer  (4)  from  (a)  all  we  netted  to  know  was  that 
\4)  is  an  instanced'  ^a>.  But,  to  know  this,  we  had  to  know  Postulate 
l(al  It  is  logical  that  (6)  follows  from  (5)  and  (4)  because  this  is  part 
of  what  we  mean  when  we  say  fif .  .  :  then  _„\  Th£  sentence  (5)  is, 
itself,  a  logical  assertion  to  make,  since  anything  is  the  same  as  itself 
-hut,  we  need  to  know  that  B  -  A  is  a  "thfng",  and  Postulate  1(a) 
cornes  in,  again,  here.  Since  the  assertion  'any  translation  is  itself  is* 
acceptable  just  because  of  what  we  mean  by  the  wt)rd  fis',  it  is  nowfkui 
to  sa^y  that  we  have  shown  that  the  conclusion  (6)  follows  logically 
from  (a)  and  Postulate, liaU  1 

Now,  srhow  that  the  sentence  tftl^^iogether  with  another  postulate, 
implies 'Postulate  2<h>.  ' 

We  now  have  enough  rules  of  logic  to  make  it  worth  while  to  analyze 
the  argument  given  above.  What  we  did  there  was, to  show  that 
Postulate  2ta):  * 

.4  H/j'-  A)  B 

could  be  derived  by  starting  from  the  sentence: 

4  la)  a  '  B  -  A  — *  A  +  a  B 


Our  argument  for  this  amounted  to  noting  that,  by  the  substitution 
rule,  the  inference: 

<L  -JL  zAj^LAJ'  "     'B  .    B  -  Aj_y  - 
B  -  A  -*  B  -  A  — *  A  +  IB  -  A)  =*  B 

is'  valid  and  that,  by  the  same  rule,  the  inferencej 

B  -  A  -  B  -  A  ' 

<»' 

is  valid.  Finally,  we  noted  that,  by  modus  ponehs,  the  inference: 

B  -  A  zJLz  A  JL  -A=B  -  A       A+iB  -  A)  -  B 
'      "        A  +  iB  ~*A)    B  ■  ' 

is  valid.  If  we  fit  these  valid  inferences  together  we  obtain: 

■  * 
"*  ~a~~a   B  ~  A  t.T  B  -  A  —*'A  +jT  =  B      B  ~  A  e.T 

B  -  A     B  -  A         B  ~  A B  -  A  —+ A  + ' (B  -  A)  g  B 

A  +  (B  -  A) 
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The  expected  derivation  of  Postulate  Z{h)  from  sentence  (b)  and 
Postulate    1(b),  asked  W  on  page  81  is: 

Since  A  +  a  is  ai^oint  it  follows  from  (b)  that  il\ 
A  4  a  -   A  V  a  thenSa    -  (A  +       -  A.    Since  A  +  a  = 
A  +  a  it  follpws  that  a      {A  +  a)  -*  A.  *    1  ,   '  t 

As  will  be  pointed  out  later  hr  the  text,  the.  proof  of  Theorem  I- I 
and  the  two  derivations  just  given  show  that  we  might  have  adopted 
Theorem   l-\   as  a  postulate,  in  place  of  Postulate   2,  and  still  have 
had  the  same  theorems. 

For  a  discussion  of  a  derivation  like  that  in  the  text,  see  the  dis- 
cussion, below,  of  the  answer^for  Exercise  3  (on  page  83), 


82      A  START  AT  FORMALIZING  AOUR  INTUITIONS 


This  final  figure  shows  just  how  we  went  abt^ut  it  to  deduce  the  con- 
clusion'A  ,+  ili  -  A)/:  B'  from  the  sentence  fa)  and  two  other  premis- 
ses, a  '*  a  and  H  -  A  t  ./".  At  first  sifehttat  shows  that  Postulate  2(a) 
is  a  consequence  of  .these  three  premisses. 

Looking  at  the  premisses  of  this  derivation  more  closely  we  see  that 
the  premiss  'a     a  is  a  valid  sentence.  IWhat  rule  tells 'you  this?) 
v)Y,nat  this  means  is  that  we  would  be  willing  to  accept  the  sentence 
*  Vr    a  just  because  of  what  we  intend  to  mean  by  '  *,  no  matter  wh>it 
-  translations  or  whatever -  we  were  talking  about.  [This  is  the  same' 
sort  of  reason  for  which  we  accept  the  last  of  our  three  inferences -just- 
.because  of  what  we  intend  to  mean  by  '  — *  \j  Since,  the  acceptability 
of  the  premiss  \t     a'  is  a  matter  of  logic  -  rather  than,  say,  of  mathe- 
matics -  we  shall  ignore  this  premiss  and  say  that  the  dil&ram  above 
shows  that  Postulate  2(a)  is  a  consequence  of  (a)  and  Postulate  1(a), 
alone.  If  we  wish  to  say  why  the  diagram  shows  this,  we  can  say  that 
it  does  so  by  virtue  of  the  introduction  rule  for  equations,  the  substitu- 
tion rule,  and  modus  ponens.  0 

The  status  of  the  premiss  'B  ~  A  e  ?  ;  is  much  like  that  of  ra  -  a'. 
Just  as,  when  we  described  the  language  we  were  going  to  use,  we  said 
that  V  is  a  variable  whose  values  are  translations,  we  might  as^vell 
have  said  that  'B  --if  is  a  term  whose  values  are  translations.  Doing 
so  would  have  made'it  unnecessary  to  adopt  Postulate  1(a).  So,  we  can 
think  of  'B  -  A  e .  /  '  as  being  acceptable  just  because  of  How  we  intend 
to  use  '-'  (and  not  because  of  any  special  property  of  translations]. 
This  being  so,  we  shall  say  that  the  diagram  shows  that  Postulate  2(a) 
is  a  consequence  of  the  sentence  (a),  aloneiv*^  '  i 

This  is  as  far  as  we  can  goln  ignoring  premisses.  Sentence  (a),  itself, 
definitely  say*  something  about  points  and  translations'- that  the 
translation  from  A  to  B  maps  A  on  B. .  • 

A  diagram  which,  like  the  one  we  have  been  discussing,  is  built  up 
out  of  inferences-  is  called  a  iree-form  derivation.  It  is  said' to  be  valid 
in  case  each  of  the  inferences  out  of  which  it  is  hnilt.  is  fl  vaIid  inference. 

ExercUm 

"  L  Look  at  the  argument  we- gave  oh  page  73  to  derive  the  sentence: 
<7>  ■      ,       4  4  „'    A  f  o*  .  b" 

'  Construct  a  tree-form  derivation  which  shows  that  (7)  is  a  conse- 
quence of  Postulate  2(b)  and  the  sentence: 


V 
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The  introduction  rule  for  equations  tells  us  that  'a  =  a'   is  a 
valid  sentence.  . 

•  .  '  * 

The  derivations  >n  these  exercises  serve  only  for  practicing  the 
application  of  the  rules  of  reasoning  we  have  introduced  to'date,  .  It  is 
not  an  objective  of  the  course  that  a  student  necessarily  remember  how 
to  derive,  say,  (7)  from  Postulate  2(b)  and.  sentence  (b). 


Answers  for  Exercises 

lv    [Post!  2(b)]  [(b)]  ■  HA  *  *€g 


ISubst)! 

5-(A  +  a)-A                  A  +  a  =*  B  =>  a  =  B  -  A     j^A  +  S  £  £  j 
(Subst)   p-  !   -TSubstf 


(A  +  b)  -  A  '  Aia=A  +  b«=>aMA+'b)-A 


,(RRE') 


A  +  a  =  A  +  b  =*»  a  =  'b 

[The  portion  of  this  derivation  enclosed  in  the  dashed  box  may,,  as 
previously  remarked,  be  omitted,    ft  serves  only  to  show  that  the 
following  substitution  is  legitimate.    At  any  rate,  as  expiain^d'on 
page    82,   the  premiss  of  the  boxed  inference  is  one  which  we  shall 
ignore  when  stating  what  the  derivation  shows  concerning  its  con- 
clusion.   The  derivation  shows  that  its  conclusion  (7)  *s  a  con- 
sequence of  (b)  and  Postulate  2(b).    The  remarks  attached  to  the 
derivation  —  '[Post;  2(b)]',  *[(b)]\,  '(Subst)',  and  '(RRE)'  —  are 
merely  explanatory  and  are  not  parts  of  the  derivation  itself.  In 
place  of  '(RRE)',  one  might  write  '(E  =)*  [Elimination  Rule  for  *='], 
since  the  replacement  <rtile  for  equations  shows  how  to  use  [or; 
Muse  up"]  an  equation  in  a  derivation,  thus  4 'eliminating"  an 
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%  On  page  67  you,  were  asked  to  state  an *  argument  showing  that 
the  sentence:  ; 

(b)  i  '        '    A  +  a*=fl  — *a->fl  T  A 

land  another  postulate]' implies  Postulate  2(b)?  Construct  a  tree- 
form  derivation  which  shows  that  Postulate  2(b)  is  a  consequence 
^of  lb).  ^  —  ■ 

3.  What'do  your  answers  to  Exercises  1  and  2  tell  you  about  the  rela- 
tion of  (7)  to  (b)? 

*  4.  Construct  a  tree-form  derivation. which  shows  that  (7)  is  a  conse- 

/uenceof(b). 
■   .  .  .  '   ,.  , 

r 

2,06  The  Deduction  Rule  y 

In  the  preceding  section  you  have  seen  how,  by  virtue  of  modus 
ponens,  you  can  use  a  conditional  sentence  in  deriving  other  sentences. 
This  leaves  open  the  question  of  where,  in  the  first  place,  conditional 
sentences  come  from.  On  page  67  we  have  given  an  argument  to  sho\fr 
that  the  conditional  sentence:  ' 

(a)  .  a  =  B  -  A       A  +  a  * B 

is  a  consequence  expostulate  2(a).  We,  shall  come  back  to  this  argu- 
ment shortly,  after  we  have  analyzed  an  even  simptter  one-  , 

AAs  our  first  e^a/iplfe  we  shall  take  a  conditional  sentence  about 
real  numbers: 

Jl)  •  2>  3  =  5  — *  (3  +  3)  +  7=5  +  7 

You  will  probably  grant  that  this  sentence  ts  true -our  task  is  to  find 
aJreason  for  thinking  -sou  One  way  to  start  is  with  the  valid  sentence; 

12)    .  .     (2  +  3)  +  7  =  (2  +  3).+  7 

This  sentence  is  true  for  a  very  good  reason— just  because  of  what  we 
mean  by  '  If  we  can  show  jthat  (1)  is  a  consequence  of  (2)  then  we 
will  have  just  as  good  a  reason  for  accepting  (1).  To  do  this  we  argue 
this  way:  ■  ■•       .//  -J 

Suppose  that  "2  +  3  =  5.  Since  (2,  +  3)  +  7  *  (2  +  32  +  7  it  fol- 
ldws  that  (2  +  3)  +  7  =  5  +  7.  Hence,  if  2  +  3  =  5  then  (2  +  3}  +  7 
-5  +  7.  '      ^  ,y 

What  we  have  done  is  to  note  that  [by  the  replacement  rule  for 
.J  ■ 
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Answers  for  Exercises  fcontj 

2.     [a  =  A     X  +  a€gj     A  +  a=B*=Oa*B-A      [aTI  Ye] 


A  +  a A  +  a  A.  +  a  =  A  +  a        a  =  ( A  +  a) 


(Subst) 


(MP) 


a  =  (A  +  5)  -  A 

[As  ip  Exercise  1*  the  premiss  in  the  right-hand  box  might  be 
omitted.    The  content  of  the  left-hand  box  might  also  be  omitted  on 
the  grounds  that  it  is  an  obvious  re'sult  of  the  introduction  rule  for 
equations  and  the  substitution  rule  that  any  equation  whose  sides 
are  the  same  term  is  a  valid  sentence.    Whether  to  insist,  for  a 
while,  that  your  students  include  this  boxed  portion  is  a  matter  for 
you  to  decide.    Although  we  shall  later  omit  auxiliary  premisses 
,  such  as  *  A  +  3  €  S*  when  writing  substitution -inferences,  we  shall 
never  omit  a  premiss  merely  Because  it  is  a  valid  sentence.  As 
remarked  on  page  &l  we  shall,  how  eve      ignore  both  ^ 
kinds  of  premisses  when  stating  wh^t  a  derivation  shows.  This 
derivation  shows,  then,  that  postulate  2(b)  is  a  consequence  of 
sentence  (b).    The  bracketed  remark  in  the  exercise  ™  'and 
another  postulate*       is  merely  aS^jlint  to  students  that,  for  the 
present,  they  are  to  include  auxiliary  premisses  when  writing  sub- 
stitution-inferences.   Finally,  instead  of  the  comment  *<$rfP)',  one 
might  use  *(E  =>)•     [Elimination  Rule  for  •  =>  '],] 


3.     They  show  that  sentence  (7)  is  a  consequence  of  sentence  (bV 

[Point  out  that  by  placing  the  second  derivation  above  the  firs^f  so 
that  the  conclusion  of  the  second  lies  over  the  premiss 
'a  ~  (A  4- .a)  -  A'  of  the  first,*  one  would  obtain  a  ^single  derivation 
which  would  show  that  (b)  implies  (7),  }      ;  * 

#4,     [Combine  the  two  derivations  in  the  way  that  has  just  been 

described.    This  requires  a  fairly  wide  sheet  of  p  ape  engine  e  the 
inference  line  of  the  modus  ponens -inference  should  not  extend 
over  the  premiss  (h)  of  the  derivation  in  Exercise  1,1, 

* 

Class  discussion  of  the  preceding  exercises  can  be  facilitated' by 
use  of  an  overhead  projector.    If  properly  made  [see  remark  for 
Exercise  4]  two  projectuals  «~  or  one  with  an  overlay  —  can  show  the 
answers  toJExercises  1  and  3  in  such  a  way  that,  in  combination,  they 
"give  the  arigwer  for  Exe reive  4. "  AT^ahy "raf«,"  you  sHouTdTTiave  "the 
answers  for  Exercises  1  and  2  in  view  and,  pointing  to  the  appropriate 
.  sentences,  recite  the  corresponding  verbal  arguments.    For  Exercise 
2,  for  example;  this  might  be;  " 

Since  A  +  a  e  £  it  follows  frorn  Sentence  <bj 
y  ,   that  if .  A  f  a  =^A  f  a  then  a •  =  (A  +  a)  -  A, 

$Q,  since  A  +  a  »  A  +  a,  it  foUows  that  ^ 
a  =  <A+~a) A, 

*  N  • 

{When  saying  'it  follows  that'  Tyou  might  point  at  the  appropriate 
inference  line. }  •  ■  <  • 
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equationsj  the  sentence: 

<3)    .       .  '         (2  >  3)  +  7  -  5  +  7 

follows  from  a  premiss  '2  +  3  =  5'  which  .we  assumed  [perhaps  you 
see  why  |  and  another  premiss,  (2).  This  being  established/ we  con- 
cluded ("Hence")  that  the  conditional  sentence  (1)  is.  a  consequence 
of  just  this  other,  premiss.  We  can  diagram  bur  argument  as  follows: 


2  +  3=5-    (2  *  3)  -h  7  ==  (2  +  3)  +  7 
■  (2  +  8)  *  7  =  5  +  7  # 
2  '+  3  --  5  -j—  (2  +  3)  +  .7  -  5*+  7 


(RRE) 


the  '*'s  in  this  tree-fofm  derivation  do  more  explicitly  what  the  word 
'Hence'  did  in  the  original  form  of  the  argument.  As  the  replacement 
inference  shows,  the  sentence  (3)  is  a  conseouence  of  two  premisses 
-the  "assumption"  '2'  +  3  =  5'  and  the  sentence  (2).  The  purpose  of  the 
'*'s  is  to  point  out  that  the  final  conclusion  -  wHich  is  sentence  (l)^ls 
a  consequence  of  (2)  alone.  This  being  so,  we  have  just  as  good  reason 
*  for  accepting  (I)  as  we  have  for  accepting  the  premiss*  (2).  [To  drive 
home  the  point  that  the  conclusion  (1)  does  not  depend  on  the  pretniss 
'2  +  3  =  5',  imagine  the  '5's  in  the  above  derivation  to  be  replaced 
by  '8's.  Everything  would  go  through  just  as  before,  but  the  conclusion 
would  be:  «.  • 

■         2  '+  3  *  8  — *  (2  +  3)  +  7  »  8  +  7  • 

This  new  conclusion  is  just  as  acceptable  as  is  (l)-if  2  +  3  were  8 
then  (2  +  3;  +  .7  certainly  would  be  8  +  7.  Of- course,  the  new  con- 
clusion is  even  less  interesting  than  is  (1),] 

Although  there  may  not  seem  much  point  to  (1),  you -have  made  a 
lot  of  use  [when  solving  equations]  of  a  sentence  which  has  (1)  as  an 
instance:   *   


(4) 


a  as  b  — •  a  +  fc  m  b  +  c 


The  argument  in  favor  of  accepting  this  sentence  is  just  like  that  for 
accepting  {1).  It  starts  of£  *  - 

*  Suppose  that  a  =  b. 
Here  is  the  argument  in  triform; 


The  proof  of  (4)       an  equality  principle  for  addition  —  may  be 
repeated  to  prove  similar  equality  principles  for  other  operations,  [For 
the, role  of  such  principles,  see  TC  71. J  Using  Greek  letters  we  can  give 
the  general  form  of  such/foroofs  as: 


a  =  p 


TQ 


7<a  =  rP 


a  =  (3  Ta  =  t(3. 

[The  1 1*  is  to  point  out  that  the  sentence  in  question  is  valid  and/  is 
"Automatically  discharged".  ]   In  the  case  of  the  proof  of  (4),  'a'  refers 
to/a',         to  *b\  'ra'  to  'a  +  c'  and,  consequently,  *tP*  refers  to 
*b  \  c*  9    Here  is  another  example  of. this  form  of  proof: 
*  v  * 

A^B        C  -  A  -  C  -  A 


A  * ■  C  -  B 


A  =  E  C  -  A  =  C  -  B 

Since  'G  -  A  =  C  -  A*  is  a^valid  sentence,  this  shows  that  the  equality 

A  =  B  = 


C  -  A  =  C  -  B 


principle 
f 

is  also  valid.    1  , 

Equality  principles  for  relations  —  for  example: 
a  -  b  [a  <  c  b  <  cj 

can  be  proved  in  a  s^mil/ar  manner; 

a  <  c 


a  <  c 


a  <  q 


b  <  c 


a  =  b 


a.  -  o  [a  <  c  =>  b  <  c  ] 

Since  *a  <  c  A  <  c*  is  valid,  so  is  t£e  conclusion.  Alternatively, 
one  may  proceed  as  follows; 

V    ■       4  W 

L  :  :  1  a  i  b 


a  c 


b  <  c 


a  <  c 


b  <  c 


{a  < 


*  b  <  c] 

■  «r 
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* 

Clearly,  the  conclusion  is  as  acceptable  as  is  the  premiss  'a  +  c  =  o-+  c 
which  implies  it.  * 

■  The  argument  we  gave  on  page  67  to  show  that  Postulate  2(a)  im- 
plies sentence  (a)  is  of  exactly  the  same  form: 

A  +  a  B 


■        a  -  B  - :A  ~**A  +  a  -  B 

The  general  procedure  we  have  illustrated  can  be  formulated  like  this: 
If  you  wish  to  show  that  a  certain  conditional  sentence  is  a  con- 
sequence of  certain  premisses,  show  that  its  consequent  follows 
from  its  antecedent  and  these  premisses,  together. 


*IThis  figure  suggests  what  has  just  been  said.  WJien  one  has  derived 
a  sentence  q  from  an  assumption  p  and  other  premisses  0.  .  .^),  one 
may  infer  the  conditional  sentence  p  *  c/  and  discfiarge  the  assump- 
tion p.  (In  Part  B  of  the  exercises  we  shall  point" out  a  restriction  on  the 
use  of  this  kind  of  •argument)  J 
1  As  a  final  example,  let's  show  that: 

+  (5)  a  +  c  *  6 "+  c  ■— ~  a  =  b 

is  a  consequence  of  the  following  principles  for  real  numbers: 
The  Associative  Principle  for  Addition  (APAJ: 

id  +  b)  +  c  =  a  +  (b .  +  a), "  - 

.  The  Introduction  Principle  for  Qp^iting^LIPQJ;_  J;  ;   

/   a  + —a  =  0, 
and  The  Principle  fof  Adding  Zero  [PAO]: 
,  a  -fV  G  ~  a-.r  ■ 

To  do  so,  we  may  argue  as  follows:  '  > 

Supj»se  that  c  +  c  -  6  +  c.  Since  (a  +  c)  +  -c  »  (a  +  c)  + 
it  follows  that  (a  -f  c)  "+      ^  (6  +  *)  +  -c<  Since,  by  the  APAt 
•\  (a  +  c)  +  -c  =  a  +-(c  +  -c)  and  (6  +<  c)  +  -c  -  6  +  (c,+  -cMt 
follows  that  a  +  (c  +  -c)  =  6 V(c  +  -c).  Since,  by  the  IPO, 
.  €  +  -c  -  0  it  follows  that  a  i  0  =  6  +  0,  Since,  by  the  PAO, 
a  +  0    a  and  .6  +  0    6  it  follows  that  a  -  b%* Hence,  if  a .+  <? 
_  * ■**  6  +  c  theh^  *  b.  ■   *  '  # 
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The  derivation  of  the  sentence  (a)  from  Postulate  2(a)  which  is 
given  irf  the  text  fits  the  following  form:  # 

a  -  t        9~  f  ' 
 <   (RRE) 


r       (I)  $a 

 »   Deduction  Rule) 

a  =  t   ==>  #a 

[To  "make  this  fif,  let  'r*  rfcfer  to  *B  -  A1  and  1  0a'  to  'A  +  a  =  B\.] 
This  kinfi  of  argument  id  reversible:  \ 

a  =  -  t  =^  $a  "  ;?    .  • 
 ■ — - — —  i  Sub*!)  f 


(11)  r  =  r        t  -  t  =^ 

 .  ^   (MP)        .>    '  v 

Comparison  of  these  two  kinds  of  arguments  shows  how -the  deduction 
rule  and  modus  ponens  complement  one  another,  as  do  the  introduction 
rule  for  equations  and  the  replacement  rule  for  equation©. 

It  results  from  the  validitjrof  arguments  of  these  two  kinds  that  <  /, 

*  a  "  t  :=>  #a 

(III)        —i   and   1  r*-  are  valid  inferences. 

a  =  r  =^  $a  0t  *  ■ 

In  other  words,  0r  and  a  =  ?  =>  0a  M  say  the  same  thing*' .    As  an 
example  from  real  numbers,  the  sentence:  » 

'  *  -  .  (a  +  b)  -  b  =  a 

and  the  sentence: 

c  &  a  +  b  =^  c  -  b  =  a 

^say^the  same  thing**  ,>  [In  Ithe  general  rule,  let  4f*  refer  to  4^  +  b' 
and  'a*  to  'c*.  ]  ■ '*  \. 

The  deduction  rule,  together  with  the  two  rules  for  equations,  also* 
makes  it  possible  to  establish  the  symmetry  and  transitivity  o|  equality! 

a*3       a  =  a^*  .  P  =  Y         a  i  P  ■  . 

^         -  ;  "    -v\  • 


p  =  a 


a  ^  P  p 


aspW  4(3  =  Y  a  =  Y] 


{The  more  usual  form  of  Uie  transitivity  principle,  %{o*  a  p  and 
P  *  Y)         a  «  Y1*  requires  for  its  derivation  some  rule*  for  *andV. 
For  exaniple,  the  importation  rule  of  Exercise       Part  CT  on  page 
101  will  do*  ]  Note  that  only  the  l6ft-by-right  -replatement  rule  for 
equations  is  uled  in  these  derivation  schemes*    So,  only  ^bis  part  of 
the  rule  tieed  be  adopted  as  a  **baisic**  rule  of  logic,  *^ 


-  *  TCS5  (2) 

The  cancellation  principle  <<?}.  differs  from  the  equality  principle 

(4)  in  tfiat,  although  <4)  is  a  valid  sentence,  to  derive  (5)  one  neeSs  ' 
t>remU»e»  which  are  mathematical  principles.    This  is  not  too  sur-  / 
prising  since  (4J  can  be  interpreted  as  saying  that  V' addition  of  a  given 
real  number"   is  a  function,  while  (S)  assarts  .that  such  a  function  has 
an  inverse.    That  the  former  i*  the  case  has  to  be  recognized  before 
one  is  justified  in  adopting  the  symbol  1  V  ^s  an  operator.  Sentence 

(5)  ,  on  the  other'hand,  says  that  the  operation  which         refers  to  has 
a  vefy  special  property  which  is  not  shaded  by  all  operations.  For 
example,,  the  equality  principle  for  squaring  real  numbers: 

,    .  *    a  -  b  -a?   =  br 

becomes  *i  valid  sentence  a*  soon  as  one  adopts  the  operator  *r\  But, 
4the  corresponding  * V ancellation  principle1 ' :  ^ 
/  ■ 
.   ap  -  Xi"  a  -  b 

is,  of  course,   not  true.  ■» 

Vour  students  will  probably  benefit  from  remarks  similar  to  the 
foregoing,   since  confusing  a  conditional  s^Jttrnce  with  its  converse  is  • 
a  not  uncommon  error,  -      N  V. 

Remarks  cqncernjng  argument  given  for  .     '  % 

We  begin  by  adopting  the  antecedent  of  {5}  a^an  assumption. 

The  assertion  qf  *(a  *  c ).+ *c    •   (a  f  c)f  -c'  "in  the  second  sentence 
*is  justified  by  th»  introduction  rule  for  equations.    We  could  derive  the 
sentence  in  question  from  *  a^     a\  'a  +  c.  €       and  *-c  €  ft*  by  using  the 
substitution  rule  (three  times).    'Since  -,       it  follows  that  .  .  . '  in  this 
sentence  refers  (in  this  case)  to  an  application,  of  the  replacement  rule 
**  for  equations.  ■ 

In  the  third  sentence*,  '(a^  c)  +  —c  -  a  .+  (c  "V  -c)*  is  a  Conse- 
quence of  the  A  PA  by  virtue  of  the  substitution  rule.  *  Since  it 
follows  that  ,  '■  refers  to  two  applications  of  the  replacement  rule. 

Remarks  Simil&r  to  th<*  last  ifpply  to -each 'of  the  next  two  sentences* 

.  t  The  first  five  Sentences  of  the  argument  sfcgw  that  'a  *  b*  is  $ 
consequence  of  the  assumption  'a^c  =  b  "i        the  A  PA,  the  IPO,  and 
the  -  PA0.    'Hence'  in  the  final  sentence  indicates  that,  because  of  what 
'precedes,         is  a  .consequence  of  just  the  A  PA?  the  IPO,  and  the  PAQ. 

The  derivation  of  {$)  which  is  given  in  the  text  may  be  presented 
in  the  form  of  a  tree.    To  save  space,  we  abbreviate  it  somewhat. 


-     .^fc^b  +  c!      U+-c)+ -c  =  (a* c)+'*te  ■ 

l  ■'  !  ~  • — —  «». — -~(RRE) 

a4.  -a  =  0  \-fAPA}              <a  +  c}^-c  =  |bfc)4-c 
•  r* — —   ■»  ".  -{RREB 

(PAD) ;  •  ;  ,  b+  0  •  V      -  ... 

 :  :  —  inzm*  .  -  ■  -  ■ 


The  comments  MR  REP  indicate  that  what  is  presented  as  an  inference^ 
i$  actually  a  sequence;  of  two  inferences,    In- one  case  the  equation- 
premisses  of  thejie  inference?        Instance*  of  the/aaiociatlvs 'principle 


for  addition;  in  the  other  case  they  are  instances  of  the  principle  for 
.adding  aero.    [The  first  pair  is  shown  belpw.  ^  Since  the  premiss  * 
Ma  *  c)  +  — c  =  (a  +  c)  +  -c'  is  a  valid  sentence*  the  derivation  does 
show  that  (6)  is  a  consequence  of  the  APA,  the  IPO,  and  the  PAO. 

Here  is  an  expansion  of  the  first  1 '  [RRE ]pn  ' :  - 

•  Ja  +  b)  +  c  =  a+(blc) 

-      ■    l  ■  ,  ■        ■  4 

(a+b)  +  c-a  +  ('b  +  c)-   (a+c)  +  -c  -  a  +  (c  >  -c)  <a+c )  +  -c  :-  (b  +  c }  +  -c 

 ±  «  ,  (RRE) 

(b+c)  ¥  -c  =  bMc  +  *c)  a  +  (c  +  -c)=  <b  +  c)+  -c 

 *  ;  :  (RRE) 

a  f  {c  +  -c7=  b  +  (ci-c) 

The  second  is  similar  except  that,  since  one  of  the  equation-premisses 
is  the   PAO.  itself,  only  one  substitution-inference  -will  appear  in  the  - 


86      A  START  AT  FORMALIZING  OUR'  INTUITIONS 


Exercizes 
Part  A 


1,  (a)  In  the  text  (on  page  85)  we  have  given  a  tree-form  derivation 

to  show  that  the  sentence: 

(a)  a  ~  B     A  — +A  +  ~a  =  B     V  ' 

is  a  consequence  of  Postulate  2(ak  Give  a  similar  argument?  to 
show  that:  < 

(b)  A  +  a  -  B  — *  ~a  «  B  -  A 
is  a  consequence  of  Postulate  2(b). 

Rewrite  the  argument  you  gave  in  part  (a)  as  a  paragraph 
beginning  'Suppoap  that'. 

2.  (a)  Construct  a  tree-form  proof  for  the  sentence:  «| 

a  =  V  — *  A  +  a*  =  A  +  T 
><b)  Rewrite  this  proof  as  a  paragraph. 


When  we  assert  a  sentence  in  which  a  variable  occurs  we  mean  to 
be  making  a  general  statement  about  all  values  of^the  variable.  We 
recognized  this  by  adopting  the  substitution  ^xule.  Now  we  have 
found  a  new  way  to  use  a  sentence  other  than  to  assert  it.  Sotrietiraes 
we  say  Suppose  that'.  When,  for  example,  in  the  proof  of  (5)  given  on 
page  85  we  began  by  saying  ^Suppose  that  a  c  »  b-+  c*  we  cer- 
tainly did  not  mean  to  assert  that,  whatever  numbers  a,  6,  and  c 
are,  a  +  c  is  b  +  g.  Consequently,  it  would  have  been  wrong  to  use 
the  substitution  rule  in  thi§  proof  to  infer  an  instance  of  this  assump- 
tion for  to  substitute  for  V,  'b\  or  V  in  anjrsenteace  we  arrived  at  by 
using  this  assumption]. 

L  Here  is  a  derivation  which  appears  to  show  that  if  2  =  2  then' 
'  3  m  2.  Criticize  it 


V 


a  =  2 


3  »2 
"2  — »3  «  2* 


(Subat) 

24$ 


2  m  2  — *3  *.2 

2.  Here  is  another  derivation  whose  conclusion  shouid  seem  un- 
reasonable to^yo_u.  Point  out  where  it  went  wrong. 

4%^^  B  *       {A  +     ~  A 


a  »  R  A 


(Subat) 


A  +  a  *  B  -—"a*!  A  A 
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Answer  a  for  Part  A 

1."  .00.  *  [Post.  1(b))  , 

A  +  3  =  B        a  =  (A  4  5)  -  A 


—7  (RRE) 

B  -  A  *  * 

  *  » 


A ,+  a  =  B  a  =  B  -  A 


ib)    Suppose  that  A  +  a  -  B#    Since,  by  Postulate  Zfb), 
a  =  _(A  +  a)  -  A  it  follows  that  a  =  B  -  A.    Hence,*  if 
A  +  a  -  B  then  a  =  B  -  A. 

[For  aesthetic  reasons,  we  tend,  when  writing  proofs  in  English,  to 
write  conditional  sentences  in  'if  *      then.       '-form,    This  personal 
quirk  should  not  be  taken  as  binding  on  anyone  else.  ] 

I.     (a)     a  ?  S       A  +  a  t  X+a  *  ,\ 


-A-*.*  ~-  A  *b- 


a  =  b  =>  A  +  a  =  A  ■  +  b 


ih)    Suppose  that_a  s  b,    Since^A  +  a  -  A  +  a*  it  follows  that 
A  +  a  -.'  A  +  5#    Hence,  if  a  =  S  then  A  +  a  =  A  4  S, 

[Since  *  A.+  a  -  A  +  a*  is  valid,  so  is  the  identity  principle 
which  has  been. derived  from  it*  ] 

i 

Answers  for  Part  B  . 


.  s 


1,     The  substitution  rule  was  adopted  when  we  were, thinking  of  an 

open  sentence  only  as  a  way  of  asserting  something  about  all  "values 
of  the  variables  occurring  in  it.    When  an  open  sentence  is  inter-  * 
preted  in  this  way,  a  substitution-inference  which  has  it  as  a  pre- 
miss is  valid.    When,  as  in  the  case  of  the  derivation  of  Exercise; 
1,  «$uch  a  sentence  is  treated  as  an  assumption,  such  an  inference 
is  not  valid.    Specifically,  *3  -  ?  does  not  follow  from  1  a  -  2*  if 
the  latter  is  an  assumption. 

£•     Since,  in  this  derivation,  *A  +  a  *  B1  i&  an  assumption,  it  is  being 
used  to  restrict  the  values  of  *  A1,  'a*'*  and  *B*  under  discussion  ..* 
[rather  than  to  assert  something  about  all  values  of  these  variables]. 
So,  the  values  of  these  variables  which  are,  tinder  this  assumption, » 
~  "referred  to^by  the  sentenceTij^  *  B  -A'  are  Similarly  reifrlcfed. 
•  Since  we  have  no  reason  to  believe  that  these  restrictions  allow  for  • 
the  values  of  *  Ar  being  among  those  of  *B%  the  inference  to* 
•a*  A  -  A*  is  not  valid*  » 

^Briefly,  the  substitution  ^Inference  is  not  valic$  becauiS,  since 
*&*  occurs  in  the  assumption,  the  sentence  *a  -  B  -  A.1  cannot  be 
interpreted  as  asserting  something  about  all  values  of  *BV 
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3.  Here  is  a  derivation  which  is  something  like  that  in  Exercise  2  but 
which  is  valid. 

•'••.*.* 
'       a  =  6      a  -  b       a     c  -  6  +  c 

q_£c_*_b±c.   3*4  .„  , 

a'f-3T6T^'"(bubst) 
a  =  6  — *a+3=6+3* 

BotMn  this  derivation  and  in  the  derivation  of  Exercise  2,  we  have 
used  the  substitution  rule  to  infer  an  instance  of  a  sentence  which  we 
have  derkrfd  "under  the  assumption".  In  each  derivation,  look  at  the 
variable  which  has  been  substituted  for,  and  look  at  the  assumption! 
What  difference  do  you  notice? 


# 

The  exercises  in  Part  B  show  that  some  care  must  be  taken  when 
one  uses  an  assumption.  This,  however,  is  nothing  to  worry  about. 
You  aren't  likely  to  say* "Suppose  that  a  =  2.  It  follow*  that  3  =  2  " 
Nor  are  you  likely  to  say  "Suppose  that  A  +  a*-  B.  It  follows  by  Postu- 
late 2(b)  that  a  B  ~  A.  In  particular,  it  follows  that  a*  -  A  -  A" 
When  you  are  working  "Under  an  assumption"  you  will  know  it  and 
you  won't  be  tempted  to  treat  a  sentence  which  contains  variables 
which  occur  in  your  assumption  as  an  assertion  about  all  values  of 
these  variables.  (As  in  Exercise  3,  such  a-  sentence  may  assert  some- 
thing about  all  values  of  other  variables  which  occur  in  it.  J  * 

It  is  easy  enough  to  avoid  mistakes  like  those  in  Exercises  1  and  2. 
Still,  in  stating  our  rule  for  deriving  conditional  sentences,  we  should 
say  what  needs  to  be  av^in.  Evidently,  what  our  rule  should  say  is 
that  the  method  of  deri$«Ponditional  sentences  which  is  suggested 
by  the  figure: 


is  acceptable 

provided  that  no  inference  used  in  deriving  q  depends' 
for  its  validity  on  treating  the  assumption;  or  any 
sentence  derived  by  using  the  assumption,  as  an 
assertion  about  all  values  of  any  Variable  which  occurs 
in  the  assumption. 
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3.     Since  'c'  does  not  occur  in  the  assumption  'a  -  b\  we  can  inter- 
pret the  sentence- 'a  +  c  =  b  +  c*  as  asserting  something  about  all 
values  of  *c\    So,  from  it,  we  may  infer  'a  +  3  -  b  +  3«  [But 
substitution  for  'a'-  or  for  *b'  would  be  improper.  ] 

Having  shown  in. Part  B  that  one  can  —  if  sufficiently  bull- 
^headed  -  construct  invalid  arguments  by  treating  a  premiss  sometimes 
as  (an  assumption  and  sometimes  not,  we  make  haste  to  point  out  that 
this  er-ror  is  easily  avoided  by  men  of  good  will.    Students  need  to  know 
about  the  restriction  to  which  this  kind  of  argument  is  subject,  but 
should  not,  by  this  knowledge,  be  frightened  away  from  using  it. 

In  til  proviso  the  phrase  "in  treating  the  assumption  [as 'an 

assertion]'    rules  out,  of  course,  the  error  made  in  Exercise   1  of 
Part  B.    The  phrase  "or  any  sentence  derived  by  using  the  assump- 
tion [as  an  assertion]"  rules  out  the  error  made  in  Exercise  2.  The 
specification  "of  any  variable' which  occurs  in  the  assumption"  leaves 
open  the  possibility  of  using  the  substitution  rule  in  the  way  it  is  used 
in  Exercise  3. 

To  make  the  proviso  operative,  we  need  to  modify  the  substitution 
rule  as  is  done  in  the  summary  on  page  111. 
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This  will  take  care  of  things  once  we  note.'in  connection  with  the  sub- 
stitution rule,  that  the  validity  of  a  substitution-inference  depends  on 
its  premiss  being  interpreted  as  £n  assertion  about  all  values  of  the 
variables  for  which*  substitutions  are  made.  (See  the  statement  of  this 
rule  on  page  111.1 

Since  we  shall  find  other  rules  of  logic  which  need  to  contain  a  pro- 
viso like  (*>,  we  shall  introduce  a  very  convenient  abbreviation  in  the 
statement  of  oijr  rule  for  deriving  conditional  sentences; 

The  Deduction  Rule 

Any  inference  of  the  form      t         ^ .      -  N 

Ipl  .      .  > 

p  — -  q  f 

_          1  is  valid,   '  f 

The  abbreviation  is  the  Ipl'.  In  full,  the  deduction  rule  is: 
}  Any  inference  of  the  form: 


p  q 

is  valid  and,  when  it  occurs  in  a  derivation,  discharges  any  as- 
•  sumption  p  which  has  been  used  in  deriving  q,  provided  that  no 
inference  used  in  deriving  q  depends,  for  its  validity,  on  treating 
the  assumption,  or  any  sentence  derived  by  using  the  assumption, 
as  an  assertion  about  all  values  of  any  variable  which  occurs  in 
the  assumption.  f 

It  is-^onvenifint  to.say.tfiat  the  conclusion  of  a  derivation  depends 
.only  on  those  premisses  of  the  derivation  which  are,  not  discharged 
during  the  course  of  the ^dferivafion,.  which  are  not  merely  valid  sen- 
tences, and  which  are  not  consequences  of  postulates,  like  the  parts  of 
Postulate  1,  which  serve  merely  to  tell  what  kind  of  things  a  term  has 
for  values.  For  example,  the  conclusion  'a  =  b  — •  a  +c  =  b  +  c'  of 
the  final  derivation  on  page  84  depends  on  none  of  the  premisses  of 
the  derivation  [and  so,  since  the  deitvatiunjs  valid,  thio  contusion  is 
a  valid  sentence].  Similarly,  the  conclusion  *a  =  B  -  A  — *  A  +  a  ~  B' 
.of  the  first  derivation  on  page  85  depends  only  on  the  premiss 
'A  +  (B  -  A)  =  B'  land  so,  since  the  derivation  is  valid  and  the  pre- 
miss in  question  is  a  postulate,  the  conclusion  is  a  theorem]. 
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Some  question  may  arise  as  to  the  validity  of  inferences  of  the 
form: 

q 

i*)  —  


p  •=•>  q 

(Such  an  inference  is  sometimes  called  a  conditionatizing  inference.  | 
Perhaps  the  only  straightforward  answer  to  such  questions  is  t;hat  the 

English  phrase  'if  ...  then   '  has  many  meanings  and,  for  some  of 

these,  it  may  be.  the  case'  that  inferences  of  the  (ojem: 

■  a  ■      ■  %\ 


If  -p  then  q. 

are  not  valid.  Forlfiat  particular  meaning  of  this  phrase  which  we  are 
using  '  to  express,   such  inferences  are  valid.    And  it  is  this  mean 

ing  of  the  phrase  which  is  relevant  in  the  conditional  sentences  which 
occur  in  mathematics, 

1        Sometimes  such  bald  truths  as  that  just  stated  are  not  particularly 
satisfying.    It  may,   instead,  be  better  to  point  out  that  the  "urlcondi- 
liana}'.'  .premiss  of  an  inference  of  the  form  (#)  says  more  than  does 
its  conditionaf  conclusion; '"THS'iK  We'  case  ^hefT  *=P-*~$as  tire Trrean— — 

irvg  of  'if  *  -  .  then   '  which  is  used  in  mathematics,  and  in  many 

other  places.    It  also  may  help  to*say  that  the  premiss  q  amounts  to 
the  redundant  ^  * 

q,  whether  or  not  p 

and  argue  from  this  that  the  conclusion  says  less  —  or,  at  least,  no 
more  —  than  the  premiss  and,   so,  should  be  considered  to  be  a  con- 
sequence of  it,  " 

It  is  also  well  to  bear  in  mind  that  a  student  who  questions  the 
validity  of  conditionalizing  inferences  may  merely  be  using  this  as  a 
way  of  indicating  that  -he  sees  no  point  in  inferring  a  conclusion  which 
is  so  obviously  weaker  than  the  premiss.    To  such  an  objection,  you* 
can  point  out  that  conclusions  usually  say  less  than  do  the  premisses 
from  which  they  are  derived  —  certainly,  they  never  say  more.  So, 
his  objection  would  apply  in  quality  —  if  npt  in  quantity  —  t<r  any  valid 
inference* 

The,  examples  given  at  the  end  of  the  paragraph  which  precedes  the 
exercises  furnish  an  opportunity  for  pointing  out  that  valid  sentences 
are,  according  to  our  definition  of  *  theorem*,  theorems.    A  theorem^ 
is  a  sentence  which  fa  a  consequence  oLour  postulates.  "  As  poinTecTou* , 
in  the  text,  'a  -  B  -  A  =>  A '  +  $      B'  is  a  consequence  of  the  single 
Postulate  2(a)#    Because  of  this  it  is  a  consequence  o$  the  set  consisting 
of  all  our  postulates  (however  large  this  may  become  as  the  course 
proceeds]*    Hence,  the  sentence    in  question  is  h  theorem.   The  point 

:  to  be  noted*  here  is  that  any  consequence  of  a  give  is  pet  of  sentences  i«V  * 
thereby,  a  consequence  of  any  more  inclusive  set  of  sentences.  Turn- 
ing now  to  valid  sentences. we  recall  that  they  are  "true  on  logical 
ggOttodAAtoafii:  goj  areT  consequences  of  the  least  inclusive  set  of 

sentences  there  is  —  the  empty  set, ,  SO,  a  valid  sentence  is  a  conse- 

"  que  nee  of  any  set  of  sentences  one  cares  to  name.  particular^such 
a  sentence  is  a  consequence  of  our  postulate  #,  ■  v.  >'■ 
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Exercises 
Part  A 
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Each  of  the  following  exercise  suggests  a  derivation  in  which  the 
conclusion  w  obtained  by  applying  the  deduction  rule.  For  each  « 
exercise, 

(a)  copy  the  exercise,  filling  in  the  missing  sentence  [or  sen- 
tences!, • 

(b)  circle  the  premisses  on  which  the  conclusion  depends, 

(c)  tell  whether  the  derivation  shows  that  the  conclusion  is  a 
theorem  and,  if  sp,  whether  it  is  a  valid  sentence. . 

Example  I.  iL__P_  _  a-     a-  ' 

— <r~  - 

Mutton  To  use  the  deduction  rule  to  complete  this  derivation  yon  ' 
must  write  a  conditional  sentence  whose  consequent  is  'ci1     6?'  [that 
is,  you  must  conditional  'a*     &H  and  whose  antecedent  is  'a  -  b'  * 
[because  the  asterisks  tell  you  to  discharge  the  premiss  'a  =  b'\  The 
completed  diagram  is:  -  " 

«       •   -  .  \ 
 b     a*  -  g~  0  v 


a  -   6  — ■*  a  -  --  h  2 

Since  the  left-hand  premiss  is  discharged  and  the  right-hand  premiss 
m  valid,  the  conclusion  depends  on  neither  premiss.  So,  the  conclusion 
is,  itself,  a  v§H»fcntence;  »•  • 


,  So'«<™-  B.v  the  1  left-by-right  I  replacement  rule  for  equations 
ac  =  A*  ,s  a  consequence  of 'a  -  6'  and  W  '  ac*.  From  'ac  =  6c'  and 
"*   _  flt       r«'  '-«» "«m  infer  V  -  fc^  (T  ^by  modus 

ponens.  Finally,  using  the  deduction  rule,  V  -  he  ±  0'  is  "condition- 
atoed  and  a  -  6'  is  discharged.  The  conclusion  is:  , 

a     6  — ♦  ac,-  be  ~  0  "  ■ 

-    Here  is  the  completed  derivation  [with  a  loop  around  the  only  premiss 
on  which  the  conclusion  depends): 

o  -  b    ,        ac  -  ac 
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\ 


Since  the  only  premiss  on  which  the  conclusion  depends  is  true,  so  is 
the  conclusion. 


1.  a  b 


2a  -  2a       2.  a  -  b        a  -  a 


2a  2b 


b  ~  a 


3.  a  -  -3        -3  <  0 


a  <  0  *— *  a3  <  0 


a3  <  0 


v  \ 


4.  A  f  a  ^  B        a>  (fj  +  a)  -  /4 

9 


B  -  A  -  0  — >  B  -  A 

6.  It  is  warm.    If  it  is  warm,  I  get  thirsty, 

?  If  I  get  thirsty,  I  drink  niilk, 

I  drink  milk. 

 * 

7.  Exercise  6,  properly  completed,  shows  that  its  conclusion  is  a  con- 
sequence of  its  two  "undischarged  conditional  premisses.  Note  that 

4.  the  antecedent  of  the  second  of  these  premisses  is  the  consequent  of 
the  first.  This  situation  occurs  so  frequently  that  it  is  worth  for- 
mulating  the  result  as  a  rule. 

The  Rute  of  the  Hypothetical  Syllogism  t  ,  ; 

Any  inference  of  the  form: 


1  is  valid* 


Notice  that  this  rule;  can  be  justified  on -the  basis  of  our  two  earlier 
rules  for  conditional  sentences— melius  ponens  and  the  deduction  , 
rule.  To  do  so,  all  you  need  do  is  make  out  <a  scheme,  using  *p\ 
V*  an4  V,  of  the  sam^foxro  as  the  completed  derivation  for  Exer- 
cise 6,  Do  so.  ,4,  ;  - 
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Part  B 


In  each  of  the  following  exercises-  you  are  given  a  list  of  sentences 
from  which  you  are  to  infer^the  given  conclusion. J^ajfe  up  a  valid 
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Answers  for  Part  A 

[Note  that  these  exercises  are  very  conveniently  handled  with  an 
overhead  projector.    An  exercise  on  one  sheet,  the  missing  sentences 
on  one  overlay,  the  loops  on  another.]  '* 

1.  (a)    a  =  b  =3*  2a  ■=  2b  (b)  no  loops  (c)  valid 

2,  (a)  a  =  b  =i=>  b  -  a  (b)  no  loops  (c)  valid 
3;     (a)    a  <  0,  a  =   -3        a3  <  Q 

(b)  loops  around  each  undischarged  premiss 

(c)  theorem  4  " 

[Since  we  have  not  specified  any  particular  deductive  theory  for  the 
algebra  of  real  numbers,  there  is  a  legitimate  question  as  to  what 
sentences  about  real  numbers  are  to  be  considered  theorems.    In  this  • 
case,  i£  the  undischarged  prerriisses  are  theorems,  the  derivation 
shows  that  the  conclusion  is  a  theorem.    At  any  rate,  since  these 
premisses  are  true,  the  derivation  shows  that  the  Conclusion  is  true.] 

4.  *  (a)    a  -  B  -  A,  A  +  a  =  B  =>  a  =  B  -  A 

(b)  loop  around  the  undischarged  premiss 

(c)  theorem    [because  the  derivation  shows  that  the  conclusion  is- 
a  consequence  of  a  postulate.  ]  / 

5.  |a}    B^A+J,B'3  A  .  .  .  * 

(b)  loop  around  each  undischarged  premiss 

(c)  not  a  theorem   [*£he  premiss^*  A  *  6  =  A'  is  not  —  as  yet  — 
a  theorem.    In  fact,  the  symbol        is  not  yet  "officially"  a 
part 'of  our  language.    Both  these  shortcomings  will  be  reme- 
died in  Chapter  3.    The  conclusion  of  the  derivation  will  then 
be  a  theorem.    Make  sure  that  students  see  that  the  application 
of  the  word  'theorem*  changes  as  we  adopt  more  postulates* 

P   '      In  contrast,  from  theiT  work  in  Chapter  1,  students  should 
realise  that  the  conclusion  is  i rue.  ]  . 

6.  (a)   1  get  thirsty.;  If  it  is  warm,  I  drink  milk, 
{b}   loop  around  ea£h  undischarged  premiss 
(c)   not  a  theorem  [No  deductive -theory.  ] 

7.  p       p  =»0  q  -        [This  is  a  first  illustration  of  how, 

-  -  "         —  on  the  basis  of  the  rules  of  logic 

— r —  _q  ^_         ^«s>  r  which  ^ve  adppt,  it  is  plorsibleto 

-  -  ,-.,»„.     ,  ■  justify. other  useful  rules.  There 

r  is  an  obvious  analogy  between  this 

— :  ^  and  deriving  theorems  from 

r  adopted  postulates, ) 
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derivation  showing  that  the  conclusion  follows  from  the  premisses. 
Sample  JL  Premise:   m  a  -  6  =  c 

(2)  6  +  (a  -  6}  ^  a 
Conclusion;  6  +  c  -  a 
Solution.  Sentence  (2)  contains  the  left  side  of  equation  ( 1 )  The  con- 
clusion follows  by  using  the  [left-by-right]  replacement  rule  for  equa- 
tions with  sentence  (1)  as  the  "equation"  and  sentence  (2)  as  the 
"second  septence".  ! 
-  ■        *  i 

Q  ~  b  -  c    b  +  (a  -  6)  -?_a 


6  +  c  =  a  .  . 

Sample     Premiss:      6  +  (a  -  b)  ■*  a 

Conclusion:  a  -  6  =  c       6  +  c  -  a 
Solution.  Since  the  conclusion  is  a  conditional  sentence,  you  must 
derive  its  consequent.  You  should  also  note  that  ytfu  have  an  addi- 
tional premiss  to  use,  namely,  the  antecedent  %a  -  b  *  c\  This 
premiss  is  then  discharged  when  you  conditionalize  *b  +  c  -  a*. 

*        •  « 
o  -  6  =  c      6  *  (q  -  6)  =  a 
6  +  c  ^  a  * 


^  b  = c       6  +  'c~=~a 


1.  Premisses:  (D-A+a^B 

(2)     +  6*^C  - 
Conclusion:  (A  +#aj  +  6*=  C*  ^ 

2.  Premiss:      a*^  M  W, ' "  > 
Conclusion:  A  +  oT  =  B  — *  a*  =  B^L4 

1  Premisses:  (1)  B  -  A  =  A  ~  A  —  B  =  A  +  (A  -  A) 
(2)  A  +  $A  -  A)  =  A 
Conclusion:  B  -  A  *  A     A  — *  B  =  A 

4,  Premisses:  (1)7^5 

(2)  c  +  5  — •  c  -  5  * 0 
Conclusion:  c  «  7  — c  -  5  #  0  ' 

Premisaes:  -  -ft>  A  +  {A    ^>  ^vt  -   .  - 

(2)  A-r(A  -  A)  =  B  — >B  -4  =  vl  -  4 
Conclusion:  A  =>  B       B  -  A  =  A  ~  A 
<SL  Premiss:      r*1*  |P  -f  7^  -  P  -  * 

Conclusion:  P  +  r  *  Q  — *7=  Q  ~  P  * 


C 


In  each  of  Exercises  1-4  you  are  gi^  the  two  premisses  and  the 
conclusion  of  a  single  substitution  or  replacement  inference.  Write 
,  the  inference,  tell  which  kind  it  is,  and  circle  any  premisses  on  which 
the  conclusion  depends. 
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Answers  for  Part  B 


1.  '  A  +  a 


4. 


B 


B .+  b 


2. 


4  '       *  • 

A  +  a*  a  B 


(A  +  a)  -  A 


(A  +  a)  +.S 


3.     A  +  (A  -  A) 


a  =  B  -  A  §H 


A  +  a  =  B 


a  =  B  -  A 


B  -  A  =  A  -  A 


B 


A  +  (A  -  A) 


B  -  A  =  A 


[Note  that  the^premisses  are  instances  of  Postulate  2(a)  and  of  a 
theorem:  / 


B  -  A  =  a 


B  =  A  +  a 


respectively.  (Compare  (ft)  with  the  theoS^m  (a)  on  page  83.) 
So,  the  conclusion  is  a  theorem.  Once  *fr  M^sbeen  introduced, 
and  an  appropriate  postulate  has  been  adopted,  t^is  derivation  can 
be  extended  to  a  proof  of  *B.  -  A  =  3  aa>  B  =  A* 

In  connection  with  (ft)  you  may  wish  to  remakk  that,  due  to 
the  symmetry  of  the  relation  of  identit^<j&Jiy6  consequence  of 
(a)*  Grant  students  the  freedom  to  y^2opt*!rneorem8  which  are 
related  to  theorems  they  have  actually  proved  as  (ft)  is  to  (a).  ] 


c  S  7 


7*5 


c  -  #  5 


c  ^  5 


5*0 


5*0 


5.     A  =  B 


C  =  7  ssa>  c  -  5  #  0 
A  4  (A  ■  A)  s  A 


A  +  (A  -  A)  =  B  ] 

A  +  (A  -  A)  =  B  a*  B  -  A  =  A  -  A 

B  -  A  =  A  -  A 

A=^B*-»B-A=A*A 
iThe  premisses  are  instances  of  Postulate  2(a)  and  a  theorem 
JiiaJ*^™»  jb)_  of  Exercise  2  on  page__82A  .....  Sof  thc/conclusion 
is  a  theorem.   Compare  with  Exercise  3,  above,  and  our  dis- 
cussion Of  that  exercise.  } 


6, 


P  4  r  *  Q 


r  =  (Pf  ?)  -  P 


A  START  AT  FORMALIZING  OUR  INTUITIONS 


. » 


'Sampte.  Premises:  ID  (B  -A)  4  (C  -  B)  ~  C  -^A  \ 

■J  "  r  •'  *  (2)  c A*:r  '•      .  ...  ■* ■/,•..'. 

Conclusion:  tB  -  AM-  (C  -  BYiJ 

Answer  (&^KiJM-M:££ZM.l+  c  r A  * -r  <rre)  .  . 

'•  '  (8. -  A)  •+  I'C  -  BjcvV*  ..  .... 

1,  Premisses:   (It  the  conclusion  of  the.'saraple  .. 

■  (2)  B  *  6c<^       ^  '       '  ■  •  . 

f Conclusion:  iB  -  4)  +  KB  +V)'~  B}*.r 
Premisses:   il)  an  instance  of  Postulate  2(b) 
(2)  the  copciusiotwof  Exercisq  1 
Conclusion:  (B  -  A)  +  bt>?~   .  * 
3,  Premisses:   il)  the  conclusion  of  Exercise  2  a 
(2)  Postulate  Kbi,      "»  ' 
*     Conclusion:  M         -  fll  +  ■ 

v  4.  .Premisses:    (1)  a  postulate  «       '  '  $  * 

(2)  the  conclusion  of  Exercise  3 
Conclusion:  a  *  beJ        ■«  * 
5-  (a)- you  have  probably  seen,  the  iriferenfces  of  the  sample  and 
of  Exercises  1-4  can  be  fitted  together    obtain  a  valid  deriva- 
,  tion  whose  conclusion  is  the  conclusion  of  Exercise  4  and  whose 
premisses  are  th&se  premisses  of  the  five  inferences  which  are 
not  conclusions  of  earlier  inferences.  Write  out  this  derivation. 
Circle  the  premisses  of  the  derivation  op  which  its  conclu- 
sion depends. 

(t>)  You  should  be  able  to  see  from  your  derivation  th^t  its  con- 
*  elusion  is  a  consequence  of  two  sentences,  one  of  which  js  a 

'  postulate.  What  are  these  £wo  sentences?        i  ■ 

D 

In  these  exercises  you  Will  construct  anot&ei*  derivation.  This  time, 
instead  of  writing  out  the  inferences  separately  afc  you  did  in  Part  C 
ahd  then*  rewriting  th&m  to  obtain  the  derivation,  you  will  construct 
the  deflation  step  by  step,  [Begin  near  the  right  side  of  your  paper.  J 
L  Write  an  inference  with  -#  A 

Premisses:  (1)  (B  ~,A)  +,.(€•  -  B)  «  C  ~  A    a     '  i 

%     (2)  4  +  (c  -  A)   c         .  -  v  -V  ■ 

Conclusion;  A  +  KB  -  A)  +  (C  -  B »  «  C 
3-"'  2L  Infer  an  instance  of  this  conclusion l?yrsitoituting  fB  4-  1?  for  TV 

3.  Introduce  an  instance  ,off  f»$tukte  as  a  premise  to  enable  you  to 
infer  the  conclusion: 

$        ■  :    t its  - 4/*.155~b  +T  . 

4.  <2bntinue,  by  repeating  Ex^mses  2  and  3  with  changes  which  will 

:  lead  you  to  the  conclusion*       f  .  v  ^    ♦  ,  r- 

*  *  ***  ■  ■  '"'     •■■*'*  *  ^* 

<^       .    '  A  +  (a  +Vi  p  "(4+  a}  +  7T  / 

On  what  premisses  of  yoUr  derivation  da£s  this  conclus^i  depejq^d? 
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Answers  for  Part  C  .         £  . 

[As  pointed  out  in  Exercise  5;  the  answers  for  the  sample  and 
Exercises  ,!  -  4  can  be  fitted  together  to  form  a  derivation  whose 
conclusion  is  la  +  S«6  T\    (This  is  t$e  second  meaning  of  — 
related  to  function  composition  —  which  was  introduced  in  section 
1.07).    Later  in  this  chapter  we  shall  adopt  the  first  premiss  of  the 
sample  as  our  third  postulate.    Thereupon^  *a  +  b  €  V  will  befepme 
a  theorem,    It  may  be  better  to  do  Part  C'aVa  class  exercise  so  that 
the  various  pieces  of  the  derivation  are  fitted  in  place  systematically. 
Qn  thu  chalkboard  you  can  do  Exercise  1  by  extending  the  tree  from  the 
Sample,  do  Exercise  £Jsy  extending  the  tree  fi-om  Exercise  1,  etc. 
This  helps  students  see  the  relationship (^tnong  these  four  exercises.!^ 

I.   <jR^  A)  j  (C  -  B)Jj>      B  +  S  €  g  «    *  . 

.^^M  1  1     '  I    ^==g~-  "   ""   <Subst)  r  . 

(B  r  A)  +  [(B  +  b)  -  B]  t  t 


£.  .(f  -  (B  +  S)  -  B)      (Tb  -  A)  +  [<B  f  §)  -  B]  €  T) 

:  S  ,  ■  ■   ■         j  ^(RRE) 

;°#    '  ^  (B  -  A)  +  S  €  T  #  . 


3.   (Tb  -  A)  +  S  €  t)  Arace 

,      '       '        '  1   ^*  —  (Subst)  ' 

/[{A  +  a)  -  Af+IS*  T  -  •  > 

4/  (1%  (A  +  a)  -  ^)    <[< A  ^  |)  -  A]!  g€  j)  , 

.  .  v<  ■         ■  — ^     ■  1  ;         ■■  (rre) 

a  +  6  €*T    ■■  ,  .  "    •  v    '*  •■  « 

5.     (a)  'Here  is  a  .complete  tree-*form  derivation  of  the;  conclusion  of 
Exercise  4:  ,  -  » 

■  V  'i         V-,  "   i  -  "  -  A+a€6 

f  .   ^— w"      X  ^  ^  ■  <ffub.«t)-  . 

(a=  (Af  a}- AJ  <Tb  -  A)  +  (C  -  B)€  f)     B  +  b€6  '  t] 

r  <    ■  ■■^subst)  >   ^(subst)  • 

ff=(B  +  S)-B                   (B^A)^  [(B  +  b)r  BjeT  -. 
^   ~  :  =  —  :  -(RRE)  . 

*•  '  <B  -  A)4-S6T'       '     !  "  A-^aeS 

(3ubst) 


.  ■    ?<a=<A^a)- A)  {tA  +  a)-Aj+b€T 

■  1      *A  ;  .     ■   ^  — rHRRE)  >  ? 

*{b)   rfB  -  AjT"(C"vBT€  TV  aii^Postul^te  ^tbK  .  '  . 
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Answers  for  Part  D  . 

[These  exercise*  are  analogous  lo  those  of  Part  C  in  that  the 
conclusion  obtained  will  become  a  theorem  when  Postulate  3  is 
adopted, '] 

r-  -  -  - 

i.  - 


4. 

<B- 

A)+(C-B)»C-A       A  +  (C-A)  C 

!  a  +  2e  t 

I?<A  +  S) 

-  A 

At  [(B- A).+  (C  -  B)]=  C 

B  +  See 

-•B 

A  t  [(B  -  A)t  [(B  +  S)  -  B)J=  B  +  b* 
 —  .   ' 

A+{(B-  A)  +  b*J=  B  +  S 

A  +  aeS 

-  A 

A  ♦  [[(At  a)-  A)t£)=  <A  +  a)tS 

L.  

A+  (a  +  b*)  =  (At  a)  +  b* 

S.     '(B  -  A)>  (C  -  B)  -   C  -  A'.   Postulate  2(a)  and  Postulate  2(b) 

■  r  ■  .  • , 


Sample  Quiz 

1,     (a)  ^Let  P,  Q,   R,  and  S  be  four  points.    Draw  a  picture  to 
illustrate  the  sentence; 

(*)■  (Q  -  p)  f  (R  -  Q)  is  the  inverse  of  (S  -  P)  +  <R  -  S) 

(b)    Tell  whether  the  sentence  (#)  is  true  or  fafese, 

I.      (a)    Draw  a  picture  to  illustrate  the  sentence: 

(**)   If  P  +  '(Q  -  R)s  ^   P  +  ^  then'Q       R  +  a 

(b)    Prove  (**).    That  is.  derive  from  the  postulates. 

Key  for  Sample  Quiz  ,  w 

7  ■  *• 

1.     (aft  -Here  is  a  typical  picture  to  illustrate,  (*).  p.     '     Q-F  q 


SP 


(b)    (?)  is  false. 

far}    HtVre  is  a  typical  picture  to  illustrate  "("**) 

i  -  ■ ,  .' 

* 

(b)    Proof  of  (**)".  { 

Suppose  that  PMQ;R) P  +  a.    Then,  Q-R> 
I-      lp  +  *)  :  p-  iince  (P  +  a)  -  P  =  a,  it  follows  that  Q  rR  =  2.  * 
'      So,  Q  -  R  4  a.    Hence,  jtf  P  *  (Q  -  R)  =  p  + 'a 'then,  Q  =  fcR  +  a, 


TC  93(1) 

t  • 
Students  should  realife^that  'converse'  has  the  same  meaning  — 1 
that  of  'turned  around*  —"when  applied  to  ordered  pairs,  to  relation*, 
and  to  conditional  sentences.    It  is  applicable  as  weU  to  the  bicondi- 
tional sentences  of  section  £.09  and  to  the  conjunction  sentences  of 
Part  C  on  page    101.    Since,  however,  the  converse  of  a  sentence  of 
either  of  these  kinds  is  logically  equivalent  to  the  sentence  itself, 
there  are  fewer  occasions  for  the  use  of  the  word  in  discussing 
sentences  of  these  kinds'. 

'  i 

I      The  notion  of  the  converse  of  a  conditional  sentence  may  have 
come  up  earlier.    At  any  rate,  the  jemarks  made  on  TC  #5(2)  may 
\>e  of  help  here  in  convincing  students  that  a  sentence  and  its  converse' 
are  not  equivalent  in  meaning. 

Although  it  is  exceptional  for  a  conditional  sentence  to  imply  its 
converse,  this  can  happen.    For  example,  any  sentence  of  the  form 
•p         p'  certairhly  implies  its  converse,  and  the  same  is*true  of  any 
conditional  sentence  whose  antecedent  is  a  valid  sentence  [or  whose 
consequent  has  a  xalid  denial],    [These  cases  '—  and  many  others  — 
are  included  in  the  triviality  that  a  conditipnal  sentence  implies  its 
converse  if  the  latter  is  a  vSlid  sentence,]   Consequently,  it  is  not 
correct  to  say  that  inferences  of  the  form: 

P         q  . 


q  ™*  P 

are  invalid;    It  is  correct  to  say  Aat  if  such  an  inference  is  valid  it  U 
so  for  some  other  reason  than  that  its  conclusion  is  the  converse  of  its 
premiss ,  * 

There  are  cases  which  will  be  familiar  to  you  in  which  a  condi- 
tional sentence  is  helpful  in  proving  its  converse.    One  such  case  con- 
cerns the  sentence: 

(*r)      If  ZB  [i*j^\  ABC]  is  larger  than  ZA  then 

CA  ds  longer  than  BC. 

and  its  converse*    Once  either  of  these  two  sentences  has  beem  shown 
to  be  a  theorem,  the  other  follows  readily  from  it  together  with  a 
theorem  about  isosceles  triangles  and  some  properties  of  the  order 
.relations  larger  than  [for  angles]  and  longer  than  [for  segments].  For 
example,  suppose  that  (&}  is  known  tote  a  theorem,  and  assume  that 

CA  is  longer  than  Sc.    In  any  case  either  ZB  »  ZA  or  ZA  is  larger 
than  ZB  or  ZB  is  larger  than  ZA,    In  case  ZB       ZA  then  [by  a 

theorem  an  isosceles  triangles]  CA  a  Sc  and  so  [by  a  theorem  about' 

4onger-than )  ~CA  xm  myMonger  thsn-pS.-  tn  crse  ZA  "xs  Urger  Than  ZB 

it  follows  [from  an  instance  of  «*}]  that  S(5  is  longer  than  cA  ancLao— 

[by  a  theorem  about  l^nge*  than]  that  cX  is  not  longer  than  §2..  Since 

[by  assumption]  CA  is  longer  than  §2  it  f<rilowa  that  neither  is  ZB 

congruent  to  ZA  nor.  is  ZA  larger  than  ZB*    So,  ZB  is  larger  than  ZA. 

Hence,  if  CA  is  longer  than  BC  then  ZB  is  larger  than  ZA. 


%07  The  Converse  of  a  Conditional  Sentence  93 

•  -mi  « 

2.07  The  Converse  of  a  Conditional  Sentence 

■3 

You  learned  that  a  sentence  of  the  fonrf 

If  p  then  q. 

is  a  conditional  sentence.  Its  converse  is  the  conditional  sentence 
which  is  formed  by  interchanging  the  antecedent  and  the  consequent; 

*  If  tj  then  p. 

For  example,  the  converse  of  the  sentence: 
(*)  If  Jack  lives  in  Baltimore  then  Jack  lives  in  Maryland; 
is  the  sentence:  * 

(**)  If  Jack  lives  in  Maryland  then  Jack  lives  in  Baltimore. 
/Notice  that  although  (*)  is  true,  (**)  may  be/alse  [for  Jack1  may 
live  in  Annapolis],  This  illystrates  the  fact  that  one  of  a  pair  of  con- 
verse conditional .  sentences  may  he  true  and  the  other  false.  So,  a 
conditional  sentence  may  not  imply  its  converse.  [There  are,  however, 
many  important  cases  in  which  a  conditional  sentence  follows  from 
its  converse  together  with  other  premisses.] 

A  conditional  sentence  and  its  converse  may  both  be,  true,  and  as 
you  have  seen  [where?),  may  both  b&  theorems.  But,  showing  that  a 
conditional  sentence  and  its  converse  are  both  theorems  usually  re- 
quires two  proofs. 

Exercises  , 
Part  A 

In  .each  of  the  following  exercises  you  are  given  a  conditional  sen- 
f      tence  In  each  case,  write  the  converse  of  the  given  sentence. 

l  Sample,  p  — *  q 

Answer,  q  — *  p  , 

I.  a  =  b—+a-b  =  Q  2.  a  >  0  — •  a2  >  0  v 

3.  A  t  BC  -^A  ^  B  i^AtW^AtW  V 

5.  A  .+  ~a-B  — *  fT«  B  -  A         i  &  A  ■«  fl— *A  -  €  =  B  -  C 

7.c  =  ^-*A  +  o»i4+^  8.  A  =  B  ^  A  +  oT~  B  +  ~a 

9.  /is  a  translation      /"has  an  inverse 

,        10.  (A  +  a*=  B  and  B  +  T=  Q  — kA  +        V)  =  C 

11.  Given  the  sentence  you  wrote  in  answer  to  Exercise  1,  write  the 
converse  of  it.  What  m  the  relation  of  this  sentence  to  that  of 
Exercise  1?  Would  you  get  similar  results  in  Exercises  2-10? 
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I      Note,  in  the  last  sentence,  the  appeal  to  the  deduction  rule.  The 
use  made  of  (•&)  in  this  proof  depends  —  ag  one  would  antic ipate— en 
modus  ponens.    The  formal  validity  of  the  proof  depends  as  well  on 
other  rules,  concerning  the  meknings  of  'or*  and  'not*,  which  will  be 
discussed  in  a  later  chapter,  ' 

Answer  to  query:   Sentences  (a)  and  (b)  [see  answer  for  Exercise  5, 
below]  are  both  theorems,  -and  eithe r  is  the  converse  of  the  other. 

Answers  for  Part  A 

1,  a  -  b  =  0  ==>  a  =  b 

Zm  a2  >  0         a  >  0  '   '  -  '<*. 

3.  A^Bs^AeBC 

4.  A  €  CS  A  4  BC 

5.  a  =  B  -  A  =5>  AU  =  B  ,    f  • 

6.  A  -  C  =  B^~  C  =*>  A  -  b 
1.  A  +  a  =  A  +  S=>a^£~ 

8.  A  +  a  =  9  +  a  =>  A  -  B  * 

9*     f  ha's  aji  inverse  =>  f  is  a  translation  / 
Has  an  inverse  ' 

10.  A  +  (a  4  To)  =  C  =>  (A  +  a  =  B  and  B  +  S  =  C), 
(A  +  a  =  B  and  B  +'  d  =  C)         A  +  (a  +  S) C 

11,  a  -  b  ==>  a  -  b  -  0,  the  converse  of  the  converse  of  a  sentence  is_ 
that  sentence. 
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Part  B 

1  (a)  Which  of  the  sentences  given  in  Part  A  are  true? 

(b)  Which  of  these  sentences  have  true  converses? 

(c)  Which  of  the  sentences  in  Exercises  5-1G  of  Part  A  are 
theorems?  & 

id)  Which  of  these  sentences  have  theorems  as  converses? 
2.  Write  three  conditional  sentences  about  real  numbers  which  are 

true  and  have  true  converses. 
3*  Write  three  conditional  sentences  about  real  numbers  which  are 

true  and  have  false  converses. 


•   Parte  , 

If  a  sentence  which  contains  a  variable  is  false,  you  may  be  able 
to  show  thflt  tKIs  is  the  case  by  giving  a  counter-example.  For  in- 
stance, as  you  probably  decided,  the  sentence: 

<*)  or  >  0  —>a  >  0 

is  false  because  there  exist  numbers  whose  squares  are  positive  but 
which  are  not  themselves  positive.  One  such  number  is  -2.  Since 
i~2\-  >  0  but  -2  >  0,  the  instance: 

i-2¥  >  0      -2  >  0 
of  <*)  is  false.  Consequently,  (*)  is  false. 

*  The  sMime^procedure  which  works  for  (*)  also  works  for  false  sen- 
tences of  our  algebra  of  points  and  translations.  To  give  a  counter- 
example for  such  a  sentence  you  must  -  instead  of  naming  a  number 
-  draw  a  picture  showing  points  and  transitions.  For  example,  con- 
sider the  sentence:  ■ 

9    ?  (4  +  a)  +  6*-  (A  +  b)+  ~a—A  +  a  *  A  +  V 

In  trying  to  guess  whether  (**)  is  true,  we  draw  pictures.  If  We  can 
picture  a  P«int^4  and  translations  a*and  6*such  that  A  +  aV  A  +~S 
_ '      '  ;  j^H*  w  +  a(  +  '*  f  tA_±  V>  +  flLthen  we  will  know  tkaU«*)  is  falsa. 

1.  Show  that  (**)  is  false.  '  X  ♦  •, 

2.  Can  you  show  that  the  converse  of  (**)  is  false? 

3.  Do  you  think  that  the  sentence: 


(•**)        A  =  B  — •  (A.  +  jJ  +  6*=  (B  '+•'55  +  et* 

is  true?  Do  you  tliink  that  its  converse  is  true? 
4.  What  simpler  { non-conditional)  sentence  says  what  (***)  says? 


ERJC  2<Q 
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Answers  for  Part  B 


1.  <a) 

i 

£  t 

are  t rue v  1 

(b) 

The  sentences  of.,Exercises 

5, 

converses, 

(C) 

The  sentences  of  Exercises 

-s, 

6, 

(d) 

The  sentences  of  Exercises 

5, 

6. 

converses. 

7,  and  8  are  theorems, 
and  7  have  theorems  as 

3#    [Various  answers  sire  possible,  and  discussion  of  these  exer- 
cises might  serve  a  useful  purpose  in  reviewing  algebra,  ] 

Here  follows  some  c}i*cussion  of  Exercise  1. 

We  expect  that  students  will  obtain  answers  for  parts  (a)  and  (b) 
without  worrying  about  the  "truth-conditions"  for  conditional  sen* 
tences.    Presumably  theywill  understand  the  sentences  and  label  'true* 
those  with  which  they  agree.    There  is  some-point  in  knowing  how  to 
use  counter-examples  to  establish  the  falsity  of  open  conditional  sen- 
tences, and  this  matter  is  taken  up  in  the  exercises  of  Par£  C  which 
follow.    Students  may,  also,  in  working  part  (a),  recognize  that  the 
sentences  of  Exercises  5,  6,  7,  and  8  are  theorems  and  grant  their 
truth  on  the  grounds  that  theorems,  generally,  are  true.    [Our  postu- 
lates are  true,  and  consequences  of  true  statements  are  true.  ]   If  you 
are  interested  in  the  source  of  truth-*onditions  for  conditional  sen- 
tences, there  is  a  discussion  of  this  in  the  commentary  for  page  265 
of  High  School  Mathematics.  Course  1.    There  is  a  more  complete 
discussion  at  the  end  of  the  commentary  for  the  appendix  on  logic  which 
appears  both  in  Course  I  apd  in  Course  3.    [in  these  references  it  i% 
argued  that  it  is  merely  by  definition  that  consequences  of  true  sen- 
tences are  true.  ] 

In  this  course  our  interest  \b  more  in  theorem -hood  than  in  truth. 
We  take  care  that  our  postulates  are  true,  and-this  assures  the  truth 
of  our  fheorerns.    The  only  use  we  make  of  this*  fact  is  that  itsallows  us 
to  show  that  certain  sentences  are  not  theorems  by  shewing  that  these 
sentences  are  false.    Hence,  Part  C*  '       *  - 

The  answers  for*  parts  (c)  and  (d)  of  Exercise  1  merit  some  dis- 
cussion here.    T^e  sentence    of  JCxercise  5  is  the  only  too  familiar 
theorem  (b),  and  its  converse  is  the  theorem  (a).    By  now  student* 
should  recognize  equality  ^principles  such  as  those  in  Exercises  6,  7, 
and  8,,  and  realize  that  any  such  sentence  is  hot  only  a  theorem  but  is  K 
a  valid  sentence.    Whether  or  not  their  converses  are  theorems  is 
another,  question.   We  ^hall  take- it  up  shortly^   

„    7  The  sentence  of  Exercise  9  expresses  one  of  the  properties  of 
^translations  discovered  in  Chapter  1  and  included,  implicitly,  in  the 
summary  on  pageM7#   So,  the  sentence  is  true.    Students  should,  how- 
ever, be  sceptical  as  to  whether  it  is  a  consequence  of  the  postulate* 
at  hand*gs£unce  these  postulates  merely  tell  us  that  translations  affce 
mappings^  Z  Into  it se^,  and  that,  given  A  and  B,  there  is  a  unique 
translation  %vhich  maps  A  oh  B,  it  is  unlikely  that  they  imply  that 
translations  are  one-to-one  mappings.    That  they  don't  is  proved  in 
Part  D  on  page  110. 

The  sentence  of  Exercise  10  is  not  yet  a  theorem.    It  will  become 
so  once  Postulate  3  is  adopted.    For,  as  pointed  out  on  TC  92|2),  in 
connection  w^th  Part  U,  it  will  then  be  the  cane  that  'A  4  (a  +  g)  s 
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(A  *  a1  +  5*  is  a  theorem.^  ^\nd  it  is  not  difficult  to  show  that  '{A  +  a  =  B 
and  B  +  tj  f  C)         (A  t  a)  t  S  =   C   is,  already,  a  theorem.    [All  that 
.  is  needed  is  to  infer  from  the  antecedent  of  this  sentence  each  of  the 
equations  'AM  -  B'  and  4  B  +  S  -  C\  pe  rfo/m  a  replacement,  and 
apply  the  deduction  rule.  J  * 

•  * 
The  converse  of  the  sentences  qi  Exercise   10  is  not  a  theorem 

because  it  is'false.t  [An  assumption  that  A  f  (a  +  S)  =  C  cannot  yield 
any  information  concerning  a  MnewM  point  B.J   The  ^converse  of  the 
sentence  of  Fxercise  9  is,  for  the  same  reason,  not  a  theorem. 
[Lots  of  mappings  which  are  not  translations  have  inverses,  ] 

We  now  come  to  the  conVerses  of  the  equality  principles  stated  in 
Exercise s  6f   7,  and  8m    The  converse  of  the  last  of  these  principles 

.  says  just  that  any  translation-has  an  inverse.    Our  discussion,  above , 
of  Exercise  9  shows  that* it  is  unlikely  that  this  converse  is  a  theorem. 
The  converse  of  the  sentence  of  Exercise  7  is  a  theorem  which  students 
have  already  proved.    [See  Exercise   1   on  page    82.']    The  converse, 
*  A  -  C  --t  B  -  C  :==:*>  A   -   B* ,  of  the  sentence    in  Exercise  6  is  also  a 

*  theorem.    You  might  ask^students  to  prove  it.    [Suppose  that 
A  -  C  .-   B  -  C.    It  follows  that  C  +  (A  -  C)  -  C  +  (B  -  tC)  and  so,  by 
Postulate   ^(a).  that  A  =  B.    Hence,  if  A  -  C  =  B  -  C  then  A  =   B.  ] 
[In  contrast,  the  sentence  *  C  -  A  -  C  -  B  A  -   B' ,  while  true,  is 

not.  a  theorem.  I 

The  discussion  preceding  the  exercises  in  „Part  C  /may  be  ampli- 
fieri  somewhat  as  fpllows.  /  Since  consequences  of  true  sentences  are 
true,  one  can  show  a  sentence  to  be  false  by  showing  that  it  implies 
some  false  sentence,    In^/particular ,  in  view  of  the  substitution  rule, 
one  can  show  that  a  sentence  is  false  by  exhibiting  a  false  instance  of 
that  sentence.    So,  the/sentence  (<r)  will  be  shown  false  if  we  can,  for 
example,   show  that  its"  instance \ 

J  >  0  ~L    ^  0 

is  iaise.    To  do  so,  we  might  look  for  a  consequence  of  this  sentence 
which  is  false.    Th/s  looks  , difficult,    ^Reconsidering,  we  note  that  it 
would  be  sufficient  to  derive  a  false  consequence  from  this  conditional 
sentence  and  some  true  sentences.    Using  modus  ponens,#we  can  infer' 
the  false  sentence  '—2    >  0*  from  the  conditional  sentence  and  the  true 
sentence  *(  -2)p  ^  0\    So,  finally,  (ft)  is  false.    [This  is  not  the  place 
to  raise  questions  as  to  why  '-2   >  0'  is  faise  and  *(*-2)s   >  0'  is  true.] 

Generalizing  on  the  preceding  example  it  is  clear  tfiat  the  same 
procedure  cari  be  used  foir  any  conditional  sentence.    In  attempting  to  ^ 
show  that  such  a  sentence  is  false,  we«look  for  a  situation  in  which  its 
antec-ertemt  is  true-  but  its  consequent     faise. /"in  dealing  with  sentences 
^tibout  real  nurrtber*  we  must,  to  describe  such  a  situation,  describe 
one  or  more  numbers.  -Usually,  we  name  them.    In  dealing  with  sen- 
tences about  points  and  translation*  we  describe  appropriate  situations 
by  drawing  pictures. 

Returning  to  (It),  note  that  not  only  is  (ft)  false  but  so  are  its 
antecedent  lasy,-,!>  0'  [0  is  a  counter-example]  and  its  consequent 
*a    >  0'  [any  nonpositive  number  is  a  counter-example].    This  may 
seem  Surprising  in  view^pf  the  usual  truth-condition  according  to  which 
conditional  ^n^nce#  witH  false  antecedents  and  consequents  arc  true; 
But,  as  remarked  earlier/  such  conditions  do  not  apply  to  open 
sentences.  .      1  . . 
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Answers  for  Part  C 
1,       A  ♦  Oj.  


2. 


4, 


[Nearly  any  drawing  such  a§  this 
will  show  to  be  false.  The 

only  requirement  is  that  a  arid  b 
be  different  translations.  } 


No.  [We  kiiowjhat  if  A_+  a  =  A  +  b  then  a  =  S\  And,  if  a  =  S 
then  (A  +  a)  +  S  ^  ( A  +  S)  +  a\  In  fact,  the  converse  of  (titt)  is 
a  theorem.  ]  ^ 

(ftftft)  is  ^rue;    so  is  its  conyerse,    [Attempts  to  draw  a  counter- 
example for  (ftftft)  will  fail,  as  will  similar  attempts  for  its 
converse.    Such  failure  is,  of  course,  not  sufficient  evidence  on 
which  to  assert  the  truth  of  and  of  its  converse,    [We  just 

may  not  have  been  clever  enough  in  conducting  our  search  for 
counter-examples.  }   It  is,  however,  ^enough  evidence  „to  justify 
the  given  answer  to  the  question  ''.Do  you  think  . .  .  ?J \  ] 

(A  +  a)  +  S  ~  (A  +  b)  +  a   [This  follows  frpm  by  using 

modus  ppnens  and  the  validity  of  1 A  =  A' .  follows  from 

it  by  using  the  replacement  rule  for  equations  and  the  deduction 
rule.    In  view  of  t^e  truth  of  '(A  +  a)  *b  =  A  +  (a  +  b)\ 
and  this  simpler  sentence  say,  essentially,  that  eompositidn  of* 
translations  is  commutative.] 
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The  text  may  add  one  more  technique  to  your  arsenal  of  methods 
for  getting  students  to  accept  the  conventional  meanings  of  'if  and 
'only  if*.    Actually ,  the  only  reason  for  bringing  the  matter  up  is  to 
point  out      students  that  people  who  read  •<==>♦.  as  'if  and  only  if*  are 
not  complete  idiots  for  doing  so.    The  meaning  of  '  is  expressed 

completely  —  in  terms  of  the  meaning  of  %s=^*t  by  the  rules  for  bicon 
.  ditioxial  sentences  given  on  page  98  *   just  as  modus  pon£ns  and  the  ..  ( 
^  deduction  rule  formulate  that  meaning  ok  'if  . . .  then  _  h JfA  in  which  we 
are  iriterestecV  so  do  the  rules  on  page  98   formulate  that  meaning  of 
'if  and  only  if*  which  interests  us. 

Incidentally,  we  introduce  the  symbol  'cans*  just  because  a  few 
people  like  it.   We  shall  make  no  use  of  it  after  page (  9? . 
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2.08  Equivalent  Forms  of  Conditional  Sentences 

• '"       .  «  t  "  ■     •  . 

Here  is  a  conversation  in  which  a  conditional  sentence  is  stated  in 
three  equivalent  ways: 

Mrs.  Smith:  Remember  Jack  Jones  who  used  to  live  next  door  to  us 

before  he  joined  the  army?  Well,  his  mother  told  me  that 

Jack  is  only  15  years  old. 
Mr.  Smith:   That's  impossible  He  is  in  the  army -and  if  he  is  in  the 

army,  he  is  over  18  years  old. 
Mrs.  Smith:  But  Mrs.  Jonesjbld  me  ...  -  J  .  . 
Mr.  Smith:    I  don't  care  what  Mrs.  Jones  told  you.  You  know  he  is  in 
v       .the  army -and  "he  is  in  the  army  only,  if  he  is  over  18 

years  old. 
Mrs/Smith:  But  ....... 

Mr.  Smith;   Don't  tell  me  "but",- there  is  nothing  more  to  be  said. 

He  is  ih  the  army  -  and  he  is  over  18  years  old  if  he  is  in 
the  army.  y  \ 

.   Although  Mr.  Smith  never  explicitly  said  so,  it  is  clear  that  Mr. 
Smith  is  insisting  to  Mrs.  Smith  that:  - 
(..  i 

-~  s      Jack  Jones  is  over  18  years  old. 

He  is  Basing  his  argument  on  the  premisses: 

If  Jack  is»  in  the  army 
Jack  is  in  the'  army.       then  Jack  is  over  18  years  old. 

Each  time  he  presented  his  argument  he  merely  stated  his  conditional 
sentence  in  a  different,  yet  equivalent,  form.  The  equivalent  forms  of 
the  conditional  premiss  that  Mr.  Smith  used  are: 

If  Jack  is  in  the  army  then  Jack  is  over  eighteen  years  old. 
Jack  is  in  the  army  only  if  Jack  is  over  eighteen  years  old. 
Jack  is  over  eighteen  years  old  if  Jack  Is  in  the  army. 

~Here  is  another  conversation  in  which  a  conditional  sentence  is 
stated  in  three  equivalent  ways: 

Mr.  Smith:   Does  Mr.  Jones  live  in  I^ew  Jersey?  . 

Mrs.  Smitfi:  Of  course!  You  know  he  lives  in  Princeton -and  if  he 

lives  in  Princeton  thep  he  lives  in  New  Jersey. 
Mr.  Smith:  But  I  thought . 

Mrs.  Smith:  Don't  tell  me  what  you  thought.  He  lives  in  Princeton 
-and  he  lives  in  Princeton  only  if  he  lives  in  New  Jersey. 
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«••'•. 

Mr.  Smith:   But,.*   ,  *  "  *  ' 

Mrs.  Smith:  Don't  tell  me  "but".  There  is  nothing  more  to  be  said.  He 
lives  in  Princeton -and  he  lives  in  &ew  Jersey  if  he* 
lives  in  Princeton. 
.Poor  Mr.  and  Mrs.  Smith  do  not  get  along  too  well,  do  they?>Mrs. 
Smith  never  gave  Mr.  Smith  a  chance  to  explain  why  he  may  not  agree 
with  her.  Of  course,  if  he  accepts  Mrs.  Smith's  premisses  he  must 
accept  her  conclusion.  [If  Mr.  Smith  doesn't  accept  her  premisses  he 
vneed  not  accept  her  conclusion  no  matter  how  many  times  she  repeats 
£er  argument.  J,  Mrs. -Smith  is  trying  to  have  Mr.  Smith  conclude  that 
te  (Mr.  Jones)  lives  in  New  Jersey.  She  is  basing  her  argument  on 
the  premisses:        ■      "     '  .. 

If  he  lives  in  Princeton 
He  lives  ih  Princeton,      then  he  lives  in  New  Jersey 

Here  are  the  equivalent  conditional  premisses  that  Mrsi  Smith 
used  in  the  above  conversation:  '    '       *  / 

If  he  lives  in  Princeton  tfien  he  lives  in  New  Jersey.  / 
He  lives  in  Princeton  only  if  he  lives  in  New  Jersey. 
He  lives  in  New  Jersey  if  he  lives  in  Princeton, 
These  imaginary  conversations  suggest -correctly --that  a  sen- 
tence of  the  form;  .  < 

P  ■  ' 

can  be  translated  in  any  of  three  ways: 

5         m  *  If  p  Jhen  q.  "  •  '  < 

p  only  if  q. 

Either  of  the  first  two  ways  gives  a  convenient  way  to  read  '  — • <  The 
third  way  suggests  introducing  the  symbol  '  — '  to  be 'read  as  'if' ' 
fieadY      .  .  ...  '•     

•       «  '  * 

.as.  '<?  if/?'. .  .  \  ?.  ■ 

(  .  . .  .  .      .  . 

Exercises 

".    •  p  •  ?  ( . 

Part  A  ' 

1.  In  each  of  thf^liowing  exercises  you  are  given  a  sentence  of  the  - 
form  'p  — or  fp      q\  In  each  case,  write  three/^quivaletit 

■-  -    ....    ,  ...  -.  ..i&'n0<r**^.  ..  ....   ...J'.    .  !'.. 
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sentences  using  'If  .  ,  .  then  .  .  .\  \  .  .  only  if  .    .\  and  \  .  . 

(a)  a  -  6  — *a  -  h  =  0  (b)  a  =  B  -  A    -  A  +  B 

(c)  ,4  ^  a*  =  B a  =  B  -  A       (d)  a* -■  B  -  A       A  +  <T=  B 
2.  For  each  of  the  following  sentence,  write  two  equivalent  sentences 
-  one  using  '  — *\  the  other  using  '  *^"\ 
"  ,     (a)  a  -  6  =  0  only  if  a  =  6  I    (b)  a  -  h  =  0  if  cf  = 

(o)  a*-  B  -  i4  if  A  +  a*-  B      (d)  A  +  ef  =  B  only  if  "a  =  B  V  A 

Part  B 

*  In  each  of  the  following,  complete  the  inference  so  that  it  is 

example  of  modus  ponens.  ^  ^  •  • 

1.  4  ^  A  +  cf  # 


2. 

,  '  i 

D 

-  C 

=  B 

-  A  only  if  D  =  C  +  <fl  - 

3. 

i 

f 

D 

-P 

=  B 

-  A  ifD  =  C  -f  CB  -  A). 

4. 

D 

-  c 

=  D 

-  C  —  D  .=  C  +  (D  -  C) 

5. 

f 

D 

-  c 

=  D 

_  c       Z>  =  C  +  U)  -  C) 

6.  a  =  6 


?  only  if  ? 


A  +  6 


7.  a  =  o 


?  if  ? 


.4  +'  a  =  A  +  6 


B  -  (A 
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Consider  the  two  conditional  sentences: 

(1)  -  .  If  a  -  b  =  0  then  a  =  6  . 

(2)  V  a  =  b  then  a  -  &  ==  0. 
—  ._  ♦  .  ..  . 

Notice  that-  (2)  is  the  converse  of  (1).  We  can  rewrite  these  sen 
as  follows:     •  *     . '  ~v 


a  -  b  if  a  -  b  —  0. 
a  -  b  only  if  a  -  b  =  0. 


(!') 
'  (2') 

If  we  wish  to  write  one  sentence  which  states  what  (%)  and  (2)  state 
together,  we, may  write; 


252 


[a  -  6  if  a  ^6  ="01  a/wf  [a  «  6  on/y  ifa-b*  0] 
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Answers  for  Part  A 

1,  ,  (a)    If  a  =  b  then  a  -  b  =  0.  ' 

a  -  b  only*  if  a  -  b  -  "Of? 

a  -  b      Q  xi  a  =:  b.  . 

(c)    [Same  answers  as  for  (b)*] 


(a) 
(c) 


a  -  b  = 
*a  -  b 
a  =  B 


0  =>  a  =  b 
=  a'-  b  =  <T  . 
A  <=  A  +  a  * 


B 


A  t  a  =  B 

i 

Answers  for  Part  B 


a  =  B  r  A 


(b>  If  a  =  B \-  A  then  A  +  a  =  B» 
a  =  B  -  A  ordy  if  A  +  a  ^  B. 
At  a  -  B  if  a  =  B  -  A.  v 

(d)  a  =  B  -  A  if  A  +  a  =  B. 

A  +  a  "=  B  only  if  a  i  9  -  A, 

* 

If  A  +  a  -  B"*then  a  -  B  -  A. 

(b)  '  a  -  b  -  0  a  =  b 

a  =  b  =f  a  -  b  =  0  i 

(d)  A  >  a  =  B  a  =  B  -  A 

B  -  A  A(  +  a  v  B 


3. 
4, 

8. 


-  A  =  a 

=  C  +  <B 

-  C  p  B  ■ 


2. 


■  A) 
A' 


D 
D 


5. 


C  =  D  -  C 
6  =  C  +  (D  -  C) 

a  a.  b  only  if  A*+  a  =  A  +  7, 
( A  +  a)  +  ^  -  B  only  if  B  -  (A  +  a)  = 


C  =  B  -  A 
C  +  (Br  A) 


D  ="  C  +  (D  -  C)  ■  { 
D  -  C  =  D  -  C  " 
A  +  a  =  A  +  S  if  a  =      { ■: 


B, 


For  these  exercises,  we  rnust  concentrate  on  precisely  what 
modus  ponens, tells  us,  as  well  as  on  the  various  equivalent  forms  for 
conditional  sentences.    In  terms  of  these  various  equivalent  forrns  for 
conditional  sentences,  we  can  illustrate  the  inference  scheme  for 
modus  ponens  in  the  following  ways:  # 

r>        If  p  then-  q.  p        P  only  if  q. 
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A  shorter,  yet  equivalent,  way  of  expressing  the  same  idea  is: 

v  "  •-•     •        * ,  •  .  '" 

-  J-  a  -  h  if  and  only,  if  a -  ij,  -  0>       •  • 


,       ,  A  |ententie  such  as  this  one ''is,  vailed  a  'biconditional  HenteflegQ  ' 

■/Another  way  to  Write  one  sentence  which' states  what  (1)  and 
♦    (^2)  state  together  is  the  following:  .  0,      ..  s,  **• 


la 


■a       •>;-■  01,'and  la.  -  "6  — «•  a  -  h'  Oj 


Th^.sufegeate  another  convt^nient  form  in  which  U>  wtfjte  a  bicondi- 
tional sentence  that  says'whaWl)  and  (2)  say  together',  namely: 


V    \,u     9  :  b  —+"a  -  b  ^  $ 
vlfivgen^r^y.a  biconditional  sentence: 


¥) 


MS 


^i'f  and  boly  if  f/ 


nt  to  t^iie  sentence; 


•  <*:*) 


.„ ,         jf  c/f  and  [p  only  if  q[  • 


.'.  This,  means  that  from  a  biconditional, sentence  of  tfye  form  of.*,*),  we 

',     .<"'.  can  infer  either;one  of  the  cbtf$tfonal  sentences  in       It  also  means 
*  >  ,    that'from'oof/j  of  the  conditional  sentences  in  (**)  {taken  together] 
We  can. infer  the  biconditional  sentence  (*)!  V/e  summarize  these 
••-  .    .  .  notions' in  the  following: 

0  \ 


Rules  for  Biconditional  Sentences 
Inferences  "of  any  of  the  forms: 


p~rrtq  . 


are^-aiitJ. 


9 
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^Although  the  ide«tification  of  '  with  *if  and  only  if  suggest^ 

the^possibility  of  treating  a  biconditional  sentence  as  an  abbreviation 
for  the  conjunction  of  two  conditional  sentences,  we  prefer  the  alter- 
native approach,  formulated,  in  the  rules  given  on  page  126,  of  treat- 
ing biconditional  sentences,  formally*  as  a  p>ew  kind  of  sentence.  ^With 
the  adoption,  in  Part  C  on  page  "1  £9,  o^f  rules  for  conjunction  sentences 
it  becomes  possible  to  show  that  the  two  approaches  actually  are  equiv- 
alent,   [In  particular,  see  Exercises   1   and  Z  of  Part  C.J 

*  .  •  •  » 

Note  that  in  part  (c)  of  the  ryde.  on  page    101,  the  premisses  of 
^thu  inference  scheme  ^re  in  th)s  order:    if-part  (p  if  q),  only  if-part  * 
(p  only  if  q),  ,j  ,. 

Answer  a  for  Exercise  '  > 

[For  convenience  we  write  each,  of  the  four  sentences  in  Part  A, 
using  l=^,J  followed  by  its#  converse.    If  both  are  theorems,  we 
complete  the  inference'as  required.  ]  ' 


(a) 


a  -  b "  =  0 


a  -  b 


0 


a  -  b 


a  -M)  =  0  e=s>  a  ■  '  b  * 
B     A         A  +  a  =  B        A  +  t 


(br  - 

\         A  +  a  -  B 
(c)    (Answer  is  same  as  for><b)t  ] 
i     A  i  a  '  -  '  ^  a  A     -  ■ 


B 


B  -  A 


B  -  A  ^ 


(d) 


B  -  A 


A  +  a  -  B 


a  -  B  -.A 


A  r  *a 


[Note  that  although  the  conclusions  of  the  inferences  for  (b)  and  (d) 
are  equivalent,  they  are  not  the  same  sentence.    Each  'is  the  converse 
of  "the  other,  and  the  if-part.  of  either  is  the  Only  if-part  of  the  other.] 


V 


\ 


*  v 


For  each 

its  fyfwerse,  using         arid  decide  whether  thfe  converse  ^  a  theo-  •■■>)- 
rem.  If  you  balteve  that  the  given  sentence  and  its  converse  arelboth. 
theorem,  write  the  inference  of  t^peHc),  above:  - 

,      '      %       ■'"    [given  sentence]  [converse) 

[conelusionj       •      •        •  - 


|er|c 
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*  ■         .  '  i 

*. 

Consider,  the  following  inferences:  .  •  .  ■ 

'  a  =  h  — ■»  a  -  6-0   a  =  mb       cr  =  & 

a  _  b  =,  o  — a2  -  6- 

and:  s  *  .  ; 

*  a  >  b  — a  -  b  is  positive   [a  >  6  and  6  >  c]     »  a  >  c 
[a  -  6  is  positive  and  b  >  c\  — *  a  >  c  • 

The  first  of  these  inferences  may  be  shown  to  be  valid  by  using  a 
biconditional  inference  of  type  (a)  above  and  an  inference  of  the  form. 
p ,_  *—-»  g   g    ■»  r  [See^Exercise  7  on  page  90 J 

p —+ r  i 

9    :  a  =  b~+a  -  b  ±0  »  « 

a  -  6  =  0       a  =  6   a  =  6  — *  a2  =  6s  /C?  , 

•■  a—r~T^*~$  " iSylloglsm) 

The  second  may  also  he  shown  to  be  valid,  but  In  order  to  do  so  one 
needs  rules  for  *and\  (See  Part  C,  below,  j  ** ^ 

These  inferences  illustrate  a  rule  of  logic  which  is  analogous  to  the 
replacement,  rule  for  equations.  s 

'The  Replacement  Rule  for  Biconditional  Sentertce^ 

Given  a  biconditional  sentenceS^nd  a  second  seftlence,  if 
either  "side"  of.  the  biconditional  sentence  is  replaced,  some- 
where in  the  second  sentence,  by  the  other  side,  the  resulting 

sentence  is'a  consequence  of  the  given  sentences. 

*  .  '" 

"This  rule,  should  be  in  accord  with  what  you  feel  when  you  say 'if  and 
only  if\  At  any  rate,  it  can  be  justified  on  the  basis  \>f  "the  other  rules 
we  have  adopted  for  conditional  and  biconditional  sentences  and  the 
similar  .rules  we  shall  adopt  for  other  kinds  of  sentences.  J  As  in  the 
ease  trf  £h<^-r£p{aeement  Tufe  for  tsjuations ,  ^ve^hail-say  that  Ave-have 
used  the  left-byrigtit,  or  the  righUby4efth  replacement  rule  for  bicondi- 

•  tional  sentences -depending  on  whether  we1  have  replaced  ail  occur- 
rence of  the  left  "side1*  of  a.  biconditional  sentence  by  its  right  side, 
or  an  occurrence  of  its  right  side  by  its  left  J       '  * 
There  is  also  a  rule  analogous  to  the  introduction  rule  for  b^uations: 

The  Reflexive  Rule  for  Biconditional  Sentences 
Any  sentence  of  the  form  'p  *—*  p'  is  valid. 


.    :     ■  TC99 

* 

The  use  of  a  biconditional  sentence  in  a  proof  is  most  often  for  the 
purpose  of  justifying  replacing  one  of  its  components  ["sides"}  by  the 
other,   somewhere  in  a  second  sentence.    The  justification  can  some- 
times be  carried  out  without  much  trouble  by  first  inferring  either  the 
if-part  or  the  only  if -part  of  the  biconditional  sentence  .and- using  this 
part  in  justifying  the  desired  replacement.    It  is,  however,  always 
easier  to  use  the  replacement  rule  on  page    99   directly.    Since  this 
rule  dan  be  justified  on  the  basis  of  our  other  rules*  of  logic  —  those 
present  ancj  those  to  come  —  it  is  only  reasonable  to  use  it.  (In 
addition,  the  rule  has  a  certain  intuitive  appeal,    A  biconditional  sen- 
tence appears  to  say  thati^s  components,  themselves,    '*s?ay  the  same 
thing".    That  it  ac  t*i*rrTydoe  s  say  this  can  be  inferred  only  from  the 
fact  that  the  replacement  rule  does  follow  fronn  the  basic  rules  on 
page  98    which  characterize  the  meaning  of  '  <"t>*  ,  ] 

The  assertion  made  by  the  introduction  rule  for  biconditional  sen- 
tences stems  from  the  validity  of  sentences  of  the  form  *p  ;=5>  p*  and 
of  inferences  of  the  form: 

9  p*  a=>  p        p  =c>  p 

...   .   .  \       '  * 

.  P  <=>  P 

The  replacement  rule  and  introduction  rule  for  biconditional  sen- 
tences are  analogous  to  the  similarly -named  rules  for  equations.  ^But, 
although  the  latter  tell  us  all  there  is  to  be- told  about  the  logical  predi- 
cate *  =  f ,  the  former  do  not  do  so  thorough  a  job  for  the  logical  con- 
nective 4         \    This  is  because  a  biconditional  sentence  can  be 
"split  up,f  into  two  conditional  sentences,  while  an  equation  cannot, 
[True,  when  dealing  with,  say,  real  number^,  the  equation  'a  =  b* 
has  the  same  content  as  4  a  >  b  and  b  >  a'.    But,  greater  than  is  not 
a  logical  relation.    Except  when  the  subject  matter  —  in  this  case,  the 
real  numbers  —  is  subject  to  an  order  relation  like  greater  than,  the 
identity  relation  is  unanalyzable.  ] 
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Part  A 

In  each  exercise,  complete  the  inference  to  illustrate  the  replace- 
,  ment  rule  for  biconditional  sentences.  Tell  whether  you  used  the  left- 
by-right  rule  or  the  right-by-left  rule. 
!•  2a  +  5  =  0 !       q  =  feT  .not  (2a  +  5  ;  0) 

2-  »  <  0  — »  -6  >  0  -6  >  0  [J/m<:  *-/»  >0'  is  short  for 

.  .  ■  'not  (-6  >  Of.) 

3.  B  +  a=  A*r*d^  A  .-  B  B  +  q*=  A 

5.  4  +  g     ^  +  h*-+  a  =  bl        6*and  A 
.  6.  P  +■  ;l;  _  P  +__<L~  £Jr.  'jSLJL+^L  P  +  if  and  P  +  iT  =  g) 


Part  B  ; 

Show,  without  using  the  replacement  rule,  that  inferences  of  the 
following  forms  are  valid 
Sample,   p       q  p 

q 

Solution.        p  «— *  « 

p     ^f^L  ( Part  (b)  of  "Ru,es  for  Biconditional 
'   (Modus  ponens)  Sentences") 

I.  p     *  q    p  — *  r 

■         q~^r  See  example  preceding  statement  of  the 

«         -  replacement  rule,  j 

£.  ^  *^  q    r  — *  p 


PartC 

A  conjunction  sentence  is  a  sentence  of  the  form: 


v.  /■■ 

l/' 

■/ 


*  *       p  and  g 

Examples:   John  is  present  and  Jack  is  absent 

p*-  ^'and  P^  g*=  Q 
a&  *  0  and  a  *  0 

What  you  probably  mean  when  you  say  ^and'  [between  two  sentences  j 
can  be  formulated  in: 
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Answers  for  Part  A 

1.  hot  (a  -   5/3)   [The  reason  fpr  the  'not*   rather  than  a  slash 
through  the        is  that,  when  beginning  to  learn  the  use  of  the  ' 
replacement  rule,  students  sometimes  have  difficulty  in  seeing 
that  'a  =  b*  occurs  in*  'a  *  b\    Perhaps  a  projectural  with 

*a  -  b*  and  an  overlay  with         would  help  here.  ] 

2.  b  /  0.  [In  view  of  the  preceding  note,  it*will  probably  bear 
remarking  tnat,  although  *b    /  0'  is  a  sentence  and  is  part  of 
*-b   f  D\  the  former  does  not  occur  as  a  sentence  in  the  latter; 
The  difference  is  that,  while  '/■   •'qperates"  on  sentences  to 
give  new  sentences,  1 -*  "operates"  on  terms.  J 

-S.  a      A  -  B 

4,  Q  +  t  *  P  ' 

5«r  A  +  a  *  A  +  £  an^  A  =  B 

6#  (p  t  q  and  P  +         Q)         P  +  p  -  Q 

Answers  for  Part  B  :- 
—  ■ 1    § 

[Establishing  the  validity  of  inferences  like  those  of  the  sample, 
Exercises  1  and  2,  and  Exercises  3  and  4  of  Part  C,  is  a  first  step 
toward  justifying  the  replacement  rule.    Our  purpose  in  giving  these 
exercises  is,  however,  to  give  students  opportunities  to  practice 
writing  derivation  schemes.    .You  might  ask  students  to. recall  the 
justification  they  gave,  in. Exercise  7  on  page  90,  for  the  rule  (Syll).] 

1 ,      p  <=>  q  *       2  .                           p  q 

"  —(a)    ,   <b) 

q  J=>  p         p  =>  r  *           r  =>  p  p=oq 

 —  (Syll)        I         —  L_I(SyU)  ^ 


\ 

r 
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Rules  for  Conjunction  Sentences 

Inferences  of  any  of  the  forms; 
(a)  p  and  g  t    (b)  p  and  q 

p  q 

(c)  p  £ 


are  valid. 


p  and  q 


Show,  without  using  the  replacement  rule  for  biconditional  sen- 
tences, that  inferences  of  the  following  forms  are  valid, 


1.  [q  ~»  p\  and  \p  q] 

3.  p       q   p  and  r 
q  and  r  |X 
5*  p  — »  \q  — »  rj 

lp  and  <j)  — *  r 
[This  rule  of  logic  is 
linown  as  importation.] 


2. 

[■q  — ►  p]  and  [p  *— *  </] 
4.  p       q    r  and  p 

r  and 
0.  (p  and  g)  r 

P  — *  Ifl  "T*  r^ 

[This  rule  of  logic  is  \  . 
known  as  exportation.] 


1  Win*  /br  Exercises  5  and  6:  (1)  A  good  technique  to  use-when  you  are 
trying  to  derive  a  conditional  sentence  is  to  adopt  the  antecedent  of 
this  sentence  as  a  premiss  which  you  plan  to  discharge  later  by  apply- 
ing the  deduction  rule.  (2)  If  th$  consequent  of  the  conditional  sen- 
tence is  also  a  conditional  sentence  then  you  will  Be  able  to  discharge 
two  assumptions  by 'two  applications  of  the  deduction  rule,! 


2-10  Some  Theorems 

In  Section  2.02  we  proved  two  theorems. 


(a) 
(b) 


~a^=  B  -  A  —+  A  +  a  =  B 
Aja^B  — ►  a*  =  B  -A 


On  page  85  we  analyzed  the  proof  of  (a)  by  exhibiting  a  tree-form 
derivation  which  shows  that  (a)  is  a  consequence  of  Postulate  2(a). 
ri  answering  Exercise  1  of  Part  A  on~'page.~8B  you  constructed  a 
similar,  derivation  which  shows  that  (b)  is  a  consequence  of  Postulate 
2(b).  NowHjiat  we  have  adopted  appropriate  rules  for  biconditional 
sentences  we  can  derive  from  (a)  and  (b)  a  biconditional  sentence. 
Since  (a)  and  (b)  are  theorems,  sp  is  the  biconditional  sentence. 

Theorsm  2-1  A  +  a 

A  translation  maps  A  onB  if  and  only 
if  it  is  the  translation  from  A  to  B. 


TC  101  (1) 


Answers  for  Part  C  - 

[Note  that  there  are  two  conjunctions  each  of  which  is  spelled 
"and*.    One  serves  to  connect  nouns,  the  other,  sentences.    It  is  the 
latter  we  are  concerned  with  here,  ] 

1-     h  Pj  and  [p  =>  q]    ,    [q,  =>  p]  and  [p  q] 


[q  =s»  p]  and  [p  =s>  q  ] 

[Exercises   1  and  £  show  that,  by  virtue  off  the  rules  we  have 
adopted  as  basic  for  biconditional  sentences  and  for  conjunction 
sentences,  corresponding  sentences  of  the  forms  <p<=>qv  and 
•[q  s=s>  p]  and  [p  =>  q]*  do  "say  the  same  thing'*.  J 

3,  p  and  r 


[The  inference  having 
<fc=>  q  p  p  and  r  *p         q'  sts  a  premiss 

m}    .  m —  has  been  shown  to  be 

#         q    *  .    r ■  1  valid  in  the  sample  for 

—  Part  B.  ] 


V  q  and  r 

4,  r  and 

r  and  p  f 


q 


r  *and  q 
5.  J       p  and  q 


i 


'  *  r 
p  and  q  p  p  *=>  Lq  rj 


(p  and  \) 


6.    P  q 


p  and  q        (p  and  q)  =>  r 
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If  students  wish  more  practice  like  that  given  by  Exercises  .5 
6,  they  may  justify  inferences  of  the  forms: 

(p  and  q)  [r  p]  and  [r  =>  q) 


I  ■   

[r 

Here' s  how: 


ind 


p]  and  [r  q]  * 

r  (p  and  q) 


r  • 


(p  and  q) 
=^  (p  and  q) 


p  and  q 


p  and  q 


[r  p]  and  {r  =>  c 

p)  and  [r  =*>  q)  [r 


p]  and  [r 


p  and  q 


r  (p  and  q) 

[hi*  last  de  rivatd^i.  scheme  makes  the  point  that  the  same  premiss 
may  be  used  more  than  once  in  a  derivation  and  all  its  occurrence*  be 
discharged  by  one  application  of  the  deduction  rule.    The  previous 
scheme  shows  that  this  does  not  always  happen. 


TC  101(3) 
Sample  Quiz 

Match  each  of  the  logical  patterns  given  in  the  left  column  with  the 
most  appropriate  name  for  the  pattern  from  the  right  column.    You  may 
select  the  same  name  more  than  once. 


-A 


1 ,    ff  p  then  q 
p  and  q 
p  only  if  q 
p  if  and  only  if  q 
p  and  q 


,  5. 

6. 

7. 
8. 


If  p  then  q 
If  q  then  p 

 P 

p  and  q 
p  if  and  only  if 
If  q  then  p 


Answers ;    1.    c       2.  d 


(a)  ,  biconditional  senten 

(b)  definition 

(c)  conditional  sentence 

(d)  conjunction  sentence 

(e)  antecedent 

(f)  valid  inference 

(g)  invalid  inference 

(h)  consequent 

(i)  modus  ponens 

La      5,   f       6,  g 
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'   '  ft 

A    a A  '  'a    B  \  . 

a.  B   A        and  '* 

Fig.  2-5      4  / 

[Sometimes  the  conditional  sentence  (a)  is  called  f/u?  if-part  of  Theorem 
2-^,  and  (b)  is  call^the  only  if-part  of  Theorem  2-1.  Do  you  see  why?) 

Execute*  \ 
Part  A 

•    A  tree-form  proof  of  Theorem  2-1  looks  like: 

+  $  ■ 

(i)  (2)  (5)  (6) 

(4)  (8)  * 

.'•       ,  Th.  2-1 

Construct  such  a  proof  \by  writing  the  appropriate  sentences  in  the 
indicated  positions]  and,  for  each  step,  tell  the  rule  of  logic  which 
justifies  ^t. 

PartB 

1.  Write  a  tree-form  proof  of  the  sentence: 

IWnt:  Since  you  afe  attempting  to  prove  a  conditional  sentence,  you 
may  take  its  antecedent  as  a  premiss  which  you  plan  to  discharge 
later.  As  other  premisses  you  /nay  take  valid  sentences,  postulates,  or 
previously  proved  theorems,  (As  a  last  resort,  study  the  proof  of 
'«  -  h  a  +  c  =  b  +  c'  on  page  84.)] 
2*  (a)  Write  the  converse  of  the  sentence  (*)  in  Exercise  1. 

(b)  If  you  think  that  the  converse  of  (*)  jis  a  theorem,  try  to  prove  it. 
Jf  not^  look  for  ^^ounter-exampler    -   -      -----  -  -  - 

3.  If  you  have  proved  the  converse  of  (*)  then,  since  (*)  is  a  theorem, 
you  have  shown  that  the  sentence: 

j  (**)  A  4-0*=  A  +  i>+-+^t*>l>   .    *    ■  . 

is  a  theorem.  On  the  other  hand,  if  you  could  prove  (**)  then  you 
would  know  that  the  converse  of  (*)  is  a  theorem.  [Explain  wljy.) 
You  can  prove  (**)  by  deriving  it  from  Theorem  2-1  and  a  pos- 
tulate. Do  go, 

4.  Show  that  Theorem  2-1  is  a  consequence  of  (**)  and  a  postulate. 

'.-  i  .    •     ■  r  , 

....  •  :"  i         .  \  a: 

■  ...     .  <  ... 

.  !  ■     *^  .  • 
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Part  A  of  the  exercises  is  — -  you  will  be  glad  to  know  —  almost 
the  last  time  we  shall  have  occasion  to  revert  to  the  proofs  of  (a), '-(b), 
and  Theorem  2-1.    We  shall,  however,  have  many  occasions  to  use  ; 
Theorem  2-1,  via  the  replacement  rule  for  biconditional  sentences. 

Answer  for  _Part  A  * 

[To  save  space  we  list  the  sentences  which  should  occur  in  the 
tree-fform  proof.    The  result  is  a  column-proof  of  the  theorem.  The 
first;  column-proof  in  the  text  occurs  on  page  107,    Now,  however, 
is  a  jgood  time  for  you  to  steal  a  march  on  the  text.    We  urge  .that  you 
do  so.  ] 

a  -   B  -  A  '?.  [assumption]* 

A  +  (B  -  A)  =  B  [Postulate  2(a)] 

A  ♦  a  =   B  [(!),'  (2)]  ' 

a=B-A=>A  +  a=B  f(3),  *{!)] 

A  +  a  ==  B  [assumption]t 

a  =  {A'+  a)  -  A  -  [Postulate  2(b)] 

a  =  B  -  A  .    [(5),  (6)3 

A+2=B=>a  =  B-As  [(7),  t(5)J 

A  +  a  -  B  o=>  a  =  B  -  A  [(4),  (8)1 

This,  sequence  of  nine  sentences  is  an  example  of  a  c olumn -pr oof. 
The  numerals  are  for  reference  purposes,  and  are  used  in  the 'column 
of  bracketed  remarks  to  indicate  the  source  of  some  of  the  lines  of  the 
proof.    What  makes  the  column  of  sentences  a  proof  of  the  sentence 
which  is  its  last  line  is  this:   Each  line  either  is  a  theorem  Or  is  an 
assumption  which  is  discharged  at  some  later  line/  or  is  a  consequence 
of  preceding  lines.    [Recall  that  postulates,  definitions,  and  valid  sen- 
tences are  all  included  under  the  heading  'theorem*.  ]  Since,  as  indi- 
cated by  the  remarks,  the  only  undischarged  premisses  are  Postulates 
2(a)  and  2(b)  this  proof  shows  that  its  final  line,  Theorem  2-1,  is  a 
consequence  of  Postulate  2. 

The  remark  for  line  (3)  merely  shows  that  this  line  is  a  conse- 
quence of  lines  (1)  and  (2).    The  remark  might  be  expanded  to  'from 
(1)  and  (2)  by  the  replacement  rule  for  equations',    [in  another  con- 
text, the  same  remark  might  refer  to  some. other  2 -premiss  kind  of 
inference  —  for  example,  modus  ponens.  ]  The  remark  for  line  (4)  ' 
might  be  expanded  to  •from  (3)  by  c onditionaliz ing ,  thus  discharging 
(1)'.    The  remark  for  line  (9)  might  be  expanded  to  'from  (4)  and  (8) 
-by  part  -(c4  of  the  rules'  for  biconditional  aeiitexiceV -~  or,rJby  the  - 
introduction  *ule  for 


While  the  structure  of  a  proof  is  most  clearly  showri  when  the  proof 
is  exposed  as  a  tree,  trees  take  up  a  good  deal  of  space.  'A  proof  [or, 
more  generally #  a  derivation]  in  the  form  of  a  column  occupies  space 
more  efficiently*    If  it  is  supplemented  by  a  tree  "diagram  like  that 
given  in  the  statement  of  Part  A,  all  the  /advantage*  of  tree-proofs  are 
.preserved, '  1  ■;'■.>'  . 

As  proofs  become  more  complex*  column-proofs  bicome  exces- 
sively long.    To  some  extent  this  caitvbe  counteracted  by  adopting 
conventions  for  abbreviating  such  prootaby  omitting  easily  supplied 
lines,    It  must  again  be  emphasized,  however >  that  students  should  not 
be  -required  to  give  even  abbreviated  column -proof*  oi  any  but  a  few 
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theorems.    What  they  should  learn  is  to  give  relatively  short  para- 
graph-proofs which  show  the  main  line  of  the  argument  and.  so,  could 
be  expanccd  to  complete  proofs  in  column-form.     Proofs  of  the  forme r 
kind  are  just  as  "rigorous"   as  those  of  the  latter,    Our  attention  to 
logical  detail  in  this  and  the-  next  few  chapters  is  not  so  much  to  teach 
studentii*what  they  must  put  into  a  proof  a8  to  show  them  what  they  may 
leave  out.    Roughly,  they  may  leavp  out  what  anyone  who  is  familiar 
with  logical  reasoning  could,   a^cgh   supply.    Aside  from  this, 
columns  and  t*ees  will  c ontinuCttfitfe rve  a  useful  purpose  when  one 
wishes  to  analyze  a  small  portiBtfdf  a  proof  concerning  whose  validity 
there  may  be  doubts,  .    /  ' 

Answers  for  Part  B  o 

[To  give  you  examples  of  column -proof s ,  w,e  give,  as  answers, 
column-proofs  and  t  ree -diag rams ,  ]  ^  .- 

U)    a  -  8  [assumption]*  (f)  (2) 


(3) 
- —  $ 


U)    A  f  a  ?  -   A  +  a     *  [valid} 
(i)    A  +  2  ,   A  f  S  [(1),  (Z)J 

(4)    a      b*  =>  A  +  a  -  A  +  S        [{3),  *{!}}  *4)  . 

(In  writing  line  {Z).  we  assume  that  thifc  sentence  is  easily  recognized 
as  valid.    Formally,  of  course,,  it  results  from  'A  -  -A",  by  a  substi- 
tution whose  legitimacy  is  guaranteed  by  Postulate   1(b).    The  upper 
right-hand  corners  of  your  student's  tree-proofs  may  look  like  this: 

A  =  A        A  +  a  6  fi 

In  this  connection,  see  the  "remarks  following  the  answer,  below,  for 
Exercise   3,  ] 

lt  A  ',    t  »  J*   

[assumption]*  * 
[Post.  2(b)]        W        M  if! 

ftu  un       (4)  o) 

-  — — 

[(4),  U)J  .   * 

(6)    A  +  a  =  A  +  g  =>  a  =  5    [(5),  (6) 
Note  how    \„  the  column-proof,  line  (2)  does  double  duty.    In  the 
"       (4)  m!^?h    /  *»  repeated.  -  The  remark  for  UnV 

if  (Sub, A  h  5XpaJ1.ded  ?b    fro™  <2>  W  (Subst)'.    Note  that  this  use 
although  V01!^  thC  Provif^°        deduction  rule  because, 

^d.H^'.r11"  a"Umpt5<2)'  tW8  a«»FP^n  *•  not 
3'     JiLeM!°nVer"  °f,        18  £he  °"ly  if-^rt  of  (**)  and,  so,  is  a  eon- 
extended  by  one  step  to  give  a  proof  of  (Y>). 

"  U)  -A*J  «  B  *»2  «NB  -  A  [Th.  2-13  (3)  (1) 

U)  a*S*  a  +  5..<-»  SfW  +  S)-A  aiXPost.  i(b))i  —  777 

<»   ?MAta,-A     *  [Post:  2(b)]  <4>     W  I 


2SG 


TC  102  (3).  ' 


(4)  b  -  (A  +  tf) -  A  [<i)J  ,     ;  (5) 

(5)  A  +  a  =  A  +     <==S>  S  =  S  [(4)r  (2)] 

[As  remarked,  we  shall  eventually  not  bother  to  -refer  to  Postulate  * 
1  for  the  purpose  of  showing  that  (Subst)-infe re'nee s  are  what  they 
claim  to  be.  begin  this  down-grading  of  Postulate   1   he*re  by  placing 

such  a  reference  in- the  remark  for  line   (2)  -  thus  getting  it  but  of  the 
proot  proper.    The  tree -diagram  we  give  takes  account  of  this,  Your 
students  will,  however  —  if  they  follow  previous  instructions  —  present 
tree-diagrams  whose  upper  right  cdrners  look  like  this- 

A;+  a  e  £  ■  < 

[n>j  ^    (Subst) 

A  f  a  =   B  <s=S>  a  -   B  -  A  AfSgS 


[U>]  ' 

Whether  they  do  or  not,  point  out  that  the  temporary  instructions  to 
include  the  indicated  (Subst )-infe rences  are  still  in  effect,  but  that 
failure  to  observe  them  is  not  criminal  —  and  is  perhaps  even 
commendable  ! 

.One  of  the  conventions  which* might  be  adopted  for  abbreviating 
column-proofs  would  allow  the  omission  of  line.  (3),   and  giving 
'Post.  2(b)'  as  the  comment  for  line  ^4),  ]  . 


(3)  (2) 


were 


(1),  A  +  a  =  A-+  S         a  *  S  k 

(I)    A'+a=A  +  (B-A)  <=>  K  =  B  -  A  [(1)  (Post.  1(a))] 

(3)  A  +.  (B  •  A)  r  B  /  [Post.  2(a)] 

(4)  A  +  a  -   B         a  -  B  -  A  {(%)t  (2)1  <4> 

/    *  • 

Do  not  fall  into  the  trap  of  interpreting  Theorem  2-2  as  though  it' 
*  the/weaker  statement:                          #  ' 


Vx  X  +  a  =  X  +  S         a  =  S 

The  if-parts  of  this  statement  and  of  Theorem  2-2  do  "say  the  same 
thing".    The  only  if-part  of  this  statement  is  true  merely  because 
functions  —  in  this  case,  translations,  —  which  have  the  same  argu- 
ments and  have  the  same  values  for  the 'same  arguments  are  the  same 
function.    The  only  if-part  of  Theorem  2-2  asserts  that  translations  ' 
which  have  the  same  value  for  a  single  argument  are  the  same  trans- 
lation.   This  matter  need  not  be  brought  up  at  this  time;    it  is  dis- 
cussed in  a  l|g.er  chapter.         _         .  1  .   _  '  rtyv» 


Since  your  students*  aim  should  be  that  of  learning  to  write  para- 
graph proofs,  the  exercises  of  Part  B  may  well  be  discussed  (o  show 
how  columns  laid  in  writing  paragraphs.    Comparing  the  answers  civen 
above  for  Exercises  i  -  4  with  the  following  paragraphs  may  be' 


helpful. 

Exercise  1 


Suppose  that  a  -  B\  Since  A  +  a  =  A  +  a  it  follows  that 
A  +  a  «  Aib,    Hence,  if  a  =  0  then  A  +  a  =„  A  4  'S. 


2s: 


7. 


2.10  Sonic  Theorem*  103* 


Theorem  2-2  A  +  a,  -  A  +  $ «— *a  -  5 

•.<•-.' 
A  translation  determines  the  i mages k 

under  it,  of  all  pbints.and  is  determined 

-  by  the  image  of  any  given  point. 

\ 

'U  Prove."    '  '       '  . 

.  ,||  theorem  2 -3  A^-  c    h  -  v-~A  B 

v  v.,v.t     (Wmi:  First,  prove  'A     B       A  -  C  r  B  -  C\  then,  prove  its* 
converse!  *  ,  • 

2.  IF  yo\i  have  £iven  a  tree-form  proof  of  Theorem  2-3,  translate  your 
'  proof  into  words.  [Suggestiort:  Write  three  short  paragraphs: 
\       '       ,      ^  Supple  th&t  A  -  B.  "Since ...  , 
f        »  •  H«?nce,  if  A  -  S*.hen*A  -  C  =  S  -  C. 

'   r  Suppose  thai  A  +  O   B  -  C.  Since  .  v  . 
.  .      ' .       n     .  '  Henqe,  if  4  -  -  C.then  4  -  fl. 

Since  if  A  *  ~  B  then  /*  -  C  =•  fi  -  C  and  since  t  .  . 
it  follows  that  ... 

Part  D    .  -  , 

1.  Earlier  w6  showed  that  Postulate  2fa)  is  a  consequence  of  the 
,  if-part  of  Theorem  2- 1— that  is,  of  sentence  (a)  on  page  101.  Write 

a  paragraph  to  •show  thatf  this  is  the  case.  [Suggestion.  Start  out: 
.     ■     Since  ((a)!  if  a  -AB  -  A,  then  A  f'a^JB  it  follows  [using  Pos- 
tulate 1(a))  that  tf  A.  J 

2.  " Write  a  paragraph  to  show0  that  another  of  our  postulates  is  a 
consequence  of  the  only  if-part  of  Theorem  2-1. 

3.  What  single  sentence  might  we  have  used  as  a  postulate  in  place 
of  Postulate  2(a)  and  Postulate  2(b)?  .  '  ' , 

%    -v   ■  > I;  Write  a  p^agfaph-prdof  0f  the  sentence:   / . 


1  (4)  Da  you  think  thai  the  seateace:, 

^    .   1-  *     ■  •    ■       •  "  ... 


%*  Ts  true? 


»    (b)  .What  do&s  tlie  sentence  of  p&ri  ia&say  about  any  translation? 


i  \  jJl)  *tto  'you  think  that  the  sei^tence^part  (a)  is  [noy]  ^  theorem 

\)  ■  j?  Q(f'     -  Chat  is,  that  It  is  a  consequence  "of  Postulates  1  and  2? 

■        ^ .  ■ *  •    ,  .        *        #  *  •  - 

«  '  ■*  *   •        *  •  w  *  ■    *•        *  . .  .      .     ,  • 
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Exercise"  2(b)r  1 

Suppose  that  A 
a  -  (A  +  a)  -  A 
again  by  Postul 
a  =  b.  Hence, 


+  a  =   AH  S,    Since,  by  Postulate  Z(b]/ 
it  follows  that  a  -  (A  +  S).  -  A,  Sinlfe,, 
ate  l{h)4  S  =  (A  I  S)  -  A  it  foUows  that 
if  A  +.  a  -  A^S  then  a  =  S.  • 


Exe  rcise*i: 


Since  [Th.  Z-l 
Qiat  A  f  a  -  A 
Postulate'  a(b)^ 
if  and  only  if  a 


J  -A  +  a  =  B  if  and.only  if  a  = 
+  S  if  and^only  (if  a  -  (A  +  S) 

(A  +  8)  ■  A  it  followa  tnat  A  + 


B  -  A  it  follows 
Ai    Since,  bv 
=  A>  b 


Exercise  4: 


Since  A 
A  4-  a  =  A  +  (B 
Postulate  2(a), 
if  and  bnly  if  a 


Answers  for  Part  C 


f  a  =  A  +  S  if  and  only  if  a  -  'S  it  follows  that 
-  'A)  if  and  only  if  a  =   B  -  A^   Since^  by 
A  +  (B  -  A)  =  B  it  follows  that  Ala.-sB 
=  B  -  A, 


i. 


(i) 

(Z) 
(3) 
(4) 
(5? 
(6) 
(7) 
(8) 
(9) 
(10) 

(12) 


A  =  B 

A     C'=  A  -  C 
A^-  C  -  B  -  C 
A  =  B  ==>  A  -  C 
A  -  C  =  B  -  C 
A  +  (B  -  A)  =  B 
(C  +  (B  -  C)  -a  B 

C  +  (A  -  q)  =  B 
C  +,(A:  C)  s  A 
A  -  Bt 
A-C  =  B  - C 
A-C  =  B-C 


(1) 


[assumption]* 
[valid] 
.[(!),.  (2)] 

B  -c?:  [(35.  *(!)]  ■ 

[assumption]t 
[Post.  2(a)] 

im 

[(5),  (?)} 
[(6)1 

.  ;  :  IW-  Ml  ■ 


t 


(1)  «  (2) 
 * 

(3) 


i6) 

(6)    (5)  (7) 

m     (8)  . 

"T 


(io)4 

(11) 


r 


(12) 


 Suppo#«-^hat g^|; ...  Sinc»^A-^C---        C  at  follow*  - 

that  A  -  C  >  B  -  C.    lloace,  if  A  =  B  then*  A  -  C  *  fB  -  C.  - 

Suppose  that  A  -  C  =  B  -  C.   Since,  by.  Postulate  2(a), 
C  +  (B  -  C)  =  B  it  follow*  that  C  4  (A  -  C)      B.    Since,  again 
by  Postulate  2(a),  C  +  (A  -  C)  ~  A  it  follows  that  B»  - 

Kence,  if  A  *  C  «  B  "  C  then  A; "r        'V  4 

§inoe  if  A  =  B  then ?A  -  G  f  B  -  C  and  since  if  A C  »  B 
thjjn  A  =  B  it  follows  ti^t:A  -■•4?vj=  B  -  C  if  and  only>if  A  =  B. 


thai 

{Note  the  use  of  th^e  pa^ag,? a^hs  to.  separate  out  clearly  thfc 
patts  'of  the  argument.)   ,  *    •       '-.V.  ,  _  > 
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Answers  for  Part  D 

I.     Since  ((a)  J  if  a  *    B  -  A  then  A.  f  a  =■   B  it  follows  [using  Post, 
May  that  If  B  -  A       R  -  A  then  A  +  (  B  f-  A)  -=   B.    Hence,  Since 
B  -  A  ■■=   B  -  A,   A.  MB  -  A)  -  B. 

[Obviously\  the  wording  of  your  students'  paragraph  proofs  is  likely 

to  differ  from  that  given  in  the  answers.    What  thejy  shom^i  all  say  is  that 

an  instarice^ofi  (a)  has  a  valid  .antecedent  and  has  Postulate  2(a)  as  its 

consequent.    So  [by  modus  ponunS),   Postulate  2(a)  is  a  consequence  of 

^a)«    How  they  choose  to  say  this  is  a  matter  for  individual  initiative. 

Style  and  grammar  will  follow  from  practice  and  from  the  observation 

of  suitable  examples. 

• 

In  discussing  the  answers  you  may  find,  ^worthwhile  to  translate 
them  into  a  column -proof.    This  is  eagy.    The  tree-diagram  for  such  a 
proof  is  tjiat  of  Exercise^  4*  of  Part   B.    If  it  includes  deriving 
*B  -  A       B  -  A*   from  ka  -   a*,  the  diagram  will  be  thai  of  Exe'rcise  3.] 

I.     Since  Jf  A  *  a  =.  B  then  a       B  -  A  It  follows  that  if  A  >  a  ^   A  +  a 
-    then  a  ~  *{  A  \  a)  -  A.    Hence,  since  A_f.  a       A  t  a,  k  -   (A  +  a)  -  A. 

i#     'Theorem  2-1. 

[Theorem   2-1   might  be  used  in  place  of  bo^parts  of  Postulate  2# 
Another  possibility  is  to  use  Theorem  2-2  —  or^tierel^  its  only  if-part 
as  a  replacement  for  Postulate tSl(b),    Challenge  studepts  to  show  that 
the  latter  is  a  consequence  of  Postulate  2(a)  aiid  the  only  if-part  of 
Theorem  2-2.:  m 


(l) 

A 

a  =  j>  f 

i> 

a    -    6*  m 

•v    '  *  (Th.  2-2] 

U) 

A 

a  *  A  + 

[(a  + ; 

i)  -  A}         a  -  (A  *  a 

)  -  %  tin) 

(3) 

A 

f 

(B  -  A) 

B 

• 

[Post.  2(a)] 

(4) 

A 

¥ 

{(A  +  a) 

-  A]  = 

A  f  a 

(5) 

A 

a  r.  A  ♦ 

•  * 

a  =S> 

-*  * 

a  -   ( A<  +  a)t-  A 

[<4>.  UU 

(*>) 

A 

a  -  A  f 

a 

[valid] 

(7) 

a 

(A  f  a) 

A 

*     [(6),  (5)] 

Similarly,  the  only  if-part  of  Theorem  2-3  might  be  used  as  a  replace- 
ment.for  Postulate   2{*).    However,  Theorems  2-2  and  2-*3      ay  not  be 
used  together  to  replace  both  parts  of  Postulate  2.    With  each-theorem 
one  needs  one  part  of  the  postulate  #if  one  is  to  inisr  the  other  part.  ] 

Answers  for  Pa.rt  K  m 

_U Suppose  that _A'  =  B*    ^ncc  Ai  a  -  A  *  *  it  follows  ^that 
A  +  a B  +  a.w  Hence,,  if  A  s.  B  then  A  +  J  =  B  + J. 

2.     (a)    Yes.    [This  sentence  has  been  discussed  earlier.    See  the 
discussion^of  Exercise  I«,   Kart  B  on  TK3*  94(1 )  -  (2).] 

(b)    An^r  translation  is  one-to-one  [or:   iSas  an  inverse].  * 

«  «  * 

^     .  (c)    No.    [See  discussipn  referred  to  for  part-  (a).  ] 

;  [The  sentence  '  C  -  A  ~  C  -  B         A  =   B*  is  another  example 

of  a  true  sentence  which  is-not  yet  a  theorern.  j 
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2.1 1  The  Bypass  Postulate 

Because  we  decided  to  think  of  the  imajj?  of  a  point  under  a  transla- 
tion as  the  result  of  "adding"  the  translation  to  thepoint,  Postulates  1 
and  2  tell  us  that  a  translation  is#a  mapping  ofV  into  itself  and  that, 
given  a  point  A  «lnd  a  point  B,  there  is  one  and  only  one  translation 
-  the  translation  B  A  from  ,4  to  B  which  maps  A  on  B,  In  the  pre- 
ceding sections  you  have  found  different  ways  of  saying  some  of  these 
things  which  Postulates  1  and  2  tell  us.  [This  is*  not  very  important. 
The  important  things  you  have  learned  are  various  rules  of  logic  and 
how  to  use  them  in  deducing  the  consequences  of  given  premisses.! 

In  Chapter  1  you  learned  much  more  about  translations  than  is 
formulated  in  our  two  postulates.  (Part  of1  what  you  learned  is  sum- 
marized \m  pages  47  and  48, 1  For  examplewyou  learned  that  a  transla- 
tion is  a  ohe-to-one  mapping.  As  you  prohahl^decided  when  working 
Exercise  2  of  Part  E  on  page  103,  this  fact  abogt  translations  is  not 
-part  oHhe  content  of  Postulates  1  and  2.  Since  wt>  wish  all  true  state- 
ments about  translations,  and  about  how  they  operate  on  points,  to 
fee  consequences  of  our  postulates,  we  might  adopt  the  sentence: 

( IV  A  +  a     B  +  a  — *  A  B 

as  a  third  postulate.  Before  doing  so,  however,  let's  recall  some  of  the 
other  facts  we  know  about  transiations.A^yJdition  to  knowing  that 
'each  translation  *has  an  inverse,  we  Itfl^that  the  inverse  of  any 
translation  is  a  translation.  More  specifically,  we  know  that  the  in- 
verse rtf  the  translation  from  A  tg  B  is  the  translation  from  B  Xo'A. 
Recalling  a  theorem  on  inverses  from  .Section  1.04,  this  amounts  to 
saying  that  -  -  • 

(1)  (4  -  B)    iB  -  A)     /,  and  (ii)  (B     Ah°  (A  -  B)  -  ir~ 
l^ee  page  26.1  , 

;    f    i  ~  :   • ' 

Since  either  of  ( i )  and  ( ii )  implies  the  other,  we  might  adopt  {\)y  say*  as 
our  third  postulate  rather  than  (1).  Since  we  decided  earlier  to  write, 
for*  example,  V  +  V  instead  of  'h  *  a  and  'O*  instead  of  ous  third 
postulate  Would  be:  '  ■  . 

'  •  -l. ...    ■  >•        ■  *  • 

(2)  '  (B  -  A)  +  (A  -  B)>  * 

There  is  still  more  basic  fact  aSbut  translations  than  that  which  is 
expressed  by  (2).  It  is  that  the  set  :f  of  translations  is, closed  under 
function  composition.  The  resultant  of  a:  translation  a  followed  by  a 
translation  b  is  a  translation. 
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The  text  of  section  2,1  Kis  an  attempt  to  illustrate  the  sort  of 
conside rationa  which  guide  one  in  choosing  postulates.    Something  like 
this  has  been  done  previously  in  Section  1,0?;.  .but,  there,  the  empha- 
sis was  mostly  on  choosing  a  potentially  helpful,  notation*    T^is  earlier 
work  might,  nevertheless,  be  recalled  here  to"  point  out  that,  while 
Postulates   I  and  2  may  be  thought  of  as  explaining  the  use  of  1  and 
one  of  the  two  uses  of  *  +  '  which  were  decided  on  in  section  1.07,  we 
have  no  postulate  which  so  explains  the  second  usage  of  '+*.    We  are 
certainly  in  need  of  a  postulate  which,  ip  some  way,  formulates  our 
decision  to  use  in  such  a  way  that  a  +  b  is  to  the  resultant  of  a 

followed  by  b.    ^This  would  suggest,   directly,  the  adoption  of  Theorem 
2-5  on  page  109  as  dur  third  postulate,  .  The  sentence  which  we  do  [on 
page  I0?j  adopt  as  our  third  postulate  is  another  way  of  saying  what 
Theorem  2-5  does. 

Stu^&ntfi.will  probably  recognize  Postulate  3  as  the  sentence 
used  as  a  premise  in  Parts  C  and  D  on  pages  91  -  92. 
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In  particular,  for  any  points^.  B,  and  C,  (B  -  A)  +  (C  -  B)  is  the 
'  resultant  of  the  translation  B  -  A  followed  by  the  translation  t  -  B. 


-  p  •••* 

a  ■  b 


Fig.  2-6 


Since  this  resultant  is  a  translation  and  since  it  maps  A  on  C  it  fol- 
lows that  it  is  the  translation  C  -  A.  ' 


B  • 


B  A 


C  A 

'Fig.  2-8* 


sSo,  another  possible  choice  for  our  third  postulate  is: 


(3) 


(B  -         (C  -  B)     C  ^A 


This  turns  out  to  be  the  most;  satisfactory  choice,  and  it  is  the  one  we 
shall  adopt.  "  . , 

postulate  3   fThe  Bypass  Postulate.] 

(2T-  A)  +,(C  -  B)  -  C  -  A  • 


The  translation  which  marfR4  on  B  followed  by  tha  transi- 
tion which  jnapa  B  onC  is_tha  translation  which  maps  A  ©n  € 


a- 


e  /?v — ~ 


C  A 


/C  -  8 
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Exercise* 

Part  A  *  . 

Cfttnplete  each  of  the  following  sentences  and  draw  a  figure  which 
illustrates  it. 

*  1.  iA  -/>).'+  (B  -  A)  -    .'  ' 

'      2.'  [(.4  r  P)  +  (R  -  A)\  +  [P  -  B)  9f  '  * 

3.  t(«  -  AT  +  il)  -       +  (C     /)}  -  .__  

PartB 

*  I.  (a)  Use  variables  V,  (h\  and  V  to  write  a  sentence  about  real 

numbers  which  is  analogous  to  Postulate  3  on  page  105. 
(b)  Is  the  sentence  you  wrote  in  part  (a)  true? 
%  Here  is  a  different  sentence  about  real  numbers: 

(b  +  c)  -  (a  +  b)  -  c  -  a 

•  *  • 

What  do  younotiefe  when  you  try  to  write  an  analogous  sentence 
about  points?  [Exercises  1  and  2  illustrate  an  important  fact.  A 
true  sentence  about  points  ofteri  "translates"  into  a  true  sentence 
about  real  numbers  when  point-variables  are  replaced  by  real 
^  number-variables;  but  a  true  sentence  about  addition  and  sub- 

traction of  real  numbers  may  become  nonsense  when  real  number- 
variables  are  replaced  by  point- variables.)  ^ 

** 

PartC  ,  * 

h  (a)  Mark  three  noncoi linear  points  Pt  Q>  arid  R.  Draw  arrows  to 
describe  t^e  translation^  P  -  Q  and  R  -  P.  On  the  same  pic- 

•  f  ■    ture,  draw  an  arh)w  to  describe  R  -.  Q.  Your  picture  illustrates 

an  instance  of  Postulate  3.  What  instance?  . 
(b)  Repeat  part  (a)  for  three  collinear  points  P,  Q,  and  R. 
2.  Mark  three  points  P,  Q,  and  R.  Draw  arrows  to  describe  d  -  R  and 
Q  -  R.  Complete  the  following:  »  'j 

(a)  In  order  to  illustrate  the^nstance:  / 

-   'V  -      T  «^  ._ 

of  Postulate  3  we  niusvdraw  an  arrow  to' describe  the  trans- 
lation .   *  ' 

(b)  In  order  to  illustrate  the  "instance:    v  ■  . 
•                                  ',     *•  • 

JP  -R)f   )  ~  Q  -  R* 

we  must  draw  an  arrow  to  describe  the  translation  _i 

* 3.  Complete  each  of  the  following  to  obtain  a&  instance  of  Postulate  3: 
.  (a)  (R  ~P)  +  (_  -  .  *  =  _       ■ .  •  *  •'         .  *  ' 

"  (b>  (  -  _)  +  w  -  P)  -   *  # 

(c)  (  )  +  (_  )  « R  -/» 

"  (d)  (L—  -  _)  +  (          _)  =  {R  +  75  -  (P *  p) 
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Answers  for  Part  A 
i.     B  -  P 

B 


A  -  P 


3.     C  -  A 


I.    P  -P  [o/:  ■<?  ] 
B'» 


A-  P 


Answers  for  Part  B 


1. 
2. 


(a)    (b  -  a)  +  {c  -  b)  =  c 


(b)  Yes, 


Substituting  the  corresponding  capital  letters  for  lower  case 
letters  yiekls  nonsense,    [The  point  remarked  on  in  the  texAs» 
made  very  precise  in  section  3.0J.  ]  *^ 


Answe-rs  for  Part  C 


1. 


4if* 


JP-Q)  ♦  { R  -  P)  *  R-Q 


2«     t Figure  like  that  in  Exercise  !♦  ] 


(a)    P  -  Q  [twice] 


(b)  Q  -  P  [twice] 


3. 


(a)    A,  R,  A  -  P  {Any  capital  letter  —  for  that  matter,  any  point- 
term  —  will  do  a«  well  as  *A\    For  example,  4(R  -  P)  + 
((P "+  a)  -  R)  ~  (P4  a)  -  P*  is  one  of  the  instances  of  (3)  which 
students  might  suggest.    If  you  promote  a  bit  of  cpmpetition  in 
giving  answers,  yctar  students  will  gain  practice  in  construe' ting 
point-terms  — *  and  in  making  sure  that  they^are  such  —  as 
well  at  "becoming  acquainted  with  the  pattern  of  instances  of 

 tsfc  H~-  :    ;  ~"  — •   - 

(,b)   P,  (A,  R  -  A  [Again,  any  point-term  may  be  used  in,  place  « 

'  -of  ;aM'  '  •  • 


fc)  ,Ar\P,  R.  A 


,<d)  A,  JP>  p).  (R  t  r),  A  w 
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'  1.  Ustag  the  notation  of  our  algebra  of  points  and  translations,  write 
a  sentence  which  says  that,  for  any  translations  aandK  the  image, 
of  a  point  A  under  a  +  b  ii  the  same  as  its  image  under  aVollowed 
'i  by  ft!  * 

£  Write  a  sentence  .which  says  that ./  is  closed  under  function  com- 
position. '■ 

,  3,  too  you  think  thatt  since  we  havt?  adopted  Postulate  3t  your  an. 
swers  for  Exercises  T  and  2  are  theorems? 

* 

2.12  More  Theorems 

*  »  •• 

Your  ans^er'for  Exercise  3  of  Part  D  should  have  been  Tes.\  for 
you  have  already  shown  while  doing  Parts  C  and  D  on  pages  91-92 
that  Postulates  1-3  impPAthe  two  sentences  in  question.  We  shall 
show  this  again  -  mostly  ty\llustrate  a  third  way  of  Writing  proofs. 
■  We  begin  by  guessing  at  aAothV  theorem.  •  ) 
Consider  the  two  following:  figures: 


•}  ■  £>  "Tfa  -  J)  •  $    A     (A  >  a)  .*  b  * 

Fig.  2-*^ 

Notice  that  the  '  +  '  in  the  left-hand  figure  has  a  different  meaning  than 
do  the  '  +  's  in  the  right-hand  figure.  The  left-hand  figure  illustrates 
our  convention  of  using '+*  to  refer  to  function  composition.  The  right- 
hand  figure  illustrates  our  £ther  convention  of  using  to  refer  to 
function  application.  The  two  figures  suggest  that  the  sentence: 

"'<*'>,  »  +  ~b  -  \{A  +  o)  +  b)  -  A  •  * 

is  true.  As  a  matter  of  fact,  this  equation,  with  its  '+'  of  function  com- 
position on  the  left  side  and  its  '  - 5  on  the  right  side, lodfe 'very  much 
like  an  instance  of  Postulate  3.  So,  to  show  that  (*)  is  [not  only  true, 
butj  a  theorem,  let's  try  to  obtain  it  by  making  substitutions  in  this 
postulate.  *  %  v 

(1)  (B  -A)  +  (C-B)  =  C  -A  '[Postulated]  . 

(2)  (B  -  A)  +  [(B  +  6)  -  B]    '  .    [from  (i);/fl  +  6*  for  'C'j 

—  ^  +     -A'  '  . 

(3)  jb  ~  (B  +  6)rB     I  ■  [from  Postulal 

(4)  (B  -  4)  +  6  =  (B+V>  -  A_^  Ifrom  (3)  and 
•(5)  LU  +  a)  -  A}  +  6*                      .    [from  (4);  'A       for  'fi'J 


TC 107  r 

^Answers  for  Ppt;D 
1.     A  Ma  -  ;(A         +  S   [Compare  with:    [S  «  aRA)  -  G(a(A)).  ]  1 

3#     Yes.    [Recall  Parts  C  and  ND  on  pages>^17  -  119.] 

[in  diift&ussing  Exe;rcise  1  make  certain  that  students  realize  that 
the  second  ^on  the  left  side  of  the  equation  has  an  entirely  diffe rent 
interpretation  thari  do  the  other  three  'Va,    In  particular,  although  our 
notation  has  been  chosen  as  it  has  in  order  to  bring  out  formal  analogies 
with  the  algebra  of  real  rjumbers,  the  equation  in  question  does  not 
a'ssert  the  associativity  of  any  operation,  ]  * 

The  "third  way  of  writing  proofs1*   refers  to  column-proofs. 
Your  students  have,  we  hope,  made  acquaintance  with  these  in  ydur 
discussion  of  1:^e  exercises  in  section  Z.10. 
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•  ,6)  <*[        >      ^  A  [Postulate  2(b)] 

<7)  «  +  h  +  «1  +  £]  -  4  (from  TB)  and  <5)f- 

The  ph!cedin^/i8  an  example  of  vyhat  we  shall  call  a  column-proof: 
Suelra  proof  is  a  sequence  of  sentences  Home  of'whieti  are  postulates, 
previously  proved  theorems,  or  valid  sentences  lor  assumptions,  if  we 
plan  to  use  the  deduction  rule).  Each  of  the  other  sentences  must  be  a 
consequence  of  sentences  which  precede  it.  [Actually,  the  sequence, 
<l>-<7')  does  not  quite  satisfy  this  requirement  unless  we  agree  that 
sentence  is  a  "previously  proved  theorem".  We  could  fix  this  up  by 
writin^line  (6)  between  lines  (2)  and  (3),  but  we  shall  often  allow 
col urna- proofs  to  contain  sentences  which  like  (3)  are  obviously  sub- 
Htitution-instances  of  postulates,  previously  proved  theorems,  or  valid' 
sentences.)      .-.  -f 

The  numerals  to  the  left  of  the  sentences  of  fa  column-proof  are 
merely  for  reference  purposes.  The  bracketed  comments  to  the  right 
are  intended  to  explain  what  is  going  on -they  are  not,  strictly  speak- 
ing, part  of  the  proof. 

Column-proofs  are- somewhat  more  explicit  than  are  paragraph- 
proofs,  and  tike  up  less  space  than  tree-proofs.  .Sometimes  it  is  helpful 
to  supplement  a  column-proof  by  giving  a  tree-diagram.  Ttyis  is  like  a 
tree-proof,  with  the  reference  numerals  in  pl^ce  of  the  corresponding 
sentences. 


!RRE)  — 

:   X  (6) 


(Subst) 


[If,  as  suggested  two  paragraph  back,  we  wished  to  show  that  (3)  is 
a  consequence  of  (6),  we  'would  show  another  substitution^inference 
by  writing  W  above  the  W  in  tfe^  teee-diagram.} 

II  Jheorem,2-4.'  a *+V  -  [(A  +  :a)  +  V\  -  A  . 

A  paragraph-proof;  of  Theorem  2-4  might  go  as  follows: 

By  Postulate  3,  (B  -        ((£  +  65  -  B}  4:(B  +  6).  -  A  and  so,  by 
Postulate  2(b),  (£ U-  A)  +  V~  (B  +  V)  -  A.  Prom  this  it  follows  that 
[(A  +  a)  -  A{  +  b  ^UA  ,f  a)  +  .6]  -  A.  So,  by  Postulate  2(b),  a+%. 
*  l(A'+  a)  +  b\  -  A.     '  •  ' 


A.'  • 


/ 
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<  Had  we  chosen  Theorem  2-4,   rather  than  the  bypass  postulate  as 

our  third  postulate,  this- choice  would  have  led  to  precisely  the  same 
theorems.    This  fact  is  lively  to  suggest  that  we  might  merely  have 
defined  addition  of  translations  by: 

(6)  a  +  S  =  [(A  +  a)  ¥  b]  -  A 

and  that,  as  4  consequence,   our  third  postulate  might  be#dispensed 
with.    This  is  incorrect  and,  for  a  proper  understanding  of„definitions , 
it  is  important  to  see  why,    To  this  end,  suppose  that  were 
accepted  as  a  definition.    What  this  means  is  ^hat,  whatever  instance 
rof  (A) '-we,  may  choose,  the  left  side  of  this  instance  is  to  be  used,  at 
will,  as  an  .abbreviation  for  the  right  side.    Sof  for  example,  both  of 
the  sentences: 

U5  1   [(A  +  2)  +  S]  -  A  -   [{A  +  t)  +  5]  -  A 

and:  . 

ifi)   •  [(B  +  a)  ¥  S]  -  B  -  [{A  +  a)  +  S]  -  A 

might  be  ^abbreviated  to: 

^  t  (3)      ,  a  +  S  =  {(A  -f.  a)  +  b*]  -  A 

.  This  being- the  case,  m  one  who  is  presented  with  sentence  (3)  has  no 
way  of  knowing  whether  he  should  consider  it  as  an  abbreviation  for  the 
valid  sentence  (1)  or  for  the?  true  but  noig/alid  sentence  (2).    An  abbre- 
viation —  such  as  we  are  assuming  herexhat  *a  4-  S'   is  intended  to 
be  —  must  be  such  that  there  is  never  any  doubt  as  to  what- it  is  that  it 
abbreviates.    In  partk^ular.   an«equation  which,  like  (it),  has  a  variable 
in  its  right  side  whic^WPoes  pot  occur  in  its  left  side  may  not  be  used  as 
a  definition,  ** 

The  preceding  objection  to  using  as  a  definition  may  also  be 

put  in  another  way.    Although  the  adpption  of  a  definition  does  make  it 
possible  to  prove  additional  theorems  —  namely,  theorems  which  con- 
tain the  defined  expression  —  it  should  not  make  it  possible  to  prove 
any  "really  new  theorems"*    Any  theorems  obtainable  by  using  the 
'definition  should  be  merely  abbreviations  of  theorems  which  could  be 
proved  without  it.    Now,  an  instance  of  (it)  [*  B*  for  *  A1  ],  and  the 

valid  sentence  { 1 )  Tfogethe r  imply  (Z).  So,  if  {$)  is  adopted  —  either 
as  a  definition  or  as  a  less  specific  kind  of  postulate"  — ■  (3)  becomes  a 
theorem.    With  it,  by  Postulate  £{a),  tr^e  sentence:  ,  .  ' 

(B  i  a)  +  S  =  B  +  ([(A  4  a)  +  S]  -  A) 

becomes  a  theorem.    This  sentence  tells  ue  that  the  image  of  any  point 
_  B  unde^  the.  mapping  which -is  tiie.  resultant  of  a  followed  by  £  ia  the  — 
same  as  the  image  of  Blunder  a  certain  translation.    That  is,  it  tells 
us  that  the  resultant  of  a  followed  by  b  is  a  translation.    Now,  'while 
this  is  true  enough,  it  does  not  follow  from  our  Postulates  1  and  2. 
So,  the  adoption  of  (3r)  has  made  it  possible  to.  prove  something  new. 
Hence,    (6)  accomplishes  more  than  a ^definition  is  allowed  to. 
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Exercises 
Part  A 


1.  tyfrite  a  column  to  show  that  Postulate  3  is  a  consequence  of  Theo- 
rem 2-4  ynd  part  of  Postulate  2, 

2,  Make  a  tree-diagram  of*the  argument  you  gave  in  answer  to 
Exercise  1.  * 


a  Write  a  paragraph  which  serves  the  same  purpose  as  your  answer        Answers  ibg.<Fart  A' 


The  purpose  of  the  exercises  in  Part  A  is  to,  ehC&  3& 'aite^r^'ate  ' 
way  of  organizing  the  properties  we  have  about  points  ^ah^  iran^ations,  :■  ~ 
Again,  the  exercises  should  be  used  for  practice  on  <3e rivitiOn% ^It^i*; 
not  crucial  to  the  course  to  be  able  to  derive,  say/  Postulate  3  fcrSrn 
Theorem  2-4  and  Postulate  Z.    This  is  only  an  interesting  observation 
to  most  students  at  this  point.    If  your  students  a  re  progressing  well 
with  derivation,  you  may  Wish  to  omit  Part  A,    ExefjCiM  I *oi  Part  B  - 
is  in  this^ category  also.  \ 


Part  B 


for  Exercise  1. 
1.  Prove: 

Theorem  2-5 

ta)  a  +  'bt.r  " 
(b)  A  +  (of  +  -ft) 


1. 


(V|(,' A--*  5.f  {(A  +  a) +  b] -  A 
H2)'''4B^;AJ  *  {C  -  B)  =  [(A  +  fB  -  A))  +  (C  -  B)] 
(3)    A  +  (B  -  A)  *=  B 


tft  +  a)  +  6 


.IHiVi/:  You  may  use  Theorem  2-4,  as  well  as  still  earlier  theorems. 

If  you  prove?  Theorem  2 -5(a)  first,  you  may  use  jt  in  proving 

Theorem  2/5(b).|  * 
2.  ^y  usinj^Theorem  2-1,  show  that  \0tt  place  of  Postulate 

had  adopted  both  parts  of  Theorem  2-  5  as  postulates  then  Postu- 

late  3/would  still  have  been  a  theorem.  •  >  : 


(4)  (B  *  A)  +  (C  -  B)  = 

(5)  B  *(C  -  B)  =  C 

(6)  jft  -  A)+  (C  -  B)  a 

*  • 

(1) 

<3$*  "  (2) 


(C  -  B)]  -  A 


[m  2-4] 

[Post.  2(a)] 
[(3),  <2)j 

[(5).  44)} 


iJ3> 
<5) 


-i,.f  v,  Sine 


a  +  b 


Part  C 


Theorem  2-5  might  Have  been  suggeSted  by  these  figures: 


s6 


A^—  ' 


• — :  f. 


4^ 


[{ A*  +  a)  4  b]  -  A  it  follows  that  (B  -  A)  MC  -  = 
<  ^  ^  V'4<A  -  A))  +  {C  -  B)]  -  A.    Since,  by  Postulate  2(a),  - 

*  -  f   2'  Or  :"T'H'^  4  (B  *  A)  =       it  follows  tfcat'MB  -  A)  -K(,C  -  k)  =  [B  +  "(C  -  B)]  -  A 
•^iV^v  ajain  hy  ^s^a^.4<A)t  k  t  (C  -  B)  -  C  it  foilows  th^t  * 

[Proof  of  part  '{a)-]  Sy^FtesJUIate  ljb)J; (A V-  a},+,  $  6  6.    $0, .  Jay,  4 


(A    ♦  *)    r  ^ 


1.  Which         refer  to  function  composition?  Wliich  to  function 
application?,' 

2.  In  each  part  jOf  tto  .exercise  you  are  given  two  arrows  and  a  dot 
Copy  these  and  make  ar  drawing  like  the  left-hand  figure  above- 
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Postulate  K^a),  [(A  +  a)  +  bj--'  A't-X;  .{Uk^^^f^.      ^  v,.r. 
a  +  b  e  Tl  '^The  *Htewc'e*"f  reter s  'to  lin  fipplicatiorrof  the  i^V^ee'r  -  —  :^ 
ment  rule  for  equations.  ] 

fProaf  of  part  <b)]  Since  a  +  S  €  T,  A  +  (a  +  S)  =  A  4-  (3  f'S).'  * 
It  follows  by  Theorefn  2-4  that  A  +  (a  +  S)  =  A  +'  ([(A  i  a),+»S]  -  A), 
'So,  hv  Postulate  2(a),  A  +  (a  +  S)  =  (A  +  a)  +  S,    •  ^'  '> 

{Alternatively^  Theorem  2-6(t>)  r.an  be  derived  hy^n^^  .^p^ 
ponens  fron%  Theorem  2-4  and  an  instance  of  the  if-p^r^f  *'\ 
'  T rye o rem  <The  instance  required  is:  ^l'''^^^^^^?^  ^^'^•"^'-^^'i' 

(.       a  +  B  -  ^{A  +  a)%^}  -  -A  =^  A  +  (a  rg^-  <A>'i^^  ,f 

The^riting  of  sentences  as  long^as  thti  is  sometimes  tire*oji^et  '  * 

and  the  multiplicity  of  grouping  symbols  wlii^K'niiy  ocJ^tff  .finishes       ,  . 
opportunities  to  blunder P    These  difficulties  may  be  refiuqftd  by  a      \  ' 
prdcedure  which  amounts  to  introducing  abbreviations* 'for' complex  »»  '•  ■• 

terms.    *We  illustrate  the  procedure  and  then  discuss  it 


Suppose  tfcrat  A  4  (a  +  S)  =^B.^  Since  a  f  ?  €  J  it 
follows  by  Theorem  2-i  that  _a >  S  =  B  -  A,    So,  i>y  ;  ,: 
"Theorem  2-4,  B-A=  [{A  +     d-  S|  :h  A^audi  J>y 


...    Theorem  2-3,  B  =  (A  >  a)    ^  ;gi|ic^ 


110      A  START  AT  FORMALIZING  OUR  INTUITIONS 


(F>  ...  rf     (d)         (  J 


r 

*  Part  I) 

On  page  104  we  considered  the  sentence: 
'   U )    ,  A  +  a     li  f  a  - — >  A  B 


\ 


This  sentence  is  true  because  it  says  that  any*  translation  is  one-to- 
one.  Although  it  ft  irue,  sentence '(1)  is  not  yet  a  theorem.  [It  wHi 
become  a  theorem  when,  in  the  next  chapter,  we  adopt  another 
postulate.]  We  can  show  that  (1)  is  not  a  consequence  of  our  three 
*  postulates  by  giving  a  different  interpretation  to  our  language.  With 
this  new  interpretation  our  postulates  wrll  again  be  true  but  (1)  will 
be  false.  S^mce  consequences  of  true  sentences  are  true,  this  v^ill  show 
that  ( 1  Vis  riot  a  consequence  of  our  postulates.  • 

Fortius  new  interpretation  we  shall  continue  to  think  of  as  the" 
set  of  all  points  and  of,/"  as  a  set  of  mappings  of  if/  Into  itself.  Instead, 
however,  of  the  members  of  /  being  translations,  now  the  rfcembers 
of-/"  are  to  be  constant  mappings.  [A  constant  mapping  is  one  which 
maps  each  point  of  "f  on  some  one^  point.]  Yoji  may  think  Ik  a  con- 
stant mapping  as  one  which  "shrinks"  all  of  H'  to  a  single  point  ^ 
Evidently,  a  constant  mapping  is  as  far  as  you  can  get  from  being 
one-to-one.  *  ■•         *         *  ^ 

The  only  other  change  we  shall  make  in  our  interpretation  is  to 
take  B  -  A  to  be  t)ie  constant  mapping  which  maps  A  on  B.  A  *+  a  is 
-•still  the  image  of  the  point  A  under  the  mapping  a,  and  a*  +  6  is  the 
0  resultant  of  the  mapping  a  followed  by  the  mapping  6.  So,  as  before, 
B  ->A*./~  and  4/+  a€f\ 

With  this  new  interpretation  in  mind;  do  the  following  exercises. 

1,  C  +JB  -  A)  -  ?  [Hint:  What  is  the  image  of  C  under  the  constant 
'    mapping  which  maps  A  on  B?] 

2.  a  f  6  =  7  [Hint:  Suppose  that  a  is*  the  constant  mapping  which 
maps  each  point  of  t/  on  the  poir^  A  and  that  b  maps  each  point 
of  '£  on  the  point  B.  What  is  the  image  of  a  point  C  under  the  re- 
sultant of  a*foliowed  by  V?\  * 

'  3.  Are  both  parts  of  Postulate  2  true? 

4.  Is  Postulate  3  true?  [Hint:  See  Exercise  2.)  '  1 

5.  Is  the  sentence  (1)  true?  '  > 


2S* 


• 
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(Instead  of  appealing  to  Theorem  £-3  we  nugrft,  'of  course,  have 
made  use  of  Postulate   2{a).  )    The  preceding  afrgumcnt  shows  that 
Theorem  £-5(b)  is  a  consequence  o'f  several  t£heo-rems  together 
with  an  as  sumption*    One's  intuitive  feelings  fire  that,  as  far  as  the 
conclusion  is  concerned,  the  assumption'mayf be  discharged.  This 


fee4ing  changes  to  absolute  certainty  on  noting  that  substituting 
'A  4  (a  4  rj)*   for  1 IV  throughout  the  argumenti'leaves  the  concluf 
'unaffected  and  ^urns  the  as-sumption  into  a  valid  sentence.  Of 
course,  actually  carrying  out  the  substitution  would  lose  us  the 
gains  obtained  hy  using  1  B*   as  an  abbreviation  for  *A  4  (a  4  b)*. 


What  we  may  do,  however,*  is  to  continue  th^  argument  by  dis- 
'    charging  the  assumption,  making  the  substitution  in  the  Resulting 
conclusion,  and  applying  rnodii8^onent>v:  J 

•        Hence,  if  A  4  (a  +*rJ)  -    B  then^  A  *  (a  4  £)  ^ 
(A  f  a)  f         In  particular,   if  A  .'4  (a  +  lp)  =  A  f  Ja  ^S) 
then  A  4  (a  4  b*)  -  ,  (A  +  a)  4  b\    So,  ^inxre  A  4  Ja  4_b)  =  ■ 
A  Ma  4  S),  it  follows  that  A  f* {a  4  S)  ^   (A  \  a)  +  b\ 

This  concluding  paragraph  is,  essentially,  ,ja  rubbe^  stamp  affair. 
So,  there  is  re; 
tions  like'our 

arrived  at  a  conclusion  in  which  the.' variab&e  introduced  as  an 

abbreviation  does  not*  occur.     For,  <hen,  tpe  rubber  stamp  can 
hfcAieed  to  ''complete*"   the  proofs  J  ' 

Z.      By  Theorem  I- 1  it  follows  from  Theorem  2 1 5(a)  that  A  +  (a  4  fi)  - 
•<    (A  +  a)  f  S  if  and  only^if  "a^f  b  -   [fA'4  a)  4  bf  -  A,    So,  by  Theorem 
Z-5(b),  a  4  6  ~   [(A  f  a)  +  S]  -  A,    Hence,        '    ^  1  ~r 

A,*  (B  -  A).++(C     B)  ■   C  -  A. 

Answers  for  Part  C  «  i 

1.     The  first  and  the  last  of  the  three  '-4's  in  the  left-hand  figure  refer 


ng  paragraph  is,  essentially,  'a  rubber  stamp  affair, 
eally  no  need  to  write^t  dowrj/   Abbreviating  assump- 
'A  I  (a  ^  S)  -   B1  •  may  be  igriored  once  one  has 


to  function  composition^  all  others  refer 
(a)  •  (b)' 


0,' 


as  in  Exercise   1  of  Part 


o  function  application. 


•2Sj 
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2.1,3  Chapter  Summary 

Vocabulary  Summary 


pustulate 
translation 
valid  .sentence 
conditional  sentence 
consequent 

converse  of  a  conditional 
biconditional  sentence 
constant  mapping 


theorem 
mapping 

equation  % 
antecedent 
valid  derivation 
counter-example 
conj  u  net  i  tm  se  n  te  nee 
linear  function' 


Postulates 


1.  (a)  H  -  At.' 

2.  (a)  A  f  (B  -  A)  B 

3.  </*  -  A)  *  iC  -  B)  ■  C 


(b)  A  f  a  t<* 
,(b)  a     (A  ♦  «*)  -  A 


Of  Air  Theorems 


(b)  i4  +  (a  +  6)  -  ^  +  "a)  +  £ 


2-1.  A  +  «     «       «     /i  -  ,4 
2-2.      t-  «*    4  +  b'~a  b' 
2-3.  A  -  C     «  -  C  +—  A   -  B 
2-4.  «*+  b     UA  ♦  a)  +  b)  -  A 
2-5.  (a)  a  +•  Awe./ 

Rules  of  Ijogic  y 

Dealing  with  variables 


Substitution  Ru^e  [See  page  69  and  page  87,  following  (*).] 
Any  sentence;  which  is  used  to  make  an  assertion  about  all 
values  of  some  variable  implies  each  of  its  substitution-instances 
with  respect  to  this  variable*. 

Dealing  with  equations  J 

Replacement  Rule. for  Equations  [See  page  ^4.] 

tHven^anleiquatibn  and  a^^lecbnd  seiflence,  if  either  side  of  the 
equation  is  replaced,  somewhe?e*iri  the  second  senterufc,  by  the 
other  side?,  the  resulting  sentence  is  a  consequence  of  the  given 
equation  and  sentence. 

Introduction  Rule  for  Equation^  [$ee  page  75,1  ^ 
The  equations  '^4  -  A\  'a  1  a\  and  'a     a'  are  valid  sentences. 
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Answers  tor  Part  C  [cont,] 

&.  (o     ■  ■ 

A.  0  ^ 


~A  f<o>  b) 


(d) 


a  +  b 


5  b 

0  / 


Answers  for  Part  D 

[These  optional  exercises  illustrate  a  procedure  which  can  some- 
times be  used  to  show  that  a  given  sentence  is  not  a  theorem.  The 
procedure  is  based  on  the  fact  that,  since  consequences  of  true  sen-' 
tences  are  truj.1,   a  false  sentence  cannot  be  a  theorem  in  a  system 
based  on  true  postulates.     The  power  of  the  procedure  de*penc^  on  the 
fact  that  the  rules  of  logic  —  including  the  rules  of  sentence  structure  — 
are  purely  formal,  so  that  whether  or  not  a  sentence  is  true  depends  on 
what  meaning*  are  assigned  to  the  mathematical  symbols;   but  whether 
or  not  a  sentence  is  a  consequence  of  others  is  completely  independent 
of  these  meaning^    Since'  we  know*  that  our  post^Hfte  a*arc  true  when  our 
symbols  have  the  meanings  we  have  chosen  to  express  by  them,  we 
know  that  no  sentence  which  is  false  4 '  untie  r  this  interpretation  of  our 
symbolism"   can  be  a  theorem.    The  test  is  to  find  a  new  interpretation 
of  the  symbolism  under  which  the.  postulates  are,  again,  true.    If  the 
sentence  in  question  tuVns  out  to  be. false  under  this  interpretation  then 
it*c^nnot  be  a  theorem,    If  it  turns  out  to  be  true,  we  have  learned 
nothing,  ' 

Whether  or  not  the  procedure  just  described  works  (in  the  case  of 
a  sentence  which  is  actually  not  a  theorem)  depends  on  how  cleve'r  — 
or  lucky  —  we  are  in  finding  new  interpretations.    The  more  postulates 
there  are  whose  truth  has  to  be  maintained,  the  less  likely  we  are  to 
Succeed.  ] 

,  - 
1.     Since  33  -  A-  is  the  constant  mapping  which  maps  A  on  B,  B  -  A 
maps  each  point  on  B,    So,  C  +  *(B  -  A)>  =  B. 

2„     a  f(S  =  Id.    [It  is  the  nature  of  a  constant  mapping  to  41  absorb' V 
any «*>t^er.  ]  %  1  1 

3.  Yes.    ["Postulate  2(a)  follows  fjom .the  result  obtained  in  Exercise 
1,    As  to  Postulate  2(b)u  (A  +  a)  r  A  is  the 'constant  mapping  wlich 
maps  each  paint  on  A  +  a.    Since  this  is  what  a  dqes,  ■ 

a  -  (A  +  a)  -  A,  ]        .'■  *  ' 

4.  Yes.    [By  Exercise  -2,  (B  -  A)  f  {C  -  B)  =  C  -  A,    But.  C  -  B 
and,  C  -  A  are,  both  of  them,  the  constant  mapping  whic^mapg 
each  point  on  C.  ] 

5.  No,    [For  any  constant  mapping  a,  A  +  a  ~  B  +  a  no  matter  what 
points  A  and  B  are.    Any  two  points/  then,  give  a^counter- 
example  for  #  , 
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*   %         .     Dealing  with  conditional  sentences 


Modus  Ponens  (See  page  78.! 
Any  inference  of  the  form: 


J 


p    p  ~—q 


is  valid.  * 

Deduction  filile  [See  pages  87  and  88. 
^ny  inference  of  the  form: 


is  valid.  , 


Dealing  with  biconditional  sentences  *. 


Elimination  Rule  | See  page  98.  L 
Any  inference  of  either  of  the  forms: 

/  •   •  '  ptttjl        lit*  v 

.   .  q  ™>  p  .  /T— ►  q 

is  valid. 

.4    Introduction  Rule  I  See  page  98.1  ' 
Any  inference  of  the  form: 

q  ~np    p  *—>  q 
p~—q 

*  *  ■  ■  • 

is  valid. 


'Dealing  with  tqnjunetion  sentences 

Elimination  itule  [See  page  4 P  1.1 
t      Any  inference  pf  either  of  the  forms: 

p  and  y  p  and  q 

~~p  •  ~<r~ 

is  valid.  m  -  .  i 

Introduction  Rule  [See  page*  101.] 
Any  inference  of  the  form: 

P  A  " 

P  and  q 


P^O  *  ^       is  valid. 


\ 


2.13  Chapter  Summary  %  113 

•  #  ... 

* 

Other  Rules  of  Logic 

.Hypothetical  Syllogism  [See  page  90.]  " 

Any  inference  of  the  form:   is  valid. 

p  -p-»  r 

Replacement  Rule  for  Biconditional  Sentences  [See  page  99.] 

Given  a  biconditional  sentence  and  a  second  sentence,  if  either 
,  side  of  the  biconditional  sentence  is  replaced,  somewhere  in  the 

seconp  sentenc**,  by  the  other  side,  the  resulting  sentence  is  a  con- 
sequence of  the  given  sentences. 
i  4    Reflexive  Rule  for  Biconditional  Sentences  [See  page  99.] 

i  Any  sentence  of  the  form  p       p1  is  valid. 

Importation  and  Exportation  [See  page  101.] 
Any  inference  of  either  of  the  forms:    *  J 

'  •  I  ■'' 

p  ~*  {(]  — *  n  [P  and  q)  r 

-  (/;.and(/)  -^r  *  p3^m*[q^m^r\ 

is  valid.  '  * 

Chapter  Test  % 

1.  "  Complete  the  following  so  that  when  the  results  are  treated  as 
*•     universal  generalization^,  they  are  true  ones.  [If  it  is  not  possible; 

to  do  so,  say  so.] 

(a)  (R  -  P)  +  OP  +  q)  -   

(b)  (S-  -  (fl  +  </))  +  (iJ  -  S)  =  . 
,    (c)  {B  -  C)  +  C  €  .  ,  ■ 

.    (d)  fi  +  (C  -  D)*e  L 

(e)  (A  +  _  .)  -  i4  - X  +  a*  %  * 

<f)  R  +  (  -  R)  =  v* 

2.  Suppose  that  P,  and  S  are  four  points  such  that  P  -  Q* 
$>             -  R  -  S.  Whi^h*  of  the  following  diagrams  do  not  illustrate  this 

assumption?  . 


(a)  P  0  (b) 


(c)  *  (d) 


\ 


P. 
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3.  Consider  the  diagram  at  the 
,  ritfht.  lJ*iri«  7",   A\  H\  T\ 
l)\  give  three  different  pairs 
^^T)f  .translations  I  differences  of  f 
points)   which   have  as  their  \ 
resultant  the  translation  B  -  P.  Aa 


4.  Which  of  the  following  expressions  is  toV  asubstilution-instanceof 
Ut  -  <*  +  «)  -  /A'? 

(a)  /)"  HQ  +  </>  *  -  (y  +  (/)  (b)  /,-^-(^f  _  ite  -  y 
(eX,  /'  ♦        <Q  *  </J  +  pn  «  Q     (d)  p  +  </     ((^  f  (/>*  +  J)'-  Q 

5.  True  or  false? 

(a)  P  -  (*>  is  the  t^unslat  ion  {hat  maps  Q  on  /J. 

(b)  (/  is  the  translation  thai  maps  Q  on  P  +  -^h 
^(c)  <tf  :-  .S)  V  jy  -  /f)  is  the  inverse  of  Q  -  S. 

Id)  K  a     1.4'  *  61  -  /i  then  ft'    (/J  f.#)  -  /t 

6.  (a)  Draw  a  diagram  that  illustrates  this  theorem  about  points 

and  translations: 

•  ,     \.  v 

-  t/?     b)    .  d'-4-*^  -sB  ■  b  +  u 

4 

ih)  prove  the  theorem  in. part  (a).  '*  ^ 

^  (e)  Now  eoftKMer  this  sentence:  , 

A  -  \B  +  M  t-  a  —  A  -  B  ^ra  +  V  * 
Is  this  sentence  true?  Ls  it  a  theorem?  ExpJain  your*  answers. 
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Key  to  Chapter  Teat 

1-     (a>    q  . 

(cj  ,  Not-  possible 
(e)  '  Not  possible 


(b)    -q'  [or:    R  -  (R  f  q)J 

(d)  e 

(1)    R  +  r* 


(a)  and  (d)  do  not  illustrate  ihe  given  points. 

Kach  of  the  answers  is       the  form  'X  -  P,  Br  X1  where  the 
possibl\vaTues  for  'X'  ate   A,  C,   D/  and  •  13  (or,    P,  bat  not  both]. 
Sprue  students  may  havt*  difliculty  seeing  that  '(D.-  P),   (R  -  D)'  is 
one  of  the' answers  because  there  is  no  "dotted  Une\*  from  D  to  B 
to  cue*this  choice. 

(c),  because  '  P.+  p'   is  qot  a  translation-term 


(a) 
(b) 
(c) 
(d) 


6.  ■ 


True.  ■  , 

Palse. 

False, 

True,  v      e  . 

Here  is  an  appropriate  diagram  to  Illustrate  the  theorem: 


I* 

B  +  b 


Proof,  Suppose  that  A  -  (B.4-  b)  =  a.  Then,  [by  Theorem  1-1 
A      (B-+  b)  +  a.    Since  (B  nS)  f  a  *%BJ-  (S  +  a),  it  follows 


that  A  --^B  f  (b  I  a).  So,  A  -  B  =.  It  i  a 
A  -  (B,f  b)  ■--  3  then  A  -  B  =  6  f  a. 


Hence,  if 

y 

(c)    Y£b.    By  our  work  in  Chapter  1,  composition  o&t  wan  si  at  ions 
is  commutative,  >  .  \  _ 


No,    We  need  to  have  *a  +  b  =  b  +  a'  ,aa  a  theorem  (postulate-) 
in  order  to  be  able  to'derive  tjhe  gwefi  sentence:    Since  we 
cannot  derive  it  from  the  present  postulate^,  the/  sentence'is 
not  a%keorem.  . 


Chapter  Three  4 
The  Algebra  of  Points ^afid  Translations 
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The  text  of  this  scc^jon,  like  that  of  section        I,  i«  meant  to 
initiate tstudents  intcf  the  secrets  of  where  postulates  come  froi^ 

#In  order  to  conclude  that   P  -  Q  is  the.  inverse  of  Q  -  P,  we  need 
to*Hnow  that  (P  -  (Q  -  P)  is  the  identity  mapping  ckp  the  domainsj£_ 

Q  "  P(  namely  ig,  and  that  (Q  -  P)  q^P  -  Q).is  the  identity  mapping  on  j 


3.01  Some  Properties  of  ^^mions 

We  have  alreadv^iiist:over^\biiii  orv*he  basis  of  Postulates  1  -3,  it 
is  a  theorem  t haft-he  set  /  of  sH^anshitions  is  closed  under^  function 
composition.  We  stated  this  fact  in  Theorem  2 -5(a); 


the 


t 


Tht-  other  part  of  Theorem  2-5: 


f  I 

1 


)  e  ,/ 


1 


/ 


is  jus^  a  foj*v  of  sayin^hat  ^dditmn  of  translations  is  function  compo- 
sition. Since,  as  yoi£/H?arned  in  (Jfiapter  1,  composition  of  functions  is 
associative,  it  should  be  possible  to  use  Theorem  2 -'5(b)  in  proving 


possibl 

that  addition  of  translations  is  associative; 


CP.) 


la  f  6).+" i 


+•  (6  ■+  c) 


\ 

As  a  rhatjter  of  fact,  H«in^  this  ishutf  onlyj  possible,  but  quite  ^asy. 
[You  will  soon  have  aiehance  to  cJ6  it  as  an  exercise  J 

Another  thing  youUearned  in  Chapter  1  is  that  each  translation  has 
a  translation  as  its  inverse,  £p  fact  the  inverse  of  the  translation  from, 
say,  P  to  is  the  translation  from  Q  to  P.  As  we  pointed  out  iixSeqtion 
2,11,  this  would  follow  from  two  instances  of  the  sentence: 

/    \  '  v 

(3).-(  J  KB  *■  A)  +  U  -  B)  -  i,  .  ' 

I  Explain.  I  [Hint:  What  do  we.nfeed^to  know  about  the  resultants 
iP  -mQ)  *  (Q  -  P)  and  tQ  -  P)  -  (P  in  order  to  conclude  that 
P  -  Q  is  t^t*  inverse  of  Q  -  Ff]  ^  *  * 


range  df  0V  P.  —  5 

Note  that  (4)  could  pot  be  adopted  as  a  definition  of         — thfcrc  is 
a  variable  on-'the  rigHt  which  does  not  occur  in  what  would  be  the  defined 
expret*  £i^n .  * 

Note,  also,*  that  (4)  and  (5-)  are  relateckto  one  another  in  just  the 
same  way  as  are  Theorem  2-4  and*  Thtyd'Jfem"  I  ~  5.     In  either  case,  the 
second  sentence  follows  from  the  first  {jfej^Postulate  2(a),  while'the 
first  follows  from  the  second  and  Postulate  2(b). 

The  results  obtained  in  the  exorcises  of  this  section  serve  as  gooa 
.  illustrations  of  how  similar  the  algebfa  of  points  and  translations  is  to 
the  algebra  of  t£cl\  numbers.    As  a  matter  of  fact,  we  are  beginning  to 
♦lay  the  foundation  for  the  ''convenient  rule"   stated  in  section  3.07  ^ 
w\iich  says,  essentially,  that  a  sentence  about  points  and  translations 
is  a  tl|eorem  if  and  only'Sf  the  corresponding  real  number  sentence  is  a 
theorem,  '  [in  addition,  these  exercises  give  ti^se  students  some  good 
(and  ^©hably  needed)  practice  in- employing  the  logical  principles 
developed  so  far.  ]   Do  not  hesitate  to^stress  the  apparent  similarities* - 
with  real  number  theorems.    Also,  try  to  stress  the  value  of  drawing 
'  pictures  to  illustrate  what  fhe  theorems  and  other  sentences  ^say*'. 


\ 
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ThtAexercises,  of  Parts  A  -  F  are  an  attempt  to  show  some  of  the 
^_jarfte  mate  ways  we  could  select  postulates.    However,  there  is  a  great 
deal  of  work  involved  if  each  student  does  each  derivation  for  himself. 
In  fact,  done  individually  these  exe raises  woulcfprobably  require  more 
than  one  homework>/ssig'nment.    By  this*  time  the  student  will  have  lost 
sight  of  the  alternate  organizations  we^intended  to  point  out.  T 
*  '  *  I 

In  order  to  confine  the  duration  of  these  exercises  we  suggest 

assigning  eaoh  exercise  to  a4eam  of^tuctents.    The  team  is  to  solve  the 
exercise,  ajid  either-write  their  sol&Hon  on  an  overhead  t ransparencyv 
or  prepare  their  'solution  in  dark  pencrl  so  that  a  Thermofax  transparency 
may  be  made.    Then  *btout  three -fourths*  of  the  dlass  period  should  be 
a  pant  discussing  the  individual  derivations.  ■'  ^  . 

Following  .thins  the^eacher  should  summarize  the  lesson  by  outlining 
some  possible  organizations*    Here  is  a  charft  which,  if  constructed  in 
stages,  on  the  chalkboard,   should  aid  your  summary.  % 


115 


9 

■ERIC 


0 
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■  *         -  /" 

j  -  •  r. 

Now  that  wi'  have  Postulate  *we  see- that  sentence  f3)  is  just  a 

complicated  way  |>f  saying  that,  for  any.point  4.-4  -  /\     /, .  jffA  trans- 
lation which,  leaves  any  point  fixed  leaves  eac;h  point  fixed. "|  If  we 
^rjigall  our  intentirtn  to  use  '(f  instead  of  :/.\  it  appears  that  we  should 
•be  able  to  deal  wifh  inverses  of  translations  if  we  were  to  adopt  as  a 
new  fxjstu late  the  sentence:        <    *  * 


(4) 


'A  ~  A 


We  would  wish,  of  course,  to  be4ab1e  to  prpve  that  (Vis  a  translation  and 
that  0  is  -  as  we  intend  it  tt>  be  mapping  of  /  onto  itself. 

*Sin<y  thisjast  means  that  -mTypoint  is  its  ov£n  image  under  the 
inappirty  0,  the  two  theorems  we  would  wish  to  be  able  to  prove  are: 


i5'>  fa),()  e  / 


(b)  A  +  tf  A 


•  Neatly  enough,  both  parts  of  i(5)  follow  from.  (4)  together  with  earlier 
populates.  And,  »4>  follows  from  an  earlier  postulate  and  the  two  parts, 
of  (5).  •  ■ 

0 

Since  either  (4)  or  (5 1  tells  us  that  translations  have,  inverses,  we  .' 
should  be  uble  to  derive  from  either  (4)  or  (5)  and  Postulates  1-3  •' 
the  sentence:  «— 


A  t 


tt 


A  li 


This  sentence  tells  us  that  any  translation^  a  onc^fe-one«  mapping. 

In  the  following  exercises,  youVill  ch^fifup  on  some  of  the  notions  • 
which  have  been  outlined  above„as  well  as  some  others.  After  having 
done  so,  we  shall  be  in  a  better  position  to  decide  on  what  our  fourth 
postulate  should  be. 


Part  A 


.  / 

1.  MflEi  poir 

a.  /iPnnd  c  w 


p  i  point  A  and  draw  arrows  to  describe  three  translations;  ' 
a.  <^nd  v  whfch  have  different  directions.  *  ^ 

(a)  Draw  an  arrow  from  A  to  describe  the  translation  a  +  b  and 
then  draw  another  such  arrow  to  describe  (a  +  7>)  +  <\i 

(b)  Draw  an  arrow  from  the  point  ;4  +  a  to  describe  the  translation 
h  ¥  a\  and  draw  an  arrow  from  A  to  describe  a  +  (6\4-  rl. 

2.  f>rove  sentence  12)  on  page  115.  [Hint;  If  you  can  prove:  \ 

r  K  ■ 

A  f  | (a  f  V)  +  c]f^A  +  [a  +  (6*  +  c5l 
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t  -  3 


V 


Postulates 

Th,  2-5(ah   a  *S  €J  and 
Kx#  AZ:    (a  +  S)  f  t  -  a  +  + 
■  arc  theorems 


Make  s 
4Cf      A  -  A' 
a  theorem 


Make  s    r  1 

'  6  e  #Tf  andj'a  +  tf  aV  | 
theorem^  1 — 


'(J  €  T' 'and 
*a"  +  ft  =  a*  become 
theorem  s 


r 


V 

1  ($  -  A  -  A ' 
beromea  a 
theorem' 


/ 


I  Ex,  Ci1 


Kx.  CZ:  j  A  +  6  -  A  andj-  ** 
Ex.  '  Di :    (A  Tb)  +  (R  -  A)  -  6  "  * 

are  theorems  either  wav\  ■  1^ 

Each  translation  has  a  «  « 

translation  as  anNtfwerse. 

urge  you^to  npt  put  too  much,  emphasis  on  the  individual  exe'r- 
cisee  of  Harts  A  -  F.    No  one  de rivati.on  f s-  c  rue ial  to  the  students 
success  in  this  course.    We  want  the  student  to  gain  som*  insights"  and 
appreciation- lor  alternate  selections  of  postulates.    Such  activities  are 
not  appropriate  for  measuring  ftupil  progress  zfnd,  if  used  for  this 
purpose,  will  probably^u^oduce  negative  ratheY*than  positive  attitudes, 
*  -j 

Answers  for  Part  A        4  * 

1.      The  students  should  lyive  diagrams  s dm e thing  like  this; 


 ^  A  ♦  (o  ♦ 


fA  ♦  [<o  «•  U)  ♦  c] 


2,     [W^  give  an  abbreviated  proof.  ] 

A  +  [{a*  ♦  S)  +  c]  5  [A  )  1a  4  S)]^+  ?  =  [(A  +  £)  +  g]  +  ? 


then  (using  ( P)  on  page  1 15]  an  instance  o^an  earlier  theorem  will 
yfeld(2).j  *  [ 


+  la  +  (S  +  c)J'  MA  +'a)  ^  ($  +  cV=  t(A  +  a)  4  b]  4  ? 


U^nceu  A  ¥  [(a  4  b)  ^ \A  +  [a  +  (b  +  cH/  Since,  by  Theorem 

2-5{b),<  each  of  (a  +  bj  4  c  ted  a  +  (b  +  c)  is  a  Uianslation  it  fol- 
lows from  Theorem  1-1  that  (a         +  c  =  a  +  (S  +  cJr  w 
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Part  B 

1.  Using.  <4>  on  page  116  as,a  premiss,  derive  both*  parts' of  (5). 

2.  ^  Using  the  tvfa  p$rts  of  (5)      premisses,  derive  <4).  ■ 

|  In  both  Kxef ascs  1  and  2,  youM^hiH-  jlrq^jisses  should  be  postulates 
„'    -     \  or  previously  proved  thwrehis.j  *  "* 

PartC  .  ,    /  .  , 

1/  One  way. of  saying  that  OAs  the  identity  mapping  of  /  onto  itself  is 
_  •  to  rfssert;.  *  -t    * '  v  **  , 


i B i  <b) 


A  f  0     4  v 


1  '  Sd,  from  this  it  should  follow  that  the  resultant  of  $ny  translation 
a  followed  by  6  is  a.  Show  ihat  it  does.  \Hint\  Use  the  same  tech-' 
\     nique  as  suggested  for  Exercise  2  of  $*'&rt  A.'j 

2,  Conversely,  it  follows  from  our  three  postulates  and:  * 

th&i  0  is  the  identity  mapping  of  f  onto  itself.  Here1  is  an  argument 
to  this. effect.  Tell  what  should  be  written  in  the  blanks. 

.-4  +  0     \A  +■  iA  -  i4)J  -f"0     [Postulate  2(a)  (and  Post  4(B) 

' and  70 €./')] 

•  A  -f  M  -  A)  +  01     (Theorem  _  (and  ...  


4  + 


ITheorem  . 

and  —  _)) 

ft*)  (and  '  1 

(Postulate 
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Answers  for  Part  I\  *  ,  58 

-  -  ..  *  ^ 

i:     [5(a)]  Since,  by  (4),,0  =;  A  -  A  and,  by  Postulate   1U).NA  -  A  €  T 

it  follows  that  0  €  T.    '     "       •   *  , 
•  * 

[5(b)]  Smce,  by*^4f  .3-  ~'  A  -  A  it  follows  that  A  +  3  ^   A  +  (A  -  A)* 
and,  by  ^Postulate  2(a),  that  A  f  5  -  A.    '[Alternatively,  5(b)  is 
equivalent 'to  (4)  bv  Theorem  £-1,  },  * 

2#      By  (5),   (A  '+  3)  -  "A  =   A  -  A  and,  so,  by  Postulate  2(b3;  3  -  A  -  A 
[sii*ce  3  €  T.].  *  [For  an  alternative. answer,  sec  remark,  above, 
concerning  second  answer  Sor  Exercise  1.  ] 

Answers  for  Part, C'  t   \  \  r 

1.  A  +  (a  +  (5)       (A.  f  a)  +  ft  -  A  '+  a,  by  Theorem  2H*(b)  and  (5)(b) 
on  pa'ge  lib.    Hence,  by  Theorem  2-2,  a  +  (J  =  a,    [if  required  to 

•    f  show  that  the  first  equation  is  an  \nstance^  of  Theorem  Z-5(b),  cite 
€  X';    this  membership  sentence  pla^ys  a  similar  i*ole  in  connec ■ 
tion;with  the  application  of  Theorem  l-Z,  } 

2.  2-5|S),   Postulate  1(a),  ^eT';    (A  -  A),  Postulate   l^a);   A,'  2(a>) 

[It  follows  from  these  two  exercises  that,   as  additional  postulates 
(5)(a)  and  (5)(b)  or  5(a)  and  (ft)  will  serve  the  same  purposes.] 

Answers  for  Part  D  * 

1.      By  Postulate  3,  (B  -'A)  f  (A  -  J3)  =  A  -  A.    So,  assuming  that 
15  =;  A  -  A  it  follows  that  (B  -  A)  f  (A  -  B)  =  (J. 


Hence,      +  0  ,4. 


Part  D 


As  indicated  in  the  text,  we  should  be  able,  usin^  (5)  on  page  116,  to 
derive:  *  *  •  / 

i**)  A  +  a  -  B  +  .a*       /4  -  £ 

If  you  recall  how  you  might  prove  an  analogous  real  number  theorem: 

a  +  v  :-  6  +  c       a  ~  b 


you  should  see  that  we  might  hope  to  prove  (**)  by  "adding  the  oppo- 
site  of  a  on  both  sides  of  'A  -fa  -  B  +  a\  Since,  by  Postulate  2(b), 
«  -  (C  +  o)  -  C,  Jor  any  point  C,  we  know— whether  we  can  yet 
prove  it  or  not -that  the  inverse  [or;  opposite]  of  a  is  C  -  (C  +  oV 
1.  As  pointed  out  in  the  text,  to  show  that,  for  any, points  P  and  Q, 
P  -  Q  is  the  inverse  of  Q  -  P  it  is  sufficient  to  derive: 


1 


v 


J 


(B  -  A)  +  (A  -  B)  =  0 


294 


Show  that  this  sentence  is  a  consequence  of  f6  -  i4.-  A'  and  our 
postulates.  (Note  that  when,  we  do  this,  we  will  know  that  '(B  -  A) 
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t-  'CA  -  H)  0)  will  become  a  theorem  once  we  enlarge  our  set  of 
postulates 'in  such  a  way  that  'o'    A  -'A*  is  a  theorem.) 

\      2.  Use  tlie  result  of  Kxercise  1  to  show  tjiat' if '0'    A  -  A'  were  a  the- 
orem then  the  sentences:  * 

(a)  a  *  !C  •-  (C'f  o'      ib)  {A  '*  u'<  ♦  W  -  (C  +  alj  ,4 

would  be  theorems.  •  * 

3.  Derive  I  *«').  Suppose  that  A  +  u     B  f  V.  It  follows,  by  the 

'  result  in  Exercise  2  that    _  ...     A.  But,  by  Exercise  2 

itself,  i«     «')  +  [C     iC  +  a)|  _^L.  So,  /t  -  B.  Hence,  if 

^   .  ..-I 

o  4.  In  deriving  rb)  of  Exercise  2  you  probably  used  (a)  together  with 
Theorem  2  5(  bi  and  A  .  +  o'  A'  (which,  by  Exercise  1  of  Part  B, 
is  a  ttteo.rem  if '()'  A  -  A"'m\.  If,  in  place  of  these  last  two  prem- 
isses you  use  (2)  on  page  115  and  '«  V       a',  you  can  derive: 

(c>    lb'-+  u)  f  \C  -  (C  +  a\  b 


Having  done  so,  you  can  then  derive; 
.      .      .  * ...         .  . 

Derive  <c)  and  .  ^ 


Part  E 


As  Part  I)  illustrates,  if 'Q  ■  ,4  -  A'  is  a  theorem  then  whenever  we 
wish  to  refer  to  the  inverse  of  a  translation  B  -  A  we  can  write 
A  -  Ii  \  and  whenever  we  wish  to  refer  to  the  inverse  of  a  translation 
a  we  can* write  V  7  (C  t  a)\  It  is  much  simpler,  however,  to  have  a 
notation  for  the  inverse  of  </and,  as  we  decided  in  Chapter  1 ,  the  most 
convenient  notation  is  '  -«*  |Kead  -a'  as  'the  inverse  of  a  V  as  Vin- 
verse*  or  as  'the  opposite  of  a.  |  If  we  wish  to  include  this  Rotation  in 
our  algebra  we  need  a  postulate: 

—a  e  J     .'.  . 

'    to  serve  the  same  purposes  as  do  the  parts  of  Postulate  1,  and  we  need 
a  postulate: 

-»    t  - »        „  ' 
a  +  -a  =  0  ' 


*    to  say  what means. 

1.  Mark  a  point  A  and  draw  arrows  to  describe  a  translation  a* and  the 
translation  -a.  Draw  a  figure  to  show  that 

(A  +  ~aV  +  -a*  -  A.   •  . 

2.  Make  drawings  to  illustrate  each  of4he  follpwing:  ,f 
(a)  -6*  +  -a  -  Ha  >  6)  (b)  (a  «  6*  +  -a  -  T 


29g 
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Answers  for  Part  D  4 cant,]  *  •    .  * 

2.     (a)    By  -Postulate  2(b),  "a  =  {C  +  .a)  -C  and  so     .  ' 

,  S  +  [*C     (C  r,a)]  -  [{C«  a)  -  cf>  [C  -'<C  +  a)},  ,  ':         |  - 

Usiivg  an  instance  qf  the  .sentence  displayed  in  Exercise  1  we 
could  infer  'a+  [C  -|C+a)]  -  5',     •     ,  :..  „ 

(b)    By  '(a)  and  Theorem  Z-5{b)  it  follows  that'  (A  +  a)  +  ' 

[C  -  (C  +  a>]  =  Al  '(J#    Since  *A  f  3  =         would  be  a  theorem 
if  '0  -   A*-  A'  were,  it 'follows  that  in  this  latter  case  <b) 
would  be  a  theorem. 


(B  +  a)  f  tc  -  (C  +  $)]  --■   A;   B;  .  A  +  a 

(c_)  By  (a)  and  U)  jt  follows  that  (S  f  a).^[c  -  (C  +  a)]  §  +  3 
So,  assuming  that  S  f  3  -  B  it  follows  that  (B*  +  a)  +  [C  +  a 


B  +  a  then  A  =  B. 

I)  +  [C  -#<C 


(^irir)   Suppose  ihat  S  +  a  =  c  +  a.    It  follows  by  that 
(c  ♦  a)  +  [C  -  (C^  ?)]  -  b\    But,  froA  (c)  itself,  (c  +  a)>^ 
[C  -  (C  >  a)]  -  c.    So,  S      c.    Hence,  . if  S  +  a  =  ^c  f  a  then  B 

Answers  for  Part  E  „  ^ 

1.      [The  students  should  have  diagram's  something  like  these.)  . 


2.  t  (a) 


(o  ♦  S)  +  -o 


2^7 
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!  * 

Part  F     „  '  .        t     :  .  ]  '  < 

r'1       1..  Mark  a  point  A  and  draw  two  arrows  describing  translations  a  and 
h  in  different  directions,    .  * 

tal  l)t;aw  an  arrow  from  A  to  describe  the  translation  a  -f  A* 
(b)  Draw  an  arrow  fmm  A  to  describe  the  translation  h  -+■  a! 
*'  (c)  Use  our  notation  to  write  a  sentence  saying  wfiat  your  results 

'show.  *  ♦ 

2.  Show  thjit  if  'a  +  A  6  f  a  .Were  adapted  as  a  postulate  then 
'A  -  A  B  -  B'  would  be  a' theorem.  [Hint:  Consider  an*ap- 
propriate  instance  of  Postulate  3. 1 


3,02  A  Fourth  Postulate  \  % 

We  have  seerhthat,  on  the  basis  of  Postulates  1-3,  the  sentences; 

a  +  b  €  ./    and:    (a  +  h)  +,  c     a  +  (6  +.c) 

are  theorems.  We  have  also  seen  that  if  we  enlargeour  set  expostulates 
so  that  '0  -  A  -  A'  is  a  theorem  then  the  sentences:     ,  1 

v\  0  € .  /     and:    a  +  0     a    *  • 

are  theorems,  and  p«v  versa.  In  either  case  the  sentences:  ' 

A  +  0     A    and:    U  -  fl)  +  Jfl^  A)  ;  0  ^ 

will  he  theorems.  From  these  last  it  follows  that  — as  you  learned  in 
•Chapter  1  —  each  translation  has  a  translation  for  its  inverse.  As  was 
poirited  out  in  Part  E,  it  will  be  convenient  to  express  this  fact  about 
inverses  explicitly  in  postulates:  %  • 

— a'e  /J    and:  a  +  —a,*,-  0 

Finally,  as  Part  F  reminded  you,  composition  of  translations  is  com- 
mutative. We  shall  wish  to  express  this  important  fact  in  a  postulate: 

•  ,     .  *  a  +  b  -  b .+  a  ... 

"Evidently,  we  need  toi adopt  several  new  pdstuiates.  For  reasons 
which  will  jbecome  appariint  later  in  this  chapter,  we  shall  group  them 
together  into  a  single  postulate.  For  the  same  reasons  we  shall  include 
as  parte  of  this  postulate  two* sentences  which  are  already j£*serems. 
(There  is  certainly  no  harm  in  "postulating  more  than  is  necessary":] 
Our  fourth  postulate  turns  out,  then,  to  have  five  main  parts.  We  state " 
them  at  oixce,  then  discuss  thfem  separately. 
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^nswers  for  Part^F  . 

I,  '  [The  students  should  have  diagrams  something  like  this.  ] 


(c)    A  +  (a  +  5)  -   A  +  (S  +  a)   [or:    a  ^  S  .=  b  f  a ] 

2.      By  Postulate   3,  (B  -  A)  +  (A  -  B)  =  A  -  A  and  (A  -  B)  +  (B 
B  -  B.    So,  if  (B  -  A)  +  (A  -  B)  =   (A  -  B)  ¥  (B  -  A)  then 
.  A  -  A  =  B  -  B.  % 
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Postulate  40  (a) 'a  +  b  €  ./"  ff  iU  ~Qe,7  te)  -a  e  ./ 
Postulate^    .    «a*+  6)  +,'e*=  a  f  (V  +  c) 

.  a  +  0  -  a*  . 

a  +  -a*  t-  0*  '.»•"'  * 
a  +  6*  =  6  +  a*   «■  ' 


Postulate  4. 
Postulate  4, 
Postulate  44 


'V 


Some  parts  of  this  p^ul^tie^re  theorems  before  its  adoption.  These 
parts  are*  Poatulattf^a)  ancTsPostulate  4,.  [Also,  we  could  derive 
Postulate  4„(b)  from  Postulate  4„ta)  and  Postulate  4;i  by  using  Postu- 
late 4wIc).J  The  principle  use  of  theWrts  of  Postulate  40  is- like  that 
of  the  parts  of  Postulate  1  -  to  make  sure  that  substitution-instances 
•  of  sentences  are  what  we  claim  them  to  be.  Since  we  shall  seldom  goto 
the  trouble  of  doing  thjs  (after  this  chapter]  we  shall  not  often  have 
occasion  to  refer  to  Postulate  40. 

As  you  have  seen  in  Exercise  2  of  Part  C,  Postulate  4„(b)  and  Postu- 
late 4.,  have  as  a  consequence  sentence  'A  +■  0*  A\  So,  this  sentence  is 
now  a  theorem.  Hence,  by  Exercise  2  of  Part  B,  '0*  =  A  -  A'  is  also  a 
theorem,  We  take  note  of  this: 

II  Theorem  3-1    (a)  A  +  0  =  A      (b)  A  -  A  =  0 

Another  pair  of  theorems  which  are"  easily  proved  now  are: 

Theorem  3-2   (a)  A  +  ~a  ~  A  +-*~a  =  0* 
(bl  B  =  A      B  -  A  *  Of 

[Do  you  see  how  to  derive  Theorem  3-2(a)  from  Theorem  2-2  and 
Theorem  3-Jla)?l  You  will  investigate  these  theorems  in  the  exercises 
which  follow.  \  x 

The  reasons  for  adopting  Postulate  40(c)  and  Postulate  43  have 
already  been  given.  Using  them  you  can  give  a  shorter  proof  of  the 
cancellation  principle:  ■  * 


.  (**) 


A  +  a  =  B  +  a—A  =<B 


than  you  gave  in  Part  Dr  [You  can  use  Theorem  2-  5(b)  and  Theorem 
3  -  1(a).  Do  you  see  hpvv?l  From  your  work  in  Chapter  2,  you  are 
probably  weikaware  that  the  converse  of  (**)  is  a  theorem.  [ExplSrin.J 
So,  we  have:  * 


II  Theorem  3-3  A.+  a  =  B  +  a*—*A  ±  B 


V 
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Just  as  wa  might  have  chosen  Theorem  2-4:   '  *  - 

a  +  5  =  [(A  +  t)  +  S]  -  a  t 

•as  a  postulate,  in  place  of  Postulate  3,   so  we  might  choose:  f 

(i)  3  -   A  -  A  « 

and:  ^  *t.  •  . 

(ii)  -a  =  A  -  (A  +  a)**  -      *  '  * 

as  postulates  to  introduce  *(}f  ^and  A4opting  (i)  as  a  postulate 

would  insure  that  '(J  €  T   and  4a  +  (5  -   a*  are  theorems;    adopting  (ii) 
would  insure  that  '-a  €^"%   is  a  theorem;   with  both  (i)  and  (ii)  as 
postulates  [using,  also,  Postulates  2(b)  and  (3)]  4 a .  +  -a  -   tS\  would 
be  a  theorem.  ■  •  . 

Because  of  the  occurrences  of  t*he  variable  4  A*,  neither  (i)  nor  (ii) 
should  be  called  a  definition;    for,  as  pointed  out  earlier,  if  (i)  were 
used  as  a  definition,  it  would  always  be  uncertain  what  term  had  been 
abbreviated  to»*0\  —  and  a  similar  remark  can  be  made  concerning  (ii 
It  has  also  been  .pointed  out  that  such  4  4  quasi -definitions1 1  often  differ 
from  honest  definitions  though  being  "creative"  —  the  adoption  of  (i), 
for  example,  makes  it^ossible  to  prove  a  theorem: 

<  iii  >  jr    ,         A  -  A  -  B  -  B 

which  is  not^**Tvable  from  Postulates  \  »-.3.  alone.    Similarly,  the, 
adoptiorw#*r(ii)  makes  it  possible  to  prove: 

(iv)         *  A  -  (A  +  a)  =  B  -  (B  +  a) 

[That  neither  (iii)  nor  (iv)  follows  from  Postulates   1^3  can  be  shown 
by,using  the  constant  function  interpretation  of  Part  D  on  page  HQ,  ] 
Note  that  by  (iii)  and  Postulate  2(a)  3  r  {A  -  A)  -   B  +  ( B  -  B)  -  •  B 
which  tells  us  thabthe.  translation  A  -  A  maps  any  point  B  on  itself  — 
in  particular,  that^gte^dentity  mapping  of  &  onto  itself  is  a  translation. 
Similarly,  by  (iv)  lg&d  Postulate  2(a),  the  translation  A  -  (A  +  a)  maps 
the  image,  B  +  a,  o>f>Tany  point  B  under  a  on  B  —  in  particular,  that 
any  translation  has  a  translation  as  its  inverse.    So,  $even  without 
Postulate  3,  we  could  postulate  that  the  identity  mapping  is  a  transla- 
tion by  adopting  (iii)  as  a  postulate,  and  that  any  translation  has  a 
translation  as  its  inverse  by  adopting  (iv).  that  (i)  adds  to  (iii)  is 

that  '0'  is  to  be  used  as  a  name  for  the  identity  mapping;   all  that  (ii) 
adds  to  (iv)  is  that  l—\  is  to  be  used  as  an  inversing  operator. 

In  view  oi  what  has  been  said  in  the  preceding  paragraph  it  i&  of 
x interest  to  note  that  on  the  t^asis  of  Postulates  I  ■  3f  each  of  (iii)  and 
(iv)  can  be  derived  from  the  other.    In  other  words,  haying  adopted 
only  our  first  three  postulates,  it  follows  that  all  translations  have 
translations  as  inverses  if  and  only  if  the  identity  mapping  is  a  trans- 
lation.   [The  only  if-part  is  not  very  surprising,  in  view  of  the  fact  that 
Postulates  1  -  3  imply  the  closure  of  T  under  composition  of  functions. 
The  if-part,  on  the  other  hand,  is  a  rather  strong  result.  ]  To  show 
that  this  is  the  case  we  first  derive  (iv)  by  using  <iii >  and  then  derive 
(iii)  by  using  (iv).   "  >     . ..  ■ 
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Derivation  of  (iv):  '  « 

(Bti)».[A-(^a)]  -  B  +  (a  f  [A  j  ( A  •4a)J)  .     ' ^    [Theorem  2VSfbj] 

.  -  B  +  <{(A  +  a)-  Ajl  [A-(A  +  a!j)  [Postulate  Z(b)f 

.   .        ./  -  B  *  (A  -  A)  •'  [Postulate  3] 

.♦'    -:  P  +  '<b  -  *)  ;    '     [(ui)]  . 

.   *  *  .   r  B  '-     '  .     .      [Postulate' a)] 

So,  by  Theorem  2-1,  A  -  (A_t  a)  -  B  -  (B  %  a). 
De rivation  of  (iii): 

B  ♦  (A  -  A)  -  B  ♦  {[(A  t  a*)  -  A]  +  [A  -  fA  ¥  a)])       [Postulate  3] 

B  *  <[(B  +  a)  -  B]  +y[B  -  (B  »  a)])    ^Postulate  2(b), 

'  /  (iv)] 

%         B  MB  -  B)  ^Postulate  3] 

"  B  ^        ~       #  .   [Postulate  2(a)] 

So,  by  Theorem  2-1,   A  -  A  -    B  -  B. 

Now,  an  even  more  surprising  result  becomes  apparent  if  we 
recall  Exercise  I  of  the  preceding  Part  F.    As  shown  there,  (iii)  is 
consequence  of  Postulate   3  ar\d: 

(v)  a  +  S  =  B  f  a 

In  other  words,   from  the  closure  of -T  under  compoaition'and  the  com- 
mutativity  of  composition  when*  restricted  to  members  of  T  it  follows 
that  the  identity  mapping  is  a  translation  and  {usiru^also  Postulate  V 
and  I ]  that  translations  have  translations  as  inverses. 

Put  in  another  way,  if  (v)  is  footed  as  a  postulate  then  (i)  and 
(ii)  are  not  "creative"  —  the  om*y  purpose  they  serve  is  to'intfbduee 
the  symbols,**  (y   and  In  view  of  this  loss  of  creativity  which  (i) 

and  (H)  suffer  when  (v)  is  adopted  as  a  postulate,  some  writers  would, 
in  this  context,'  style  (i)  and  (ii)  definitions.  Nevertheless,  the  origi- 
nal objection  to  calling  them  so  still  stands, 

-     In  view  of  the  strength  of  (v)  as  a  postulate,  it  is  worthwhile  to 
discover  its  geometrical  significance.    To  do  so,  note  that  by  Theorem 
Z-lt  (v)  is  equivalent  to:  * 

*ftd  that  thia,  by  Theoremr  2-5{b)  is  -equivalent  to: 

(a'+  a)         =  (A  f  S)f  a 

As  a/igure^will  show,  wh^t  this  says  —  in  geometrical  terrrrs  which 
have  not^as'yet  been  defined  —  is  that,  given  three  points,  A  +  a,  A, 
and  A  -Kb,  there  is  a  fourth  point,  D,  such  that  the  four  points,  in  the 
order  listed,  are  vertices  of  a  quadrilateral  whose  opposite  sides  are 
tfarallil  and  have  the  same  length.    A  familiar  theorem  about 'parallelo- 
grams now  suggests  that,  as?  a  potential  postulate,  (v)  is^  equivalent  to: 

(vi)      (B  +       -  (A  +  a)  =  B  -  A      [Compare  this  with  (iv)]  N 
J 
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Postulate  3  (twice ), 
(B  -  A)  +  (C>  D)- 


In  the  next  section  Ve  shall  adopt  (v)  as  a  postulate  and,  later,  it  will 
,turn  out  that  (vi)  is  a  theorem.    89,  to  check  the  'suggestiim  *t  will  b>e  '-' 
•sufficient,  heyV?  to  show ^h at  if  (yij  were  adopted  as  a  postulate,  (vi 
wdujd  be*a  theorem.    We  suggest  a  proof  [using  Postulate  Z(b),  "(vi), 

and  Postulate  2(b)]:  '  *«  ' 

=  ([D  +  (B  -  £)]  -  D)  +  ([C  +  '{B  -  A)]  -  [D  +*(B  -  A)])    [  . 

v  .  =  [c  +  {b-X)]-6  ■ 

\  k  £        *         =  (C  -D)+([C  +  (B- A)]-C) 

'  (C-D)+(B- A)  '    '  m  ■ 

4 

As  pointed  out  ifri^the  preceding  commentary  there  are  many  equiva- 
lent choices  for  our  fourth  postulate.    We  choose  the  particular  form 
given  in  the  text  because  it  may  be  restated  in  the  form  given  on  page 
13Q,*  This  restatement  permits  of  very  simple  lilodifications  to  include 
all  of  the  additional  postulates  which  we  shall  adipt  in  later  portions  of 
the  course.  *  1  * 

•   The  derivation  of  40(b)  which  is  mentioned  in  the  paragraph  which, 
follows  the  statement  of  the  postulate  is:  * 

A     a*4SeT  -a€T* 

t    *  — " — i  (Subst> 

a  +  -aL  =0         ,      a  +  -a  €"7 


(RRE) 


The  two  proofs  mentioned  in  the  paragraph  which  follows  the  one 
just  ref-eTrzd  to  are  given  blflow  in  the  answers  for  Exercise  1  of  Part 
A  and  Exercise  1  0*  ffh-t  B#   respectively.    The  explanation  concern- 
ing the  converse  of  (jfr'fc'^which  is  asked  for  amounts  to  recognizing  ; 
that  all  equality  principles  are  valid  sentences  and^ so,  are  theorems. 


1 
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*  3.02  A  Fourth  Postulate  K21- 

4 

Comparing  Theorem  3-3  with  Theorem  2.-2,  and  recalling  Theorem 
2 -^L-HPggests  that  there  is  another  .theorem  -.matching  up  with  the 
last  of  xltese.  There  is.  *  1 


II  Theorem  3>4   C  r-  'A^£  -  R    »  A  -•■  B 


Now  that  we  have  Theorem  3-3,  it  is  not  difficult  to  prove  theorem 
3-4.  A  little  later  we  shall  find  lots  of  use  fcjf  Postulate  4 

\  I  '  -••*". 

Exercises  \ 

Part  A  \  * 

.    1.  There  us  a  very  short,  proof  of  Theorem  3  -${a)J 

•     By  Theorem  3-l<a>,  A  +  V  -  A  if  and  only  if 
1  A  +  "!    A  f     Ry  Theorem  5-2  (and  Postulate  40(h)] 

A  +  a     i4  +  0:if  and  only  if  a  -  0*  So,  A  +  a  -  Alt 
and  only  if  a  ;  0* 

-.*.,»'  *  '  ^IJttin£  M"s  argument  i»»  tree-form  you  will  get  somdt&ng  like 
"  v  'his:       v.  ,  V  C 

[Th.  3-lia>)  •[valgaentence)   [Th.  2-2) 

(a)  .Write  out  the  tree-proof.  1 

(b)  Explain  why,  on  the  bbsis  of  the  rules  summari2&}^t  the  end 
of  Copter  2t  inferences  of  the  form:  • 


are  valid.  "* 
2^  A  longer  proof  of  Theorem  3-2(a)  involves  proving  its  impart: 

*    a^  o  — ♦  A  +  a  -  ^4  v< 

and  it§  only  if-part:  » 

?  '*  -  »  ■  »  — * 

-  1  4  +  a  -  A  — •  a  =  0 

.*  ,  , 
separately,  *  % 

(a)  Prove  the  if-part  by  an  argument  which'  begins: 

Suppose  that  a  -  0*  Since,  by  Theorem  3  -1(a),  .  .  .  , 

(b)  Prave  the  only  if-part  by  an  argument  which  begins: 

Suppose  that  A  +  cT  =  A.  It  follows  by  Theorem  2-1 
that .  .  .  ' 
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Answers  for  Part  A 

JVe  recommend  that  one  of  Exercises   1  and  ^  be  used  as' a  cfass 
exercise  .rather  than  for  hornej^oi-k.    The  reason  for  this  is  that  stu- 
dents* are  sometimes  annoyed  by  a  requirement 'to  produce  several  1 
proofs /er  one  £beore*m.    Such  activities  an1  best  treated  by  the  class 
as  a  whole.    Similar  comments  apply  to  Exercise  Bl. 

1.  (a)    [In  the  diagram,   students  should  replace  the  bracketed 

theorem-names  by_the  theorems  themselves,   replace  4  [valid 
sentence]'  by  *  A  +  a  ^   A  A  +  a  *   A*,   and  replace  4p\ 

'q\  and  '  r'  by  'Ala-   A' ,  *A  +  a  =   A  +  3' ,  and*  'a*  -  -0\ 
respectively.    The  validity  of  the  final  inference  is  the  subject 
of  part  (by.  ] 

(b)    Inferences  of  the  kind  in  question  are  valid  by  virtue  of  the 

replacement  rule  for  biconditional  sentences.    Such  inferences 
*   can  also  be  justified,  more  laboriously,  by  using: the  elimina- 
tion and  introduction  rules  for  <==>  and  the  rule  (Syll). 

2.  "(a)    Suppose  that  a  =JS.  -Since,  fay  Theorem  3-l(a),  A  +  fi  ■-  A  it 

follows  that  A  +  a  -   A.    Hence,  if  a  -  (J  then  A  +  a*-  A.  ' 

(b)    Suppose  that  A  +  a  It  follows  by  Theorem  2-1  that 

a  =  *.A  -  A  and,  so%by  Theorem  3-l(b),  that  a  =   (S:  Hence, 
if  A  +  a  =  A  then  a  -  3. 


> 
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122      THE  ALGEBRA  OF  POINTS  AND  TRANSLATIONS. 

■  '      ,       \  -    '  r 

(e*|IThe  only  if-part  of  Theore^n  3-2(a)  tells  you  th^  any  transta- 
*    tion  which  leaves*  some  point  fi*ed  is  0.  The  if-part  of  this  the- 
orem tells  you -just  as  Postulate  4„  does  — that  0  leaves  each 
point  fixed.. So,  tfct?  whole  of  Theorem  3-2(a)  formulates  one 
of  the  facts  about  translations  -which  are  summarized  on  pages 
47  and  48.  Which  3fe?  * 
3.  Prove  Theorem  3  -  2(b).  [Suggestions'  One  way  depends  on  noticing 
that  "Theorem  3-2(b)  is  aljliost  an  instance  of  Theorem  3-2ta). 
Another  is  to  note  that,  since  equality  is  symmetric,  you  may  as 
well  prove  A  -  B       0'    B  -  A\  What  early  theorem  does  this 
remind  you  of?] 

1.  (live  the  "shorter  proof"  of: 
A  +  a     B  +  c{  — *  A  ■■■  B 

which  is  suggested  on  page  120. 

2.  Prove  the  converse  of  (**).  i 

3.  Prove  .Theorem  3 -"4.  [Hint:  By  Theorem  2-1,  C  -  A  C  -  B  if 
and  only  if  B  +  tC  -  4>  --  C  (Now,  prepare  to  use  Theorem  3-3, 
by  using  Postulate  2(a). )1 


Part  B 


Part  C 


Prove; 


1.  a  +  c  b  +  c  — •  a  b.  [Hint:  Compare  with  Exercise  1  of 
PartB.] 

2.  c*+  a*  -  c*+  6*— ►  a  -  T[Hint:  Use  "Postulate  44.] 

3.  a  +  6  0*— *         t)\Hint  Use  Exercise  2  ]  , 
4. 

Theorem  3-5   (a)  — (S  -  A')  -  A  -  B 

(b)  -a* «  A  -  (4  + 

6.  to)  -a  +  a  --  0*  (b)  — a  =  a"  s 

7.  (rf)  a*  -  6*  — *  -a*  -  —6*  (b)  -a*  =  -6*  — *  a 

8.  -Sa  +  V)  =^-fe*  +  -a  [Hint:  Use  Exercise  3.]  ^  I 

9.  iA  +  a)  +  -a  =  A  [ifmf:  Them  is  a  proof  which  uses  Postu- 
late 4:v  and  there  is  a  proof  which  uses  Theorem  3-5{b).  Try; for 
both.] '  ^   ..  ^    _    .  ! 

10,  (A  +  a)  +  V  -  A  — -*  3*  -  -<T  Suppose  that  (A  +  x$  f  "2 

«  A.  It  follows  by  Theorems    ?  _and^  ?,  that  A  +  (a  •+)  *5 
=  A  +  o!  So,  by  Theorem    ?  ta  +t T=  o!  It  follows  by  Exercise 
?    that    ?  .  So,  since  equality  is  symmetric,  6  *=  —a.  Hence, 
•if  ...  .J  '  / 


3'! 
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2.  .(c)   *A  translation  which  leav'es  any  point  fixed  leaves  each  point 

*  fixed.    [This  is  (5)  on  page  47.    Another  formulation  of  (S)  is- 

'A  >  a  =   A         *B  4  a  -   B%  /  This  can  be  derived^from  the  only 
if-part  of  Theore45T*3-2<a)  And  art  instance  of  .the  if-ppCrt  by 
^     using  (SyU).  )v  -  *  ^  *  S. 

3.  Following  the  first  suggestion:  % 

*   By  Theorem  3-2{a),   A  J  (B  -  A)  =  A  if  and  only  if  B  -  A  ^3. 
So„  by  Postulate   2(a),  B  -  A  if  and  only  if  B  -  A  =  CL 

Following  the  second  suggestion: 

By  Theorem  2-1,  A         -   B  if  and  only  if  B  -  A.    So,  by 

Theorem  3-l(a),   A  -   B  if  and  only  if  3  =   B  -  A.     [Since  A  =  B 
Uf  and  only  if  B  *,  A,   and  (5  -   B  -  A  if  and  only  if  B  -  A  =   0,  it 
follows  [using  the  'replacement  rule  for  biconditional,  sentences]  3 
that  B  -  A  if  and  only  if  B  -  A  =  "3.  ] 

Answers  for  Pa_rt_jB_  / 

1.  Suppose  that  Af  a  ~   B_+  a.    It  follow  s^[since  ( A  +  a)  +  -a '  = 

(*A  +  a)  +  -a]  that  (A  +  a)  +  -a  =   (B  +  a)  +  -a  'and  so^-by  Theorefn 
2-5(b),  that  A  +  (a  +  -a)  =  B  +  {a  +  -a),    So,  by  4S,  A  +  0  -  B  f  0 
and,  by  Theorem  3- 1(a),  A  -  B.    Hence,  if  A  +  a.  =  B  then 
A  f   B.  ' 

2.  Suppose  thkt  A  =   B.    Since  A +.  a  -  A  i  a  it  follow s^ that 
A  +  a  -  ST V  a.  ,  Her>ce,  if  A  =  B  then  A^+  a  =   B  +  a 

3.  By  theorem  2*1,  C-A'»C-Blf  and  only  if  B  +  (C  "  A)  =  C.  0 
Since;  by  Postulate  2(a),   C  =  A  +  (C~-  A)  it  follows  that  ,C  -  A  * 
C  -  B  i£  and  only  if  B  +  (C  -  A)  =   A  +  (C  -  A).    By  Theorqm  3-3, 

#B  +  {C  -L  A)  =  A  4  (C  -  A)  if  and  only  if  B  -  'A  —  that  is,  if  and 
only  if  A  -   3.    So,  Cv-  A  =  C  -  B  if  and  only  if  A  =  B. 

Answers  for  Part  C 

"[The  theorems  of  Exercises  1*  2,  3,  5,  6,  1 ,  8  are  obviously 
analogues  of  theorems  concerning  real  numbers  and,  in  view  of  4g  -  44, 
can  be  proved  just       th£  latter  are  proved  in  algebra  courses.  Although 
tney  are  important  and  useful,  we  shall  not  assign  numbers  to  such 
theorems.    (See  $age  126.)  It  is  not  necessary  that  each  student  derive 
each  exercise  in  PafVt  C.    The  more  important* derivations  are  for 
Exercises  4,  9,   10,  and  U.]  ^-  4 

1#     Suppose  that  %  -f  c  -  S  *  c •    It  follows^  {since  (a  t  c)  +  -c  = 

(a  +  c)  \  -c]  that  (a  +  c )  +  -c  ~  (8  +  c )  +  -c  and  so,  by  4X,  that 
a  +  {c  +  ~c)  -  8  +  (c  +  ~c)u  So,  by^  4?l  a  +  3  *  t  +  3  and,  by 
42,  a  He*ncef  if  a  -f  c  =  b  ^  c  then  a  =  b. 

2.     By  44,  c  +  a  5  a  +  ?  and  cN-  ^ S  +        So,  'by  the  result  of  , 
Exerfcise  1,  if  ?  + a,=  c  +  S  then'  a  =  %4 

[Although  this  need  not  concern  your  students,  it  is  interesting  to  ^ 
note  that  4Q  -  4§,  alone,  imply       4  a  a  a*  and  '-a  +  a  -  ft,  So, 
44  is  not  needed  as  a  basis  for  the  result  of  Exercise  2,    For  an 
expansion  of  this  remark  see  the  commentary  for  page  293  of  ^ 
High  School  Mathematics,  Course 
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3/    By  Exercise  ^       a  4-  g  r  a  *  -a  then  fi  =   -2.    So,  by  4,,,  if 
a  ♦  S  =  fr  then      *  -2  _  that  Uf  ^  £  y  ^' 

[In  the  proofs  given  in  answer  to  Exercises  2  and  3  the  desired 
4  results  have  been  derived  directly  from  instances  of -those  of  Exercises 
1  and  2,   respectively,  by  using  the  replacement,  rule  for  equations. 
For  example,  the  latter  proof  in  tree-iorm  is: 

c  +  a  -  c  +  b  =>  a  =  b 

*        ^     ^      ^   1   (Subst) 

.     a  ♦  -a  =  0       ,a  +  b=aM^^-a  f' 

 =7^  "  "  Z  -(RRE) 

,   1  a  *  b  -  0         u  -y-a 

Here  i»  a  less  efficient- met  hod  of  proof  y^nTch  students  may  suggest; 

+     ^Suppose  that  a  +  S  =  .(J.    Since,  a  +  -a^  3^ it  follows  that 
a  +  b  s  a  ♦  -a.    Since,  -  by  Exerciser  2,  if  a  +  S  -  a  i-  -a  then 
b       -a,  it  follows  that  b  -    -a.    Hence,  if  a '+  b  =  (5  then 
b  -  -a. 

There  is  nothing  wro^g  with  this  proof  other  than  its  inefficiency,  But, 
it  is  well  to  learn  to  use  both  replacement  rules  as  effectively  as  pes-  ' 
Bible.    The  lesson  to  be  learned  is  that,   since  replacements  may  be 
made  in  arbitrary  sentences,  it  is  not  necessary  to  break  a  sentence  up 
into  smaller  sentences,  thevn  make  the  replacement,  then  put  the  sen- 
tence back  together  again.    This  is  rather  like  taking  off  one's  shoes, 
then  washing  one's  face,  then  putting  the  shoes  back  on  —  all  juBt  to 
get  one's  face  washed  ]  t  ^| 

9 

4.  (a)    By  Postulate  3,  (P  -  A)  +  (A  -  B)  -  A  -  A  which,  by, Theorem 

3 -1(b),  -  0#(  §o.  by  [an  instance  of]  the  theorem  of  Exercise  3. 
-(B  -  A)  =  A  -  B. 

(b)    By  Postulate  2(b),  a  >  [A  -  (A.+  a)]  =  [(A  +  a)  -  A]  + 

[A  -  (A  +  a)], which,  by  Postulate  3,    -  A  -  A  and  so,  by 
Theorem  3-l(b),^=  0.    So,  by  [an  instance  of]  the  theorem 
of  Exercise  3,   -a  =  A  -  (A  +  a),  ■ 

[Hefe  is  ah  alternative  proof:   By  Theorem  .Z-l,\ 
~a  ~  A  -  (A  +  a)  if  and  only  if  (A  +  a)  +  -a  -  A.    But,  by 
Theorem  2-5(b),  4^,  and  Theorem  3-l(a),  (A  +  a)  +  -a  = 
A -+  (a  +  -a)  =  A  +0  =  A,    Hence,  -a  -  A  -  (A  +  a).  ] 

5.  By  42\  3  *  <J  =  ft,    By  Exercise  3,  if  ft  +  (J "  =  t  then  -<5  =  (J. 
 Hence,  ^5  -  O.  —         .  .  : 

£>.     (af  [By  4S  and  an  instance  of  44.  ] 

(b]    Since,  by  part  (a),   ^aVa  =  <J  it  follows,  by  an  instance  of 
the  result  in  Exercise  3  that  --a  =  ?  a.  " 

7„     {a>    [THfe  simplest  j>roof  is  like^hat  of  any  equality  principle.  Use 
the  valid  sentence  '-a  =  -a*  as  a  premiss*    For  kicks,  the 
result  may  aUo  be  derived  by  using  the  instance  4a  +        -  <5 
■s*    -a  -   -fr  of  the  result  of  Exercise  3.    From  this  and  4* 
it  follows  that  if  a  +  -4>  =  b  +  -g  then  -a  =  -S,  But/if 
a "«  b  then  a  i  -5  =  g  +  -g.    Hence,  if  a  =  S  then  -a  ="  -b\] 

(b)    %  [an  instance  of]  {a),  if  -a  -  ~S  then  '--a  =  ~-t>.    So,  by 
p^rt  (b)  of  Exercise  6,  if  -a  =        then  a  ■  £,  , 
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(a  +|)  +  (-6  +  -2)  *J(S  +  b)  +  -S]  *  -a  =  [S  +  (S  +  4-  -a  % 

(a  +  0)  +  -a  -  a  +  -a  =   0»  [by  4,   (twice),  4„,  42,  and  4,1.  So, 
by  the  result  of  Exercise  3,   -(a  +  B)  =   -b  +  -f. 

[Notice  that  this^result jdoes^not  depend' on  44  .    The  more  familiar 
theorem  k -*(a  +  b)  =   -a^f  -b'  does  depend  on  comxnntativity,  ] 

[The  proof  using  <4S  is  given  in  the  alternative  answer  for  Exercise 
4(b)v   Using  Theorem  3 -5(b)  one  could  argue  as  follows; 

It  follows  by  Theorem  3-5(b)  that  (A  +  a)  +  -a  - 

(A  +  a)  +  [A  -  (A  +  a)]  which."  by  Postulate  2(a), 

=   A.  *  ,  t 

There  is,  of  course,  nothing  odd  in  the  fact  that  either  of  two 
theorems  —  in  this  case,  the  result  in  the  present  exercise  and 
Theorem  3-5(b)  —  can  be  used  in  "proving"  the  jj'ther.  Wh;ch* 
°f  B%e  Uvo  arEuments  roay  he  accented  as  a  proof  of  its  conclusion 
dep^rnds  on  which  result  .happens  to  be  proved  first.    For  pnly 
theorems  which  have  been,  "previously  proved"  may  be  used  as 
premisses  of  proofs,  ] 

[The  required  theorems  and  exercise  are  2- 5(b),  3fl^a)/*^-2,  and 
3,  By  the  same  techniques  references  to  points  carl  be  introduced 
into  other  of  the  preceding  unnumbered  theorems.  For  example, 
using  Exercise  7(b)  it  is  easy  to  derive  4  A  +  -a  =  A  +  "  V 

and,  /bnce 


subtraction  is  introduced  in  the  next  section,  to  derive 
4  A  -  a '  =  A  -  S  =S>  a  =  £\  ]  '  *" 


a  =  t 
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ii. 

II  Theorem  3-6   (A  +  a)  ■+  b  ■  A>+-*V  -a 

•  ■    '    ■      7       ■  . 

3.03  Subtraction 

It  is  convenient  to  define 

subtraction  of  translations  from  points, 
and  subtraction  of  translations  from  translations, 

in  ways  that  are  analogous  to  the  way  that  subtraction  of  real  nuifrbers 
is  defined. 

Definition  (a)  A  -  a  *  A  +  -a 

<         tb)  a     6     a  +  —6 

(a)  A  -  a  is  the  ima^e  of  A  under  the  inverse  of  a.  _^ 

(b)  is*  -  6  iS  the  resultant  of  <f  followed  by  the  inverse  of  h. 

I^ot  us  summarize  the  various  ways  that  the  symbols  ?+'  and 
are  being  used  in  this  algebra  of  points  aftd  translations: 

(1)  Subtracting  a  poir^t  from  a  point  gives  a   ~: 

B  -  At _ _  . 

(2)  Adding  a  translation  to  a  point  gives  a  :    *  — * 

A  4,C€-   — 

(3)  Adding  a  translation  to  a  translation  gives,  a  — . ^ ...  JL  : 

a  +  b  €  !  

^  ■  — » 

(4)  The  inverse  of  a  translation- is  a   ~:  -70  €  - 

(5)  Subtractings  translation  from  a  point  [or  from  a  translation] 

the  same  as  adding  the  inverse  of  the  translation  to  tlie  point 
[or  to  the  translation]: 

*    *  — *  _ — +  ■ — * 

A  -  a  -  A  + o ■  -  b  =  a  + 

It  may  also  be  worthwhile  to  note  somdof  the  ways  that  the  symbols 
'+', and  '-,  are  not  being  used  in  this  algebra: 

Meaningless  expressions:  . 
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11.     After  Exercise  10,  all  that  remains  is^to  prove  the  q on ve rse  <ti  the 
result  in  that  exercise.    Suppose  that  V  -  -a.    It  follows  that 
4      (A  +  a)  +  S  -  (A  +  a)  +  -a.  -   A  +  (a  4- .-a)  =  A_  +  0  =  ^A  [by  Theorem 
2-r5(bJ(  4a,  and  Theorem  3-l(a)].    Hence,  if  S  =  -a  then 
(A  +  a)  +  b  =  A. 

As-  remarked  earlier,  our  emphasis  on  the  rules  of  logic  which 
constitute  the  formal  basis  for  proofs  is  for  the  purprfse  of  giving  stu- 
dents confidence  in  the  validity  of  informal  arguments.    So,  for  example 
the  answers  we  haVe  given  for  exercises  have  become  less  formal,..  ^ 
There  is  another  kind  of  formality,  which,-  for  brevity,  we  shall*  ad heVe 
to  but  which  need  not  be  imposed  pn  students.    This- is  the  use  jof  arbi- 
trary and  nond^scriptive  names  —  such, as  *  Theorem  3-l(a)'  —  for  * 
theorem^.    When  such  references  are  scattered  through  a  proof  they 
can  be  an  .annoying  distraction  to  a  reader  who  sees  what  is  going,  on. 
Even  when  grouped  together,  as  in  the  answer  given  above  for  Exercise 
11,  they  are  an  unnecessary  annoyance  to  one  who  is  not  quite  sure 
what  statement  was  labelled,  say,  'Theorem  3-l(a)'  —  and  is  qvjite 
sure  that  it1  s  an  imposition  to  be  required  to  remember  this.    On  the 
other  hand,  students  do  need  tq  have  some  check  imposed  on  them  to 
prevent  irresponsible  activity  directed  merely  toward  reaching  the  , 
correct  answer.    One  Solution  to  this  problem  is  to  write  the' ^theorems 
used  in  a  proof  as  footnotes.- 

The  blanks  should  be  filled  in  as  follows: 
( 1 )   translation;  T 

(Z)   point;   £  <i  * 

'(3)    translation;   T  " 

(4)  translation;   T  ' 

(5)  -a;    -b  .  :  ,  '  '  . 

-*  Sample  Quiz 
*li     Write  a  paragraph-proof  of  the  following;  '* 

(*)      .  A  -  %  =  A  -  c         t  -  c 

2.     Write  the  converse  of  (*(<)■ 

3, .    Draw  a  picture  of  a  counter-example,  or  write  a  paragraph-proof 
of  theZcohverse  of  f>KT-  ~  ~  ,  "~ 

4#     Prpve  that  -(A  -  B)  =  B  -'A... 

Answer^  for  Sample  Quiz  , 

1,  Here  is  a  sample  paragraph-proof  of  ): 

*  Suppose  that  A  -  5  =  A  -  c .  '  It  follows  that 

A  +  -lo  =  A  4  ~c  so  that  <A  +  -S)  -  A  ='  (A  +  -c)  -  A. 
Thus,^-b_^  -c  so  that  b  =  c,    Hence,  ifA-D  =  A-c 
*  then  5  *  c. 

2.  The  converse  of  (*><)  is:  ■  % 

$  -  c  =»a>  A  -  6.-'  A  -  c 
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Exercises 


Part  A 


Let  Q  P  +  a  and  R  -  Q  f  A*as  in  the  fig- 
ure at  the  ritfht.  Complete  each  of  the, fol- 
lowing by  filling  the  blanks  with  *P\  'Q\  7f\  or 
'() .  (The  first  exercise  has  been  completed  as 
a  sample.  | 
1.  a  +  h  =  R  -  P 


3.  Ha  +  h) 
5.  (/'  +  a*> 


+  6 


7. 

9.  «  -  a 

ii.  &-  . ... . 

13.  g   «  - . 

15.  (Q  -  P) 


i.H  -  Q) 


2.  ~b  -  a   -  

4.  -iR  -  />)-    ,  - 

6:  P  +  ia%  6*)  - 

8.  P  +  la'-  a)   

10.  ^  -  Q  -  

12.           +  6*  /f 

14.  Q  R  -  (_.._  -  .__.) 
16.  (/>  -  Q)  +  {Q  -  tf) 


17.       +  a\  ■+  (6*  -r  «*)  =   

19.  [Q  -  la  -  6)|  +  a  -  


18.  |Q  +  <a  +  6l|  -  a* 
20.  Q  +  ti  -  _ 


P*rtB 


1.  Mark  thret^noncol linear  points  A,  B,  and  €  and  draw  arrows  from 
C  to  describe  the  translations  A  -  C  and  B  -  C.  1 

2.  Draw'an  arrow  from  B  to  describe  the  inverse  of  A  -  C  [that  is,  to 
describe  -(/I  -  C)\.  * 

3.  Using  your  ruler  only  as  a  straightedge,  draw  arrows  to  describe 
(a)  (fl  -  C)  —  (>4  -  C)  (b)  B  -  A 

4?  Prove; 

II  Theorem  3-7   (fl  -  C)  r  iA  -  C)  =  B  -  A 

\Hint:  By  Definition  3jj  ),  (B  ♦«  C)  -  (A  -  C)  =  ?  So,  by  Theo- 
rem 3-5(a),  (5  -  C)^SS  -  O  m  ?  So,  by  Postulate  4„.  .  .  .] 

3.04   Postulate  4  and  Definition  3- Kb) 

/ 

At  ihis  stage  in  developing  our  algebra  of  points  and  translations 
we.  Have  some  postulates  which  refer  explicitly  to  points  [Which  are 
the>?l  and  some  which  deal  only  with  translations.  These  last  are  the 
of  Postulate  4.  We  also  have  a  definition  which  deals  only  with 
siations. 

(b)  "0*6  ,r    .    (C)  -0*6  ,/  ■ 


4p.  (a)  a  +  b  e  J 
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3.     Here  is  a  sample  paragraph-proof  of  the  converse  of  (>J<  ): 
Suppose,  that  J?  -  c.    Since   A  -  b  -  A  -  S,  it  v 


follows  that  A  -  h 
A  -  t  =  A  -  9. 


c.    Hence\   if  b       c  then 


Here  is  a  sample  paragragh-proof : 

We  know  that  if  ( A     B)  +  ( B  -  A)  =   (J  tHcn* 
-(A  -  B)  --    B  -  A.    Since  (A  -  B)  +  (B  -  A)  -   B  -  B 
it  follpws  that   -(A  -  B)  =   R  -  A.  , 
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1. 

R, 

P  ' 

2.    P,  R 

3. 

P,  R 

4. 

P, 

R  ' 

6. 

R 

7.    P    ,  . 

8. 

P 

9. 

5 

•  11. 

R. 

Q 

12.  Q 

13. 

14. 

R, 

Q  [or 

*15. 

R, 

P 

U>.    P,  R 

.  17.  R 

18. 

R 

19. 

Answers  for  Part  B 

1 — ■  ti 

1,  2,3.    The  students  should  have  a  diagram  something  like  thit 

-(A  -  C)  _ 

(B  -  C)  -  (A  -C) ' 


5.  R 

io.  (5 

s,  d] 

20.  R 


4..  ia  +  £)  +  c* -  a*+  (6*  +  cl 
44.     +  0  ~  a  ^ 

Def.  3- Kb).  7~  b=^+  -V 


4.      By  Definition  3-l(b),   (B  -  C)  -  (A  -  C)  =  (B  -  C)  +  -(A  -  C)  So 

by  Theorem  3-S(a),   (B  -  C)  -  (A  -  C)  =  (B  -  C)  +  (C  -  A).    So    by  ' 
•     Postulate  4      (B  -  C)  -  (A  -  C)  =  (C  -  A)  +  (B  -  C).    Hence,  by 
Postulate  3,  J(B  -  C)  -  (A  -  C)  =  B  -  A. 

V 

a  ?hC  PfBtulate 5  whlcH  refer  explicitly  to  points  are  Postulates  1,  2, 
and  3.    These  postulates  show  how  translations  act  on  points.    All  our 
remaining  postulates  will,  like  the  parts  of  Postulate  4,  make  no  refer- 
ence to  points.    [Exceptions  to  this  statement  are  various  definitions  of 
geometric  figures.  ]   This  dichotomy  is  one  of  the  important  character- 
istics of  this  development  of  geometry.    Geometry  is  seen  as  the  theory 
of  how  a  set  T  of  mappings  which  itself  has  a  certain  structure  operates 
on  a  set  £  -of  points.   How  the  mappings  operate  on  points  is  described 
in  our  first  three  postulates;  the  later  postulates  describe  the  structure 
of  the  set  of  mappings;  the.  definitions  referred  to  above'lmpose  a-  struc- 
ture  on  C  analogous< to  the  structure  of  T.        A  ,, 

The  purpose  of  the  present  section  is  to  firm -up  the  analogy  be- 
tween addition  of  translations  and  addition  of  real  numbers  which  stu- 
dents will  have  discovered  in  dding  the  exercises  of  Part  C  on  page 
This  analogy  is  generalized  in  section  3.05. 
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a  %  3*04  Postulate  4  and  Definition  8~l(b>  125 

In  your  previous  study  of  the  algebra  of  real  nupibers  you  have 
probably  come  across  similar  sentences:  y 
+  b)  +  c     a  +  (6  +  c) 
<ii>         a  +  0  •  a' 
i  iii)        a  v  — a  :  0 

(iv)  a  +  6  -  b  Ma 

(v)  *     a  +  b     a  + b 

Depending  on  how  algebra  was  developed  in  your  course,  you  may  or 
may  not  have  seen  sentences  analogous  to  those  in  Postulate  40* 

(o)    (a)  a  *  he./?       ih)  0e,>?       Ic)  -a€.# 
Also,  instead  of  usiug  variables,  as  we  are  doing,  to  express  general- 
ities, you  may  have  used  quantifiers.  [For  example,  instead  of  using 
fa  +  b  =  6  +  a   to  express  the  commutativity  of  addition  of  real 
numbers,  you  may  have  written  V^V^  x  +  y.=  y  +  x\] 

You  will  also  have  learned  that  the  properties  of  addition,  0,  opposit- 
ing,  and  subtraction  which  are  stated  in  (i)-(v)  are  in  some  sense 
basic  ones.  From  these  sentences  it  is  possjjblefco  derive  a  great  variety 
of  others.  In  fact,  "most"  true  sentences  about  the  real  number  0  and 
about  addition,  oppositing,  and  subtraction  of  real  nuinbers  are  conse- 
quences of  sentences  (i)-<v).  [One  which  isn't  is  ra  +'a  -  0  — *  a  =  0\ 
Others  which  you  wouldn't  expect  to  be  are  sentences  like  '2+2  4' 
which  deal  with^special  properties  of  particular  real  numbers.]  As 
an*  example,  you  might  derive: 

(a  -  by  +  .b  =  a. 

from  fi)-fv)  as  follows: 

(a  -  b)  +<h  =  (a  +  -6)  4-  b  .  '  [by  (v)] 
(a  +  -b)  +  b  =  a  +  (-6  +  6)      [by  (i)] 
a  +  (-6  +  6)  ~  a  +  (b  +  -6)      [by  (iv>3 
a  +  (fc  +  4)  =  a  +  0  [by  (iii)]  ' 

a  4-  0  *  a  .  '  [by  (ii)J 

So,  (a  -  b)  +  h  -  a. 

[The  comment  'Iby  (v)]\  for  example,  refers  to  the  fact  that  the  infer- 
ence: 

a  -  b  =  a  +  -b  .(a  -  b)  +  b  =  (a  -  b)  +  <b 
(a  -  b)  +  b  *  (a  +  -6)  +  b 

is  yalid  (By  what  rule?),  and  tKat  its  first  premiss  is  an  instance  of  (v), 
its  second  premiss  is  a  valid  sentence,  and  its  conclusion  is  the  sen- 
tence in  question.  Whether  or  not  you  require  principles  like  those  in 
(o)  depends  oh  whether  or  not  you  insist  on  being  able  to  prove  that 
sentences  like /(a  -  6)  +  b  ■«  (a  -  b)  +  b*  are  valid  sentences,] 
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You  can,  if  you  wish,  show  that  4a  +  a  =  0  =>  a  =  0'  is  not 
deducible  from  ('o)-(v)  by  giving  a  different  interpretation  tq  these  sen- 
tences —  one  in  which  (o)-(v)  are  still  true,  but  the  sentence  in  ques- 
tion is  false.    One  such  is  to  take  for  ft  the  set  whose  members  are.  the 
^two  properties  odd[ness]  ana(even[ness ]  of'real  integers,  and  take  %0% 
as  a  name  for  the  latter  property.    Then,  recalling  that  a  sum  of  two 
odd  numbers  is  even,  etc,  ,  it  is  natural  to  define  addition  in  tAe  set 
{odd,  even}  by:  '  *  \ 

even  +  even* =  even,  even  +  odd  =  odd,  . 

rt      *  oc*d  +  even  =  odd,       odd  +  odd  =  even 

Define  Q^positing  by:        d  . 

-even  =  odd,     -odcl  "  even 

and  define  subtraction  so*that  (v)  is  satisfied.    It  is  now  easy  to  show 
that  (o)-(iv)  are  al,so  tmie  but,  since  odd  +  odd  =  even  -  0  and  odd  *  0, 
»a  +  a  =  0  ==>  a  =  0'  is  not,    [You  might  note,  in  contrast  to  this  last, 
that  'a  +  a  =  a         a  -  0'  is  true.    In  fact,  it  has  to  be  because  it  is  a 
consequence  of  (o)-(v).  ] 

In  order  for  sentences  like  '  2  +  I  -  4'  to  be  theorems  we  need  to 
add  some  additional  postulates.    Ptft  example,  we  might  add  a  new  part 
to  (o): 

led  ■ 

and  we  might  then  add  definition^,  *  2  =   1  -f  l1 ,  1 3  =  2  +  1 ' ,  1 4  =  3  +  1', 
etc*  . 

The  rule  of  logic  asked, for  in  connection  with  the  displayed  infer- 
ence is  the  replacement  r^ulm^for  equations. 

The  quick  way  to  obtain  a  proof  for  k(a  -  B)  +  B  =  a*  is,  of  course, 
to  write  arrows  over  the  letters  in  the  given  proof  of  the  analogous 
theorem  for  real  numbers.    [Th«  comments  ramld  be  not  quite  right  — 
for  example,  Mv)'  should  be  changed  to  'Definition  3(b)'  —  but,  these 
are  comments  on  the  proof  rather  than  a  part  of  it.  ] 
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It  is  probably  obvious  that  there  is  now  a  very  easy  way  of  showing 
that  the  following  sentence  about  translations: 

i  t 
h)  f  h*=  a 

.is  a  consequence  of  postulate  and  Definition  3- Kb).  If  you  were 
allowed  io  write  in  this  book,  how  could  you  show  this? 

On  the  basis  of  this  example  it  is  easy  to  generalize  as  follows: 
Given  'any  sentence  about  refcl  numbers  which  can  be 
derived  from  the  sentences  (oH(v),  the  corresponding  sen- 
tence about  translations  can  be  derived  Un  exactly  the  same 
way!  from  4„-44  and  Definition .3- Kb). 

In  your  study  of  the  algebra  of  real  numbers  you  may  have  called 
(v)  a  postulate,  or  you  may  have  called  it  a  definition  of  subtraction. 
As  the  sample  proof  we  have  just  given  shows,  it  doesn't  matter  at  all 
which  you  did.  Definitions  and  postulates  are  used  in  exactly  the  same 
ways.  In1  fact,  a  definition  is  just  a  special  sort^of  postulate.  What  is 
special  about  a  definition  ft  that  it  merely  introduces  a  new  way  of 
saying  things  whidvyou  can  say  already.  In  theory,  you  can  get  along 
without  any  definitions.  In  practice,  it  doesn't  work  otit  that  way. 
Think,  for  example,  of  the  inconvenience  of  writing  f  i  every  tiftoe 
you  would,  now,  write  f~';  or  of  the  inconvenience  of  writing: 

a  four-sided  figure  whose  angles,  are  right  angles  and 
whose  sides  are  congruent 

instead  of  'a  square*. 

Since  definitions  are,  really,  postulates,  and  since  a  theorem  is  a 
sentence  which  is  a  consequence  of  our  postulates,  any  consequence 
of  our  postulates  and  definitions  is  a  theorem.  [The  phrase  'postulates 
and  definitions'  is  just  a  redundant  way  of  saying  'postulates'.  ]  Con- 
sequently, 

giveri  any  sentence  about  real  niimbers  which' can  be  de- 
rived from  the  sentences  (o)-(v),  the  corresponding  sen- 
tence about  translations  is  a  theorem  of  our  algebra  of 
points  and  translations. 

All  at  once,  we  have  an  abundance  of  theorems.  [You  have  already 
proved  some  of  them  in  Part  C  on  page  122.  Of  course,  not  ail  the 
theorems  you  proved  there  are  of  this" special  kind.]  Since,  from  your 
previous  study  of  algebra  you  probably  have  a  good  idea  of  what  can 
be  deduced  from  (o)-(v),  we  shall  not  list,  or  assign  numbers  to,  any 
of  the  theorems  which  are  consequences  of  Postulate  4  and  Definition 
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If  you  have  time,  you  should  get  students  to  recall  the  1 -translations 
of         which  were  discussed  in  section  1,02.    These  are  the  prototypes 
of  the  translations  we  have  beun  studying  and,  with         for  *£\  4Q  -  44 
and  Definition  3-l(b)  'are  obviously  satisfied  when  the  operators  are 
interpreted  as  we  do  interpret  them  for  translations.    On  the  other  hand, 
there  is  an  obvious  one-to-one  correspondence  between  translations  of, 
ft  and  real  numbers,  under1  which 

the  translation  x      x  +  a  corresponds  with  the  real  number 

In  this  correspondence,  the  translation  5  corresponds  with  the  real 
number  0,  the  inverse  of  a' translation  corresponds  with  the  opposite  of 
the  number  which  corresponds  to  the  translation  itself,  and  the  number 
corresponding  with  a  resultant  of  translations  is  the  sum  of  the  numbers 
corresponding  with  the  translations  themselves,    [We  say,   then,  that 
the  correspondence  is  an  isomorphism  between  the  addition -oppositing 
structure  on  the  set  of  real  numbers  and  the  composition-inve r sing 
structure  on  the  set  of  translations  of  ft.  ]    Because  of^his  correspon- 
dence, there  is  a  complete  analogy  between  the  addition-oppositing  * 
properties  of  real  numbers  and  the  compositiori-inversing  properties  of 
translations  of  Rm    More  precisely,  to  each  true  statement  concerning  A 
addition  and  oppositing  of  real  numbers  there  corresponds-  [in  the  obvi- 
ous way]  a  true  statement  about  composition  and  inve rsion  of  transla- 
tions of  £f  and  vice  versa. 

As  the  algebra  of  translations  is  further  developed  in  later  chapters, 
we  shall  see  further  analogic s.  between  this  algebra  and  that  of  the  real 
numbers,  * 


TC  127  (1) 


Answers  for  Part  A 


1,  2,  3V  4,  7,  8,    10,    \Xt   \zt   \4t  and  15  are  consequences  of 
Postulated  and  Definition  3-l(b). 

6,  9,  13,  and  16  are  false,  and  so  cannofrbe  consequences  of  our 
postulates.    5t  although  true,  is  a  consequence  of  Postulates  1 ,,  2,  and 
4  and  Definition  3-l(b),  and  therefore  is  not  a,  consequence  of  Postulate 
4  and  Definition  3-  1(b)  alone. 

Here  are  proofs  for  the  trufe  sentences  in  Part  A.    Again,  it  is 
not  necessary  for  each.  student <k>  ail  oi  these  derivations. 

Proof  of  1.    3+a  =  a  +  3  =  a.    [by  Postulates  4Q{a),  4Q(b)f  4., 
and  42]  * 

*  Proof  of  2.    (a>  S)  +  ?  =  I  4  (bt  +  c)  =  a  +  (c  +  £}  =  (a  +  c )  +  S. 

Proof  of  3.    Suppose  that-  c  +  b  =  a.    Since  a  "+  -b  =  a  +  -S, 
W)  =  a  +  -b.    Since;  (c  +  6")  +  -b  =  c  +  (S  +  -J&)  = 

c  +  0  =  c  and  a  +  -b  =  a_;  b,  _it  follows  that  c  =  a  -  b\ 
Hence,  if  c  +  b  =  a  then  c  =  a  -  S. 

fTTlc*  +  S>]  +  3  =  [it  +  c)  +  Sj  +  3  =  it  +  ?)  +  (6  +  3). 

Proof  of  5,    (A  4  6*)  +  c  -  A  +  (b*  +  c)  =  A  +.(c  +  S)  =  (A  +  c)  +  B*. 
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3  -  Kb)  alone.  Except  when  you  are  asked' to  prove  such  a  theorem  you 
may  merely  write  down  #ny  one  youjhappen  tg  need  and  comment 
/[Postulate  41\  (Doing. <thls  does,  however,  commit  you  to  proving 
the  theorem  in  case  you  are  asked  to.  | 

Exercises 

v  * 

Part  A 

'Which  of  the  following  sentences  are  consequences  of  Postulate  4 
and  DefinttiojJ  3- Kb)? 

1.  Ot  a  -  a'  , 

2.  (a  +  b\  f  V-  (a'V  c)  +  b 

3.  c  *>  6  -  a        C  ==  a  -  o 

4.  (a*  +  6*)  +■  U;<  *  of)  -  (a  +  d  +  <6  +  t/> 

5.  (A  +■  6*)  f  c*=  l>4  ♦  c)  +  6 

6.  a  -  (o  -  v\  =*  a  ~  h  —  c,  -  j 

7.  a  +  a  =  a  ~*  a  -  0  , 

8.  (a  -  6')     c;*---  (a*  -  vS  ~  b*  . 

9.  a*  f  6"  -  0*  — ►  a  =  6* 
10.  la  -  b)  -  (<P-  </)  =  (a  -  f)  -  (6*  -  c/) 

'  11.    0     0*  % 

12.  (a  -  ti)  f  <c#-  "5)  =  fa  +  *<:)  -  (V  +  <7) 

13.  a  +  6*  =■  0  — •  fa  -  (f  and  6'  =  0) 
^           14,  (a  -  6)  -  ft"-  df)  =  (a  4-  J)  -  (7  +  6*) 

-15.  <a*-  e) .  -  (7T-  c5  =  a 
16.  la  -  cl  ^  (6*  -  "c$  -"a  +  </  s 


PartB  '  '     l  .  . 

By  Postulate  1(a),  tne  tentence: 


v 


-  A%J(B  - 


(*}  \C  -  A)\rJ(B  -  C)  -  (B  -  C)  +  (C  -  A) 


is  a  substitution-instance  of  Postulate  4,,  So,  {*)  is  a  consequence  of 
Postulate  44.  With  this  example  in  mind,  tell  which  of  the  following 
sentences  are  consequences  of  Postulate  4  and  Definition  3 -Kb), 

1.  (a  +  {B  ~  C)]  -  (B  -  O  =  a     2.  -HP  -  Q)  ~~a]  ~~a  -  {P  -  Q) 
3.  (A  -  B)  +  a  «  U  +  o}  -  i?      4.  [S  +  (i?  -  S)J  +_(S  -  fl)  mR 
5.  A  ♦  KB  -  A)  -  ~a\  =  B  +  a      6.    +  [(£  -  A)  -  a}  =  B  -  4 
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Proof  of  7.    Suppose  that  a  +  a  -  a.    Since  a  +  -a  =  6,  it  follows 
that  {a  +  a)  +  -a  =  (5,  "Now,  (a  +  a)  +  -a  =  a  +  (a  +  -a)  = 
a  +  U*  =   a,  so  that  a      3.    Hence,  if  a  +  a  -  a  then  3=0. 

Proof  of  8.    (a  -  3)  -  3  =   (a  +  -3)  +  ~3  -   a  +  (-3  +  -c )  = 
a  +  (-3  +  -3)  --    (I  +  -c)  +  -S  =  {a  *  ?)  -  b. 

Proof  of  10.    (a  -  b)  -  (c«-  3)  -  (a  +  -S)  +  -(c  +  -3)  =  '(a  +  -S)  + 
i-c  +  --3)'=  [(a  +  -S)  +  -?].+  --3  =  [a  4>  -3)]  +  ~-3.= 

[a  +  (-c  +  rS)]  +  — 3  =  [(a  +  -c)  +  -Cl  +---3  -  (a  +  -c)  + 
<-S  +  --3)  =  (a  +  -c)  +  -<S  +  -d)  --  (a  -  c)  -  {$  -  3). 

Proof  of  11 .    We  know  that  if  a  +  t  -  13  then  -a  =  %  and  that  .' 

0  +  0  -  o*.  So,  -3  --  3;  r  j  > 

Proof  jf  12.    (a  -  b)  +  (c  -  3j     Ja  +  -S)  4  (3  f  -3) I  =  (3  +  3)  + 
Pb  +  -3)  -   (3  +  3)  +  -(b  +  3)  =  (a  +  c)  -  (b  +  3* 

Proof  of  14.  it  -  3)  -^(3  -  3)  =Ja  +  -b)  +  -(3  +^-3>  =  (3  +  -£)  + 

i.    (-c+'3)  -  (a  +  -b)  +  (3  +'  -c)  =  {a  +  3)  +  ( -b  +  -c )  -  |a  +  3j-+ 

-(3  +  3)  s  {3  +  3)  +  -{c  +  3)  =  (3  +  3)  -  (3  +  3). 

Proof  of  15.    (a  -3)  -V{3  -  c)  =  (a  +  -3).+  -(S/  -3}  =  (a  +  -3)  + 
(-B  +  --3)  s  (a  f  -3)  +  (-3  +  — c)  =   (af-b)+?  a  (a  +  -b)  = 
a  -  3,  .  \  - 

,  . 

Answers  for*  Part  B 

 r  

1,  2,  and  6  are  consequences  of  Postulate  4  and  definition  3 -1(b). 

3  is  true  but  involves  knowing  more  than  the  "fact'v  that  differ- 
ences of  points  are  translations.    4  and  5  are  false  and,  so,  cannot  be 
consequences  of  our  postulates. 

* 


Here  are  proofs  for  1,   2,  and  6. 

Proof  of  1 .    [a  +  (B  -  C)]  -  (B  -  C)  =  [a  +  (B  -  C)]  +  -(B  -  C)  = 
%  2 "+  [(B  -  C)  +  -(B  -,.C)]  =  3  +  ^  =  3.    [Notice  that  the  only 
"fact"  we  need  to  know  abqiat  *  B  -  C*  is  that  its  values  are 
translations.] 

Proof  t»  2.  "We  know  that  if  a,+  3  =  "3  jthen  -a  =  3.    In  par- 
ticular, we  know  that  if  [( P  -  Q)  -  a]  +  [a  -  ( P  -  &)]  =  3"  . 
%then  -[{P  -  Q)  -  a]  =  a~(P  -  Q),    Now,  [{P  -  Q)  -  a]  +  , 

 {3  -  <P  -  Q»  =  {{P  -  Q>  +  <-t\  +Ja+  -<P  -  QU  «. 

-(P  -  Q)]  +  (3  +  -a)  =  ?J.+  U  =  0.  Hence,  ~[(P  -  Q)  -  a]  =  ' 
a  -  J(P  -  Q).  .  • 

Proof  of  6.    a  +  [{B  -  A)  -  a|  =  a  +  [(B  -  A)  +  -3]  =  <B  -  A  j  + 
(I  +  -a)  =  (B  ■?  A)  +  3  =  B  -  A; 


Here  is  a  proof  of  3.    By  Theorem  2-1,  we  know  that  if 
r(A  -  B)  +  a]  =  A  +  a  then  (A  -  B)  +  a  =  <A  +  a)  -  B.    Now,  ■ 
(A  -  B)  +  a]  =  [B  +  (A  -.  B)]  +  a  =  A  +  a.    Hence,  <A  -,B)  +  a  = 


B  + 
B  + 

(A  4- "a)  -  B 
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*  r 

PartC  !  % 

1.  The  sentence  in  Exercise  5  of  Part  A  is  not  a  consequence  of 
Postulate  4  and  Definition  3  -  l<b>.  It  does,  however,  follow  from 
'a  *  ft  -  h  t  «  ,  whiehMs  such  inconsequence,  together  with  Theo- 
rem 2-5<b>.  Show  that  it  does. 

2,  Write  some  theorems  like  (hat  of  Exercise  5  which  are  suggested 
bAy  Exercises  2,  4,  and  8  of  Part  A. 

3.05   Groups  ." 

There  is  more  to  be  said  'concerning  -postulates  (o)  -  (iv)  for  real 
numbers  and  Postulate  4  for  translations.  I  Since  <v)  and  Definition 
3  ~  Kb)  .are  merely  'definitions^ we  shall  ignore ^thern  for  now.)  The 
sentence  uiMa)  says  that  the  result  of  "adding"  a  first  real  number  and 
a  second  rearnumber  \s<  itself,  a  real  number.  More  briefly, 

iolta)  tells  us  that  f  +  '  refers  to  a.  binary  operation  on  the  set  c/f. 
<o)fb)  tells  us  that  f0'  is  a  name  for  some  special  member  ot\rt. 
(o)(c)  tells  us  that       refers  to  a  singulary  operation  on  //}. 
U,)-uv)  say  that  this  binary  operation,  this  special  member,  and 
this  singulary  operation  have  certain  properties.  |For  ex- 
ample, (i)  says  that  the  binary  operation  is  associative.] 
On  the  other  hand: 

.  40(a)  tells  us  that  [in  this*  context]  f-h'  refers  to  .a  binary 
operation  on ,  / .  rt  - 

40i  b)  tells  us  that  '{V  is  a  name  for  some  special  rfxember  of:/ \ 
40ic)  tells  us  that.f-f  refers  to  a  singulary  operation  on  ;Tm 
4,-44~say  that  this  binary  operation,  this  special  member, 
and  thin  singulary  operation  have  certain  properties  — 
and  these  are  the  same  properties  i associativity,  etc.  J  as  are,  referred 
to  in  (i)  -  (iv),        N  j 

In  both  cases  we  are  dealing  with  * 
a  set  \.A  or  //  ]  on  which  there  is  an  associative  binary  operation 
MoXa)  and  (i)  or  4a(a)  and  4>]  for  which  th^re  is  [in  the  set]  an  _ 
identity  element  l(o)(b)  and  (iij  or  40(b)  and  4J  and  [on  the  set]  a 
singulary  inversing  operation  l(o)(c)  and  (iii)  or  40(c)  and  43]. 
Also,  ihe  binary  operation  is  commutative  [{iv)  or  4J, 
The  k*ind  of  situation  described  in  (*)  erop$  up  in  very  many  places 
in  mathematics:  One  has  a  set  on  which  there  is  an  [interesting) 
associative  binary  operation;  the*set  contains  an  "identity  element" 
with  respect  to  this  binary  operation;'  and  each  member  of  the  set  has 
an  "inverse"  with  respect  to  this  binary  operation  and  identity  ele- 
ment. In  many  cases -but not  in  all  -  the  binary  operation  is  commuta- 
tive. You  have  already  seen  one  advantage  of  recognising  this  kind  of 
situation -having  seen  that  translations  furnish  an  example,  much  of 
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Answers  forRartC 

1,  (A  +  S)  +  c  ■-   A  +  (b  +  c  5  =  A  +  (c  +  ,b)  =  (A  +  c)  +  g   [by  Theorem 
2-5(b),  4^,  Theorem  2-5(b)].    [in  the  middle  step  one  usesr.be- 
sides  an  mstS^ce  of  44 ,  the  valid  sentence  'A  c!  = 

^  Mb  f  cV 

2,  [Various  answers  are  possible.]         ♦  . 

"The  various  ways  of  referring  to  a  group  which  are  illustrated  in 
the  paragraph  preceding  the  exercises  are  all  fn  common  use.  Accord- 
ing to  the  first,   a  group  is  an  ordered  quadruple  —  for  example,*  the 
additive  group  of  the  >eal  numbers  is  the  quadruple  ifc,   f,   0,   — ).    It  is, 
however,  adequate  to  say  that  ft  is  a  group  with  respect  to  addition  — 
witHout  specifying  the  appropriate  identity  element  and  oppositing  oper- 
ation.    For,  in  saying  that  addition  of  real  numbers  is  a  group  operation 
one  implies  that  there  is  a  corresponding  identity  element  and  a  corre- 
sponding oppositing  relation;    ana1  it  is  not  difficult  to  prove  thai  this 
element  and  operation  are  uniquely  determined,    [See  the  previously 
mentioned  commentary  for  page  Z93  of  High  School  Mathematics, 
Course  3.  ]   Using  commutativity:  it  Is  very  easy  to  show  this.  To 
begin  with,  suppose  that  0  and  0'  are  both  identity  elements  with 
respect  to  a  commutative  binary  operation/  Since  they  are  identity 
elements,  0'  4  0  ^  0'  and  0  +  0'  =  0.    Since  the  operation  is  commu- 
tative, 0'  ~«  0.    Hence,"  a  commutative  binary  operation  has  ill  most  one 
identity  element.    Next;   suppose  that  -   and        are  both  inversing 
operations  with  respect  to  a  commutative  and  associative  binary  oper- 
ation and  an  identity  element  0.    Since  -   is  such  an  inversing  operation 
it  follows  [as  in  Exercise-  3  of  Part  C  on  page  1Z2  ]  that,   for  any  a  - 
and  bf  if  a  +  b  =  <0  then  -a  -  b.    Since        is  such  an  operation, 
a  H-  -'a   =  0.    Hence,   *-a  ~    -'a.    Con seque fitly,  there  is  at  mostvone 
identity  element  and  at  most  one.  inve rsing  operation  associated  with  a 
given  commutative  and  associative  binary  operatiWi. 

You  may  find  it  Worthwhile  to  illustrate  trie  notion  of  closure  in 
Part  A  *of  the  following  exercises  by  a  fanciful  example.    Suppose  thaT 
a  given  field  is  enclosed  by  a  brick  wall  six.  indhes  high.    Such  a  field 
is  not  closed  to  walking  since,  from  any  point  in  it  one  can  by  walking,  - 
$et  outside  it.    It  is,  however,  closed^o  shuffling;    One  cannot  get  out- 
side  by  shuffling  along  with  his  feet  remaining  in  contact  with  the1" -ground. 
If  it  does  nothing  else,  this  should  point  out  that  it  is  sets  which  are 
closed  under  operations  and  nat,  as  some  current  textbook  authors  have, 
written,  operations  which  are  closed  on  sets  1 
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what  you  know  about  another  example  (real  numbers]  can  be  carried 
over- as  knowledge  about  translations. 

Whenever  the  situation  described  in '(*)  occurs  one  says  that  the  set, 
together  with  the  binary  operation,  the  identity  element,  and  the 
in  versing  operation,  is  a  commutative  "group.  More  briefly,  one  may 
say  that  the  set  is  a* commutative  group  with  respect  to  the  binary 
operation,  and  that  the  binary  operation  is  a  commutative  group 
operation  For  example,  is  a  commutative  group  with  respect  to 
addition  of  real  numbers,  and  *T  is  a  commutative  group  with  respect 
"to  composition  (or:  addition]  of  -translations.  Each  of  these  binary 
operations^  a  commutative  group  operation. 

Exercises 
Part  A 

We  know  that  addition  of  real  numbers  is  a  binary  operation  on  the 
set  ,/f  of  all  real  numbers.  We  also  know  that  a  sum  of  positive  num- 
bers is  a  positive  number —  for  short,  that  the  set  P  of  positive  numbers 
is  closed  under  addition.  Consequently,  if  we  restrict  addition  to 
addition  of  positive  numbers,  the  result  i§  a  binary  operation*)!*  P. 
Somewhat  imprecisely,  we  can  say  that  ^dition  [of  real  numbers] 
*  is  a  binary  operation  on  P.  On  the  other  fiand,  a  sum  of  odd  numbers 
is  not  always  an  odd  number  (in  fact,  it  never  is].  So,  the  set  of  odd 
numbers  is  not  closed  under  addition,  and  addition  is  not  an  Deration 
.  on  this  set.  ,  " 

For  each  exercise,  tell  whether  the  given  set  is  closed  under  the 
giveh  operation.  Also,  tell  whether  the, operation  is  binary  or  sin- 
gulary.  t     t$         .  * 

1,  .tf:  subtraction  2.  integers;  oppositing  r 

a  p    3.  Jinear  functions;  4.  rational  numbers; 

composition  multiplication 
5.  positive  rational  numbers;       6.  nonzertr rational  numbers, 

square  rooting       .      '  reciprocating 
7,  {0,  1,-1};  multiplication        S.  negative  numbers;  division 
tionzero^ real  numbers;  ;       10.  negative  nuinber^j  addition 
divifiion  '   r  ' 

11.  the  set  of  all  functions  with  domain    and  range  contained  in  &\ 
composition   '  '  \ 

12.  ISame  as  Exercise  11,  but.  only  one-ty-one  functions  whose  range 

is  all  of  ^.1  "■•  ,  '  . 

PartB 

Fqt  some  exercises  in  Part  A,  the  operation  is  a  binary  one  and  the 
set  is  closed  Under  it.  For  each  such  exercise,  tell  whether  the  opera- 
*  tion,  when  restricted  to  the  set,  *  v.  ■' 

ta)  is  associative. 
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Answers  for  Part  A 


1 

*  • 

x  \tj  w  v*  \*a  f       wiJia^  y 

• 

ciosec,  smguiary 

3. 

closed;  binary 

4. 

clQsed;  binary 

5. 

not  closed;  singulary 

6. 

glased;  singulary 

7. 

closed;  binary 

8." 

not  closed;  'binary 

9. 

closed;  binary 

10. 

closed;  binary 

11. 

closed;  binary 

12. 

closed;  binary 
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Answers  for  Part  B 

1.     (a)    No,       -   (b)   Yes,  0.  #        (c)   Yes,  ,,sameing,\  (d)  No. 

L,      [not  binary] 

3.  (a)    Yes.         (b)  Yes,  ift.  (c)  Yes,  inversing.  (d)  No. 

[So,  the  set  of  all  linear  functions  is  a  none pm mutative  group  with  * 
respect  to  composition.    Students  may  recall  that  the  set  of  all  such 
functions  which  leave  a* given  point  fixed  is  a  commutative  group 
with  respect  to  composition.    This  group  is,  in' any  case,  isomor- 
phic with  the  multiplicative  group  of  nonzero  real  numbers  —  a 
fact  which  is  very  easy  to  see  when  the  fixed  point  is  0.  ] 

4.  (a)    Yes.  (b)  Yes,  1.  (c)  No.  (d)  Yes. 

[A  number  is  rational  if  and  only  if4 it  is  the  quotient  of  an  integer 
w    by  a  nonzero  integer.    Replacing  the  second /is*,  above,  <by  'can 
ije  represented  by'  makes  nonsense.    In  discussing  part  (c)  it 
should  come  out  that  had  the  exercise  referred  to  the  nonzero 
rational  s  then  the  answer  for  (c)  would  have  been  'Yes,  xecipfro- 
o    eating.*    and  the  other  answers  would  have  been  unchanged.  The 
nonzero  rationals  form  a  commutative  group  with'  respect  to 
multiplication.]  '  f 

5.  [not  binary)    '  "  * 

6.  [not  binary]  ■  *'  N  ■ 

7.  (a)   Yes.       (b)  Yes,  1.'       (c)  No/  r  (d)  Yes. 

8.  [Not  Closed.  ]  ..  *•  • 

9.  (a)    No.         (b)  Ye.*,  1,         Jc)  Yes,  "sameing."  (d)  No/ 

\  .  '  .  •       ;  -.  ■  «.  *        ,  w 

no.    -{a)    Yes.       (b)  No.  (c)  No.  (d)  Yes. 

*  %:  '  '  *      1  "  ' 

11.  (a)    Yes.       (b)  YemH  ifi*     .  4cJ  No.  -  -     ~  ~<d>-  No*— - 

12.  M    Yes.        ih)  Yes,  iR;        (c)  Yes,  inverting.  <d)  Mb., 

.  [So,  the  set  of  all  one-to-one'rriappings  of  ft  —  or,  of  any  #et  — 
onto  itself  is  a  nonebmmutitive  group  with  respect  to  composition*  ] 
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Part  C 


(b)  has  an  identity  element.  [If  so,  what  is  it?) 

(c)  has  a  corresponding  inversing  operation. 

(d)  'is  commutative. 


Which  of  the  following  sets  is  a  commutative  group  with  respect  to 
the  given  operation? 

1.  real  numbers;  subtraction  2.  real  numbers;  addition 

3.  real  numbers;  4.  nonzero  real  numbers; 

multiplication  multiplication  * 

5.  integers;  addition  6.  integers;  multiplication 

7.  nunnegative  integers;  8.  rational  numbers; 

addition  multiplication 

9.  rational  numbers;  addition  10.  nonzero  rational  numbers; 


Vi 


multiplication 


In  formulating  Postulate  4  we  included  some  sentences  which  we 
could  derive  from  Postulates  1-3,  and  some  sentences  which  we  could 
derive  from  other  parts  of  Postulate  4.  The  principle  reason  for  doing 
so  was  in  order  .to  be  able  to  restate  this  postulate  as; 

(Postulate  4"'   J  is  a  commutative  group  with  respect  to 
composition, 

1*4""  because  we  shall  add  more  parts  to  this  postulate,  eventually 
coming  out  with  a  'Postufate  4'.]  Since,  for  any  commutative  group,  we 
cart  define  subtraction  as  in  Definition  3  -  Kb)  or  (v),  we  shall  think  of 
Definition  3- Kb)  as  being  a  part  of  Postulate  4"'.  So,  for  example, 
when  we  say  that  ascertain  theorem  is  a  consequence  of  Postulate  4"'| 
this  means  that.it  is  a  consequence  of  40  -  44  and  Definition  3- 1(b)! 


3-06  Otfie*"  Theorems  about  Points  and  Translations 

m  We  know  that  the  sentence: 

(1)  (6  -  c)  -  (a  -  c)  »it6  -  a 

is  a  true  sentence  about  real  numbers  just  because  addition  of  real 
numbered  a  commutative  group  operation.  So,  since  addition  of 
translations  is  a  commutative  group  operation,  we  know  that  the 
sentenoe: 
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Answers  for  Part.  C 

The  given  operation  is  a  commutative  group  operation  on  the  given 
set  in  Exercises  -2,  4,  5,  7,  9,  and  10. 

In  Chapter  5,   Postulate  4"'  is,-strengthened  to  Postulate  4"  by 
replacing  'commutative  group  with  respect  to  composition'  by  'vector 
space. over  the  real  numbers'.    Postulate  4'  is  obtained  by  prefixing 
'  3 -dimensional'  to  this  last  phrase.    Postulate  4  is  obtained  by  replac 
ing  'vector'  by  '  inne r  product' .    Strictly  speaking,  geometry  begins 
with  Postulate  4",  and  Euclidean  geometry  only  with  Postulate  4. 


/ 


The  following  item  was  designed  to  test  the  student*  s  understanding 
of  the  postulates  for  a  commutative  group.    It  was  part  of  a  chapter  test 
administered  to  experimental  classes  and  was  handled  with  apparent 
ease  by  the  students.    You  might  use  it  as  a  quiz  or  as  a  take -home 
exercise. 

Suppose. that  (Z       {a,b}t,.#,  b,  ~)  is  a  commutative 
group  with  distinct  elements  a  and  b.    The  following  are 
sentenced  about  this  commutative  group.    If  a  given  sen- 
tence is  a  theorem,  write  1  T*  in  the  space  provided.    If  it 
is  not  a  theorem,  write  ' N1  in  the  space. 

.         *•        6  Z    Z.  (a  *b)  *a  =  <a  *a)  *b 

  3,  a*~b  -  b*~a  4.  a*~a  =  b 

 5.  ~a*a  =  b*b  '   6.  a  *b  €  Z 

 '  7.  ~a*(a*~b)  =  ~b    8.  a  *0  =  V 

  9.  a  *a  =  a  *    10.  ~>(a  *~a)  =  ~b  *b 

 11.  b*b  =  a,    12,  ~(a  *a)  =  ~a**~a 

Answers.    1.    T  2.    T  3.  N 

5,    T  '  6.    T  7,  T 

"9.    N.  10.    T  11.  N 


This  section  3,  06  is  preparatory  to  section  3.07,    In  particular, 
pay  attention  to  the  manner  in  which  this  section  leads  up  to  the  result 
which  is  stated  on  page  136, 
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is  a  theorem  about  translations.  You  have  also  shown  that: 

13)  iB  -  C)     iA  -  C)  =  B  -  A 

/^a  theorem.  {It  is  Theorem  3-7  on  page  124J' Although  (3)  is  a 
^  theorem  and  has  the  same  f  shape"  as  (1)  and  (2),  its  proof  is  quite 
different  from  that  of  1 1  >  and  (2);  This  is  to  be  expected  since  only  one 
of  the  '-'s  in  (3)  refers  to  a  group  'subtraction  operation". 
As  another  example,  the  sentences: 

• 

14)  ia  -  b)  +■  v  =  la  ±  c)  -  b 
and:  ■ 

'5>         .  \asKb\+  c  =  (a  +  c)  -  h 

art*  both  true  [and  the  sefeond  is  a  theorem)  just  because  .fi  and  f  are 
commutative  groups  With  respect  to  the  additioi^operations  in  ques- 
tion, and  the  subtraction  operations  are  the  appropriate  ones  defined 
by  (v)  and  Definition .3- 1(b).  In  analogy  with  (3)  we  may  write: 

(*>  .    \A  -  B)  f  C  =  iA  +  C)  -  B  ' 

but  (*)  is  certainly  not  a  theorem,  [Why  'certainly'?]  There  is,  however, 
another  analogue  of  (4)  and  (5): 

■    •  '  i 

(6)  .   \A  -  B)  +  c  =  (A  +  el  -  B 

•This  equation  has^ftadvantage,  over  (*),  of  at  least  making  sense 
-both  sides  refer^H^nslations.  Sentence  (6)  might  be  true  and,  if 
so*  it  might  be  a  theorem.  The  following  figure  shows  that  (6)  is  time 
-yotrcouldn't  possibly  draw  a  counter-example;. 


(A  8)  *  c 
{A  »  c)  B 


—  Eig^-l 

The  question  as  to  ^whether  (  6)  is  a  theorem  is  settled  almost  as  easily. 
{Hint  You  can  show  that  {A  -  B)  +  c* and  (A  +  cj  -  B  are  the  same 
translation  by  finding  a  point  which  has  the  same  image  wider  * 
both  of  them.  What  is  the  easiest  point  to  use?]  We  shall  list  (6)  as 
'Theorem  3  -8\  * 
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sense. 


The  **easiest  point  to  use"   in  proving  (6)  is,  fairly  obviously,  B 
By  Theorem  2-1.  (6)  will  follow  at  once  from  1  B  +  [( A  -  B)  +  c  ]  = 
A' t  cf' ;   and  this  is  an  immediate  consequence  of  Theorem  2-5(b)  and 
Postulate  2(a),    Sentence  (6).  is,  for  that  matter,  a  consequence  of 
Postulate  2(b)  and  an  instance  of  Postulate  3.    [The  instance  of 
Postulate  3  is  '  ( A  -  B)  *  [(A  +  c)  -  A]  =   (A  +  c)  -  B*.  ] 

Quizzes  like  the  following  have  the  dual  purposes  of  reviewing  the 
students  over  ideas  which  were  developed  some  weeks  past,  but  which 
have  not  been  needed  during  the  discussion  at  hand,  and  to  determine 
whether  students  have  some  feeling  for  one  or  more"  of  the  topics  to  be 
stJfcied  in  the  near  future.    Jhat  this  quiz  appears  on  this  page  should 
noVbc  interpreted  as  meaning  that  it  [or  one  like  it]  must  be 
administered  when  students  reach  page  13  1  of  the  text;    You  will  note 
that  the  iterps  of  the  quiz  have  little  local  relationship  to  what  is  being 
discussed  in  the  tejjt  at  this  juncture  and  so  the  quiz  could  be  given  at 
any  time  beyond  midchapter,  • 

Sample  Quiz 

Here  is  a  diagram  of  parallel  rays  AB  and  CD  with  the  same 
A 

C 

Suppose  that  CD  is  twice  as  long  as  AB,  that  b  -  B'  -  A,  and  that 
c   "  C  -  A,    Whic^  of  the  following  are  true  ^(T)  and  which  are  false 
(F)? 

  1 .    b  +  b       D  -  C 

 2«    D  is  the  image  of  B  under  c  +  cj. 

;     3,    D  -  B  =  c  -  S 

 4#    B  +  c  is  a  point  on  the  segment  CD. 

  5.    There  is  a  translation  which  maps  CD  onto  AB, 

 The  lines  AC  and  BD  have  a  point  in  common. 

 7«    There  is  a  translation  tha.t  maps  line  AB  onto  line  c3, 

 s.    The -image  of  C  under  S  is  a  point  on  line  CD. 

,    9,    The  lines  BC  and  AD  do  not  have  a  point  in  common, 
10,   A  -  D  =  -f£  +  c  -r  S)  - ; :. 


Answers  for  Sample  Quiz 

I-.'..  T  2.    F  3.  F 

*>.     T  7.    T  8.  T 


4. 
9, 


T 
F 


5. 
10# 


F 
T 
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Notice  that  the  sentence: 

lA  -  B)  +  -<•*  =  iA  +  ~c>  ~  B  j 

is  an  instance  or  (6)  [because  -at is  a  postulate]  and  that  this  is 
equivalent  to: 

<6'>        '         iA  -  B>  -  (•'=  i-A  -  c)  -  B 

|Why?|  Since  <£>  is  a  theorem,  so  is  (6').  [Similarly,  starting  from  *6') 
it  is  easy  to  defive  (6i.|  Wefshali  not  bother  to  list  separately  theorems 
which/like  (6>land  (6' )  differ  only  in  that  one  involves  adding  a  transla- 
tion and  the  (ither  involves  subtracting  it.  If  you  should  need  to  men- 
tion (6')  you  may  do  so  by  writing  'Theorem  3-8'',  just  as  you  will 
for  ( 6  s. 

(3),  (*),  and  (6)  are  alike  in  that  if  the  variables  in  a«iy  of  them  are 
replaced  by  real  number-variables  then  the  result  isfa  sentence  about 
real  numbers  which  is  true  just  because  .-4  is  a  group  with  respect  to 
addition  of  real  numbers. 

iS)  and  (6)  differ  from  (*')  in  that  (3)  and  (6)  "make  sense"-that  is, 
they  are  sentences  of  our  algebra  of  points  and  translations- but 
(*)  doesn't.  " 

(3)  and  (6)  not  only  make  sense  -they  are  consequences  of  Postulates 
1  through  4"'  and,  so,  are  theorems.  [(*),  of  course,  is  not  a  theorem 
—  it's  not  even  a  sentence. ) 

Exercises  ■  * 

Part  A 

In  &afh  of  the  following,  exercises  you  are  given  an  equation'of  the 
5        algebra  of  points  and  translations.  For  each  equation: 

(a)  ("heck  to  see  that  it  really  is  a  sentence,  tell  vyhat  kind  of 

thing -points  or  translations- its  sides  refer  to. 
(h)  Write  out  a  corresponding  sentence  about  real  numbers,  and 

decide  whether  you  could  derive  this  sentence  from  io)  -  (v) 

on  page  125/ 

tc)  Draw  a  figure  which  illustrates  the  giv^n  sentence,  and  deride 
whether  you  think  that  this  sentence  is  true.  ^ 
\f  A  +  (&  -  C)  *  B  +  (A  -  C>  J.  (A  -  B)  +  7=  A  -  (B  -  c5 
3,  iA  -  B)  -  (C  -  D)-=iA  -  O  -  (B  -  D)  [Hint:  You  can  draw  sev- 
eral  quite  different  looking  pictures  to.illustrate  this  sentence,  de- 
pending on  how  you  choose  to  mark  the  points  A,  B,  C,  and  D.  One 
easy  choice  is  like  this: 
'  c.  • 

I 

"*  * 

B     D  , 

A* 

Complete  a  figure  like  this  for  the  sentence,  and  then  draw  one  or 
tiajo  other  pictures  as  different  from  tjm  one  as  you  can.  J 


,  TC  132 


Answer  for  'Why?'  following  (6');    Definition  3 -1  (b)  and 
Definition  3-l(a). 

Answers  fqr  Part  A 

In  each  of  the  three  exercises  the  expression  given  is  a  sentence 
and  the  corresponding  real  number  sentences  ['a  +  (b  -  c)  =  b  4  (a  -  c)\ 
Ma  -  b)  +  c       a  -  (b  -  c)',  4(a  -  b)  -  (c  -  d)  =  (a  -  c)  -  <b  -  d)']  is  deriv- 
able from  (o)-(v).    In  Exercise   1,  both  sides  of  the  equation  refer  to 
points;   in  Exercises   4  and  3,  both  sides  refer  to  translations. 
Possible  figures  illustrating  these  equations  are: 

I  -  Z.  , 


two  sides  of  the  equations.    Interchanging  the  points  B  and  D,  or 


'   choosing  BD  ||  AC  yields  ratiber  different  figures.  ] 


3.06  Other  Theorems  About  Points  and  Translations  133 


Fart  B 


It's  easy  to 
+  r.  Yo/can 


Prove:  1  \ 

1.  Theorem  3-8,  1 4  -  B)  +  c  -  (4  +  7)  -  £  [//in/;  See  Mie  discus- 
sion of  <6>  oil  page  131.1  \ 

2.  Theorem  3-9.  .4  +  iB  -  C)  =  fl  +  U  -  C)  [//in/:  You  can  srtow 
that  the  point  ^  +  (B  -  C)  is  the  same  as  thc^^oint  B  +  (A  -  C) 
by  showing  that  both  have  the'same  image  under  some  translation. 
I  What  theorem?!  Try  using  the  translation  c  ~  BA 

3.  Theorem.  3-  10.  iA  -  B)  +  c  ^  A  -  (B  -  c)  [Hint: 
find  the  image  of  B  under  the  translation  (A  -  B) 
find  the  image  of  B  under  ^4  -  iB  -  $  by  using  Theorem  3-9, 
Theorem  3-5<b>,  and  a  theorem  about  translation  alone  ) 

4.  Theorem  3  - 11.  a  -  (B  -  C)  -  C  -  (B  -  a)  [//mfc  The  right  side 
of  this  equation  is  rather  like  that  of  Theorem  3-10.  Can  you* 
transform  the  left  side  so  that  you  can  use  Theorem  3*  10? U 

5., Theorem  3  - 114.  A  -  (B  -  C)  =  C  -  {B  -  A)  {Hint;  U$e  Theorem 

3-9.1  # 
8.  Theorem  3  - 13.  *A-  -  B)  -  IC  -  D)  =  (A  -  C)  -  {B     D)  [Hint: 
*  Use  Theorem  3-11  and  Theorem  3-12.] 

7.  Corollary.  ^  -  Ji  -  C  -  J?  t*  A  -  C  =  B  -  D  [A  corollary  js  a> 
a  theorem  which  is  suggested  by  the  theorem  pre&e^ing  it  and 
whose  proof  uses  "mostly"  the  preceding  theorem.  Hint:  Note  that 
a  ~  h  *— ■*  a  -  %  =5  0  is  a  theorem.]  ' 

8.  Derive  Theorem  3^4  from  the  theorem  of  Exercise  7  and  Theorems 
3-  lib)  and  3- 2(b).  * 


Part  C 


In  each  of  the  following,  fill  the  blanks  so  that  the  resulting  state- 
ment is  a  theorem.  If  it  isn't  possible  to  complete  a  given  sentence  to 
make  a  theorem,  explain  why. 


L  \A  +  <a  *  6)]  +       (A  +  aV  +  (_ 

%  (A.  -  a)  +  6  -  W  +  6)  -   — 

3.  a*    — Ef*-*  —a  -  L 


4.  A  -  a     i4  +  6     ►  a  +  6 

5.  C  -  ^  -  C  -  B~  

6.  C  *  A  -  C  +  B+—  


1.  A  -  (B  +  c5  -  (A  r   —)  -  'c 

&  A  )  IB  .+  C)  -           ,  +  (A  +  O 
(A  -      -  (7-  c?)  -  tf  -  C)  -  (  ! 


10.  a  +  ^4  =  A  + 


0 
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Answers  for  Part  B 

In  order  to  expedite  the  discussion  of  Part  B  ybu  may  wish  to 
assign  each  exercise  td  a  team  of  student*  rathe r  than  have  each 
tudent  do  each  exercise,  j& 

l\     By  Theorem  2-5(b),  B  +  [(A  -  B)  +  c]  -  (A  -  B)]  +  c   -  A  +  c, 

the  last  by  Postulate  2(a).    So,  by  Theorem  2-1,  (A  -  B)  +  c  = 
(A  +  cf^  B.    [Alternative  proof:    By  Postulate  3f  (A  -  B)  +  . 
*  [(A  +  c)  -  A]  =•  (A  +  c)  -,B.    So,  by  Postulate  2(b),  (A  -  B)  +  c  = 

(A  +  c)  -  B..]       .  "  ■ 

2.     By  theorem  2-5<b),  [A  +  (B  -  C)J  +       -  B)  =  [A  +  (B  -  C)]  + 

—      -VC)  -  A,  by  Theorems  3-5(a)  and  3-6.    On  the  other  hand, 
[B  +  (A  -  C)]  +  (C  -  B)]  '  B  +  [(A  -  t)  +  <C  -  B)]  =  B  4-  [<C  -  B)  + 
(A  -  C)]  =  B  f  (A  -  B)  =  A.    So,  bv.  Theorem  3-3,  A  +  (B  -  C)  = 
B ■  +  (A  -  C). 

^3.     B  +  [(A  -  B)  +  c]  =  ,[B  +  (A  -  B)]  +  c  -  A  +  c.    B  +  [Ar-  (B.-  c)]  = 
A  +  [B  -  (B  -  c )|,  by  Theorem  3-9  [di  Exercise  2].  But, 
B  -  (B  -  c)  =   B  -  (B  +  -c>  =  =  c,  by  Definition  3-I(a), 

Theorerrh  3 -5(b),  and  the  theorem  of  Exercise  6(b)  of  Part  C  on 
page   155.    So,  B  +  [A  -  (B  -  c)]  =  A  !  c,    So,  by  Theorem  2-2, 
(A  -  B)  +  c  =  A  -  (B  -  c). 

4.  By  Definition  i-l(b),  Theorem  3~5(a)t  and  Postulate  44, 

a,  -  (B  -  C)  =  a  <  -(B  -  C)  =  a  +  (C  -  B)  =  {C  -  B)  fa.    By  ■ 
Theorem^3-10,  (C  -  ^) •+  t  -  C  -  (B  -  a).    So,  a  -  (B  -  C)  = 
C  -  (B  -  a).    [Students  should  draw  figures  illustration  Theorem 
3-11,    In  fact,  it  should  be  standard  procedure  to  illustrate  all 
theorems  by  figures.  ]  '  * 

5.  A  -  (B  -  C)  '  A  +X^(B  -  C)  =  A  +  (C  -  B)  =   C  +  (A  -  B)  = 

C  t  -{B  -  A)  =  C  -  (B  -  A)  [Definition  3-l(a),  Theorem  3-5(a), 
Theorem  3-9,  Theprern  3-5(af,  Definition  3-l(a)] 

6.  (A  -  B)  %(C  -  P)  =  D  -  [C  -  (A  -  B)]  =  D  -  [B  -  (A  -  C)]  =  , 

'  (A  -  C)  J  (D  :  B)   [Theorem  3-11,  Theorem  3-12,  Theorem  3-11] 

7#     A  :  B  =  C  -  D  if  and  only  if  {A  -  B)  -  (C  -  D)  =  ^  [by  the  theorem 
quote d^in  the  hint].    By  Theorem  3*13,  (A  -  B)  -  (C  •  D)  >  0  if 
and  only  if  {A  -  C) (B  -  D)  =  ^#    By  the  theorem  quoted  in  the 
hint,  (A  -  C)  -  (B  -  D)  =  0  if  and  only  if  A  -  C  £  B  *  D,  Hence, 
A  -  B  =  C  -  D  if  and*  only  if  A  -  C  »  B  -  D.  * 

{iritui^ively,  the  corollary  to  ^Theorem  3  -13" includes  the  statement 
that  if  two  opposite  sides  of  a  quadrilateral  $re  parallel  and  of  the 
same  length  then  so  are  the  other  two  opposite  sides,  ]  ,  * 

-8^— By^he-eoiolUiy,  C     A  »  C     B^rf-a^-o^fl^^  * — 

So,  ty  Theorem  3-l(b)  and  3-2(b),  C  -  A  =  C-Bif  and  only  if 

A  -  B.    '  -  'f  ■  '  •  • 
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Answers  for  Part  C 

1.  E  +  c    (or:  c  ♦  S] 

2.  a 

3.  b 

4.  V  [or:   A  -  A] 

5.  A  ~-  B 

6.  Not  possible.  [No  completions  will  make  this  a  sentence  for  the 
antecedent  of  this  biconditional  is  not  an  equation  —  '  C  +  A'  and 
4G+  5*  are  not' terms.  J 

7-   B  '        •  X 

8.  Not -possible.    [The  left  expression  is  not  a  term,  and  the  right  / 
 *ide  cannot  be  made  into  a  term  by  any  fill-in,  j 

9.  Not  possible.    [The  left  expres sion,  has  values  which  are  points* 
while  the  right  expression  will  have  values  which  are  translations 
for  any  sensible  fill-ins.  ] 

10.     Not  possible.    [The  left  expression  is  nonsense,  ] 

*    *    *  , 
There  are,  of  course,  infinitely  many  theorems  lifce  Theorems 
3-8  through  3-13  and  its  dorollary;    and  it  is  not  difficult  to  find  among 
them  theorems  which  —  especially  when  illustrated  by  figures  —  sug- 
gest interesting  properties  of  geometric  figures.    The  principal  purpose 
of  the  preceding  exercises  is,  however,  to  prepare  students  for  the 
result  stated  on, page   136.    This  result  [which  is  proved  on  TC  136(1-4)] 
gives  a  general  view  of  all  theorems  which  are  consequences  of  Postu- 
lates 1  -  4"'  and  renders  it  unnecessary  to  prove  any  additional  theo- 
rems of  this  kind*:    [Of  course,  there  will  be  ample  need  for  proofs 
once  we  have  adopted  additional  postulates.  ] 

Before  continuing  on  to  section  3,0^,  however,  it  may  be  worth- 
while to  ada  some  remarks  concerning  an  alternative  set  of  postulates 
for  commutative  groups  and  a  related,  alternative  to  Postulates  1  -  4'".  * 
We  begin  by'recalling  that,  given  any  commutative  group,   it  is  possible 
to  define  a  second  binary  operation  &  la  Definition  3-  1(a),    Taking  as 
our  example  the  additive  group  of  the  real  numbers,  one  can,  in  terms 
of  the  group  operator         and  the  inversing  operator  define  a  sub- 

traction operator  '      by:        ,  4 

a  -  b  =  a  +  -b  f<^&/'5; 

On  the  other  hand,  if  on<£were  acquainted  only  with  subtraction,  we" 
eoujd  define  both  oppositing  and  addition  bv:  ' 


In  some  sense,  then,  subtraction  is  more  baeic  than  is  addition.  In 
fact,  it  can  be  shown  that  instead  of  adopting  (oHv)  of  page  158  to 
describe  the  additive  group  structure  of  the  real  numbers  we  might 
equally  well  adopt  the  two  definition!  for  oppositing  and  addition,  a 
closure  postulate  'a  -  b  €  ft 1  an*  the  following  two  postulates  concern- 
ing .subtraction:  * 

(*)  a  -  (b  -  c)  =  c  -  (b  -  a),     »  -  (a  -  b)  e  .fa 

From  these  two  postulates  we  can  derive  'a  -  (b  -  b)  =  a*  [a  -  (b  -'b) 
b  -  (b  A  a)  -  a]  and,  using  this  theorem,  'a  —a  =  b*-  b*  [a  -  a  ~  a  - 
[a  -  (b  \b)]  -  b  -  b].    This  last  is  analogous  tovfiii)  on  TC  120{1). 
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*ajid,  as  pointed  out  in  the  ensuing  disGussibn,  it  follows  that  the  adop- 
tion of  '0  =  a  -  a*  as  a  postulate  does  no  more  than  introduce  a  conven 
ient  name  for  the  unique  value  of  the  expression  'a  -  ^a'.    Adopting  this 
quasi-definition,  our  first  theorem  yields  *a  -  0  ^  a* ,  whence,  by  the 
definition  of4-',  -0  =   (0-0)  -  0=0-0^0  and>  by  the  definition  of 

'+\  a  +  0  s -a  0  =  a  -  0  =  a.    Also,  since  -a  -  0  -  a,  ~, 

--a  =  0  -  (0  -  a)  s  a  -  (0  -  0)  -  a  -  0  =  a,  whence  a  +  -a  =  a  a 

a  -  a  =  0.  Finally,  addition,  as  defined  in  terms  of  subtraction,  can 
be  shown  to  be  associative  and  commutative,  but  we  shall  not  go  into 
the  details  of  this.  * 

As  a  consequence  of  the  preceding  it  is  fair  to  say' that  Jhe  fact  that 
the  real  numbers  form  a  commutative  group  with  respeet  fto  addition  is 
expressed  by  the  pair  of  sentences  (tfr)  [together,  if  one  insists  on 
m  closure  postulates,  with  'a  -  b  6  ft'].    It  follows  then  that  Postulate  4'" 
might  be  replaced  by  the  corresponding  pair  of  sentences^ 

(I)  m  -  (*  -  c)  =  c  -  <B  -  a),     a  -  (a  -  S)  =  S 

Now,  the  following  analogues  of  the  sentence's  (I)  are  theorems; 

(II).         A  -  (B  -  c)  =  c  -  (B  -  A)*     A  -  (A  -  S)  .=  S  ' 

(III)        A  -  (B  -  C)  -  C  -  (B  -  A),     A  -  (A  -  B)  =  B 

[The  first  sentences  in  these  pairs  are  Theorems  3-11  and  3-12;  the 
second  sentences  are  easily  proved,]  <And,  as  it  turns  out,  (I)*-  (III) J 
when  augmented  by  the  closure  postulates:  •  •> 

B-A£T,     b  -  a  6  T,     A  -  a  £  £     -  *  / 

and  the  definitions: 

-a  -  (a  -  a)  -  a,     a  +  b  =  a  -  -b,     A  +  a  — *  ■  V  my 

are  entirely  equivalent  to  Postulates  1  -  4,n  and  Definition  3-1.*  « 
.[''entirely  equivalent"  except  that  the  latter  basis  introduces  the  name 
*0*  for  the  identity^mapping  of  £  onto  itself.  But,  from  (II)  it 'follows 
that  a  =  A  -  (A  -  a),  =  a  -  (A  -  A)  whence,  a  -  a  =  a  -  [a  -  (A  -  A)]  = 
A  -  A,  by  the  second  sentence  in  (I).  Consequently,  *(f  maybe  intro- 
duced me  rely  ai  ^convenient  name  for  the  common  unique  value  of  the 
expressions  'a  -  a'  and  *  A  -  A\  ] 

The  symmetry  of  this  alternative  postulational  basis  b^ars  testi- 
mony to  the  simplicity  of  our  algebra  of  points  and  translations  as  it 
has  been  developed  up  to  now.  "It  should,  however,  be  noted  that  this 
symmetry  exhibited  by  {I)  -  (III)  may  be  misleading,  ■  While  (I)  ex- 
presses the  fact  that  the  subtraction  operation  there  referred  to  is  the 
subtraction  operation  in  a  commutatiVe  group,  similar  remarks  do  not 
apply  to  (XI)  and  (III).'  Each  of  these  deals  with  two  subtraction  opeVa- 
tidns/  ^nd,  neither  oppositing  nor  addition  of  points  can  be  defined  by 
analogy  with  the  definitions  of  oppositing  and  addition  of  translation*. 
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3.07  ^Bargain  in  Theorems* 


Up  to  now*  we  have  adopted  four  postulates -Postulates  1,  2,  3,  and 
4'"-  and  one  definition  -  Definition  3-1—  and  have  shown  that  these 
imply  a  considerable  variety  of  theorems.  A  large  number  of  such 
theorems  we  obtained  very  cheaply.  These  include  the  sentences  about 
translations  which  are  theorems  because  we  have  postulated  that ./ 
is  a  commutative  group  with  respect  to  addition  of  translations,  <  How 
many  such  theorems  you  can  recognize  depends  just  on  how  well  ac- 
quainted you  are  with  the  algebra  of  .real  numbers.  Other  ways  to 
obtain  theorems  cheaply  are  suggested  in  Parts  B  and  C  on  pages  127 
and  128  and  in  the  discussion  of  (6')  on  page  Jji2. 

Other  theorems,  like  these  to  which  we  have  chosen  to  assign  num- 
bers have,  up  to  now,  required  proofs  before  we  could  be  sure  that  they 
are  theorems.  Also,  some  of  these  proofs  are  not  easy  to  discover.  You 
may  be  happy  to  learn  that  there  is  a  very  ea£y  way  to  tell  whether  a 
sentence  of  our  algebra  of  points  and  translations  is  a  consequence  of 
our  present  postulates  and  definitions.  {You  may  already  guess  what 
this  way  is;  but  let's  consider  a  few  more  examples.  If  you  have  a  guess, 
you  can -check  it  against  the  examples.) 


Exercises 


ft. 


In  each  exercise  you  am  given  a  sentence  (R)  about  real  numbers 
which^maf^  or  may  not,be  true.  You  are  also  given  several  analogous 
"sentences'*  about  points  and  translations.  [As  experience  may  lead 
yoji  to  suspect,  not  all  of  the  latter  are  sentences  —  they  just  look  the 
part.]  List  the  sentences  you  think  are,  theorems.  For  those  which 
are  not  sentences,  tell  why  they  are  not,  For  any  sentence  which  you 
think  is  notNa^heorem,  try-to  draw  a  counter-example, 

1.     (R)     a  +  (6  -  a)  =  b 

(i)     a  +■  (b*  -  a)  =  V  *  


iii)        +  (h  -  A)  =  b  s 
liii)     a  +  (B  -  a)  =  6* 
A  +  (B  ~  A)  =  B 

2.  (R)  .  la  +"6)  -  a  --6  ' 

(i)     (a  f  V)  -  a  ~  £ 

(ii)  [A  -  A  =  7T 
(Hi)  (cf  +  B)  -  a  «  B 
(ivV  (4  +  B)  -  A  =  JB  1  <  ■ 

3.  (R)  b)  +  ,fn  -  cr=  a-  -  \ 

(i)     ■  ic-V)  *  (a  -  "c)  =  £  -  V 
Hi)    iC^  V)  +  (eT-  C)  -  aV  V 
liii)     <t*-  B)  +  <pT-  <3  =  7-B  ' 
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Answers  for  Exercises 

[Proofs  o£  some  theorems  follow  the  answers,  ] 

I.     (i)  and  (iv)^are  theorems;    (ii)  and  {iii)  are  not  sentences 
' S  -  A*  and  *a  +  (B  -  a)?  are  aot  terms,  » 

Z?     fij'and  (ii)  are  theorems;    (iii)  and  (iv)  are  not  aentences  — 
'a  f  B*  and  4  A  Jt  B'  are  not  terms. 

3.     (i),  (vii),   and  (viii)  are  theorems;^  (ii),  (iii),  (iv)/fv),  and  (vi) 
are  not  sentences  —  'a  -  C'  and  'c  -  B'  are  not  terms. 
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(iv) 

(c*  -  b)  ♦  (A 

-  e)  ^  A  -  b 

* 

(v) 

'  (C  -  Bf  r  (a  - 

.  C)  =  a  -  li 

(vi) 

ic-  8>  +  U 

-  c)  -  A  -  B 

(vii) 

'  <C  -  ft")  +  U  - 

a  -  A  -  b' 

(viii! 

It'  -  B)  +  li4  - 

■  C)  =  A  -  B 

♦4. 

(R) 

o  _  \b  .-  c)  = 

(a  -  b)  -  v 

(i> 

a  -  (A*  -  d  =" 

»      >  -* 
(a  -  b)  -  c 

< 

(ii) 
Uii) 

A  r  (6*  -  cU 
A  -  IS  -  cf  = 

{A  -  b)  -  c 
(A     fl)  -  c' 

(iv) 

4  -  (fl  :  (•)  = 

Ii4  -  fl)  *  C 

5. 

.  <R> 

£1  -   (ft  -7  O  = 

ta  -  b)  +  f 

(ii 

a  -  ib'  -  c)  -= 

(a  -  dU  'f 

(ii) 

A'~  ib'  -  c\  =■ 

u  -  M  +  c* 

(iii) 

a.  -  IB  -  c)  m 

la*  -  B  )  +  c* 

• 

(iv) 

a  -  t  b  -  C\ 

(a*  -  6)  *  C 

(V) 

y  4  -  i&  -  d  - 

U     B)  +  c* 

(vi) 

a*  -  (£  l-O  = 

la  -  i?)  +  C 

(vii) 

4  ~  (6*1  C>  = 

1/4  -  M  +  C 

(viii! 

i4  -  (fl  -  O  = 

m  m  +  c 

(R) 

c  -  a  =  c  -  6  «— *  a  -  b 

'  (i) 

c  -  a  -  c  - .  i 

S>-r*  a  «  6 

lift 
(iii) 

C  -  a*=  C  -  1 

C  -  -i4  ^  C  -."( 

*  ^  =  ft" 

(iv) 

C-4-C-B~  Ar=  B 

The  most  obvious  thing  about  the  expressions  infthe  preceding  exer- 
cises is  that  many  of  them  are  not  sentences.  For  example,  Exer- 
cise Kii)  is  not  a  sentence  because,  although  we  have  three  kinds  of 
subtraction,  none  of  them  allows  for  Subtracting  a  point  from  a  trans- 
lation. Also,  Exercise  6(iii)  i§  not  a  sentence  because,  since  ?C  -  A'  is 
a  trans  iatipn-term  and  'ft?  is  a  point-term,  'C  -  A  =  C  -  V  is  not 
an  equation: 

Next,  we  notice  that,  in  each  exercise,  the  sentence  (R)  is  a  sentence 
about  r^al  numbers  which  is  either  true  because  is  a  group  with 
respect  tq  addition  or  [in  one  easel  is  false.  So,  we  afe  not  surprised  to 
find  that*  in  all  but  one  exercise^  the  sentence  (i)  is  a  theorem. 

In  Exercise  4,  the  sentence  (R)  is  false.  Also,  although  (i),  (ii),  and 
(iii)  of  this  exercise  are  sentences,  npne  of  them  is  a  theorem.  Doe§  this 
happen  just  •  by  #iance*  or  is  it  always  the  case  that  when  a  real 
number-sen tentfe  is  false  none  of  the  corresponding  sentences  of  our 
algebra  can  be  derived  fisom  Postulates  1  through  4"'?  If  this  were 
the  case,  it  would  be  helpful  because  it  would  give  us  a  way  of  testing 
susp^ted  theorems -if  the^real  number-sentence  corresponding  to 
one  of  our  sentenc^  turned  out  to  be  false  then  We  would  know,  at 
least,  that  our  sentence  couldn't  o&  derived  from  the  postulates  we  now 


TC  135  , 


(R)  \b  f&lse,  and  none  of  the  sentences  is  a  theorem;    however,  (i), 
(u)r-and  (Hi)  are -sentences  —  any  appropriate  figure  with  c  ^  t 
will  furnish  a  counter-exarrfple;    (iv)  is  not  a  sentence  because,,^/ 
*(A  r  B)  -  C*  is  not  a  term.  , 

(i)>  (ii).  and  (v)  are  theorems;   (iii)  is  not  a  sentence  since 

neither  of  its  components  is  a  sentence  —  for  example,  'A  - 

is  not  a  sentence  because  one  si*de  is  a  point-term  while  the 

other  is  a  translation -te rm,* 

*  *  *  *A\ 

(i),  (ii),  and  (iv)  are  theorem^;    (iii)  is  not  a  sentence  since  •« 

neither  of  its  components  is  a  sentence  —  for  example,  *  A  =  Tq* 

is  not  a  sentence  because  one  side  is'a  point Jterm  while  the 

other  is  a  translation-term,  ,  * 

In  each  exercise  for  which  (i)  is  a  theorem,  this  theorem  is 
readily  proved  as  in  ordinary  algebra.    As  to  sorr^e  of  the  vc£her 
claimed  theorems, 

1.  (iv)  is  Postulate  2(a),  2.  (ii)  is  equivalent^  Postulate  2(b), 
3,  (viif)  is  Postulate  3,  5.  (v)  is  equivalent  to  Theorem  3-10, 
and  6#    (iv)  is  Theorem  £-4. 

As  to  3.   (vii),  (C  -  B)  +  (A  -  C) "  =  At  [iC  -  S)  -  C]  =  A  +  -S  == 
A  -  bf  by  Theorem  3-9,  Definition  3-l(b)  and  Postulate  2(b),  and 
Definition  3~Hb).  . 

As  to        (ii),  A  -       -  c)  =  A  +         +  -?)  =  Ay+  («S  +  c)  =  '  - 

Z*)  4  c  s  (A  -  B)  +  c,  by  Definition  3-1,  +  -?)  = 

-b  +  C\  Theqrem  2-5(b),  and  Definition  3-l(b), 

As  to  6#   (ii),  this  follows  from*  Theorem  2-2,  by-way  of 
Definition  3-lfb)  and  the  theorem  4 -a  -   -B  <=>  a  '=  B1 . 
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have.  Luckily,  this  is  the  case.  The  reason  is  that  the  real  number- 
sentences  which  correspond  with  our  postulates  are  true.  So,  if,  for 
example,  we  could  derive  Exercise  4(iii>  from  our  postulates  then  we 
could  in  the  same  wa^  derive  Exercise  £(R)  from  true  sentences  about 
real  numbers.  Since  Exercise  4<Rhis  false,  we  can't  do  this.  So,  Exer- 
cise 4(iii)  cannot  be,  a  theorem. 

lxx)king^now  at  the  other  exercises,  we  see  something  even  more 
interesting.  In  each  of  these  exercises  the  real  number  sentence  is 
f  true  [because  is  a  group  with  respect  to  addition!  and  each  of  the 
analogous  sentences  of  our  algebra  its  a  consequence  of  Postulates  L 
through  4"'.  Is  this  chance?  If  it  isn't  then  we  have  a  lot  of  low-cost 
theorems.  For,  in  this  case,  we  shall  know  that  a  given  sentence  of 
our  algebra  is  a  theorem  if  the  corresponding  real  number-sentence 
is  derivable  from  <o)  -  jv)  of  page  125.  This  is  so,  and  there  is  even  a 
way  of  turnirig'a  derivation  of  a  real  number-sentence  from  (o)  -  (v) 
into  a  pnx>f  of  any  of  the  corresponding  sentences  of  our  algebra.  We 
shall,  not  go  into  the  details  of  this.  You  have  probably  examined 
enough  theorems  by  now  to  be  convinced. 

Combining  the  discoveries  of  the  preceding  two  paragraphs,  we  have 
the  following  rule: 

A  sentence  of  our  algebra  is  a  consequence  of  Postulates  1 
through  4'"  if  and  only  if  the  correspondingvreal  number  sen- 
tence us  true  just  because    is  a  group  with  respect  to  addition. 
Once  we  are  convinced  of  the  correctness  of  this  rule,  we  have  no  more 
need  to  give  proofs  of  theorems  of  the  kind  we  have  been  dealing  with, 
and  no  need  to  list  other  theorems  of  this  kind.  [We  shalUtill,  however, 
have  to  give  proofs  for  theorems  which  depend  on  postulates  we  shall 
introduce  later.  ]  '  *  *> 

A  useful  consequence  of  the, rule  we  have  discovered  is  this: 
We  can  transfprm  expressions  referring  to  points  and 
translations  just  as  though  both  kinds  of  addition  and  all 
three  kinds  of  subtraction  were  addition  and  subtraction  of 
real  numbers  as  long  as  we  take  care  that  the  expressions  we 
write  make  sense. 

Exercises  , 

Consider  the  following  and  tell  which  are  theorems  and  which  are 
not.  Explain  each  of  your  answers. 

1.  (A  +  o)  -  (B  +  a)  =  A  -  B 
JL  A  -  (B  +  a)  =  ~£J  +  U  -  aV 
3.  A  -  (ffffl)  -  lA  -  B)  -  a 


Part  A 
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For  your  information  we  give  a  proof  of  the  rule  stated  in  the  last 
paragraph  on  page  136.  , 

"'.♦***  ■ 
The  proof  of  this  jmportant  rule* requires  two  steps.    We  must 
show  that  * 

if  a  sentence  of  our  algebra  is  derivable  from  Postulates 
(6)     *  "  4'"  and  Definition  3-1  then  the  corresponding  sen- 
;  tence  about  real  numbers  is  derivable  from  the  group 

,       postulates  (o)-(v)  on  page^lZ5, 

a*id  We  must  show  that  * 

if  the  real  number-sentence  corresponding  t$  a  sentence 
(bit)    oi  our  algebra  ^  derivable  from  (o)-(v),  then  the  latter 
sentence  is  derivable  from  Postulates   1  -  4"'  and 
Definition  3-1. 

Now,   (£)  is  easy  to  establish.    The  real  number-sentences  which 
correspond  with  our  postulates  are  all  consequences  of  (o)-(v).  [Those 
corresponding  with  the  parts'bf  Postulate  4'"  and  Definition  3-1  are 
precisely  the  sentences  (oMv);   those  cor  responding  with  .Postulate  1 
are  'a  -  a  €ft'   and  'a  +  ae  those  corresponding  with  Postulate  2 

are  'a.+  (b  -  a)  =  b*  and  '{a  +  b)  -  a  =  b\  and  that  corresponding  with 
Postulate  3  is  Mb  -  a)  +  (c  -  b)  r  c  -  a' ,    Clearly,  all  are  consequences 
of  (o)-(v).  j   Hence,  any  proof  of  a  theorem  from  our  postulates  can  be 
transformed  into  a  derivation  of  the  cor  responding -sentence  from  conse- 
quences of  (o)-(v)  merely  by  replacing  all  variables  in  the  proof  by 
real  number  variables,   replacing  <"      by  'Q',  and  replacing  and 
*  T'  by  ,ft'<  * 

So,  (6)  is  correct,  and  we  know  that  any,  sentence  of  our  algebra 
whose  real  number  analogue  is  not  derivable  from  (o)-(v)  is,  itself, 
not  derivable  from  our  frnesent  postulates,    [in 'particular  any  sentence 
whose  real  number  analogue  is  false  is  not  derivable  from  our  present 
postulates,,  J  1 

The  proof  of  (Ori?)  is  scarcely  more  difficult;   but,  since  it  is 
longer  and  rather  more  Subtle,  we  have  not  given  it  in  the  text.    To  V 
establish  we  proceed  as  follows: 

^Consider  any  sentence   $  of  our  algebra,  let        beV  its 
real  number  analogue,  and  suppose  that  0*  is  a  consequence 
of  (o)-(v).    Choose  a  point-variable  —  say,  'O'  —  whicn 
does  not  occur  in  #  and  let  $  be  the  sentence  obtained  from 
0  by  inserting  /-O'  after  each  occurrence  of  a  point-vari- 
able in         For  example, 

if  4  i»  'C  +  <B  -  A)-=-  B+<C,~  A>' 

then        is  'cHb'i)  ='b  +  |c  a)' 

f(B  -  O)  -  {A  ^  0)J  = 
[(C  -  O)  -  (A-  0)j\ 

jAs  indicated,  in  constructing  ijj  from  0,  it  is  necessary  to  introduce 
additional  punctuation.    The  precise  procedure  is  to,  first,  enclose 
each  occurrence  in,  0  of  a  point -variable,  in  a  pair  of  parentheses,  and 
then  insert       O*  between  each  point-variable  and  the  immediately 
following  right  parenthesis.  J  The  proof  of  is  now  carried  out 

in  two  steps  by  showing,  first,  that 


and  i|i  i*  *(C  -  O)  + 
(B  -  O)  4- 
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because        in  a  consequence  of  (o)-(v),  ^  is  a, 
(£<r)'  consequence  of  Postulate  4'"  and  Definition  V 
'  >        3-l{a),  ,  _  .  * 

a^id,  second,  that  ' 

^  ia  a  con8t,(?uence  of  4>,   Theorem  2-3,  Theorem 
3-7,  Theorem.  3-8.  and  Definition  3-l(b). 

Combining  thpse  results  we  see  that  ^  is  a  theorem  if         is  a  conse- 
quence of  (o)-(v),  u 

It  remains  to  establish'  and  (4rdr)'\    We  begin  with  the  for- 

mer.   We  begin  by  noting  that,  since   ^*  is  a  consequence  of  (o)-(v), 
any  sentence  obtained  by  substituting  diffe rent  translation- variables  for 
the  different  real  number  variables  in         is  a  consequence  of  Postulate 
4"'  „and  Definition  3-i(a).    We  obtain  one  such  sentence  X  as  follows. 
Certain  variables  in   ^*  may  have  gotten  there  through  substitution  for 
translation-variables  in  0.    For  these,  we  substitute  these  same 
translation-variables.    For  each  of  the  other  variables  in  (j&  we  sub- 
stitute a*ny  translation-variable  we  please,  taking  care  only  not  to 
choose  the'  same  translation-variable  twice,  and  not  tQ  choose  a  trans- 
lation-variable which  occurs  in  0.    In  the  example  above, 

X  rnight  be    c  ♦  (S  -  a)  =  8  }■(?  -  ,a)\ 

Since,  as  should  be  obvious,  y  is'an  instance  of  the  sentence  X  so 
obtained,  it  follows  that  v|r  is  a  consequence  of  Postulate  4"'  and 
Definition  3- 1(a),  % 

Having  establish^  our  final  task  is  to  establish  It 

is  this  part  of  the  argument  which  is,  perhaps,  too  subtle  for  your  stu- 
dents.   Before  entering  into  it,  it  will  be  helpful  to  illustrate  the  course 
the  argument  will  take  by  applying  it  to  our  example.  ,  [Recall  that,  by 

we  know, that,  because  *c  Mb  -  a)  =  b  +  (c  -  a)'  is  derivable 
from  {o)-(v),  the  sentence:  1  ^ 

(C  -  O)  f  (<B  -  O)  -  (A  -  O)]  =  (B  -  O)  +  [(C  -  O)  -  (A  -  O)] 

is  derivable  from  Postulate  4'"  and  Definition  3-l(a).    We  even  know 
a  mechanical  way  in  which  to  modify  a  derivation  of  the  first  sentence 
to  obtain'  a  derivation  of  the  second.    Our  task  is  to  continue  this 
derivation  in  such  a  way  as  to  emerge  with  a  proof  of  our  original  sen- 
tence 'C  f  (B  -  A)  -   BMC  •  A)',].  To  begin  with,  it  follows  from  the 
sentence  displayed  above  and  two  instances  of  Theorem  3-7  that 

(C  -  O}  +  (3  -  A)  =  (B  -  O)  +  (C  -  A),  ' 
*  it 
And,  from  this  and  two  instances  of  Theorem  3-8,  it  follows  that 

. .     (ct(a-A)}-o  ^  (bI(c-a)S-u 

sFinally,  from  this  and  an  instance  of  Theorem  2-3  it.follows  that 

C  MB  -  A}  =  B  +  (C  -  A), 

In  establishing  {&<r)n  we  shall  at  first  consider  the  case  in  which  — 
as  in  our  example  —  the  sentence        *s  an  equation.    We  may  then  sup* 
pose  that  £  is  r  =  t  where  (T  and  7  are  both  point-terms  or  are  both 
translation-terms.    In  this  case  the  sentence      is  aiO)  -  r(0),  where 
o-(O)  is  obtained  from  <r  —  and  riO)  from  t  —  in  the  same  way  in 
which  4>  is  obtained  from        that  is,  by  inserting       Of  after  each 
point^variable.    We  shall  show  that  in  case  <r  is  a  point-term  th#n 
ff(Q}  =         O  is  a  theorem  which  can  be  derived  from  Theorem  3-7, 
Theorem  3-8,  and' Definition  3-i(b);  while  if  <r  is  a  translation-term 
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...then  oi  O)  :  =.  -Jr_^^ch^*h#o^&m5    We  show  this  by  induction  on  the 
manner  in  which  terms  are  constructed.    The  simplest  terms  are  vari- 
ables and  the  one  constant  '(K    Now,  if  <r  is  a  point-variable  then,  by* 
definition,  tr(0)  is  merely  <r  -  O',  and  the  equation  cr<0)  =  or  -  O  is  a 
valid  sentence.    If  o*  is  a  translation-variable  or  '<Jf  then,  by  definition, 
aiO)  is  merely  a-,  and  the  equation  tr(0)  -  (T  is  valid.    Thus,  we  £ave 
established  the  initial  step  of  our  induction.    The  inductive  step  depends 
on  noting  that  if  <r  ie-a  point-term  which  is  not  merely  a  variable  then 
it  ie  crj  +  o-?  or  crx  -  <r2,  where  <r,   is  a  point-term  and  tr2  is  a  trans- 
lation-term, while  if  or  is  a  translation-term  which  is  not  a  variable 
or  #(r  then  it  is  either        -  or2,  where  <rt  and  0"2  are  point-terms,  or 
it  is  (T1  +  crp,   o"x  -  or^  or  -o^,  where  cr1  and  trp  are  translation-terms. 
Our  procedure  now  is  to  make  the  inductile  hypothesis  that  the  result 
we  are  trying  to  establish  does  hold  for  the  terms        and        and,  from 
this,  argue  that  it  holds  for  o*,  *■ 

We  consider  first  the  case  in  which  the  point-term  <r  is        +  o"2 
where         is  a  point-term  and  0"2  a  translation-term.    By  definition, 
cr(Q)  is  (TjjO)  +  <T2(0)  and,  by  the  inductive  hypothesis,   cr  (O)  =   <rx  -  O 
and  <r2(0)  =  sr^  are  consequences  of  Theorems  3-7  and  3-8,  and  ' 
Definition  3-  1(b),    It  follows  thatcrfO)  =   (o^  -  O)  +  (T2  is  also  such  a 
consequence.    Hence,  <r<0)  =   (o^  ±  crp)  -  O  —  that  is,  <r{0)  =  <r  -  6  — 
is  such/a  consequence  since  it  follows  from  the  preceding  one  and 
Theorem  3-8,'   The  case  in  which  o"  is  <r^  -  <rpl  where        is  a  point- 
term  and  <r2  is  a  translation-term  is  treated  in  exactly  the  same  way 
except^that,  in  the  final  step  we  need  the  theorem  *(A  -  B)  -.  c  = 
(A    -  c)  -  B*  which  is  an  immediate  consequence  of  Theorem  3-8 
and  Definition  3-l(b), 

We  next  consider  the  case  in  which  cr  is  cr1  -  o"2 ,  where  or    and  <r? 
are  both  point-terms.    By  definition,  (r{Q)  is  0p1{O)  -  <r?<0)  and/ by  the 
inductive  hypothesis  <r,(0)  =  «r.  -  O  and  ^(O)  =   ov,  -  0  are  conacquences 
of  Theorems  3-7  and  3-8  and  Definition  3-l(b).    It  follows  that  cnjO)  ~ 
( &i  "  O)  -  (crp  -  Oj  is  such  a  consequence.    Hence,  cr( O)  =  ff^  -  crg  — 
that  is^  oiO)  =  (r  —  is  such  a  consequence  since  it  follows  from  the  pre- 
ceding one  and  Theorem  3-7. 

Finally,  we  consider  the  case  in  which  g*  is        4-  cr2,   tj1  -  o"2,  or 
-£r1?  where  <r1  and  <r2  are  trans.lation-te rms.    By  definition,  triO)  is 
(T^O)  +  0-2<O),  0^(0)  -  <r2(0),  or  -v^O)  and,  by  the  induction  hypoth- 
esis, <rx(0)  =  a1  and  cr^(O)  -   cr2  are  consequences  of  Theorems  3-7 
and  3-8  and  Definition  3-1  (b).    Hence  fin  any  of  the  three  subcases],'  . 
oiO)  ~  tx  is  also  such  a  consequence, 

paving  establisned  thi^  result  concerning  terms,  we  return  to  the 
consideration  of  the  sentence  $  which  we  are  supposing  is  ari  equation, 
tr  ^  t,  where  or  and  V^re  both  point-te  rms  or  are  ^oth  translation 
terms.    By  definition,  the  sentence      is,  then,  MO)  =  r(O).    In  the  first 
case  <r(0)  =  o-  -  O  and  t(O)  =  t  -  O  arc  both  consequences  of  Theorems 
3-7  and  3-8  and  Definition  3-l(b),    Consequently,  the  sentence  c(O)  = 
r(0)  <=^>  0*-O  =  r  •  O  is  such  a  consequence.    Hence,  the  sentence  y 
(r(0)  =  r{0)  <=s>  o"  3  t  is  a  consequence  of  Theorems  2-3,  3-7,  and 
3-8,  and  Definition  3-l(b).    In  the  second  case  [that  in  which  tr  and  r 
are  translation-terms]  the  equations  <r( O)  =  (r  and  r{0)  are  conse- 
quences^of  Theorems  3-7  and  3-8,  and  Definition  3-l(b}#    So,  in  this 
case,  the  sentence  cib)  =  r(O)         <r  ~  <r  is  also  su«h  a  consequence. 

It  follows  at  once  that  in  case  #  is /an  equation  then  ^  <sas>  $  is  a 
consequence  of  Theorems  2-3,  3-7,  aftd  3-8,  and  Definition  3-l(b). 
So,  is  established  in  this  case.    The  general  case  now  follows 
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;  * 

4.  iA  ¥  a)  ~  tB  ¥  V>  =  (A  -  B)  f  (a.-  V) 
.  5.  A  -  <B  +  c)  =  e'*^B  +  c*=  ,i4  +  c* 
6.  (^»f  6')  -  iC  *  U)  -  A  -  [C  -  (b'~  a*)\ 
**    7.  ia  >  B)  -  [A  +'  tfl  -  4)|  =  'a 

8.  </»  +  p)  -  [Q  -  (Q  -  i?)]  .  iP  _  fl)  +  p 

9.  IB  -  a*  -  M~-  a>  -  (v*  -  B)]  =  0 

IQ.  f>*  f  |6*-  la*  -  \A  -  B)))~  V> 

v  ' 

*PartB 

Siiripiify  the  following  expressions,  and  tell  whether  the  given 
expression  refers  to  points  or  translations. 

L  [A  -  (A  -  B>1  f  U  -*CT 

2.  [(A  >  a)  -  S)  +  KB  -  A)  % 

3.  M  -  (fl  -  C)J  +•  (B  -  A) 

4.  <<■"-  6)  +  ia  -r  c\  -  (a  -  b*) 
*      5.  IC  +  (B  -  C)J  +  a 

6.  |/\  -  (A  -  B)|  +  l(C  +  c5  -  C] 

7.  KA  ~  B)  ¥  (C  -  yi) 

8.  A.+  \A  -  A) 

9.  UA  *  B>  +  (C  -  A)}  +  (B  -  C) 
10.  {Q  -  [R  +  (P  -  R)}}  +  (P  -  Q) 

PartC  !|| 

In  each  of  the  following  exercises,  complete  the  sentences  in  terms 
b  'a  ,'b  ,  7,  'ct  or  '6 .  Also,  t>n  a  copy  of  the  given  diagram  draw  dotted 

arrows  to  describe  the  translations  listed  in  the  exercises. 
Examptk.  • 
"  Given:  A  =  P  +  a, ',  B  =  P  +  %  C  =  P  +  7 

s  (a)  B  -  .<4  =  

_     ../  (b)  C  -  B  m  ' 

■    * " '  °f   '  ¥  (c)  A  -  C  =  \ 

'  -c~-     „    (d)  (B  -  A)  +.<C  -  B)  +  IA  -  C)  =  


(a)  B  -  A^       7- a 
»  (b)  C  -  B  »       <T-  7 
(c)  A  -  C  -  7-7 


(d)  tB  -  Aj  +  (C  -  B)  +  (A  ->  © 
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at  once.    For  any  sentence       is  built  up  out  of  equations  and  connec-  „ 
tives  [*»>\  'and',,  'or',  and  'not'],  and,  by  definition,  4>  is 

built  up 'in  the  same  way  out  of  cor  responding  equations.    If  one  of  the 
building  blocks  for  0  is   ^  then  the  corresponding  one  for  \\>  is  $\o) 
and,  as  has  just  been  shown,  #|(0}         ^  is  a  consequence  of  Theorems 
2^3,  3  -7A  and  3-8,  and 'Definition  3-Mb).    So,  by  the  replacement  and 
introduction  rules  for  biconditional  sentences  it  follows  that  0  iS 

such  a  consequence.    In  particular,  $  is  a  consequence  of  4/  and  these 
theorems  and  definition,  / 

This  completes  the  argument  for  and,  so,  corfrpletes  the  ' 

proof  of  the  rule  on  page   136.  (  ,  \.  J 

Incidentally,  it  is  by  the  kind  of  induction  used  in  establishing^  ' " 
\it*k)ff  ^hat  one  justifies  the  replacement  rule  for  biconditional  sentences 
In  this  case,  the  induction  is  with  respect  to  the  structure  of  the  sen- 
tence in  which  the  replacement  is  to  be  made  rather  than,  as  in  the  case 
of  on  the  structure  pf  the  term  cr  for  which  we  wish  to  establish 

our  result,  • 


Answers  for  Part  A 


1. 

3. 
4. 


6. 

7. 
8. 

9, 

10, 


Theorem.  [Ma  +  c)  -  (b  +  c)  *  a  -  b*  is  algebraically  correct  and 
each  of  '(A  +  a)  -  (B  +  a)*   and  'A  -  B'  is  a  translation-term.  1 

Not  a  theorem,    ['-B1  is^ nonsense .  ] 

Not  a  theorem,    ['a  +  B'  is  Nonsense. 

TC137  «  . 

Theorem.    [Ma  +  c)  -  (b  +  d)  =  (a  -  b)  +  {c  -  d)*  is  algebraically 
correct  and  each  of  MA  +  a)  -  (B  +  S)*  and  MA  -  B)  +  (a  -  S)*  is  a 
t'ranslation*term,  ]  | 

Not  a  theorem,  ['a  -»*  (b  +  c)  =  c*  is  not  •'algebraically*1  equiva- 
lent to  *b  +  c  =  a  +  c\  ] 

Theorem.    [Ma  +  b)  -  (c  +  d)  =  a  -  (c^  -  (b  -  d)}'  is  algebraically 
correct  and  each  of  MA  +      -  (C  +  ly  and  4A  -  [C  -  (S  -  3)]f  is  a 
translation-term.  1 


Not  a  theorem,    ['a  +  B*  is  nonsense,  ] 

eorem,  [Mp  +  s)  -  [q  -  (q  -  r}]  =  (p  -  r)  +  sf  is  algebraically 
rrect  and  each  of  MP  +  p)  -  [Q  -  <Q  -  R)j'  and  *(P  -  R)  +  p1  is 


Th 
cor 

a  translation-term.  ] 

Theorem-    [Mb  -  c)  -  [(a  -  c)  -  (a  -  b)j  =  0'  is  algebraically 
correct  and  each  qL  'XB        '  ilA  -  ll  -  (A  ~-&¥£  and  -  •ff'  is  a 
translation-term,] 


Not  a  theorem,  [Jb  4  [b 
correct,] 


{a  -  (c  **td))J  =  V  is  not  algebraically 


e.rs,  for  Part  B 
+  (A  -  C);  paint 


[on  A  +  (B  *  C);  point] 
3.     C;  point 
5,     B  +  a;  point 
7#     C  -  B;  translation 
9*     ft;  Vaualation 


.  ■  .  $ 

2. 

a;  translation 

4. 

* 

(5;  translation 

6; 

B  4  ?j  point 

8, 

Aj  point 

10. 

ft;  translation 
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1.  (liven:  A  -%Q  *■ 'a,  B  *  Q  +  V,  C  =  Q  f  t\  D  -  ^  +  V 

(a)  «  -  ,\  -  l. 

b-  .  ib)  D  -  B  =  

^  (c).  C  -  £>  -  

..         (/-  "      (d>  <4  -  C  =  .  .. 

••'c*  '         ie)  \B  -  A)  +  iD  -  B)  + 

c/  No  ■  ■  •    <C  -  0>  +  u  -  C)  = 


X 


B 


2.  Given:  J5  =  A  ♦  a"  C  -  B  +  A*  D  =  C  +  c\  15  -  D  -  a, 
F  =  E  -  h,  G  ~*  £  -  c,  H  -  B  +  £•' 

(a)  C  -  ,4  -  

(b)  D  -  A  -   

£  le>  0  -  C  =  '   

T  (d)  G  -  4  =  x 

(e)  G  -  B  =  

(f)  K  -  B  = 

(g)  F  -  D  =  ___ 


-  * 


(h)  C  -  2&«=   

(i)  (//  -  A)  +  (G  -  ff)  + 

l£  -  G)  +  (A  -  E)  - 


I 

3.08  A  New  Look  at  Postulates  1  and  2 

Recall  our  Postulates  1  and  2:  / 

1(a)  B  -  A  €../  /  (b)  A  +oW 

-2(a)  4  +  ifi  -  A)  *  B      /    (b)  o  =  "(A  +  o)  -  A 

Now  suppose  that  CJ  is  a  point.  Then  [by  l(a)hfor  any  point  A, 


A  -  O  e\% 


) 


So,  we  can  define  a  mapping  [which  we  shall  call  tT.0']  of  if  into  :f; 


>TJA)  ='A  -  O 


U0)^^W   A  O 

'  •    /r„(B)  e  o 


Fig.  3-2 

-■f  ... 

Also,  [by  Kb)]  for  any  translation  a, 


ERLC 


0  +  "a  €  *r 

3li 
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Answers  for  Part  C  * 

I.   (a)  S  -  a  2.     (a)  c  -  a  (b)  a  +■  S  +  c 

"  .      (b)  ef  -  S  ,          (c)  -a  (d)  S 

(c)  c  -  d*  (e)  6  -  a  "   .        (f)  S  +  c  -  a 

(d)  t  -  c  (g)  -a  -  6  (h)  a  -  c 

(e)  0   [or;   A  -  A]  (i)  C*  {or:  A  -  A] 

[it  is  recbmmende^  that  *you  construct  a  stick  model  to  aid  the 
discussion  of  this  exercise.    Pencils  and  lumps  of  clay  work  nicely 
for  this  purpose.    You  can  label  points  with  flags  taped  to  tooth 
picks.  ]  \  ;  1 

TC  138,  139  (1)  . 

This  section  shows  that,  on  the  basis  of  Postulates  1  and  2,  given 
an  origin  O  in  ■£ ,  there  is  determined  a  one-to-one  correspondence 
between  points  and  translations.    This  result  is  the  basis  for  intro- 
ducing coordinates  in  £  and,  more  directly,  for  the  usual  uses  of  < 
vectors  [qua  directed  segments]  fo«*  solving  problems  in  geometry. 

This  result  also  suggests  a  more  special  kind  of  geometry  which,  , 
when  vectors  are  mentioned,  sometimes  becomes  confused  with  euciid- 
ean  geometry.    This  geometry  is  euclidean  geometry  plus  a  chosen 
origin,  O,  and  is  properly  called  centered  euclidean  geometry.    As  the 
result  of  this  section  shows,  there  is  no  formal  difference  between 
vector  algebra  and  centered  euclidean  geometry.    Confusion  of  cen- 
tered euclidean  geometry  with  ** homogenized" -^rdinary]  euclidean 
geometry  leads  to  identifying  points  with  vectors  and  to  statements  to 
the  effect  that  euclidean  geometry  is  just  the  study  of  vector  algebra. 
Such  statements  are  false.    What  is  true  is  that  euclidean  geometry  is 
just  the  study  of  how  translations  —  which  constitute  a  vector  space  — i- 
operate  on  the  set  S  of  points,  in  accordance  with  Postulates  1  and  2, 
[One  way  to  appreciate  the7  difference  between  centered  euclidean  geom- 
etry and  ordinary  euclidean  geometry  is  to  note  that  in  the  former  it  is 
possible,  as  indicated  on  page  139,  to  introduce  geometrically  mean- 
ingful operations  of  addition  and  oppositing  of  points v  Also,  in  such  a 
geometry  one  is  barred  from  considering  motions  under  which  the 
origin  O  is  not  fixed.  ] 

The  relation  between  T  and'  £  which  are  .made  explicit  in  this      i  ... 
section  canlje  used  to  good  ^effect  in  gaining  a  more  nearly  complete 
understanding  of  notions  concerning  translations.    Translations  can  be 
regarded  from  two  points  of  view. .  In  the  first  place,  each  translation 
is  a  mapping  of  £  onto  itself.    As  in  the  case  of  any  mapping,  there  are 
various  graphical  tricks  which  help  us  to  concentrate  our  attention  on 
what  might  be  called  the  ••structure"  or  the  "nature"  of  a  given 
translation.   JFor  example,  we  can  picture  a  given  translation  by  drawing 
a  lot  of  arrows,,  all  having  the  same  sense  and  the  same  leng^,  and 
interpret  our  drawing  as  a  picture  of  3 -dimensional  space  ifFwhich,  by 
the  arrows,  we  indicate  tne  images  of  selected  point*  under  the*  given 
translation*   If  we  felt  it  necessary,  we  coulS  construct  a  more       f  \ 
"realistic"  picture  by  hanging  actual  arrows  (as  used  &  archery] 
from  the  ceiling  of  a  room.    Other  methods  —  th6  use  of  tracing  sheets 
is  aja  example;  —  are  illustrated  in  Chapter  il. 


t 
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and'  we  can  define  a  mapping  [which  we  shall  call  fP0']  of  tT  into 


Pu{a)  =  0  +  a 


^PoiJ)    0  .  a 


7   "  P0:.y 

/  *  ■ 

>P.Ab)    0  <  b  ^ 
Fig,  3-3  * 

Now  consider  the  composition  of  the  mappings  P()  and  T0.  Complete 
the  following: 

i 

[P0  >T0)(A)  =  P0(T0iA)) 
=  PUL  ) 

'  v      =  a  r~ 


[Postulate 


i 

/ 

Fig.  3-4 


A  -*A 


We  have  seen  that  if  we  adopt  a.  definition: 

Definition  3-2 
(a)  TQ(A)  =  A  -  O        (b)  P0(o)  =  O  +  a 

w£  have,  as  a  consequence  of  Postulate  2: 

Theorem  3-14 

This  theorem  says,  exactly,  that  the  mappings  Pw  and  T0  are  inverses 
of  one  another.  [Explain.]  In  other  words,  given  any  point  0,  the 
mappings  P9  and  T0  spell  out  a  natural  one-to-one  correspondence 
between  the^points  of  %  and  the  translations  of 


*    "  4      TC  138,  139  (2) 

„  *  .  A  -  '  „ 

The,  second  way  of  regarding  translations  is  characteristic  of  con- 
temporary mathematics*    Translations  »are  objects  Of  a  certain  ^in4  and, 
as  such,  are  related  to  one  another  in  various  ways.    We  recognize  thi^s  - 
when  we  speak  of  the  set  T  whose  members  are  just  the  translations  of 
S   and  when,  for  example,  we  recognize  that  one  translation  rnay  be  the 
resultant  obtained  by  composing  other  translations.    Indeed,  as  is  sum- 
marised in  Postulate  4'",  the  members  of  T  are  subject  to  certain 
operations,  and  these  operations  have  certain  properties.    Later  we 
shall  find  Other  operations  on,*  and  relations  among,  the  rnembe  rs  of  T, 
Our  discovery  of  these  operations  and  relations  results  from  our  study  . 
of  the  "structure"  of  individual  translations.    That  is,  it  comes  about 
from  adopting  the  point  of  view  referred  to  in  the  preceding  paragraph. 
But,  having  invade  these  discoveries,  it  now  becomes  profitable  to  con- 
centrate our  attention'on  them.    In  order  to  do  so  it  is  helpful  to  have 
some  way  of  *  Visualizing' *   T,  itself, 

v.v 

The  present  section  suggests  how  this  can  be  done.  If  we  choose  a 
point  of  £  then  there  is  a  one-to-one  correspondence  between  the  other 
points  of  £  and  the  non-2  translations.  'We  may  then  represent  eecH  of 
these  translations*  b*y  an  arrow  from  the  chosen  point  to  the  point  which* 
is  its  image  under  the  chosen  translation.    The  result  will/be  a  picture 


vlike  (a).    It  is  a  picture  of  S,  supplemented  with  arrows  indicating  cer- 
tain translations.    Re -labeling  (a)  gives  us  (b),  which  we  can  take  as  a 
'•picture*'  .of  T.    In  (b),  the  arrows  are  pictorial  representations  of 
certain  non-5  translations  and  the- translation  £$  is  pictured  by  a  dot. 
It  may  help  in  clarifying  the  distinction  between  (a)  and  (b)  to  point  out 
that  in  (a)  there  is  the  possibility  of  indicating  a  given  translation  by 
drawing  any  one  of  many  arrows.    For  example,  the  translation  from  A, 
to  C  may  be  indicated  by  an  arrow  from  A  to  C  and,  also,  by  an  arrow 
from  O  to  a  properly  chosen  point.    In  fact  each  arrow  in  (a)  is  merely 
a  representative  chosen  from  a  set  of  ,** equivalent**  arrows,  and  it  is/ 
this  set  which*  primarily,  we  think  of  as  14 representing"  a  translation. 
In  (b),  on  the  other  hand,  only  arrows  initiating  at  the  dot  marked  'Q* 
have  any  meaning,  and  each  stich  arrow  is  to  be  interpreted  to  be,  itself, 
the- unique  pictorial  representation  ot some- member  of       -   r 

The  result  of  the  present  section,  which  justifies  such  pictorial 
representations  as  (b)  of  T,  can  be  interpreted^  intuitively  in  terrns  of 
(a)  and  {b)\    What  it  says  in  these  terms  is  that,  as  suggested  by  the  A>> 
similarity  between  the  two  pictures,  T  can  be  Mset  jJown"  on^  £  in  such 
a  way  that  u  corresponds  with  Any  point  O  we  care  to  choose. 

**  ' 
The  blanks  are  filled  in  as  follows:  A  -  O;   Of  (A  -  O);  2{a) 
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The  existence  of  such  natural  one-to-one  correspondences  will  turn 
out  to.  be  very  useful.  Because  of  them,  anything  we  learn  about  J 
furnishes  knowledge  of  /  also,  and  vice  tenia.  In  later  chapters  we 
shall  be  more  concerned  than  we  have  been  up  to  now  with  geometrical 
figures -triangles,  etc.  -  that  is,  with  subsets  of/.  Because  of  the  nat- 
ural one-to-one  correspondences  we  can  study  analogous  things  in  ./ 
and  then  transfer  what  \tfe  learn  to  * .  The  ad  vantage  of  doing  so  is  that 
translations  are  easier  to  deal  with  than  are  points.  The  reason  for 
this  is  that  ./'  is  a  commutative  group  and,  as  we  shall  see,  a  very 
special  kind  of  commutative  group.  So,  we  can  apply  all  sorts  of  alge- 
braic techniques  to  the  study  of ./".  i  . 

The  fact  that  we  can  move  back  and  forth  so  easily  between ./  aid  /• 
suggests  a  way  in.which*we  might  define  oppositing  and  additio/for 
points:  • 

i  .   —A     Pa{-Ta{A)),   A  f  B  -  P„iT„{A)  +  T(f(B)) 

Notice,  however,  that  these  definitions  refer  to  a  point  O  Which  we' 
must  specify  if  we  are  to  know  what  is  meant  by  oppositing  and  addi- 
tion of  points.  We  have  not  really  defined  oppositing  and  addition  of 
poiq^Instead,  we.  have  defined  "oppositing  with  respect  to  O"  and 
"addrfi?m--W4th  respect  to  O".  To  see  the  difference,  note  that  if  we 
choose  a  different  point -say,  p'  -we  get  a  different  opposite  for  a 
given  point,/*  and  a  different  sum  for  given  points  A  and  B. 


JAA) 


Exercises 


Fig.  3-5 


1.  Draw  a  figure  to  show  'that  if  O'  *  O  then  the  sum  of  A  and  B 
with  respect  to  O'  is  not  the  sum  of  A  and  B  with  respect  to  O.  ■ 

2.  (a)  Which  part  of  Theorei^3-14  says  that  T0  is  one/o-one? 
(b*)  Which  part  says  that  P0  is  one-to-one? 

*3.  Show  that  if  we  were  to  adopt  as  postulates: 


...  ,    •   1'  (a)  .T0iA)  c  J  (b)  P0<a)W 

* 

and  as  definitions:  *. 


(&)B~A~TA(B)      _     (b)  A  +  a  -  PA{a) 
then  Postulates  1  and  2  and  Definition  3-2  Would  be  theorems. 


ff 
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Answers  for  Exercfrses  ^  • 

]  [  ;  '  "  :        „o'  ,  '  , 

*  •  \  i    —  •-  "7A  *  8  Lretetivf  t0  °]  * 

v    .  A  \  / 

\      •  /  \  / 

\  *A  ♦  B[r«iot»vft  to  0  J 

2,  ta)    Theorem  3-r4(a)vSay8  that  T0  is  one -to-one Jand  that  P 

\   *is  onto].  u  O 

(bX   TheMMh  3-14(b)  says  that  P-  is  one-to-one  [and  that  T 
\is  onto]'  *  u  •  O 

[In  gWeral;  i£,  g  e  f  i8  a  one-to-one  mapping  of  a  set  S  onto  a  set 
T  theVi  no  two  members  of  S  can  have  the  same  image  under  f  — 
if  they\ did,  khey  would,  by  definition,  have-the  same  image  under 
g  of  —  \and  *ach  member  of  T  must  be  in  the  range  of  g  —  if  it  • 
-r   weren't  it  wiuld,  by  definition,  not  be  in  the  range  of  g  of/  Since  ' 
ip.  is  a  one -to -one  mapping  of  &  onto  itself  it  follows  from 
Theorem  3~fl4(a)  that  T     —  which"  by  definition  has  domain  S  v 
and  range  contained  in  T  —  is  a  one -to -one  mapping  of  £  irito  T;  N 
and  that  PQ  4*  which,  by  definition  has  domain  T  and  range' con-  < 
tained  in  £  —  ^iaps  T  on  all  of  6,  ] 

Due  to  the  unfamiliar  notatipn,  Exercise  3  may  be  more  appro- 
priate as  a  class  discussion  exercise.  * 

*  *** 

3.  Postulate  1(a)  follows  from  l'(a)  and  part  '(a)  of  the  definition; 
Postulate  1(b)  follows  from  l'(b)  and  part  (b)  of  the  definition! 
T)ie  proofs  of  Postulate  2(a)  and  2(b)  are  as  follows: 

.  A  +  <B  -  A)  -  PA(B  -  A)=  PA(TA(B)),  [P^TjlB)  =  ig(B)  =  B 
(A  4*  a)  -  A  =  TA(A  +  a)  =  T^P^))  =  [TA  o  p^tf)  ,  i^Z)  *  a 
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3.09   Chapter  Summary 

*  ■ 

Vocabulary  Summary 

translation  of  S- 
postulate 
binary  operation 
commutative  group 

Pustulates 

*  i.  (a)  B-  Ar/ 

.    2.       A.  +  ifi  -  A)  ~  B 

3.  \B     H)/  (C  -  iJ)  -  C  -  A 

la)  /       ,   (b)  0#e  ."/ 

4*.  (a  f-      +        o*+  (6  +  c>  ■ 

4a,  a  +  0 

•i         -#       -  -*    -  # 
4a*  a  +  —  a  =  0 

44.  a  ¥  h  -  h  f  a 


constant  mapping  uiV 
definition 

singulary  operation 
comiftutative  group  operation 


(b)  A  f  at  i* 

'(b)  a  -  (A  +  a)  -  A 

(c)  -a  c ./ 


is  a  commutative  group  with  respect  to  composition. 


Definitions 

■         3-1.    la)  A  -  a  -  A  +  — «* 


3-2.    fa)  T  M)  =  A  -  0 


ib)   a*  -  6*=  a  +  -fc 


(b)'Pf;(a)  -  O  f  a 


3-4*   C  -  A  -  C     £       A  -  B 
3-5.    (a)  — (B  -  A)  -  A  -  B  (b)  -a'-=  A 

3-6.    (A  +  a5  +  "6*=  A  +—    =  -a 
3-7.    (B  -  C)  -  (A  -  C)  =  5  -  A 
»       3-8.    <A  -  B.)  -k  c*=  (A  +  c3  -  B 
'3-9.    A  +  (B  -  C)  =  B  +  (A  -  C) 
3-10.  (A  -  B)  f  c*=  A  -  CB  -  cJ 
.   3-11.  a  -  (B  -  C)  ~  C  -  (B  ~  o)     '  %   -  .  . 
3-12.  A,  -  (B  -  C)  *  C  ~  (B,  -  A) 
3-13.  (A  -  B)  -  (C  -  B)  =  (A  -  C)  -  (B  -  D) 
Corollary.  A  -  B  -  C  -  D  «-*  A  -  C  =  fl  -  B 
'    3-14.  la)  Pf,       =  "      (b)  T„  •  P„  -  i 

/2uie#  of  Inference 

Any  inference  of  either  of  the  fopns; 

* 

1  9   p—+q    q  «-»  r 

is  valid. 


(2-  +  a} 


4 


0f/it?i;  Theorems 


2-1.  A  f  a  =  B  —*  a  =  B  -  A 

2-2.  A  T  a  -  A  -  6* 

2-3.  A^Q*B-C  A  =  B 

•  2-4.  ,'ofi'=  [(A  + a)  +  7)  r  A 

2-  5.  (a)a*  +  TeJT 

^      3^1.  (a)  A     0  =  A*  '-  • 

3-  2.  (a)  A  +  a*  =  A  a  =  Tf " 


..f«  -f 


3-3.   A  +  a  =  B  +  a**-*  i4  -  B 


'  (b)  A  +  (~a+V\  =  (A  +  a)  +~t 
<b)  A  -  A  -  8T  , 
.  (b)  B  -  A      B  -  A  =  6* 

4 
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3.UB  Chapter  Summary      1 43 


Chapter  Test 


1.  Simplify. 

(a)  \B  -j/i  -  Aj'l  *  </i  -  O 

(b)  MP  f  /A  t  i^T  -  ^!  -  i<#  +rW  w/-  r)| 
.  <e)  lC  *  t/»  ^  |(«  -  6*  +  \C  -  [B  -  6m| 

(d)  ui  -  fc»  *  (a*  -  c)  -  <«*  f  fr*)     ■       '  «, 
(e>  M  -  (')  -  iC  -  .4)|  4  (r  -  />> 
If)  MP  -  Q)  *~  \Q  ~  R)\  +  «j  -  tf) 

2.  Which  of« the  following  are  theorems  and  which  are  hot?  Justify 
each  of  your  answers. 

-      (a)   P  +   ({J    -   Q)    l:  p  / 

<b>  <P  +  = 

(c)  (P  *V)  -  14  f  (P  -  y>j  -  ,/  , 
(d>         /i)  -  i/i  *■  D  -  /\  -  C 

»  <e)  M  -  /i)  +  (a*  -  b)\  f         a)  -  A  - 
(f)  6"  f  i/l  4  Ha  -  A)  -  M)  -  a  '  •. 

3.  Civen  the  et  {  1.  -1 1  and  the  operation  multiplication  [  : )  defined 
on  this  set  in  the  usual  w^y  (i.e.,  1     1^1,1  •  — 1     — 1,  M  .  i 

-1,  -1     -1      1),  demonstrate  that  this  set  is  (or,  is  notl  a  com- 
mutative group  under  the  given  operation,  ' 

4.  In  each  of  the  following,  decide  whether  the  given  expression^* 
one  for  a  point,  for  a  translation,  or  is  meaningless,  w-r 

(a)  iA  h'd)  +  iB  +  h) 

(b)  \tA  f  a\  f  ffl  -  O)  - 

ic)  \A  -  \B  -  K:  -  fi)J)  4-      _  A)' 

id)  UA  f  a)  +  iA  +  a))  -  B, 

(f)  iA  -  B)     hC  -  B>  +  (C  -  i4)J  ,  i  ' 

5.  I'roye  the  follqwing' theorem:    \  *  \ 

JB  -      -  IB  -  (A  +  oil  -  a 
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Key  to  Chapter  Test 

I.     (a)    A  MB  -  C)  (b)  (P  *•  p)  -  (R  +  7) 

[or;    B  +  (A  -  C)]  [or:   (P  -  R)  +  (p  -  if)] 

'  (c)    1  (d)  a  -  b*  -  b*  -  c  '  ; 

[cannot  accept  'a  -  b*2  -  c'  as  yet] 
(e)    (A  -  C)  +  (A  -  D)  (£)    P  -  Q  ' 

(a)    Theorem.    [4p .+  (q  -  q)  -    p*   is  true,   and  *P+  (Q  -  QV  and 
4  P'   are  point ~te rms .    Another  justification  might  be  a  proof 
of  the  theorem.  ] 

.    (b)    Not  a  theorem.    [*(P  +  p)  -  P'   is  a  translation-term  and  4  P' 
is  a  point-term.    So*  the  given  expression  is  not  (even)  an 
equation.  ] 

(c)  Theorem.    [*(p  +  a)  -  (q  +  (p  «*  q)]  *  a«  is  true,  and 
MP  +  p)  -  [Q  +  (P  -  Q)f   and  *p'  are  translation-terms. 
Another  justification  might  be  a  proof,  of  the  theorem.  ] 

(d)  Not  a  theorem*.    ['A  +  B*   is  nonsense.    So  is.  'R  4  C\  } 

(e)  Theorem.    P[(a  -  b)  +  (p_^-  q)].+  (q  ~  p)  r   a  -  V   is  true*!  and  * 
[(A  -  B)  f(a  -  b)]  f  (b  -  a)'   and  'A  -  B1   are  translation- 
terms.    Another  justification  might  be  a  proof  of  the  theorem.] 

(f)  Not  a  theorem.    [*a  -  A'   is  nonsense,  J 

3,  The  set  {l,   - 1  }   is  a  commutative  group  under  multiplication.    1  is 
the  identity  element,   and  each  element  of  {l,    -1}   is  its  ownfenulti- 
plicative)  inverse.    Associativity  and  cpmmutativity  of  multiplication 
are  easily  verified.    [Another  check  is  that  closure  of  this  set  under* 
multiplication  together  with  the  "facts"  that  {l,   -1}  C!  Integers 
and  multiplication  is  bqth  associative  and  commutative  over  this 
"larger**  set  guarantees  associativity  and  commutativity  of  the 

%     operation  over  the  given  subset.  ] 

4,  (a)    meaningless  (b)  translation 
(c)    translation                          (d)  meaningless 
(e)    point  (f)   translation  . 

5,  Here  is  a  proof  of  the  theorem:  \ 

(B  «-  A)  -  [B  -  (A%  a)]  -  (B  -  A)  -        -  A)  -  a]  = 

[<B  -  A)  MB  -  A)]  +  a  -  C5  +  a  =  a.     /  •  4 
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Chapter  Four 
Real  Numbers 

4.01    A  Review 

Up  to  now  we  have  referred  to  the  ordinary  algeTbra  of  real  numbers 
only  for  the  purfwse  of  giving  examples  [in  Chapter  1 )  and  analogies 
with  our  algebra  of  points  and  translations  [in  Chapters  2  and  3].  In 
Chapter  5  we  shall  begin  making  use  of  the  r£al  numbers  in  our  alge- 
bra. This  wjll  then  be  an  algefc^a  of  points,  translations,  and  real 
numbers.  Although  you  know  a  good  deal  about  the  algebra  of  real  - 
numbers,  it  will  be  worthwhile  to  review  its  foundations  and  put  on 
record  the  postulates  we  need  as  a  bksis  for  this  algebra.  These  postu- 
lates will  daril  with  the  operations  of  addition,  oppositing,  subtraction, 
multiplication,  reciprocating,  and  division,  and  with  the  order  relation 
greater  than  and  its  converse,  less  than. 

Before  st&ting  opr  postulates- which  we  shall  combine  into  a  single 
Postulate  5  -  it  is  necessary  to  Bay  a  few  words  about  reciprocating. 
You  are  certainly  familiar  with  the  definition  according  to  which  the 
reciprocal  of  a  nonzero  real  number  is  the  quotient  of  1  by  that  num- 
ber. For^example,  the  reciprocal  of  2  is  1  ^2.  Given  the  operation  of 
division,  this  is  a  perfectly  satisfactory  definition  of  reciprocating.  For 
oqr  purposes,  however,  it  is  more  advantageous  to  think  of  reciprocat- 
ing as  a  "fundamental"  operation  and  to  define  division  in  terms  oHt, 
fThjs  is  entirely  analogous  to  our  previous  definition  of  subtraction  in 
terms  of  oppositing,]  Just  as  we  need  an  operator  { ')  to  use  in  re- 
ferring to  oppositing,  we  need,  then,  an  operator  to  use  in  referring  to 
reciprocating.  For  various  reasons  we  choose  to  use  7\  For  example, 
12  -  0.5,  MJ.5  -  -72.5  =  —0.4,  and,  according  to  the  definition  we 
shall  adopt, for  division,  2^3  =  2  -73.  [Since,  as  i£? customary,  we 
shall  adopt  the  convention  of  omitting  multiplication  dots  in  most 
cases,  fractions  such  as  '2/3'  will,  by  this  convention,  be  abbrevia- 
tions of  expressions  like  f2  ■  /3*  and,  so,  will,  as  they  should,  be  nu- 
merals for  quotients  like  2^3.] 

Although  reciprocating  is  analogous  to  oppositing  thpre  is  one  im- 
portant difference  of  which  we  mu^t  take  account.  As  you  learned  in 
the.  last  chapter,  addition  of  real  numbers  is  a  commutative  group 
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For  the  most  part  we  shall,  in  this  course,  tafce  for  granted  stu- 
dents* knowledge  of  tW  algebra  of  re«^l  numbers*    Since,  however,  the 
real  numbers  enter  formally  into  our  geometry  in  the  next  chapter  it 
is  merely  honesty  to  include  among  our  postulates  one  which  asserts 
thaft  the  operations  on  real  numbers  [and  the  special  real  numbers  0 
and  1]  have  the  properties  which  we  require.    Such  a  postulate  con- 
sists of  the  parts  Sn  -  57  on  page   145  and  f>o,J  51?  [on  order]  which 
appear  l^ter  in  the  chapter.    [The  last,  v512(b),  is  stated  in  Part  B  on 
page  1  ?>8 .  ]   More  succinctly,  the  postulate  in  question  is  to  the  effect 
that  the  real  numbe^  system    is  an  ordered  field,    [in  dealing,  later, 
with  arc-measure  and  the  circular  functions  we  shall  need  to  postulate 
completeness  ,  that  each  nonempty  bounded  set  of  real  numbers 

has  a  least  upj^er  bound.  ] 

The  restrictions,  1  [a  #  0]\  etc.,  on  50<f),  *>s{b),  and  br(b)  have, 
of  course,  to  do  with  * 'division  by  0**.    They  are  discussed  in  section 
4.02.  , 

%    The  derivations  presented  in  the  text  and  exercises  are  intended  * 
mainly  to  introduce  or  illustrate  new  rules  of  reasoning.    As  mentioned 
above,  we  are  taking  the  student's  knowledge  of  the  real  numbers  for 
granted.    This  includes  the  student's  knowledge  of  derivations  for  most 
real  number  theorems.    The  teacher  should  exercise  caution  in  the 
treatment  of  this  chapter  lest  valuable  time  be  lost. 
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operation,  with  0  as  the  eorres{>onding  identity  element  arid  opposit- 
ion as  the  corresponding  inversing  operation.  On  the  other  hand, 
multiplication  of  real  numbers  is  *>nly  "almost1'  a' commutative  group 
operation.  Although  there  is  an  identity  element,  1,  for  multiplication, 
only  .nonzero  real  numbers  have  "multiplicative  inverses".  The  num- 
ber 0  has  no  inverse  with  respect  to  multiplication  because  the  product 
of  0  by  any  real  number  is  0  and,  so,  is  not  1.  The  multiplicative  in- 
verse of  a  nonzero  real  number  is  its  reciprocal  and,  since  0  has  no 
multiplicative  'inverse  it  is  customary  not  to  define  a  reciprocal-  for  0. 
This  custom  has  some  drawbacks,  but  we  shall  adopt  it.  One  conse- 
quence is  that  our  postulates  concerning  reciprocating  will  have  re- 
strictions added  to  them.  How  to  deal  with  thes^e  restrictions  will  be 
taken  up  in  the  next  section. 

We  shall  now  list  the  parts  of  Postulate  5  which  do  not  concern  the 
order  relations.  'x 


(a)  a 

i  b  i  0  6  //' 

id)  a  •  />  t 

/>' 

le)  1 

(c> 

•  <t  e  .  A 

•  f )  /(it 

^  |a 

>  01 

•V 

(a)  ia 

+  b) 

+  c     a  +  ih  c) 

(b)  (a  •  b) 

•  c 

«■(/>•  c) 

5.. 

(a)  a 

♦  0 

a 

(b)  a  •  1 

a 

•rv 

(a)  a 

t  u 

0 

lb)  a  ■ /a 

1 

a  /  01  s 

5,. 

la)  u 

■t  b 

b  +  a 

lb),  a  ■  b 

b  ■ 

5.. 

0  4  1 

C 

ia  +  hi  ■  c  a 

■  v  +  6  •  c 

5.. 

'  la)  a 

-  b 

a  f  -/> 

lb)  a  6 

-  a 

•  //>  |ft  *  0] 

IThe  restriction  '\u  *  Of  is  to  be  read  as  Tor  a  different  from  0'.]  Of 
these,  50ia)  -  ic)  and  5,1a)  -  5#ia>  say  that  .//>  is  a  commutative  group 
with  respect  U)  addition;  5Mid)  -  if  i  and  5,(h)  -  5,1b)  are  analogous  U> 
the  preceding,  hut  with  the  significant  difference  that  two  of  them  are 
accompanied  by  restrictions.  Since  it  follows  from  these  postulates  that 
products  and  reciprocals  of  nonzero  numbers  are  not  0  it  is  not  difficult 
to  see  that  these  postulates  together  wit>^5,  imply  that  the  nonzero 
real  numbers  form  a  group  with  respect  to  multiplication.  [They  say 
more  than  this  because  they  also  give  us  information  about  products 
in  which  0  is  a  factor.  I  Postulate  5rt  links  the  operations  of  addition  and 
multiplication.  Postulate  57(a)  is  a  definition;  in  view  of  the  restriction, 
57<b)  dues  not  quite  define  division  as  an  operation  on  th$  real  numtiers, 

Exercise* 

Part  A  * 

^  When  dealing  with  algebraic  terms  which  may  involve  division  by  0 
it  is  a  pood  idea  to  indicate  what  restrictions  are  needed  in  order  to 
avoid. this  impossible  operation.  For  example,  the  term; 

0      a  -  6 
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'in  connection  with  our  postulates  for  real  numbers  it  is  in  order  to 
make  some  remarks  concerning  nomenclature.     First,  for  reasons 
which  need  not  be  gone  into  here,  we  find  it  convenient  to  consider  that 
the  right  hand  factor  in  an  indicated  product  refers  to  the  multiplier.  ' 
It  is  because  of  this  convention  that  we  refer  to  the  "right  distributive 
law"   as  the  distributive  principle  for  multiplication  over  addition. 
Second,   although  we  make  no  point  of  this  distinction  in  the  present 
text,  we  use  'principle'  when  referring  to  a  true  statement  —  which 
may  or  may  not  he  a  generalization.    [For  example,  *2  +  2  --   4'  is, 
under  this  usage,  a  principle,  ]   Any  principles  are,  of  course,  candi- 
dates for  postulate-hood.     There  is  no  harm  if,  through  preference  or 
inadvertence,  you  read  '  A  PA'  ,   say,  as  '  associativ<Npostulate  for 
addition'  rather  than  as  'associative  principle  for  addition'.  Third, 
definition  principles  are  principles  which  might  serve  as  definitions  — 
S^(a)  is  an  example  of  a  definition  principle  which  we  have  chosen  to 
use  as  a  definition;    *a  f  b  -  a  -  -b'   is  also  an  example  of  a  definition 
principle  which  in  our  postulational  basis  for  real  algebra  happens  not 
to  be  used  as  a  definition.     Finally,  introduction  principles  are  prin- 
ciples which  might  be  used  in  lieu  of  definitions  to  introduce  operators. 
For  example,   55(a)  introduces  the  oppositing  operator  '       in  a  way 
that  allows  all  required  theorems  about  oppositing  to  be  proved,  (For 
consistency  of  nomenclature  the   PA0  and  the    PM1   should  be  called 
introduction  principles,  ] 

Of  more  moment  than  the  preceding  is  some  discussion  of  the  con-  * 
ventions  to  which  we  adhere  concerning  the  use  of  grouping  symbols  " 
[for  short,  'parentheses'^  whatever  their  shapes  may  be].    In  the  first 
place,  parentheses  are  ai  much  a  part  of  the  language  we  use  when 
speaking  about  points,  translations,  and  real  numbers  as  are  variables, 
operators,  1  0\  '  T,   and  '  (J' ,    In  a^proper  description  of  the  grammar 
of  the  language    parentheses  occur  in  meaningful  expressions  according 
to  strict  rules  —  they  are  not,  for  example,  merely  inserted  whenever 
the  writer  thinks  their  presence  might  he  an  aid  to  reading.  Different 
languages  will,   of  course,   have  different  rules  as  regards  to  the  use  of 
parentheses.    Our  language  has  two  very  simple  rules.  Somewhat 
loosely  stated  they  are  these: 

(1  )    There  must  he  a  pair  of  parentheses  delimiting  the 
total  scope  of  any  binary  operator.  [Examples: 
l(a  +.0)\  M(A  -  B)  +  3j\  '(a  +  -&*)•] 

(I)    There  must  be  a  pair  of  parentheses  delimiting  the 
scope  of  each  suffixed  singulary  operator. 
[Examples;   ,.(-a)*\  ,-<a)S'] 

Notice  that  no  parentheses  arc  associated  with  such  prefixed  singulary 
operators  as,  for  example,  oppositing  operators,    [The  parentheses  in 
both  the  examples  for  rule  (2)  "belong  to'*  the  exponent,  a  Suffixed 
operator.]   It  can  be  proved  that  these  rulfcs  are  sufficient  for  the  avoid- 
ance of  all  ambiguity.    More  easily,  though,  a  little  experience  in  using 
them, will  convince  one  of  this  and,  at  the  same  time,  obviate  any 
strangeness  that  such  expressions  as  4 (a  •  -a)'  may  have. 

Rules  (1}  arid  (I)  are  about  as  simple  as  punctuation  rules  can  be 
and  still  prevent  ambiguity.    A  competing  system  which  may  seem 
more  .familiar  requires  parentheses  delimiting  each  of  the  two  parts  of 
the  scope  of  a  oinary  operator  ['(a)  +  (c)\  ''((A)  -  (B»  +  (a)1]  and  paren- 
theses delimiting 4he  scope  of  any  singulary  operator  ['{a)  +  {-(d*))*  , 
M-(a))p\  '(-{a^V].    These  rules  are  no  more  complicated  than  are 
fl)  and  (2),  but,  obviously,  require  the  use  of  more  parentheses. 
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Rules  (I)  and  1 1)  are  part  of  the  formal  grammar  of  oiir  language. 
A  properly  formed  term  will  contain  exactly  those  parentheses  which 
are  specified  bv  these  rules  —  no  more  and  no  fewer.  Nevertheless, 
the  simplicity  in  statement  of  rules  (1)  and  (I)  has  been  gajined  at  the 
expense  of  requiring  more  parentheses  than  are  actually  needed  and  it 
is  customary  to  regularize  the  use  of  1 '  slang1  *   by  adopting  additional 
rules  whit  h  permit  one  "to  omit  parentheses  on  some  occasions  where 
they  <*re  required  by  (1)  and  \Z).     In  other  words,  one  usually  adopts  * 
rules  for  abbreviating  ter.ms.    Such  rules  must  be  chosen  with  some/ 
tart-  si  nee.   w  he  n  one  iS  fated  with  a  term  which  has  been  abbreviated, 
there  must  be  no  question  as  to  how  to  replace  the  omitted  parentheses. 

The  simplest  such  abbreviating  rule  concerns  the  omission  of 
"outermost  parentheses": 

MV    11  a  term  is  not  part  of  another  term  and  consists  of  an 
expression  enclosed  in  parentheses  then  these  paren- 
theses may  be  omitted. 

Thin  rule  concerns  the  removal  of  parentheses  associated  with  a  binary 
operator  and  could  have  been  incorporated  in  rule  (1).     The  next  is 
similarly  related  to  rule  {1).    Its  purpose  is  to  allow  omission  of 
parentheses  trtftri  terms  like  '((a  *  b))r\   where  the  inner1  parentheses 
are  required  by   (1)  and  the  outer  by   (Z),    and  like   '(a  +  (b)£'V    in  which 
the  scope  of  the  suffixed  singulary  operator  is  clear  without  the  use  of 
parentheses. 

(45     Parentheses  required  by  (2)  may  be  omitted  if  the 

expression  they  enclose  either  consists  of  an  expres- 
sion enclosed  by  parentheses  or  contains  no  operator, 

For  ex.irjtfU*  •  —  a*"  must,  if  obtained  by  application  of  (4),  be  an 
abbreviation  of  (a)p'  since  (4)  does  not  permit  the  omission  of 
parentheses  from  the  only  other  possibility,  '  {—  a)2*' . 

In  addition  to  these  general  rules   (3)  and  (4)  one  usually  adopts 
various  rules  which  refer  to  parentheses  associated  with  particular 
binary  opey>tors.    One.  which  may  be  adopted  for  each  binary  operator 
permits  thr  abbreviation  of,   say,  '  (a  +  b)  +  c*  to  *  a  +  b  +  c' .    The  rule 
can  also  be  extended  to  allow  its  application  to  strings  of  specified 
pairs  binary  operators,   say,  the  pair  C+\  4-')  and  the  pair  (';',  '^,). 
So,   "((a  -  bj  f  c)  -  ,d'   may  be  abbreviated  to  'a  ~  b  +  c  "  d'  .  tl 

Still  more  special  rules  introduce  conventions  as  to  the  relative 
.  "strengths"-,  of  various  binary  operators.    One  such  rule  is  the  one' 
wku  hallows,  say,  '(a«h!  f  (c  •  d)'  to  be  abbreviated  to  'ab  +  cd'. 
Generally,   as  indicated,  }       is  considered  to  be  stronger  than 
{or  '        and  so,  does  not  tp  netfd  parentheses  to  hold  its  operands 
tugethe r  against*  the  "pull*  Vol   

finally,  one  can  choosjp  to  omit  one  binary  operator  —  usually 
and  to  represent  the  Corresponding  operation  by  njere  juxta- 
position.   Strictly  speaking, \  this  rule  can  be  adopted  without  any 
restrictions  as  long  as  ncr  syVnbpl  is  used  both  as  binary  operator  and 
a  prefixed  singulary  operator*    Since,  however,  in  our  notation,  the 
binary  operator         and  the  singulary  operator  ' -*  might  be  confused, 
such  a  rule  needs,  practically,  to  be  restricted. 

The  preceding  discussion  of  grouping  symbols  has  dealt  with  their 
y,se  in  constructing  terms.    It  applies,  however,  equally  well  to  the  • 
construction  of  compound  sentences.    Here,  there  is  a  rule  like  (1) 
with  'binary  operator*  replaced  by  \binary  sentence  connective',  Due 


to  the  absence  of  analogues  of  suffixed  singulary  operators, /there  is" 
no  need  for  a  rule  analogous  to  (2).    There  is  also  a  rul\ analogous  to 
(3)  and  one  may  —  but  we  shall  not  —  make  use  oi  othe  r\tjjjta?  viat  ing 
rules  based  on.  the  notion  of  the  strength  of  various  connectives.  In 
some  systems,  one  binary  connective  . —  usually  'and'-  — '  is  omitted  in 
favor  of  juxtaposition.    On  the  basis,  of  the  analogue  of  (1)  and  (Z)fS~ 
sentences  of  the  forms,   say,    1  [(p   and  q)*=£>   r  ]'   ^Jd  '(p  and  [q  ==>  r] 
are  well -formed  and  may  be  abbreviated  to  similar  sentences  of  the 
forms  '(p  and  q)  =^  r'   and  *p  arvd  [q  =5>  r]\   respectively.    [On  an 
informal  basis,  we  tend  to  use  brackets  with  and  and 

parentheses  with  othe  r  binary  connectives .  ]  Also,  a  sentence  of  the 
form  '  [not  p  =>  q  ]'  is  a  conditional  Sentence  whose  antecedent  is  a 
denial  sentence,  while  one  of  the  form  'not  [p  =>  q  )'  is  the  denial  of 
some  conditional  sentence.  The  brackets  may  be  omitted  from  sen- 
tences of  the  first  type  —  when  it  is  not  part  of  a  longer  sentence  — 
but  not  from  one  of  the, second  type. 
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I.     (a)    p  r  13q  (b)    10r*  -  14r  (c)   6af/f  1  iab  -  5b* 


Answers  for  Part  A 


(f)    0  (g)   -l  (h)  0   [a  V  0)  . 

[Note  that  oppositing  and  reciprocating  of  nonzero  real  numbers 
are  pe rmutable  operations  and  that^each  is  its  own  inverse.  ] 

I-     (a)    7/i  (b)   I  (c)#-l/U    -  (d)  4 

(e)    9,   -3         (f)    -9,   3        (g)    [no  solutions]        (if)   [no  solutions 

rJln  each  of  (g)  and  (h),   students  may  produce  arJurnents  which 
show  that  no  numbe  rs  'other  than  3   [or,  in  the  case  of  (h),  per- 
haps, none  other  than  3  and  —3]  canl>e  solutions.    Such  argu- 
ments contain  steps  which  lead  from  one  equation  to  a  non- 
equivalent  equation  [multiplying  on  both  sides  by  a,  factor  which 

•  has  0  as  one  of  its  values  ],  J 

3.  (a)    t  =  2  (bl   t  -  6 

(c)    t ■=  iZ  id)  t  =  4 

i 

4,  The  error  occurs  at  the  word  'consequently'*    Since  b  '=  a  -  1, 
(a  -  b)  -\l  -   0  and  it  does  not  fQllow  from  the  previous  equation 

m     that  a  +  d  -   1 .  \ 
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#     can,  as  you  know,  be  simplified: 

a-  -  b2     \a  t  b)ia  -  h) 
a"  T      "  "a  -  b~"~  "a  '  b    ia  *  *1 

The  bracketed  restriction  calls  attention  to  the  fact  that  the  value  of 
the  given  term,  for  given  values  of  the  variables  V  and  is  the  same 
as  the  corresponding  value  of  a  f  6'  in  case  the  given  values  of  a1 
and  'J?'  are  different.  So^subject  to  the  restriction  one  may  replace  the 
given  ^erm  by  the  simpler  one. 

1.  Simplify  each  of  the  following,  noting  any  necessary  restrictions, 
(a)  7i()  f  v>,  -  6tp  -  v1.       (b)  (5r  -  7»(r  +  3)  +  l5r  -  7)(r  -  3) 

(c)  (3a  -  6)(2a  t  5b)  (d)        -/>  -  1 

a  t  h 

6-5  ' 

(g)  /~/2         '"'  (h)  -la  -  I— a 

2.  Solve  these  equations. 

(a)  5r  -  2  +  7(3'-.-  /•)  ,  12    (b)  2  -  tl  -  «)  4  7s  •  5  -  3(r-  6) 
(c)  t  f  2(5/  -  1)  -  -f     3     (d)  6  4  (6  -  3)*  -  (6  +  IF  -  2 
(e)  ip  -.  <)Hp  +  3)     0  <f)  ^  f  &j  -'27  -  0 

(g)  a  -  v3--    .2  ♦  (h)  a  -  -U  ^ic-^-SO 

3.  For  each  of  the  following,  write  a  sentence  which  has  the  same, 
roots  and  which  begins  witl)  7  -  \  [In  other  words,  solve  for  7\J 

(a)  4/  -  J 12  -  3t)       -5/4  12       (b)  4  -  2  -  | 

^  <c)  3  -  t/3     -1  ■  (d)  /</  -  3)  +  f»  -  2U*  -  6) 

4.  Criticize  the  following  argument. 

•  2  is  the  only  even  number.  For,  suppose  that  m  is  even.  It 
follows,  that  m  -  a  f  ib  +  1)  where  6  =  a  -  1.  Sincf  a  -  A  +  1 
it  follows  that  a2  -  2a6-  (A  +  1)«  i  2(6  +  1)  -  ft2  -  1  and,  so, 
that  a2  -  ^  -  2a  -  1.  From  this  it  follows  that  (a2  -  b2) 
'  -  la  +  b)  *  (2a  -  1)  -  (a  -P  6)  -  (a  -  />)  -  1.  On  the  other 
hand,  (a-  -  6*)  -  (a  -f  6k-  (a  +  6)(a  -  b)  -  (a  +  6)  -  (a  +  6) 
Ha  -  6)  -  1).  So,  ia  +  b)Ua  -  6)  -  1)  ---  (a  6).-  1  and,  conse- 
quently, a  +-b  -  1.  Since  m  =  am-  tft  f  If  =  fa  -f  6)  f  1,  m  =  2. 
Hence*  if  m  is  an  even  number  then  m  =  2 
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Give  column  proofs  of  each  of  these  real  number-theorems. 
1,  a  +  a     a  — a  -  0 

$2.  0  *  a     0  \Hint.0  -  a     (0  +  0)  -  a  «  .  i J 
3.  a  *  (6  +  r)  -  oy  ■  6  -f  a  •  c  (This  is  the  left  distributive  principle 
for  multiplication  over  addition.] 

...  .  :  .  .  _  .    36')  r 
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Answers  for  Part  B 


1, 


XD  a  +  a 

(2)  a  *■  -a 

(3)  (a  +  a)  +  -a 

(4)  (a  4  b)  +  c 

(5)  (a  f  a)  f  -a 

(6)  a  +  (a  +  -a) 


2. 


3. 


a  t  -a. 
a  4-  0 
a  +  0 
a 

a  =   a  : 


(7) 

(8)  ^ 
(9) 
(10) 

(11)      a  + 

(1) 
U) 
V(3)  - 
(45 
IS) 
(6) 
(7) 

(H)  0  •  a  +  0.  a 
(9) 

(I)  a.b 
(Z)    a'(b  +  c) 

(3)  (a  +  b).c 

(4)  (b  +  c)-a 

(5)  a-(b  +  c) 

(6)  a.(b  +  c) 

(7)  c-a 

(8)  a.(B  +  c) 


a 

a  + 

a-t- 
a  ¥ 
a  + 
a  + 
0 
.0 
a 
0 

>  a 


-a 
-a 

(b  +  c) 
(a  f  -a) 
—  a 


b  •  a 

(b  +  c)  -  a 
a  ■  c  +  b  •  c 
b  •  a  +  c  •  a 
b»a  f  ca 
a  •  b  +  c  •  a 
a"»  c 


[assumption]* 
[valid  sentence] 

[(1),  U)} 
[APA] 

[(45]    *  * 
[(3),  (3)) 
[IPO] 
-[(75,  (6)] 
*[PA0] 
[(9),  (8)] 
[(10),'  *<1)] 

[ PA0 ]  * 

[valid] 

•fO).  (2)] 
[DPMA] 

[(4)] 

(3)] 
[Exercise  1] 
[<75]  ' 
[(6),  (8)] 
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4.02  More  about  Reciprocating 


As  you  can  easily  prove -by  using  the  theorem  of  Exercise  2  of 
Part  B  and  the  postulate  '()  *  T-the  pnxiuct  of  0  by  a  real-number  is 
never  1.  In  short,  0  has  no  multiplicative  inverse.  On  the  other  hand, 
the  introduction  principle  foj*  reciprocating: 


5,(b^      1  1  \a  /  0 


tells  us  that  the  reciprocal  of  kny  nonzero  real  number  is  that  num- 
ber's multiplicative  inverse.  Since  the  only  use  for  reciptgcals  is  as 
multiplicative  inverses,  it  is  customary  not  to  assign  any  meaning  to 
70*;  and  -  principally  to  avoid  argument  -  we  shall  follow  this  custom. 
I  Note,  however,  that  while  no  one  could  "define  into  existence"  a  multi- 
plicative inverse  of  0,  there  is  no  reasop  aside  from  custom  for  not  as- 
signing a  reciprocal  to  0.  The  worst  that  would  happen  if,  say,  one 
defined  /0  to  be  0  would  be  that  the  reciprocal  of  0  would  not  have 
many  of  the  interesting  properties  which  are  shared  by  the  reciprocals 
of  other  numbers,  j 

Since  we  shall  need  to  use  5;l(b)  in  proving  theorems,  we  need  to 
decide  how  to  take  account  of  restrictions  such  as'the  one  in  this 
postulate.  There  are  several  possibilities.  We  shall  adopt  the  simplest, 
which  is  to  consider  5.,(b)  as  an  abbreviation  for  the  conditional 
sentence: 

.  U)  a  *  0  — ►  a  •  la  -  1 

There  are  objections  which  can  be  raised  to  any  method  of  dealing  with 
restrictions,  and  the  objection  to  this  one  is  that  from  ( 1 5  we  can  derive 
the  substitution- instant* 


12)  TO  *  0  — *  0  -  10  1 


because  we  have  assigned  no  meaning  to  70',  this  sentence  is  without 
meaning.  We  need  not,  however,  take  this  objection  too  seriously.  For, 
on  the  one  hand,  (2)  is  not  a  sentence  which  is  likely  to  interest  us  and, 
on  the  other,  we  could  easily  insure  that  (2)  would  make  sense  — al- 
though remaining  uninteresting  — merely  by -choosing  a  meaning  for 
70Y  In  any  case,  we  cannot  use  (2)  to  prove  f0  /6  ■=  V  since  we  cer- 
tainly have  no  way  of  proving  '0  0*.  In  short,  whatever  decision  yve 
might  make  about  70',  we  should  never  be  able  to  prqve  that  0  hai  a 
multiplicative  inverse.  I 

As  (2)  illustrates,  70*  ingoing  to  show  up  in  our  theorems.  So,  there 
is  no  point  in  keeping  t£e  restriction  in  5  If),  and  we  sfiall  drop  it. 
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Although  any  singulary  multiplying  operation  —  multiplying  by  I, 
say,  or  multiplying  by  0  —  is  a  mapping  of  the  set  ft  of  real  numbers 
into  itself,  the  case  in -which  the  multiplier  is  0  differs  fundamentally 
from  that  in  which  the*  multiplier  is  some  nonzero  number.  Multiplica- 
tion by  a  nonzero  real  number  is  a  one-to-one  mapping  of  R  onto  itself 
and,  so,  "nas  an. inverse.    For  example,  the  inverse  of  multiplying  by 
2  is  multiplying  by  0.5.    On  the  other  hand,  since  multiplying  by  0 
maps  each  real  number  on*  0,  this  mapping  has  no  inverse.     Put  in 
another  way,  for  any  nonzero  real  number  a,  there  is  a  number  y  — 
the  multiplicative  inverse  of  .a  —  such  that  a  •  y  =   1 ,    But,N  there  is  no 
number  y  such  that  0*y  =    1  —  0  has-  no  multiplicative  inverse.  [Note 
that  the  word  'inverse'  is  usfe*ti  with  two  quite  different,  although  closely 
related,  meanings.]   In  contrast,  each  singulary  adding  operation  — 
i.e.,  each  translation  of  £  —  has  an  inversfe.    Equivalently ,  each  real 
number  has  an  additive  inverse. 

« 

If  we  read  * as    'the  opposite  of  then  5a(a)  says  that  the*  oppo- 
site of  any  real  number  is  an  additive  inverse  of  that  number.  Since 
from  the  existence  of  an  additive  inverse  we  can  show  its  uniqueness 
[by  using  the  APA  and  the  PAO],  we  can  think  of  5g(a)  as  a  character- 
ization of  oppositing.    Similarly,  if  we  read  as  *the  reciprocal  of 
then  53(b)  says  that  the  reciprocal  iof  a  nonzero  real  number  is  its 
multiplicative  inverse;    and  5^{b)  may  be  thought  of  as  a  partial 
Characterization  of  reciprocation.  \ 

If  we  let  matters  rest  at  this  point  then  1  /0*   is,  at  best,  undefined 
and,  at  worst,  nonsense.    The  disadvantages  which  result  from  insist- 
ing that  */0*  be"  nonsense  are  considerable.    To  fiCee  what  these  are, 
note  that  prior*  to  the  introduction  of  [°r  of  it  is  possible  to 

give  formal  rules  of  grammar  for  constructing  real  number  terms  so 
that  each  term  constructed  in  accordance  with  these  rules  will  have  a 
real  number  as  its  value,  whatever  values  are  chosen  for  the  variables 
which  occur  in  the  term.    [These  rules  correspond  with  50(a)  -  (e)  on 
page   145.  }  As  a  result,  it  is  possible  to  give  further  rules  of  grammar 
for  constructing  real  number  sentences  so  that  any  sentence  obtainable 
from  such  a  sentence  by  substituting  nuVnerals  for  its  variables  is 
meaningful  [although  it  may,  of  course,  be  false].    Similarly,  in  our 
algebra  of  points  and  translations,  Postulates  1   and  4a  may  be  made 
the  basis  for  definitions  of  *  point -te  rm'  and  "translation-term*.  By 
requiring  that  the  side,s  of  an  equation  be  terms  of  the  same  kind,  and 
that  substitution-instances  of  sentences  be  obtained  by  substituting  for 
variables  terms  which  are  of  the  &ame  kind  as  the  variable,  we  can 
make  sure  that  everything  we  write  is  meaningful.    However  —  return- 
ing to  the  algebra  of  real  numbers  — ;  this  simple  state  of  affairs  is 
destroyed  once  is  introduced  if  **/Q%  is  regarded  as  meaningless. 

*  Then,  say,  is  a  pattern  for  both  meaningful  and  meaningless  . 

terms.    Ir*is  also  a  pattern  lor  terms  which,  like  '/{a  +  b)' ,  have  " 
values  for  some  values  of  4 a*  and  'b*  but  not  for  others,  and  for  term*  . 
which,  like  -  a}\  has  a  value  for  no  value  of  'a'.    "Most"  sen- 

tences in  which  */*  occurs  will,  like  (1)  on  page  147,  have  both  mean- 
ingful and  meaningless  instances.    The  problem  of  formulating  rules  of 
grammar  for  sorting  out  the  meaningful  instances  is  the  problem  of 
programming  a  computer  for  solving  arbitrary  algebraic  equations  and, 
so,  is  unsolvable. 

The  preceding  considerations  show  that  if  */"  is  introduced  and 
*/0*  is  held  to  be  nonsense  then  one  must  accept  as  meaningful  sen- 
tences which  have  meaningless  instances,  and  that  there  is  no  way  of 
restricting  the- substitution  rule  so  as  to  insure  that  meaningful 

•    3S3  • 
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•icntentt'8  shall  not  have  meaningless  consequences.    [Similar,  results 
would  foHow  were  *t'  taken  Slf.  primitive  and  expressions  containing 
*.t  0'   ruled  Meaningless.  J  •  \_ 

ft  v&wx>f  tfu*  it  is  almost  necessary \a  agrfce  that  '  /0'  does  have 
some' rn'ejffltoj^r  othe  r*a06i,   fax  simplicity,  that  it  denotes- some  r.eal 
number  ^^^»urstv   whatever  number  we  might  choose  Uo  let  it  denote, 
tHis,  HMmb'^S^ajwd  not  be  a  multiple  ativtj  inverse  of  0,  )    Acceding  to 
this  ncc  vs  s  ity^ount  s  ,   formally,   to  dropping  thv  restriction  *(a       Q  )' 
from,,^ff):'  pOf  course,  the  restriction  on  S3(b)  must  remain,  but  we 
♦m<t$  now*  construe    S  (b)..as  in  the  text,  as  an  abbreviation  for  the  con  - 
ditional sentence  [I  \.    'And  we  need  have  no, qualms  as  to  the  meaning  - 
fulness  of  (  I )  -or  of  any  of  its  instances.  )    Whether  or  not  we  keep  the 
restriction  in   ^(b)'  is  it-ss  important.    As  a  matter  of  elegance,  it 
should  be  dropped;    hut  it  is  probably  bette'r  pedagogy  to  preserve  it. 
One  result  of  prese  rvirig  it  will  be  discussed  shortly.     f  inally,  it 
would  be  more  forthright  to  add  to  53(b)  a  definition  of  \/0\  This 
might  be  either  '  /0.      0'  pr  '  /0       i\     But  pedagogic  al  conside  rations 
.again  suggest  that  this  is  better*  left  undone. 

The  result  of  this  tampering 'with  the  meaning  of  *  reciprocal'  — 
or,  more  specifically,  wit^  the  meaning  of  \/  *  —  [but  not  with  the 
meaning  of  'multiplicative  iffverse^  is  bhat  the  logical  notions  express- 
ed   by  'ypnseq^ence'   and  "imply'  'are  allowed  to  keep  theirj/orrnal 
character  and  our  rules  of  logic  need  not  be  cluttered  up  with'  restric- 
tions whose  enforcement  poses  generally  unsolvatle  problem's  to 
what  expressions  are  meaningful/    It  is  perhaps  unfortunate  that  the 
advantages  of  this  ca^h  be  fully  appreciated  only  after  one  has  strived 
to  proceed  logically  on  the  basis  of  the  assumption-  that  1 /0*  is 
meaningless.  «  • 

There  is  one  subject  for  which  the  present  procedure  might  be 
conside  reduced  agog  ic  ally  disadvantageous  in  comparison  with  the'usuaj 
Informal  tre\jt  merit  of  meaningle s s  ~expre,8 s ions ,    [As  has  been  pointed 
°HJ>4thi5  informal  treatment  cannot  be  satisfactorily  formalized.  ]  The 
subject  ?n  question  is  that  of  teaching  the  solution  of  fractional  equations. 
Supposing  duch  an  equation  to  have  been  transformed  into  the  form 
*a/b  -   0',  one  customarily  says  tKat'its  solutions  are  those  zeros  of 
the  numerator  whiyb  a*e  not  zeros*  oi  the  denominator  —  the  latter 
f>lause  because  a  fraction  'is  meaningless  if  the  value  of  its 'denominator 
is  0>    What  thi*s  amounts  to,  is  saying  that  when  one  is  asked  to  solve  an 
equation  of  the  form  '  a/b  ~  ;  0\  what  one  is  expected  to  do  is  to  solve  ' 
the  system  4a  -   0,  b  *  0'.    Unde'  r*  the  pre  sent  procedure ,  this  would 
have  to  be  said  explicitly.    By  ^{b^  [and  the  theorem  'Q*/b  =   0*  j  each 
aero  qf  tfte  numerator  which  is  not  a  zero  of  the  denominator  is  a  root 
of  the  tfr actional -equation,    I?ut,  there  is  nothing  in  our  postulates  which 
will  help  one'-fco  dhc  ide'.whether  a  ?;e ro  of  the  denominator  is  'or  is  not  a- 
root  of.  {he  equation.    Lack  of  utility  rather  than  re sultant  lack  of  mean- 
ing rm**t  be  given  as  a  reasop  for  ignoring  such  roots  should  they  exist.  ' 
Properly  developed,  the^former  rea^dn  can  be  made  at  feast  as  appealing 
3s*  is  the  latter,  * 

f%  ■    .  ■ 

Th$  preceding  discussion' of  reciprocatieqa  and  division  is  more 
lengthy-4—  and  raises  more  questions  —  tjjah  classroom  treatment  of 
the' subject  wsu^>nts.  «  Your  reading  of  it  should  give  you  a  better 
understanding  of  th^bi^g round  4 or  section  4,02  and  of  the  reasons  ' 
for  the  conventions*  whifch  are  adopted  there/   In  teaching,  however, 
you^should  stick  rather'  closely  to  the  text  and,  if  nece&wiry,  discourage 
student* Jrorn  sterile  fi|fcu£$ionB  of  the  varying  Result <Tof  defining  * /D* 
in  thir  or^that  way.    'We  ha*e  trted  to  avoid  such  Questions- "by  refraining. 
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from  adopting  any  such  definition  in  the  text  and  by  suggesting  that 
although.1  in  consequence,     '/G'   Jms  ho  [definite]  meaning,  things  . 
become  simpler,,  and  no  ha*rm  results,  from  pretending  that  it  does 
have  some  meaning  unknown  to  us.  ,  And  this,  indeed,   is  the  burden  oi 
Mhe  preceding  discussion.    The  one  part  of  this  discussion  which  maf 
be  of  explicit  use  in. the  classroom  is  the  comparison  in  the  second  * 
paragraph  of  5fl(a)  as  a  characterization  of  oppositing  and  5~(b)  as  an, 
only  partial  characterization  of  reciprocation.    The  whole  argument  is, 
of  course,  predicated  on^a  conceptual  distinction,  between  the  notion  of  ' 
reciprocal  and  that  o{  multiplicative  inverse. 

Turning  now  to  the  ,text,  itself,  it  is  pe  rhaps.worth  noting  that  the 
reason  for  asse  rjing  that  U)  on  page  T47  is  ap  ih stance  of  (1)  i* 
Postulate   S0(b)^  Since       '   is  al  ready  present  in  (1),  the  restriction 
in   5n(f)  is  of  no  help  in  ruling  (2)  out  as  an  instance  of  (1).  The 
moral  is  that  if  we  uso^'/'   in  sentences,  there- is  no  way  of  avoiding 
the, appearance  of  «/0'  due  to-substitution  and,  pe  rhaps, '  subsequent 
algebraic  simplifications,  j 

7-V     ■  ' 

XJ 
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We  .shall,  however,  keep  the  restriction  in  57lb)  | the  defining  principle 
for  division).  In  view  of  our  decision  as  to  how  to  interpret  restrictions, 
5?(b)  is,  then,  an  abbreviation  for: 

i3)  b  *  0        a  +  b  -  a  :  lb  . 

Since  multiplying  by  0  is  not  a  one-to-one  mapping- and,  so,  has  no 
inverse  -it here  is^no  "dividijng  by  0". operation  in  the  usual  sense  of 
'dividing  by*.  Although  from  (3)  we  may  infer:  9 

s 

0  /-  0  — ►  a  :  0     a  -  /0 
*  ■  * 

we  cannot  prove  Ka  -  0  *  a,  *  IQ\  So,  the  question  as  to  whether ()' 
has'a  meaning  in  some  unusual  sense  is  left  open.  Thisjieed  not  con- 
cern us  sint'e,  whatever  meaning  w£  might  choose  to  give  it,  we  should 
never  be  able  to  prove  'lab)  +  b  ■■  a  without  the  assumption  *h  ^  0\ 
As  an  example,  let's  see  how  we  can  now  prove: 

IM  6/0  — *  (a/>)  *  a 

To  shorten  the  proof  we  stall  not  state  the  postulates  on  which  the 
conclusion  depends  but  or\\y  the^nstances  of  them  which  are  used  in 
the  proof.    .,  *  ■  „ 

!l>  ft  /  ()  ,        1i  [assumption]* 

,2)  /,/o—  iab)  :  ft  =  (aft).-  lb''*  [57(b)|  ■ 

13)  lab)  i -'  ft  --  la/;)  •  /ft  .  [CD,  (2)J 

,    (4)  (aft)*  •  /ft*   a(ft  ■  lb)    *  .  '           •  |5,(b)j 

•  15)  ft  *  0  — *  b  ■  lb     1  .  ,   '  f5,(b)J 

(6)-ft  •  /ft  ••  1  ,  [(i),  (5)] 

(7»  (aft)  •  /ft  =  a  •  1          -  •    [(6),  (4)) 

(8)  a  •  1  *  a  f5a(b# 

.(9)  (aft)  •  /ft  =  a  -  [(8),  (7)\ 

(10)  (aft)  -  ft     a         •     '  '      '       1(9),  (3)] 

(11)  ft     0  — *  (aft)  -  ft  -  a  .              '     **HlQ)>  *U)J 

We  can  safely  abbreviate  pnxrfg  like  this  one  by  introducing  restric- 
tions as  illustrated  in  the  following: 

(1)  Maft)  -  ft  -  (dft)  >  lb  [ft  *-  0*  [57(b)j 

(2)  (aft)    lb  --■  a(6  •  lb)*'  .'  «  [5,(b)| 

(3)  ft  •  /ft  =  1       '  [ft  5^01  I53(b)j. 

(4)  (aft)  ■  lb  -  a  ■  I  [ft  /  0]  M3),  (2)]  . 

(5)  a  •  1     a        '  .  (5„(b)] 

(6)  (aft)  '/ft  -  a  (fc*  0)  |(5),  (4)] .  ' 

(7)  (aft)  r  6  -  a  .  [ft  A01  [(«),<!)! 
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The  second  proof  of         which  is  given  on  page  148  may  be  inter- 
preted in  two  ways.    It  is  an  abbreviation  of  the  first  proof  in  that  it 
can  be  locked  on  as  ** shorthand"   instructions  for  reproducing  this 
proof.    On  the  other  hand,  it  can  be  thoughXof  as  an  actual,  unabbrevi- 
ated, proof  in  which  the  use  of  stronger  rtfles  of  inference  allow  fewer 
steps  than  needed  in  the  first  proof.    In  the  first  proof,   'b  4  0'  is 
adopted  as  an  assumption  Under  wlucrs  the  remainder  of  the  argument 
is  carried  out.    What  happens  in  the  second  proof  can  be  illustrated 
by  considering  the  inference  of  step  (4)  from  steps  (3)  a^d 
Recalling  that  (3),   say,  is  an  abbreviation  for  'b  ^  0  =^  b  •  /b  =  lf 
the  "rule  which  justifies  inferring  (4)  from  .  (3)  and  (2)  may  be  stated 
as  follows:       .  \ 

jjtf  an  inference  of  the  form: 


is  valid  then  so  is  any  c orre spondinjg 
inference  of  the  form: 


4In  short,  argue  as  though  the  restriction  in  line  (3)  were  not  there, 
but  then  transfer  this  restriction  to  the  conclusion  in  line  (4),  The 
rule  stated  above  is  easily  justified: 

p        p  =>  s 

-  (M.  P.  ) 

r                  s  * , 

■      ■'  < — i — assumed  valid  *  * 


#  (Bed.  $ule) 


^  p         q  •  ^ 

Other  such  rules  [for  example,  one  with  *  rf  replaced  by  *p  =>  are 
equally  easily  justified,  •  _ 

In'the  scheme  given  above  it  is  assumed  that  the  given  inference  is 
such  that  tTTe  deduction  rple  may  be  applied  as  indicated.*  This  it  not 
always  the  case.    For  example: 

a  •  /a  =  1  i  a  4  0         a  •  /a  =  1 

 — ■ —  is  valid  by  (Subst),  but:   r-  is  not  valid^ 

b  •  /b  =  1  a  *  0  =^  b  -  /b  =  1 

.This  should  cause  students  no  difficulty  for,  in  a  column  proof  with  - 
restrictions  in  which  (Sub si)  is  used,  the  natural*  thing  is  to  make  the 
substitution  in  the  restriction.    One  would  writes 

(n)     fa./a  =;  1    [a  #0]  (n)      a*/a  =  1   [a  ^  0] 

(n  4  li.b'/b  =  1   [b  *  0);   n°  '  (n  t  1)  b*A  =  1   (a  >  0] 

Up  to  now,  substitutionrinierences  are  the  only  ones  which  lie  outside 
the  scope  of  the  general. rule  we  have  been  ciitcus aing.    For  these  the 
rule  holds  only  if  the  variable, which  is  substituted  for*does  not  occur 
in  the  sentence  which  replaces  *p\    Other  exception*'  will  occur  when 
quantifiers  are  introduced  in  Chapter  6.  .  <• 


3^7 


1^ 
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* 

By  our  convention  as  to  the  meaning  of  res£rictionst  the  restricted 
coricltuion  (7)  is  an  abbreviation  of  I*).  In  a  paragraph,  this  shorter 
proof  would  be:  ' 

.For   b  *  0,    tab)  ^  h  -  \ab)  *  fb.    Now,   since   iah)  •  lb 
-  aib    lb)  and,  for  b  *  0,  b  •  /b'    1  it  follows  that,  for  b  *  0, 
iah)  -  lb     a  •  I.  Also,  since  a  •  1      a  it  follows  that,  for 
b  *  0,  \ab)  -  lb     a.  Consequently,  for  b  *  G,  iah)  ?■  b  a. 
Notice  that  lines'<2>  -  16)  of  the  preceding  proof)  and  thesecpnd  aftd 
third  sentences  of  the  paragraph!  constitute  a  proof  of  the -theorem: 

/>  *  0  — *  iah)  •  //;  -  a 

Since  the  theorem  'iabh-  ■  (cjr)fc'  is  an  easy  consequence  of  5,(b)  and 
5f(b)  it  follows  immediately  that: 

}««)  h  *  0  — ♦  id  •  /6>6  -  a 

*  .  4 

r 

is  a  theorem.  From  I**)  and  57(b)  it  is  easy  to  derive: 

h  *  0  —  la  -h  6)6  a 

I  Since,  for  ft  /  0,  (a  •  lb)b     a  |by  and  sine?,  for  b  ¥  0,  a  *  h 

a  -  lb,  it  follows  that,  for  h  *  0,  \a  ±  b)h  a.)  , 
We  have  already  noted  that  the  nonzero  real  numbers  form  a  com- 
mutative group  with  respect  to 'multiplication.  I  Establishing  this  fact 
requires  the  prtx>f  of  two  theorems  which  we  shalf  discuss  in  the  next 
section.  |  Since  this  is  the  ca^e,  any  theorem  about  addition,  0,  opposit- 
ing  and  subtraction  which  is  a  consequence  of  5,(a)  -  54(a)  anrf57(a) 
can  be  transformed  into  a  theorem  about  multiplication,  1,  reciprocat- 
ing, and  division  merely  by  changing  '4's  to  '-'s,  f0's  fo  Ts,  Vfi  to 
V'sZ-'s  to ' -  s,  and  adding  "nonzero  restrictions"  for  all  variables.  For 
example,  sinter  >~  •  •  * 

a  +  c     6  f  c  — *  a  -  6 

is  such  ^  thedrem^the  sentence: 

a  •  v  '  b    c  —>a~-  b    \a  *  0,  6  *  0,  c  *  0] 
♦ 

or,  equivalently: 

(a  5*  0  and  6^  0  and  c     0)  — *  [a  •  c  •  6  •  ^  — *  d  -  6]  * 

is  certainly  a  theorem.  However,  as  you  know  from  your  previous  study 
of  algebra,  we  can  do  better.  The  sentence; 

a  -  c  -  b    c  — a  -  6    [e  #  0} 
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the  proof  to  your  students.    They  are  Ukely  to  be  happy  enoigh  to 
accept  fhis  way  of  presenting  proofs  as  a  welcome  \vay  of  avoiding 
excess  writing.    All  they  need  remember, is  that  any  sentenle  in  a 
proof  must  be  accompanied  by  all  restrictions  which  affect  Iny  of  the 
sentences  from  which  it  is  inferred, 
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In  the  paragraph-variant  of  the  proof  just  discussed,  the  recurrent 
phrase  *  f ox  ^  4  0'  occurs  more  often  tharcmay  be  judged  strictly 
necessary  —  or  euphonious .    The  purpose  here  has  been  to  ape  the 
column  proof;    but,  in  practice,  the  phrase  need  be  repeated  only  often 
enough  to  maintain  awareness  that  it  is  still  in  force.     For  comparison, 
here  is  a  paragraphing  of  the  first  of  the  two  proofs  of  (6}: 

Suppose  that  b  *  0.    It  follows* that  Ub)  rb  =  (ab)-/W 
Since  (ab)«/b  =   a(b  •  /b)  and  [since  b  ^  0 ]  b-  /b  =•  1"  it 
follows  that  (ab)-/b  =  a«l.    Msbm  sine*  a  •  1  =  a  it  follows 
that  (ab)-/h  =  a  and,  so, 'that  (ab^rb  =^  a.    Hence,  if  b*0 
then  (ab)  t  b  =  a.  *  . 

The  cancellation  principle  for  multiplication  as  it  is  stated  first 
on  page  149  illustrates  the  use  ©^multiple  restrictions.    It  would  be 
consistent  with  our  interpretation  of.  single  restrictions  to  Jthink  of 
this  as  an  abbreviation  for:    *  * 

c  *  0  =^v[b  *  0  [a  *  0  [a-  c  =  b*c  =>  a  =  ,c]]]      '  ; 

In  view  of  the  importation  afad  exportation  rules  on  page   lOH^thi*  is 
equivalent  to  the  interpretation  in  terms  of  'and'  which  is  civeh  in  1 
the  text.  ,  -  * 
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is  a* theorem.  Since  your  previous  experience  should  be  a  reliable  guide 9 
in  judging  whether  a  sentence  is  an  "addition-subtraction  theorem" 
and,  also,  in  judging  what  restrictions  are  required  for  the  correspond- 
ing "multiplication-division  theorem",  you  will  not  often  have  occasion 
to  prove  theotemK  of  these  kinds. 

Exercises 
Part  A 

1.  The  theorem  1*)  on  page  148  is  analogous  to  an  "addition- 
subtraction"  theorem; 

*    .  \ 
(a  +  b)  -  h  •  a 

Write  a  7-line  proof  of  this  theorem  like  the  proof  of  (•)  on  page  148. 

2.  Compare  the  two  proofs  and  note  how,  given  either,  you  could 
easily  obtain  the  other. 

Part  B  \  S 

1.  Show  that  the  cancellation  principle: 


at' 


6c  b   [cV  0] 


is  a  consequence  of  the  theorem  (*)'  on  page  i49.  [Hint:  As  you 
know  from  your  work  in  Chapter  2,  'a  ■=  h       (xc  =  he'  is  a  valid 
4  sentence.  You  can  use  an  instance  of  this  and  two  instances  of 
<*)'  to  obtain  a  very  short  proof] 
2.  The  theorem  proved  in  Exercise  1  is: 

I  ,  \  *  Q  — +[aes=.  be  — *a  -  b\ 

Two  of  the  rules  of  logic  you  studied  in  Chapter  2  tell  you  that  this 
sentence  has  the  same  meaning  as  another  sentence  which  con- 
*  tains  only  one  1  — ► "\  What  ryles?  What  other  sentence?  ^ 

PartC  4  n  S 

Prove:     "  ~  fa  -  0  — -  Q  -  1   {c  ^} 

,  [Hint:  Use  5^b)  and  a  theorem  proved  in  ap  earlier  set  of  exercises. 1 
'  •  v 

4.03  Rules  for  'not'  * 

Up  to  now  the  word  fnot'  or  abbreviation  for  it  have  not  occurred 
very  oftfn  in  our  theorems.  Now  that  we  have  postulates  '0  ^  .1', 
«G  >  0  — *  a  la  *  r  and  0  — >  a  +  b  -  a  •  lbf\  In  wtifeh*^ 
means  what  'is  not  the  same  as*  does,  we  need  some  new  rules  of  logic 
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In  Chapter  3  we  have  already  expressed  confidence  in  a  student's 
ability  to  judge  whether  or  riot  a  senten'ce  about  real  numbers  is  a* 
theorem  and,*  if  so,  to  determine  what  postulates  its  proof  is  based 
on.    If  our  confidence  turns  out  to  be  misplaced,  yotji  may  need  to  as*k 
some  true -false  questions,  and  discuss  how  to  go  about  attempting  to 
prove  some  theorems.    There  rst  however,  no  need  to  insist  on 
mastery  of  these  skills  at  this  time.    If  practice  is  needed,  oppor- 
tunities for  it  will  arise  throughout  the  course, 

4  • 

Answers  for  Pari  A  \t  r 

1. 


(1) 

(a  V  b) 

-  b  = 

{a  +  b)  +  -b 

[DPS] 

U) 

(a  +  b)  + 

-b  = 

a  +  (b  +■  -b)  • 

[A  PA] 

(3) 

b  4- 

-b  =. 

0 

[IPO] 

(4) 

(a  +  b)  + 

-b  * 

a  +  0 

[(3),  (2)] 

(*) 

a 

+  0  = 

'a 

(6) 

(a  +  b)  + 

-b  = 

a 

[(5),  (4)] 

(7) 

(a  +  b) 

-  b  - 

a 

[(6),  <1)] 

Z,     Given  either  proof  changing  from  additive  to  multiplicative  nota- 
tion [or  vice,  versa],  and  introducing  [or  deleting]  '■nonzero** 
restrictions,  yields  the  other,    [Also*,  one  must  revise  the  com- 
ments, but  t^ese  are  not  —  strictly  —  part  of  the  proof.  ]       |k  ^ 

[These  exercises  show  one  advantage  which  this  style  of  prooinas 
over  tha,t  exemplified  by  the  first  proof  of  <<r)  given  on  page  148  To 
■change  that  proof  into  a  proof  of  the  theorem  of  Exercise  1  is  a  more 
complicated  task.  ]  .    '        $  0  \ 

Ans  we  r  s  f o  r  Pa  r t  B  ^  ifc 

X.     (1)  ac  =  be         (ac)«/c  =  (be)*  A  [valid] 

U)      (ac)./c  =  a  [c  *.Q)  [(*)]  * 

{3}      (bc)./c  -  b  \c  *  0]  [(*)]  * 

(4)  ac  -  be  =>  a  =  b      ^  ,[c  *  0]  {(Z),  (3),  (1)] 

[Two  applications  of  the  replacement  rule  for  equations  have  been 
combined  into  a  single  step,  thus  saving  a  line  in  writing  the  proof.] 

2#     By  importation  and  exportation  [page  101]  the  given  sentence  has 
the  same  content       does:  • 

s 

(c  *  0  and  ac  -  be)  =>  a  =  b  -x                       *  m 

Answers  for  Part  C  •  . 

0 )             /a-=  0  ■    ,   ,       *           a      '.  {assumption}, 

(2).      ..  a*  0  =  C  [theorem] 

',.&)        a7/a  -  0^  *       '                        [<!)/ (2)3 

^(4)     "  a./a  =  I  I*  * ,0]     "[IPR]"           .   •  ^ 

\    J*)           "  «  =  '1  i  •     •  •    #-     ■                  (<3).'<4)]     •  , 

(6)   /a  =  0     >  0  =  1  [a  4  0]        [{S)t  *<1)]  : 

,  [A  slight  variant  of  this  proof  is  given  as  a  tree  in  Part  £  on  page 
156.  The  purposV  of  proving  this  theorem  is  to  lay  the  ground  work 
for  a  prodf  of  '/^  ^  0  [a  ^  Q]\    You  can  point  this  out  whilte  dis- 
cussing the  rule  mod^s  to.llens  given  on  page  152,  ] 
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to  tell  us  how  to  deal  with  sentences  in  which  'not'  lor  an  abbreviation 
for  it|  occurs.  • 

One  such  rule  which  we  need  at  this  point  can  be  illustrated  by  using 
the  cancellation  principle  of  Part  B,  above.  For  example,  knowing  that 
3  *  0,  it  follows  from  this  theorem  that  s 

1768  -3     1766  ■  3  —1768  =-  1766. 

You  know,  of  course,  that  1768  is  not  1766;  hence-even  if  you  had 
forgotten  everything  you  know 'about  multiplication  -you  can  con- 
clude at  once  that  1768    3  is  not  1766  3. 

What  this  boils  down  to  is  that  because  of  what  you  mean  by  'if . 
"then       '  and 'not',  you  recognize  that  th^  inference: 

1768    3     1766  •  3_^176^  1766   1768  *  1766  ,  \ 
1768  '  3  *  1766  •  3     '  ~J 

is  a  valid  one.  The  argument  here  is  of  the  same  kind  as  the  one  you 
would  use  to  decide  that  because  John  does  not  live  in  Illinois,  he 
doesn't  live  in  Chicago. 

If  John  lives  in  Chicago 

then  John  lives  in  UUnojs.  John  doesn't  live  in  Illinois. 

John  doesn't  live  in  Chicago,  * 

Before  stating  the  rule  which  these  two  inferences  illustrate,  we 
need  to  come  to  terms  with  a  matter  of  grammar.  As  you  know,  there 
are  usually  Several  ways  to  formulate  a  sentence  in  English  which 
denies  what  is  asserted  by  a  given  sentence.  For  example,  to  deny  that 
John  lives  in  Illinois  we  may  say  either: 

"     \     s     John  does  not  live  in  Illinois. 

or: 

It  is  not  the  case  thai  John,  lfves  in  Illinois,  . 

*  For  simplicity,  we  shall  introduce  another  way  which,  while  not  good' 
English,  is  perfectly  satisfactory  for  the  sentences  of  our  language;  to 

i  form  the  denial  of-a-#iven  sentence,  we  shall  merely  wrj$e  'not'  in 
front  of  it.  [Sometimes,  in  place  of  'not'  we  shall  use  a  wfggle,  *—*.] 
Using  this  convention,  the  denial  of  the  sentence  'John  lives  in 
Illinois,'  is:  . 

-        •         *  f      ;  •  • 

not  [John  lives  in  Illinois].  ' 


3*p 
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The  denial  of  a  given  sentence  is  the  sentence  obtained  from  it  by 
prefixing  *not*  [on    •-*•]     Some  authors  use  'negation'  instead  of 
'denial*,  and  ' -*  and  *-T  are  not  uncommon  substitutes,  for  "One 
reason  for  preferring  'denial*  to  'negation*  is  that  derivatives  of  the 
yard  'negative*  already  sufidfl*frarn  overwork. 


A  denial  sentence  js  a  sentence  which  is  thes.de nial  of  some  fotherl 
sentence.  .  N  •  1 

Students  are  unlikely  to  have  difficulty  in  Accepting  the  rule  modus 
tollens^   The*  order  in  which  the  premisses  are  written  in  a  modus 
tollens-inference  is  immaterial.    Nevertheless,  as  in  the  case  of  other 
kinds  of  ^-premiss  inferences,  it  is  convenient  to  adopt  one  order  and 
stay  ^ith  it.    The  order  chosen  in  the  text  corresponds  to  arguments  of 
the  form:  Ik 

If  p  then  q;   but,  not  q.    Therefore,  not  p. 


1 


3 


/ 

/ 
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and  that  of '1768    .  1766'  is  eitrtW:  , 

not  41768     176jEy    or:    )  11768  1766] 

V  1  We  shall,  however,  continue  to  use  ol7£8     1766%as  an  abbreviation,  j 
W7e  van  now  state  the  inference  rule  which  has  been  illustrated 
tabove.  We  give  itrits  Latin  name. 

Modus  Tollens  . 
Any  inference  of  the  form: 


P 


■•  q"  not  q 

not  /; 


is  valid. 


For  practice,  tell 'which  of, the  following  can  be  completed  to  give  ex- 
f  am  plea  of  inferences  of  this  new  kind.  Tell  why  the  others  cannot  be 
made  into  such  examples. 


ra>  A  i 


B  — *  cv    B  -  A    a  *  B  -  A 


U»  A     B  — *  C  -_A^  C  -  H 
"  C -  .4  *  C  -  B 
A     0  — >  A  B 


(d) 


B  ^*B 


0 


ie)  ^  /i 


4  +  a  /  Z*  +  a 
'A  % 


As  you  have  probably  decided,  just  two  of  (a)  -  (e)  can  be  completed 
to  give  examples  of  modus  tollens.  If  you  completed  (b)  by  introducing 
'A  -A  B'  as  a  second  premiss,  you  are  guilty  of  a  fallacy  called  denying 
the  antecedent.  This  is  something  like  the  fallacy  of  mistaking  a  con- 
ditional sentence  for  its  converse  because,  from  the  converse  of  the 
premiss  given  in  (b)  together  with  'A  #  B*  you  may  infer  the  giver 
conclusion.  J  By  what  rule?]  You  probably  realized  that  (d)  cannot;  l>e 
completed  to  give  an  example  of  modus  tollens,  but  (e)  may  have 
fooled  you.  If,  for- example,  you  believe  that:         '  * 

i  ...  •       .  _   '  ... - 

A_f  B  — *  A  +  a  *  B  +  a   A  +  a  =  &  +  a 

is  a  valid  ^inference,  you  are  certainly  right;  if  you  think.it  is  an  ex- 
ample of  modus  tollens,  you  are  wrong.  If  you  are  to  use  the  sentence: 

V    •  /  .        .>  - 

/I  — *  A  +  a  *  B  +  a 
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Completions  fo^  illustrations  on  page  151; 

(a)    A  fX-^B   [or:>  not  A  +  a  «  B,  or:   <*A  +  a  =  B] 

[^fnpossible  to  complete,   since  conclusion  of  inference  must 
e  the  denial  of  the  antecedent  of  the  first  premiss,  ] 

premiss;^  A  #  B;    conclusion:    B  -  A  ^  "6 

[Impossible  to,  complete  ,J  -  4 

(e)    [Impossible  to  complete.  ] 

As  explained  in  the  text,  (e)  cannot  be  complete^  to  a  modus  tollens- 
i^erence  because  Its  conclusion  is  not  the  denial  of  the  antecedent  of 
the  first  premiss.    In  fat>t,  the  conclusion  of  (e)  is  not  the  denial  [or 
an  abbreviation  of  the  denial]  of  any  sentence.    That  the  completion 
for  (e)  which  is  given  on  page   15a,  is,  by  our  rules,  a  valid  inference 
is  shown  in  Exercise   i   of  Part  A  on  page  153. 

We  don't  recommend  that  you  try  to  maintain  this  rigid  interpre- 
tation q4  modus  tollens  very  long.    Students  will  quite  naturally  apply 
modus  tollens  and  one  of  the  double  denial  rules  simultaneously,  and 
after  the  exercises  of  Parts  A  -  D»  should  be  permitted  to  dosb. 


7 


•  375 


.  -       *         '    4-03  Rules*  for  'not'  153 

as  the  first  premiss  of  a  modus  tollens  inference  then  the  second  pre- 
miss must  be  the  denial  of  the  consequents  +  aV  B  +  a\  But>  the 
denial  of  this  sentence  is:  \ 

not  A  +        B  +  a  v  *  k 

or,  removing  the  abbreviation  7:  * 

not  not  A  f  a     fi  +  a 
Even  though,  intuitively,  this  sentence  says  just  what  'A  +  a  -  B  +  a\ 
does,  they  &re  certainly  different  sentences^  Evidently,  in  .  order  to 

0 express  what  we  mean  by  'not',  we  need  another  rule: 
Rules  for  Double  Denials  ' 
Any  inference  of  either  of  the  forms:  ^ 

not  not  p  p 
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Answers  for  Part  A  '  « 

i,     not  A  +  a  *  B  +  a   [which  is  an  abbreviation  of  'npt^not  *- 
B+a'];   not  A  ^  B  , 


not  q  =£>  not  p         not  not  p 
not  not  q 

; »  v  s  q 


p  not  not  p  . 

is  valid.        '  1  '  /" 

>    Using  this  rule  and  modus  tollens  it  is  not  difficult  to  show  that  the 

completion  given  aboy£  for  (e)  is  a  valid  inference.  (See  Exercise  1  of  ,  ' 

Par*    A    !  /  >.*■ 


Part  A  J 
Exercises 
Part  A 


i 


) 


1.  Compete  the  following  derivation  to  ;sliow  that  the  inferen&'jtist\  *'1     •>  >    '  * '    >  ^ 
^-        mentioned  is  valid.  x  v  £    v        ^  *     *  *^  11  ^ 


i4  -f  a  -  £  +  "a 


4  ^  — +  i4  -f  a  *  B  +  o 


(Modus  Tollens) 


3-  P 


not  q 


.'.  iiot  p 


not  q         not  p 


2*  Write  out  a  pattern  for  derivations  like  the  one  you  gave  in  answer  s 
/       to  Exercise  1  which  will  show  thai  any  inference  of  the  form: 

n°t  gV~*  not  p  p 

is  valid. 

•  3.  Use  modus  tollens  and  the  deduction  rule  to  show  that  any  ififer- 
*    w,  ence  of  the  fdhr^ 


not  q  ™*  not  p 


is  valid. 


*  .... 


•V 


ERLC 


33 


>  <-'vV 


v..  • 


7'-. 


••'.i.'N'. 


v 
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'    t.  Exercise  3  should  suggest  "another  form  for  the  rule  you  established 
'  ^        in  Exercise  2.  State  this  other  form,         *  m 

-i.  Using'the  rule  for  double  denials,  the  deduction  rule,  and  a  rule 
for  biconditional  sentences,  sho\*Jhat  any  sentence  of  the  form; 


\   p  ♦—♦'not  not  p 

L 

is  a, valid  sentence. 

2.  (a>  Must  inferences  of  the  form: 

p  and  not  not  q 
r  "  /^and  t; ' 

be  valid?  '  - 

(b)' How  about  those  of  the  form: 

P  and  q  ? 
p  and  not  ru)t  q 

h  i  f 

3.  In  view  of  the  result  in  Exercise  1  and  the  replacement  rule  foir 
biconditional  sentences,  what  can  you  say  about  a  sentence  And 

„     its  "double  denial^ 

* 

PartC        ,  '  {'  '  „ 

As  you  know,  th|  sentence  you  obtain  by  interchanging  the  ante- 
cedent and  conseq^eilt  of  a  given  conditional  sentence  is  c&lled  the 
converse  of  the  giv^n  sentence.  If  you  make  the  further  step  of  replac- 
ing the  parts  of  this  new  Sentence  by  their  denials,  you  obtain  another 
*   *      conditional  sentence  which  is  called  the  contrapositive  of  the  giveft 

sentence: 

■>  *  * 

p       q         Igivefl  sentence) 

x 

[converse  of  j^iven  sentence! 

n«t  ^  « •  not  />    [contrapositive  of  given  sentence] 

•  y  ■ 

For  example,  given  the  sentence:  * 

(a)  Ix  ^  B  -A       A  +  V  £• 

'the  converse  of  (a)  is: 

and  the  cuntrapositive  of  (a)  is: 

A  +  a  +  B-*-*!t*  B  -  A 
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*    Answers  for  Far&»A"  [cont.]  •  * 4  * 

4.      Applying  the  deduction  rule  to  an  inference  of  the,  type  described  in 
Exercise  I  justifies  the  rule: 

Any  inference  of  the  form; 

npt  q  :i=^  not  p  "  t 


p  =Vq 

Is  valid. 

[Using  the  notion  of  the  contrapositive  of  a  conditional  sentence 
(this  is  introduced  in  Part  C);   the  rule  of  Exercise  3  says  that 
*ny  conditional  sentence  implies  Its'contrapositive .    The  rule  of 
Exercise  4  says  that  any  conditional  sentence  is'implied  by  its 

.  "      contrapositive.    Using  the  tfro,  rules  it  is  easy  to  show  that  any 

'         sentence  of  the  form: 

[p  =5*  q]  <=>  [not  q   =^  not  p]  1  s 

is  valid.    For  short,  any  conditional  sentence  is  logically  equiva- 
lent to  its  contrapositive.    It  follows  by  the  replacement  rule  for 
biconditional  sentences  that  either  can  be  replaced  by  the  other  in 
any  context.  J        '  *  1 

Note  that  *contrapositive*  is  a  grammatical  term.  For 
^    example,  the  contrapositive  of  a  sentence  of*  the  form  'not  c* 
not  p1  v|s  the  corresponding  sentence  of  the  form,  'not  not  p 
not  not  q' .    Although  the  latter  is  logically  equivalent  to  'p  =^  q' 
it  is  by  no  means  the  same  sentence  as  this.    To  reiterate, 
*p         q1  is  not  the  contrapositive  of  'not  q         not  p1  *  ]rj 

Answers  lor  Fart  B 


1 .  not  aot  p  p 


not  not  p 


/   *   7  ' 

not  not  p         p  p         not  not  p 


not#not  p  ,  * 

[Since  all,  premisses  of  a  ^derivation  of  this  form  are  discharged, 

the  conclusion  pf  any  such  derivation  is  a  valid  sentence.  ] 

*      *  h 
Zt     (a)  '  Yes*    In  detail,  any  inference  of  the  farm; 

q  <=&  not  riot  q        p  and  not  not  q 

;  p  arid  q 

is  valid  by  virtue  of  the  replacement  rule  for  biconditional 
sentences.    Since,  by  Exercise  1,  the  first  premiss  of  any 
such  inference  is  a  v^alid  sentence,  thie  conclusion  is  a 
consequepce  of  the  second  premiss  [taken  by  itself]. 

(b)    Ye^,    [Similar  argument.}  + 

3.     Any  sentence  4lmayn  be  replaced  in  any  context  by  its  double, 

denial,  and  vice  versa,,  [In  this  "technical  sense1/,  'may*  means 
that  (if  one  does  a«  described,  the  given  sentence  implies  the  sen- 
tenceNwhich  results,] 


379  - 
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VA 

In  this  case  both  the  tfi\«en  sentience  ( iV  and  its  converse  are  theorems, 
hut-  as  is  usually  the  vase  wuh  am  vetoes  -they  say  quite  different 
things.  -1  Recall  that  (a)  is  essential Iv;  just  another  way  of  stating 
.Postulate  2fa>,  while  the  converse  of  (a)  is  just  another  way  of  stating 
Postulate  2(h). |  On  the  other  hand,  you  know  from  Fjcereises  3  and  4 
of  Part  A  that  any  conditional  sentence  and  its  eontrapositive  arejust 
different  ways  .of  making  the  same  assertion.  |  Explain.  | 
!.  Copy,  each  of  the  given  sentences:  on  the  same  line  .with  the  sen- 
tence, write  its  converse;  beneath  each  of  the  two  sentences  write 
its  eontrapositive 
Sample    a     B  .--  A      *  A  *  u  B 


> 


S'oiuntm.  u  ,-   H  -  A 


A  *  a  B 


•A  *  a  x  B        a  /  B  -  A 

a  *  B  -  A 
(a;  A     C     B  -  C  —A  B 
ih)  a      b        in:      he  * 
iv)  A  -  B     C  -  I)  ™*  A     C     B  -  I) 
id)  B     A  —  B  -  A     .0  * 
(e>  ah     0»-  *  ia     0  or  h  (f)> 


A  +.  a     B        a  -  B  -  A 
>  A  fa*  /■  B 


2,  Any  conditional  sentence  is  the  same  as  the*  converse  of  its  converse, 
la)  What  can  you  say  about  the  converse  of  the  eontrapositive  of  a 
'  given  sentence  and  the  eontrapositive  op  the  converse  of*  the 
given  sentence?  / 
Ih)  What  can  you  say  about  a  given  conditional  sentence  and  the 
eontrapositive  of  its  eontrapositive?  \Hint:  See  Exercise  3  of 
Vart  A. I 

Rules  of  Contraposition 

Inferences  of  either  ,of  the  forms: 


p  rT^*  ij  m>4  if 

not  q  :==-*  not  p  p 

are  valid,  . '..  , 


not  p 


Part  D 


1.  .Use  modus  tollens  and  the  double  denial  ruWto  establish; 

Symmetric  Rules  of  Contraposition 
Inf^ences  of  either  of  the  forms;  * 


q  — 

'are  valiA 


not  q  *not  p  — •  q 
not  /;  nofc/r— *  /< 
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Answers  foi-  Part"  C  . 
— ■ — ■  >  »     —      .  ■ .  ,  **  i 

[Sentence   (a>  which  is  used  as  an  example  here  is  the  if-part  of 
Theorem   £-1.     Previous  work  with  this  theorem  makes  it  easy  to  see 
that  the  converse  of  (a)  and  the  eontrapositive  of  (a)  "say  different      ■  ' 
things.'^    If  more  examples  are  needed  either  part  of  any' biconditional 
theorem  proved  up  to. now  will  do  as  well  as   (a).  ,  For  example,  the 
if-part  of  Theorem  2-2  is  a  valid  sentence  and  its  only  if-part,  together 
with  Postulate   2(a),   implies  Postulate   2(b).     So,   the  eontrapositive  of- 
the  if-part"  i«s  valid,,    while  the  converge  of  the  if-part  is  not.  (This 
last  because  Postulate   2(aj  does  not  by  itself  imply  Postulate  2(b).) 

ThV  explanation  asked   for,  just  before  the  statement  of  Kkercise 
i,  should  refer  to  the  results  of  Exercises    3  and  4  of  Part   A.  j 

1  .      (a)    A  r-  C  -  \S  -  C  A  -   B  A  *  •  R  =5>  A  -,|C  -    B  -  C     *  ' 

A       R  =o  A  -  C  4  B  -  C  A  -  C  *  B  -  C  =*>  A  *  B 

(h)    a       b  =^>  at:       be  '    ac   -  be  =>  a  ■■  b 

at  ■/  be  a  t  b  a  *  b  *=>   ac  *'bc 

(c )    A  -,B  -  C  *  D  =>  A  -  C.  "  R  -.  D        A  -  G  ■  ■  B  -  D  =>  A  -  B  .=  C  -  D 
A  r  C  *B  -  I)  ^=>  A  -  IW  C  -  D        A  -  B  4  C  -  D        A  -  C  *  B  -  D 

,         (d)    B   +   A  =P  R  -  A  :    6  &  -       -  "6  =>  R  -  A 

B  ;'A  ^  3  d*  B  B  ^  A  =^  R  -  A  ^  3  % 

(c)    ab  -  0  =>  (a  ■■  0  or  b  --  D)  (a  ■-■  0  or  h  *  0)  =s>.ab"-  0 

not  (a      0  or  b      0>)         ab  4  0.        ab  ^  Q  =^  not  <a  =  0  or  b  =  0) 

[The  given  sentence  of  part  (a)  is  a  consequence  of  Postulate  1(a) 
and  is  implied  by  this  postulate;    in  contrast,  its  converse  is  an 
equality  principle  and,   so,   is  a  valid  sentence.     The  given  sentence 
of  part  (b)  is  a_  valid /sentence ;    its  converse  is  a  facse  sentence. 
The  given  sentence  of  part   (c)  is  a  theorem;    its  conWrse  is  a  con-. 
Sequence  of  it  and,   also,  implies  it  ^see  below  for  additional  dis-. 
cussion  of  this),    Both  the  given  •sentrnce  of  part  (d)  and  its  con- 
verse are  theorems;    neither  is  a  valid  sentence1,  and  neither 
implies  the  other,    A  similar  remark  applies  to  part  (e).  T)*e 
The  sentence  'not  (a  =   0  or  b  -   0)'  —  "neither  a  nor  b  is   0"  — 
■  may  s-et  students  thinking  atjout  rules  for  the  connective  'or'f 
m     These  are  discussed  in  section  4.05.  )] 

r  •  ,  ' 

2#      (a)    As  ;is  illustrated  by  the  answer  for  any  part  of  Exercise  1, 

the  converse  of  the  eontrapositive  of  a  given  conditional  sen- 
tence is  the  same  as  the  eontrapositive  of  the  converse  of  this 
sentence.    [So,  the  converse  of  the  eontrapositive  of  a  condi- 
tional sentence,  is  equivalent  to  the  eontrapositive  of  the 
.Converse  of  this  sentence.  ] 

•  j  '  '  ' 

(b)    The  eontrapositive  of  the  eontrapositive  of  a  giyen  conditional 
sentence  is  equivalent  [but  different  from]  the  given  sentence* 
[By  Kxerclse   3  of  Part  B  (and  the  deduction  rule)  any  sen- 
tence of  the  form;  , 

0  [not  not  p  not  not  q]  [p  =$>  qj  # 

is  a  valid  sentence.  (For  'equivalent',  see  the  discussion 
which  follows.  }]  .  } 
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A,  ■  ■  •  '  t 

"notion  of#logiea,l  equivalence  has  been  introduced  in  the  dis- 
Kxe  re  i  st»  •  4  of  Part   A.     briefly,    sentences  are  logically 
ilent  it'  their  biconditional  is  *i  valid  sentence.    More  generally,  * 
Sentences  are  etquivalfftt  [with  respect  to  a  deductive  theory]  if  their 
biconditional  is  a  theorem.     Thus,   lor' example,   since  the  given  sen- 
tence of  Ex.  1(c)  and  itfr<  conve  rse- are  both  theorems*  the  sentences 
'A  -  B       C  -  I)'    and     A  -IT  -  I)'    are  equivalent,  but  a  re  not 

logically  equivalent.     Equivalence  and  logical  equivalence  are  the 
basis  for  most  applications  of  the  replacement  rule  for  biconditional' 
sentences.  *  ».  V 

"The  converse?  of  the  given  sentence  of  Kx.  1(c)  ^'an  he  inferred  * 
from  this  sentence  by  using  the  substitution  rule.    [This  amount  s^to 
interchanging  *  IV    and  '  C*   by  simultaneous  substitution  of  1 C1   for  4  IV 
and  of  'IV    for  '  C  .    To  carry  this,  out  by  ordinary  one -at -a -time  sub- 
stitutions,  begin  by '  substituting  'K',   say,  for  1 IV  .     Then,  substitute* 
*  IV    for  'C  -and.   finally',  *  C'   tor  1  K' .  ]    Similarly,  the  given  sentence  ^ 
can  be  inferred  from  its  Converse.    Since  each  of  the  two  sentences 
can  bet  inferred  from  the  other  it  fojlows  that,   intuitively,  both  sen*-  " 
tenees   ','say  the  same  "thing" '    or,   in  more  technical  terms,  both  sen- 
tences have  the  same  content.  >Note,   however,  that  since  the  derivation 
Of  one  sentence  from  th'e  other  involves  the  use  of  the  substitution  rule 
we  cannot  go  on  to  show,;  by  applying  the  deduc  tion*rule ,  that  the  con-' 
ditionai  sentence  which  has  one  of  these  as  its  antecedent  ancL^he  other 
as  its  consequent  is  *  valid  sentence,  'in  particular,  althougSthe  two 
sentences  have  the  same  content  they  are  not  logically  equivalent  [nor 
are  they  even  me  relv  equivalent].     As  a- simpler  example,  e'ach  of  the 
sentences   *a    *   1'   and  'b       2"   can  be  inferred  from  the  other,  but 
4 a   1    I  <=>  b       I'    is  neither  a  valid  sentence  nor  a  theorem. 

i  * 

It  is  important  to  realize  that  having  the  same  content  is  not^a 

sufficient  basis,  far  applying  the  replacement  rule  for  biconditional 
sentences. 

The  rules  of.  cont  rapos  ition  stated  between  Part  C  and  Part  D 
summarize  the  discoveries  of  Part  A.    The  discussion  of  KscercisC  1 
of  Part  C  may  have  given  students  more  feeling,  for  the  equivalence 
of  a  conditional'  sentence  and  its  contrapositive.  1  / 

Answers  tor  Part  D 

1 .  q  not  p  =>  q         not  q 


not  q        .  not  not  q  v  opt  not  p 


not  p 


v  z£>t  not 


q  not  p  not  q 
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2.  From  Exercise  4  of  Part  C  you  know  tharany  inference  of  the  form: 

not  /;        not  q  *  • . 

(/  — +p 

K  "  ' 

* vaijd,  Also,  by  eonditionalizing,  you  know'th^t  any  inference  of 
the  form; 

-  *  * 

*     "       ,  n(U  (/         *  ■ 

not  />  ™*  not  (/ 


is  valid.  Hcx>k  these  together,  zmd  supply  an  additional  .step,  tojustif'y: 

Ruie  of  Contradiction 

-  Any  inference  of  the  fprm:  * 
'is  valid.  '     .  ' 


Patf  E 


t.  In  Part  C  on  page  ISO^you  wore  asked  to  prove: 
.  /«     0  — ^  0  -  1    [a  /  yj. 

If  put  in  tree-form,  your  proof  might  begin  like*  this; 

a  *  0  t   a 0  — »a  •  _/«  -  1 

/a  _"_  0  .  a  ■  /a        •"  *  . 

a  ;  0'    0  «    ^  i" 

1  .  P"S"U  "  , 

%  .  la  "  0  — ►  0  -  1  *  * 

> 

To  complete  Part  C  you  could  use  the  deduction  rule  to  discharge 
the  assumption  'a  *mQ\  and  then  abbreviate  the  conclusion, - 
'«  *  0  -7*  [/«     0       0  j*  1  J\  to  obtain  (+).  Instead  of  continuing 
in  this  way,  introduce  another  postulate  and  apply  modus  tollens, 
Complete  the  argument  to- obtain' a  proof  of:  %  . 
• 

-  -  ,:     Vers*  Q   [a  +  0J  •  j    •  • 

■  *     ,   ,    ',  > 
2.  The  theorem  proved  in  Exercise  1  is  one  of  .thje  two  theorems 

which  we  needed  to  prove  in  order  to  show  that  thejionfcero  real 

numbers  form  a  commutative  group  w^th  respect  to  multiplication. 

*  State  the  other  of  these  theorems.  '         .  •  f 


ERIC 


n 
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2.  not  q 

not  p         not  q 


V 

r    *  1 

[One  consequence  of  the  rule  of  contradiction  is  that  if  a  deductive 

theory  is  inconsistent  then  every  sentence  is  a  theorem/  The  rule 
is  needed  for  another  purpose  in  section  4.05.  ]  fc 

Answers  for  Part  E 


1,      [Continuation  of  figure  in  tex£ 


0  =   1  0^1 


/a  *  0 


.  a  *  0         /a  *  0 

r  s  * 

[An  asterisk  should  now  appear  over^the  *-a  $  0'  in  the  text.  ]  The 

conclusion  depends  ortly  on  theorems*and,  so  is  a  theorem.**  By 
our  conventions  it  may  be  abbreviated  to  */a  ^  0  [a  it'?}*.  ^ 

l\     ab  *  0   [as  *  0,  b  *  0]   [or:   b  *  '0  =>   [a  *  0         ao  *  0],*c*r: 
(b  *  0  and  a  *  0}         ab       0  (see  the  discussion* in  Part  F)] 

Sample  Quiz  < 
1  1  *  * 

1.  Simplify:  — f+?_—_T  , , 

2.  Solve  this  equation:    1  +  4/t  -   5t  ■  r 
WJiich  of  the  following  is  an  example  of  modus  toJlens  ? 


VJnc 

(a)    A  -  a  =   5  -  a         A      B*      *A  >  B  (b)   not  A  *  B 


A  -  a  ^  B  -  a  ■*<  '  not  A  =  B 


(c)    A  -  a  *  B  i-  a  =>  A  ^  B        A  =   B      "        (d)   not  not"  A 


A  -  a  =  B  -  a  *  A  -  B 

4.     Which  of  the  inferences  given  in  3  is  an  example  of  the  rule 
for  double  denials?  *  ■  ' 


5.     Wfite  (a)  the  converse  of,  and  (b)  the  aontrapositive  of  the 
sentence:  - 


A  r  *  a  =   B  -  a  =>  A  =  B 
Answe^g  for  Sample  Quiz 


1 


1.  j^rfj    IP  2]  .  2-    1»  -4/5 

3-  Mi  [(c)  is  n*ot;  ,  see  the  discussion  on  pages  152 -15i] 

*.  Idi  -  *  ;        '    .  * 

5.  (a)    A  =  B  =s>  A-«a=*B-a.         (b)  A  V  B  =>  A  -  a  #  B 
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Part  F 


Since  multiplication  of  mil  numUjrsTis  associative,  multiplication 
of  nonzero  real  numbers  is  yertainly  associative- that  is,  Postul&o 
5, »b>  certainly  implies; 

Uihk-     u\hc\\a  *Q,b  *  0,  <■  /  pf 

Similar  remarks  apply  to  5,(b)  and  .H/b*;  and  5;l(i>)  is  already  rejr 
strfcted.  So,  to  show  that  'the  nonzero  real  numbers  form  a  com- 
mutative group  with  respect  to  multiplication  all  that  remains  is  to 
establish  analftguetfo  5/d)  )-  if).  We  need  to  show  that  a  product  of 
nonzero  real  numbers  is  a  nonzero  real  number,  that  1  is  a  nonzero 
real  number,  and  that  the  reciprocal  of  a  n&nzero  real  number  is  a  non- 
zero real  number.  "In  each  case  the  "real  number '  part  is  covered  by 
5„id>,  or  rf ).  So,  what  we  need  to  establish  is  the  "nonzero"  part. 
For  reriproc/K  this  has  been  done  in  Exercise  1  of  Part  E.  That  t  is 
nonzero  is  a  postulate.  Consequently,  all  that  remains  is  to  pruver5- 


AnB  We  r  s  *fo  r  Pa  rt  F 

(1)  ab  Ob  r=>  a  V  0 
{&)'  ,  Ob  =  0 

(i)      ab  :    0*=>  a   -  0 
?  (4)        a  *  0  ab 


b  * 


/ 


*  0 


[theorem  ] 
[theorem  ] 

(1)] 

[<3)1 


[b  * 
(b  0'j 

[The  conclusion;   (4),-  may  be  abbreviated  to  'ab  *  0  [b  *  Q,  a  *  0  ]' .] 

It  is  not  quite  correct  to  speak  of  the  restricted  sentence  (4)#as  the 
^contrapositive  of  the  restricted  sentence  (3).    Explicitly,  the  contra- 
positive  of: 


(3)  b  *  0  [ab  •  0 
is  ce  rtainly  not  the  sentence:  ^ 

(4)  b  *  0  fa  *  0  = 


01 


ab  >^0] 


Actually,  (4)  is  inferred  from  (i)  by  a  rule  like'  that  liscussed 
TC  148(1).    In  this 'case  the  rule  is: 


•  1) 

which  is  short  for: 

.2,  ' 


ah  *  0l/>  /  0,  a  *  01 


If  an  inference  of  tVie  form; 

q 


\ 


i6  v  0  and  a  *  ()> 


«6  *  :o 


%Bxv  the  r"ules  of  exportation  and  importation  [see  page  101]  sentence 
f2)  is  equivalent  to:  > 

^  6  ^  0        lu  /  0  ~~>*ah  *  ()| 

which  may  be  abbreviated  to: 


^  0 


1$' 


V  0  —+(th*  0  |6  ^  0] 


The  contrapositive  of  (3)  follows  easily  from  an  instance  of  the  can 
epilation  principle  of  Part  B  on  phge  150  and  a  theorem  about 
Use  these  hint^  to  wv\U*  a  proof  of  { I  > 
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7. 


is  valid  then  fso  is  anyVo  r  re  sponding 
inference  of  the  form: 


cation  of  this  rule  is,  again,  by  using  modus  ponens  and  the 
e.J   To  jus^fy  inferringJ4)  from  (3),   replace  *q'  by 
' ,  * r*  u\ 


0 


y  'a  ^0 


ab  * 


0\  and  'p'  .by  # 


0\ 


The  postulates  50  through  5. -constitute  an  adequate  basis  for  de- 
veloping the  properties  of  the  operations  of  addition,  multiplication, 
etc.  of  real  numbers.  We  still  have  to  take  account  of  the  fact  that  there 
is  a  natural  and  useful  way  of  ordering  ihe  real  numbers  according  to 
which,. for  example,  2  <  5  and  3  >  -9.  [As  you  no  doubt  recall,  '<'  is 
Tead  as  'is  less  than',  and  >'  is  read  as  'is  greater  than'.]  We  need' to 


.  / 


V 
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adopt  some  postulates  which  formulate  the  basic  properties  of  these 
relations,  and  others  which  tell  how  they  "are  related  to  addition  and 
multiplication.  " 
The  hasic  properties  of  the  greater  than  relation  itself  are  that 
d)  of  any  two  real  numbers,  one  is  greater  than  the  other,      *  v 
iii>  no  reaf  number  is  greater  than  itself,  and 

liii)  if  a  first^  number  is  greater  than  a  second,  while  the  second  is 
greater  than  avthird,  then  the  first  is  greater  than  the  third. 
These  are  easy  to  formulate  in  our*  language: 

5„.   a  >  b  or  h  >  u|aV  b\  • 

5r   a  >  a  |  Head  as  'a  is  not  greater  than  a  .  I 

51I(.  («  >  b  and  b  >  c)  =*■«  >'<•  .  '* 

The  less  than  ration  has  exactly  the  same  properties;  but,  instead  of  * 
adopting  three  more  postulates  like  5,  -  5j„  it  is  more  sensible  to 
adopt  a  definition: 

5  , ."  a  <  b  *="■»  b  >  a 
Using  the  replacementjule  for  biconditional  sentences,  any  theorem 
about  less  than  can  \)e  derived  fcom  5n  and  &  cor^espontling  theorem 
about  greater  than. 

To  find  postulates  relating  greater  than  to  addition  and  multiplica- 
tion, it  is  convenient  to  recall  some  of  our  work  with  linear  functions 
in  Chapter  \,  in  particular  the  diagrams  like  Fig.  1-2  on  page  16- 
which  we  used  to.  give  graphical  descriptions  of  such  functions. 
-  Fig.  I  -2  shows  a  certain  translation  of  the  number  line  -  the  transla- 
tion which  maps  any  number  a  on  a  +•  3.  ,We  can  also  think  of  this 
figure  as  a  picture  of  the  singulary  operation  "adding  3".  The  figure 
'makes  it  clear  that,  for  any  real  numbers  a  and  b  such  that  a  >  b, 
a  >  3  >  b  f  3.  For  short,  we  can  say  that  the  pictured  translation  of 
the  number  line -or  the  operation  adding  3  -  preserves  "order.  From 
your  experience  with  translations  it  should  be  clear  that  any  transla. 
tion  of  the  number  Ifne-and,  so,  any  singulary  adding  operation 
—  preserves  order:  .   .  . 

5|r  (a)  a  >  6  — > ♦  «  +•  v  >  b  +  c  '  ' 

We  neej^S>act  (b)  for  Postulate  5,_,  which  tells  how  multiplication  is 
refuted  to  order.  Do  you 'think  that  singulary  multiplying  operations 
-for  example,  multiplying  by"*2- preserve  order,?  ' 

«  * 

Exercises  * 

/  Part  A  '  ,  1  J 

f.  Make  a  sketch  like  Fig,  1-2 *on  page  16  to  describe  the  linear 
function  with  slope  2  and  intercept      that  is,  {(x,  y):  y  -  2x}. 
•    2.  Explain  how  your  answer  for  Exercise  1  indicates  that  multiply- 
*   |  ^np  hy  2  does  for  does  not}  preserve  order. 
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Students  are  presumably  Acquainted  witjV  the  greater -than  and  lei 
than  relations  and  the  solution  of  simple  inequations  [see  Part   C  on 
page  159J.    So,  the  present  section  should  turn  out  to  be  largely  review 

The  word  'or*  in  Postulate   50        an  abbreviation  for: 

a  4  b  =S»  (a  >  b  or  b  >  a)" 

—  suggests  the  need  for  a  discussion  of  the  logicSo*rV o r' .    This,  with 
some  applications  to  inequality,  *is  undertaken  in  section  4.05. 

Postulates   5a,   6Q,  and  b1Q  may  be  paraphrased  by  saying  that 
greater  than  is  connected,  irreflexive ,  and  transitive,  respectively. 
Any  relation  which  has  these  properties       leg's  than  is  another  —  is 
called  a_n  irreflexive  order  relation  or  a  simple  order  relation.  [A 
Connected  and  transitive  relation  which,  like  greater  than  or  equal  to 
is  reflexive  rather  than  irreflexive  is  called  a  reflexive  order  relation  . 
or  a  total  order  relation.    To  round  out  this  summary  of  terminology 
.we  note  that  set  inclusion,  *C\  is  a  relation  which,  besides  being 
transitive  and  reflexive  is  antisymmetric : 

{SCI  and  T  c  S)         S  -=  T 

Such  a  relation  —  which  need  not  be  connected  —  is  called  a  partial 

 3   .  _  1  -  ^  ?   1  «  *  \  *  


o rde r  relation.  ]x 


w  Postulates  5lp(a)  and  [see  Part  B  on  page  J59]  51?(b)  are 
* 'monotony'  principles"  which  relate  greater  than  \vith  addition  and  " 
multiplication.  '  ■     \  — 

Some  fairly  representative  theorems  are  presented  for  proof  in 
Part  B.    It  is  not  of  great  importance  that  students  Work  out  these 
proofs  for  themselves,  although  that  for  Exercise  8  is  intended  as 
motivation  for  the  dilemma  rule  of;  section  4.05,    LibeVal  hints  are 
supplied  and  it  might  be  sufficient  to  sketch  some  of  the  proofs 
with  help  from  students  —  in  class,  paying  extra  attention  to 
Exercise  8.  „ 

Of  course,  multiplying  by  I  preserves  order,  but  multiplying  by 
0  or  by.  a  negative  number  does  not,.   .  < 

Answers  for  Part  A 
.1.      -5       -4  -3 


-2 


-1 
—h- 


1 

A" 


2 


•3* 


4 


— i  '  *  *  i.  *L 


\ 


4 

V 


-5       -4       -3       r2       -*        0         12        3-        4   '  ;5 

Since  none  of  the  dashed  a^f 


preserves  order-. 


rows  crosses  another,  this  mapping 


&     :  .      3       -#       r         4.04  Otder  159 

3.  Make  a  sketch  like  that  of  Exercisi?  1  to  deseribe'multiplyihg  hy  0. 
Does  multiplying  l^y  0  preserve  order? 
<  ^    4.  Make  a  third  .sketch  to  describe  op^siti-^JAVh^t  has  this  to  dp 
with  multiplying?!  *  w'  '  ,~ 

:  5.  Dries  opposlting  prcrorye  order?  |If  not,  what*  would  6e  a  good  word'* 
to  use  in'plactf  uf  'preserves'  to  describe  the  effect  oi'**>ppositing 
4  on  order'5!        '     *  *  *  .  '■ 

•  *  6.  <a)  What-  Kind^  of  multiplying  operations  prvsterve  order?  T 

■  .   » ,      .     (b)  AV^hat  kind  of  multiplying  operations  reverse  order? 


Thjp  exercises  of  Part  A  will  have!*  reminded  you  of  ourMplroodt) 
finai^&feyjlate  for  real  numbers:      *   *  / 
5}  ,xib)  u  >  6  —  «  ■  e  >  h  •  C  [c  S  01    *  ^ 
,  [Almost  final  postulate;  much  later  in  the  course  we  shall/need  to 
introduer  one  more  important  postulate. )  As  a  review  of  what  you 
presumably  know  about  inequations,  prove  the  following  theorems. 
9%     You  may--  as  in  the  remainder  of  this  course -use  as  premisses  any 
theorems  which"  you  are  sure  follow  from  Postulates  50  -  5r 
1.  a  +■  c  >  h  +  c  — +a  >  b  [Hint  By  5,, (a),  if  a  f  r  >  ft  ♦  c  then 

Ml  t  C }  f  - c  >  .  .  .   .  | 

*    A  «  >  &        -A  >  ^  [flV/i/:  If  you  see  why  we  suggested       in  the 
hint  for  Exercise  1,  you  should  have  no  trouble  here.) 
3.  a  <  h  -™ *  -a  >  -ft  [////if:  Use  Exercise  2  and  5ir] 
^     4.    </  >  -ft  — *  a  <  ft  This  is  "almost  an  instance"  of  what 

theorem?)  v  . 

5.  a,  >  ft  — *'ftc  >  ar  k  <  0)  [//*>2f:  Suppose  that  c  <  0  and  a  >  ft. 

Since  r  <  0  it  follows  by  Exercise  3  that.-c  >  -0  -  .  _   Since 

-c  >  0  and  a  >  ft  .  *  ;  ,  ]  * 

•*        6-  «  >  b       a  -  ft  >  0  [////i/:  By  512(a)  and  Exercise  1,  'a  >  b 
*V  a  *  r  >  ft  -f  c  is  a  theorem.) 

7.  ia  >  h  and  c  >  c/)  — >  a  4  e  >  ft  f  ci  '  ^"T 

8.  a*  >  ()<[«  *  0)  [//in/:  For  a  *  0  it  follows  by  \  that  either  a  >  Oor 
"  U  >  a.  In  the  first  case  it  follows  by  5l2(b)Uf,hat  .  .  .  ,] 

9.  a'2  f  ft2  >  2ah  \a  *  h]  [Hint:  Use  the  theorem  of  Exercise  8.  Note 
that  a  /  6  if  and  only  if  a  -  b  V  0.) 


\        Part  C 


■3S>) 


1.  For  each  of  the  following,  write  a  sentence  which  has  the  same 
roots  and  which  begins  with  'a  >'  or  'a  <*.  [In  other  words,  solve 

'  for  'a.  ] 

(a)  3a  f'2  >  5a  --3  (b)  6a  +  9  <  7a  -  8 

(C)  -<2a  +  5).„<  3a  (d)  -2a  +  5  <  3a 

2.  Solve  the  following.  « 

(a)  2aV  5  |»  a  +  3  -  (b)  3(7  -  6)  >  7(3  +  26) 

(c)  (3t-  -  5)(2c  +  7)  >  (2c  -  5)(3c  +  7)  r 
.    (d)  (3d  +  5)(2d  -  7)  >  (2d  +  5)(3d  -  7)  . 
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'3.      -5  j:3     --2,     -1        0,       1         2         3   *    4        5  ' 


-2        -1  -0 


*  S  0 

Multiplying  by  zero  does  not  preserve  order.    [Because  of  con- 
nectivity and  ir reflexivity,  a  mapping  f'\^hich  preserves  order 
must  be  one-to-one.     Briefly,   suppose  that  a  *  b,    Then  a   >  b 
or  b   N  a*  and,   so,  if  f  preserves  order  than  £{a)  >*f(b)  or 
f(b)   >  f(a).    In  either  case,*  due  to  ir ?eflexivjty ,   f(a)  4  f<b),  ' 
Hence/,  if  a  ^  b  then  f(a)  *  f(b),  ]  y 

4,  '   [Oppositing  is,  of  course,  multiplying  by  -1;    *  — a  -   a»  -T  is  a 
thdo^em^  ]  x  '    .  \ 

-5       -4       -3       -2       '1        0         1  .       2         3        4  5 


*    -5       -4      -3       -2       -1,       0         1'       2        3        4  5 

5,  No,  ^  Qppositiyg Reverses  order.  1  1 

6.  (a)    MultiplyingSa^.a  positive  number  preserves  .order, 
(b)    Multiplying  by  a  negative  number  refcrscs  order. 

Answers  for  Part  B  ^  '  ^  ' 

[Postulate  ^-^(b}  formulates  the  answer  for  EJxercise  6(a)  of 
Part  4A.    The  answer  for  Exercise  6(b)  then  becomes  a  theorem.  See 
Exercise   5,  below.    To  satisfy  your  curiosity,  \the  remaining  postulate, 
513,  is:  ,  V 

■   Eath  nonempty  bounded,  subset  of  R  has  a  leaW  upper  liound.  ' 

This  postulate  will  not  be  rieeded  during  the  fir»st  half  of  this  course,  ] 

1,  By  5,2(a),  if  a  +  c   >  b,+  c  then  (a  +  c)  +  ~c    >  (b  +  c)  +  -c. 
But,   (a  +  c)  +  -c  '=  a  and  (b  +  c)  =  V  ;ggrice,  if 

fT-f  c   >  b  +  c  then  a  >  b.  '  ■. 

t  r 

2.  '  By  5,2(aJ,  if  a  >  b  then  a  +  -{a  +  b)  >  b  4-  -(a  +  b).  But, 

a  +  -(a  +  b)  ^  -b  -and  b  +  -|a  +*b)  =  -a,  ifcnce,  if  a  >  b 
then,  -b   >  -a,    '  9  .  .  ■   4  *'  '  * . 

3#  '^y  Exercise  2,  if  b  >  a  then  -a  >  — b.  But,  by  51V  a  <  b  if. 
and  only  if  b  >  a.  Hence,  if  a  <  b  then  -a  >  -b,  ]' Hence1  by 
an  application  of  the  replacement  rule  for  biconditional  sentences,] 

4.     By  Exercise  2,  if  -a  >  -b  then  --b   >  --a.    So,  since  --b  =  b' 
and  — a  =  a  it  follows  that  if  -a  >  -b  then  b  >  a.    Hence,  by 
5, , ,  if  -a-  >  -b  then  a  <  b# 


39  n 
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■  V 


x^uPP<>8t,'th^t  c  s    0  a^d  a    >  b.    Sincere  s   0  it  follows  by 
^Syercise   3  that  -c    >    -0  -   0.    Hence,  by   *>r.(b),   since*  a    >  b,. 
a*-©    >  b*-cn    Hut,   a  .  ~e       '-(<**•<:)  and  b  • -c    -    -<b  *  c).  So, 
by  Exercise   4,   ac    v   be   and,   by   SX1,  be     >  ac  .     Hence,  for 
c   <    0.  if  a     '   b  then  be    ^  ac,.       -  *  ' 

6.      By  £>lP(a)  and  Kxercise    1,   a     •  b  if  and  only,  if  a  *.*-b    >  b  t  -b.  " 
But,  a  f  -b       a  -,b*  and  b  f  -b  -   0,  .  Hence,  a     •  b  if  and  only  if 
at  -  b    •  -0.  ■  '  ^  - 

Suppose  that  a     ■  b  and  *    -  d/.  Since  a   ..■  b,   a  *  c     >  b  .+  c . 
Since  jc    >  d,  b  *  c     -  b  f  d.«  So,   [since  a  f.c#-  -  b  f  c  and 
b  +  c     >  o  *  dj  it  follows  by  S1{>  that  a  +  c.   >  b  +  xi.     Hence,  if 
a    '*  b  and  c     *  d  then  a  f  c  .  •  b  4-  li- 
ft.     For  a  *  0  it  follows  by   5t,  that  a        0  or  0    *  a.    Lf#  a    >  'o  then 
■„  'by   Sl;.,(b)i        W    -  0-a       0,     If  0  *   a  then   [by   5   J  a  s    0  and, 
by  Exercise   S,   a- a    .»  0«a  -   0.    Since,   for  a  *  0,  a    >  0  or  ' 
0    >  a  and  since,   in  either  case,  a*  a    >  0  it  follows  that,  for 
a  *  0,  a*  a     -  0.    Since/  by  definition,   a-a       a*,  a2    >  0  [a  *  0  J, 

9.      For  a,  *  b,   a  -  b  *  0.     So,  by  Exercise  8,   for  a  *  b,  (a  -  b)*  ^>  0. 
But,   (a  -  bp    -    ar'  >  b-'  -  Zab  and,  by  V^U),   if  a-'  f  b-'  -  Zab  >  0 
then*        ♦  b"     >  <>ab.    [Note  that  (a-  f  F'-  Zab)  +  Zab  -   a2  f  b2 .  ] 
■  Hence,  for  a  /  b,   a2  +  b2    >  Zab. 

[Vou  may  wish*  to  remind  students  {withoutsproo'f )  of  some  other  9 
theorems  concerning  greater  than.     One  which  follows  at  once  by 
modus  tollen-s  from  the  instance  l(a    >.b  and  b   >  a)  a  >  a' 

of  and  s>vr  iff  'not  (a    >  b  and  H       a)\    Tins  asserts  tbat 

greater  tha*n  is  asymmetric.     Two  important  theorems  whose, 
proofs  are  tedious  *(and  require  the  rules  given  in  the  next  section) 
aref 

ab  -  0<=>.((a  0  and  b  >  0)  or  (a  s  0  and  b  s  0)) 
ab  s   0  c=>  ({a    -  0  and  b  <   0)  or  (a  <;    0  Vand"  b   J  0}} 

7 

Students  should  be  reminded  of  these  'factoring  transformation 
*     principles  for  inequations'.    Two  others  which  are  worth  noting 
are;  „  '  a, 

/a    n  o  <*=>  a   n  o     Hnd;     /a   s   i  <^  0  <"  a  I 

Students  should  be  led  to  guess  at  the  latter  in  the  guise  l/a  >  I 

(a   >  0  and  a  <    1  )\  and  be  reminded  of  the  convention  according  to 

which  *a  ^   b  and  b  ^   c'   is  abbreviated  to  *a  <  b  <s  c\  J. 

Answers  for  Part  C  -M  J 

1.     (a)    a  <    S/2  (b)   a»>  1?  (c)   a   >*-l  (d)  a   >  1 

.2,     |* Salve \  here,  means  to  give  the  solution-set,  ] 

|(a)    {*:  x/*  -2}        ,      <b)   {x:  x<  0}     *'  (c)  {x:  x  >  0}  . 

.(d)    {x:   x  ^   0}  ^  * 

,[\Vhat  letter  students  may  use  in  place  of  *x'  in  these  answers  is 
.immaterial.    Strictly,  it  should  .be  an  index,  rather  than  a  variable; 
bu<t  there  is  no  ne,ed  to  go  into  this  now,  ] 
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kind  of  argument  whose  validity  depends  on  the  meaning  of  the  word- 
'or'  in  Postulate  5H.  A  sentence  which  is  of  the  form;      ^   . . 


4.05  iiules  for,  'or' 

*  1n  order  to  .solve  Exercise  8  of -Part  B,  atwve,  you  had  to  use  a  new 

go 

i  •  '  •  /  { 

porq  t 

is  called  an  alternation  sentence.  Here  is  a  typical  argument  in  which 
an  alternation  sentence  is  used  as  a  premiss: 

[This  afternoon,!  I  go  to  the  circus  or  I  go  to  the  drugstore. 
If  I  go  to  the  circus  then  I  must  carry  some  money  [to  pay  for 
admission!.  If  I  go  to  the  drugstore  then  I  must  carry  some 
money  I  to  buy  a  magazine  I  Therefore  [in  either  case],  I  must 
carry  some  money. 

Such  an  argument  is  called  a  simple  dilemma  and  is  of  the  form: 

p  or  q    p  ******  r  m  q      »  r 


[What  sentences  in  Ih^preceding  argument  should  be  put  in  place  of 
V*'.  V'  and  V?|  Here  is  one  way  of  using  a  dilemma  to'  prove  the 
theorem;    *  . 

a     0  — *  a*  >  0 

of  Exercise  8.  We  begin  by  assumirtg^hat  a  Y  0,  It  follows  by  postulate 
5S  that  *  *  * 

<  1 )  a  >  0  or  0  >  a:* 

This  sentence  wijl  do  as  the  first  premiss  of  a  dilemma.  By  Postulate 

am  .'■    ■  \  , 

a  >  0  ■ — ►  [a  >  0  — *  a  ■  a  >  0  •  a  J 

-     •     "  •'       .      *  ' '  *  *         •     •  • 

and  it  follows  (rom  this  that 

* '  > 

(2)  ar>  0  — *  a  •  a  >  0  •  a. 


In  a  similar  way,  using  the  theorem  of  Exercise  5  of  Part  B  and 
Postulate  5n,  it  follows  that 

(3)  0  >  a       a  •  a  >  0  •  al 
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*fhe  basic  >rules  for  alternation  sentence  which  art^  given  on  page 
16i   are  nearly  as  transparent ^as  those  fcfr  conjunction*sentences  on 
page   100.    These  rules  together  with  those  for  denial  sentences  justify, 
various  well-known  equivalence^  involving  'npt\  'and1  and  'or1  which 
tare  established  irs^the  exercises  of  Part  A  on  page  They  also 

furnish^a  basis  ior  establishing  results  about  the  greater  Jhan  or  equal 
to  relation,  some  of  which  are  investigated  in  parts  B  and  C. 

The  "values**'  of  'p*,  'q',  and  'r'   for  the  argument  on  page  160 
are  •  • 

p:  «I  go  to  the  circus.  q:  I  go  to  the  drugstore,  , 

r:  I  must  carry  some  money,' 

In  distinguishing  the  two  meanings  of  'or'   it  is  customary  to  Speak 
of  the  exclusive  meaning-  vs  the  inclusive  meaning.     To  some  students, 
however,  ^inclusive*  seems  to  suggest  more  than  is  intended  —  possibly 
that  the  alternatives"  must  "overlap"'.     For  this  reason  we"  prefer  the 
more  exact  term  'non-exclusive'.    The  example  has  been  chosen  to 
show  that  the  alternatives  may  -ove  rlap,  ■ 

One  occasional  source  of  confusion  is  the  mistaken  belief  that 
which  of  the  two  meanings  *or'  has  in  a  given  sentence  depends  on 
whether  the  alternatives  stated  in  the  sentence  do  or  do  not  exclude 
one  another.    This  is  putting  the  cart  before  the'ho^g ,  .The  meaning 
of  'Or'  must  be  decided  on  independently  of  the  sentences  which  it 
connects. 

It  is,  of  course,  possibfe  to  say  in  our  language  what  could1  be  said 
more  simply  if  w$used  'or'  in  the  exclusive  sense.    The  obvious  way 

ijS  by  writing:  * 

,  (p  or  q)  and  not  (p  and  q) 

A  much  simpler  [but  less  obvious]  means  to  the  same  end:  is  to  write: 

p  4^  q  / 
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,Now?{l),  (2  J,  and  (3)  are  the  premisses  of  a  dilemma  whose jjpridu^ion 
is;      ■  *  *  . 


:(4) 


a  ■•  a  •>  0  •  a 


\   FWhat  are  '/>',  y,  and  V  for  this  dilemma?]  Discharging  the  assump 
tion  'a-  *  ()',  we  obtain:    "       •  ' ...  • 

q  *  0  — *  a  •  a  ^  0  •  a 
»  • 

as  a  consequence  of  5H,  5,, lb),  the  theorem  of  Exercise  5  and  5„.  The 
desired  theorem  now  follows  from  this,  the  definition  'a2  -  a  •  a  ,  pnd 
the  theorem  '0  ■  a  ~  (}'.  * 

The  rule  of  the  simple  dilemmT  gives  us  a  way  for  using  alternation 
sentences  in  proofs  [an  elimination  rule  for  or').  Our  experience  with 
/  — and  <ana'  suggests  that  we  need,  also,  an  introduction  rule.  Like 
*  many  words,  the  word  'or'  may  be  used  in  more  than  one  way.  Some- 
times when  we  use  'or'  we  mean  "one  or  the  other,  but  not  both",  and 
sometimes  we  mean  "one  or  the  other,  possibly  both".  The  first-is  called 
the  exclusive  meaning  of  'or'.  The  second  is  called  the  non-exclusive 
.meaning .of  'or'  and  is  the  one  which  is  always  used  in  ^mathematics. 
With  this  second  meaning  of  'or',  any  sentence  -  for  example: 

,  I  am  going  to  t.he  movies. 

-  implies  any  alternation  sentence  of  which  it  is  a  part- for  example: 

I  am  going  to  the  movies  or  I  am  going  to  ,eat  popcorn. 

This  suggests  the  appropriate  introduction  rule,  and  we  can  now  state 
•all  our  basic  rules  for  alternation  sentences  together. 

Rules  for  Alternation  Sentences 
Inferences  of  any  of  the  forms: 


(a.) 


■P  or  g    P  —T  r  q 


P 


(b)-^~     ,  (c) 

p  or  q  p  or  q  « 


are  valid. 


As  an  example  of  hpw  these  rules  may  be  used  we  shall  show  that 
any  inference  of  the  form:  *  \ 

■         .4  ■ 

not  (p  or  q) 


not  p 


3°  1 
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J  ■ 


is?  valid.  Heres  how: 


p 


,   V  9 


'  *  U?  or  </>    not  (p  or  - 

not  p     1  1 


Exercises 
Part  A 


1.  Using  the  second  introduction  rule  for  W  you  can  show,  just  as 
above,  that  any  inference  of  the  form: 

not  (p  or  q)  > 
not  q  f 

is  valid.  Do  so. 

2.  Combine  the  tree-diagram  in  the  textfyith  yours  from  Exercise  1 

to  show  th^t  any  inference  of  the  form: 

*>  ■ 

not  ip  or  q)  *  ■  , 


not  p  and  not  q  ,  1  ' 

is  valid,  * 

3,  Use  the  result  of^ExerciSe  2  and  the  result  of  Part  B  on  page  154 
to  show  that  any  inference  of  t\\e  form; 

•  not  (not  p  or  not  q)  • 

.  p  and  q  m  ■  , 

is  valid.  _* 
4/  In  Exercise  2  you  used  the  introduction  rules  for  'or',  the^  deduction 
rule,  modus  tollens,  and  the  introduction  rule  for  'and'  to  justify 
one  important  kind  of  inference.  In  much  the  same  way  ypu  can 
show  that  any  inference  of  theN&rm: 

t        ..."      .  \  •. 

r  not  p  or  not  q 

•  not  [p  and  q) 

is  valid,  Use;  this  time,  the  elimination  rules  for  'and',  the  deduc- 
tion rule,  a  rule  of  contraposition,  and  the  elimination  rule  for  'or' 
5.,  The  rule  of  Exercise  3  land  the  deduction  rule]  shoWs  that  any 
sentence  of  the  form: 

not  (not  p  or  not  q)  — *  (p  and  q) 
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Answers  for  Part  A 

ft 

1,  I.  P< 


p  or  q 


p  or  q 


(P  o 


r  q)  -   ^  ndt  (p  or  q),       q  (p  or  q)  not  (p  or  q) 


not  p. 


not  q 


3. 


4. 


'not  p  and  not  q         '  " 

(Begin  by  replacing  'p'  and  'q*  throughout  the  result  of  Exercise 
I  by  "not  p'  and  *not  q',  [This  is  allowable,  since  the, re  suit  in 
question  concerns  any  sentences  p  and  q  and,,  for  any  sentences 
p  and  q,  not  j>  and  not  q  are  also  sentences.  )] 

not  (not 


p  <=^not  not  p    .  not  not  p 


p  and  not  not 


-  rule 
for  biconditional 
sentences 


[The  1  #*s  indicate 
sentences,  ] 


p  and  q 

> 

that  the  premisse^  in  question  are  valid 


p  and  q 


p  and  q 


p  or  no^j         not  p  =>  not  (p  anel  q)        not  q  not  (p  and  q) 


(p  and  q) 


not 


not  (p  and  q) 
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By  Exercise  4  [and  the  deduction  rule]  any  sentence  of  the  form: 

(not  p  or  not  q)  =>  not  (p  and  q) 

is  valid.    Combining  this  result  with  that  stated  in  this  exercise 
we  \|ee  that  any  sentence  of  the  ^prm:- 

(•&)  not  (p  and  q)  (not  p  or  not  q) 

is  valid.  '  - 
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is  valid.  S*TT  By  a  syrrrmetric  rule  of  contraposition,  an£  sentence 
of  the. form: 

*  not  i/>  an8  y>  *— *  I  not  pkor  npt  q)  , 

us  valid.  Obtain 'a  bgl^er  result. by  coriibining  this  with  the  result 
of  tlxereise.4.  ~    '    *  /    ,  '  ,  * 

6,  Show  that  sentences  of  the  following  forms  arewiHd: 

not  (p  or  q).—+  (noUp  and  not  q)     *  v 
<p  and  <f)  ^*  not  (not  />  or  not  q) 
ip  or  q)       not  (  not  /;  and  *ty>t  q) 
i 


Part  B 


(a)  \ 
(b) 
(c) 


Recall  Postulates  5U 


\a  >  h  qr  b  >  a) 


,5M.    u  *  b  - 
5I0:  <«  >  6  and  6->  r>  — *  a  >  r 


1.  Use  5ln  and      to  prove;  not  la  >  6  and  6  >  a) 

2.  Prove:  «  >  b  or  ft  >  a  * 

3.  The  instance  of  5in  which  you  used  in  Exercise  1  can  be  trans- 
formed by  exportation  [p^ge  lOl]  into:  ^ 


a  .>  b 


\b  >  a        a  >  a\ 


Using  this  and.5^t  prove:  a  >v6  — *  6  >  a. 
\  4,  Show  that  Postulate  5^  implies:  a  -  b  — *  6  >  a. 
5.  Use  the  definition: 


totprove: 


«  ^  *  «— •  ia  >  b  qr  a  -  6) 

\ 


PartC 


Rules  for  Denying  an  Alternative 
lUferenc^s  of  either  of  the  forms* 

V 

p  or  q    not  p      p  or  q    not  q 
are  vplid. 


9 

ERIC 
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6.      For  (a),   replace  *p'  and  *q*  throughout  (6)  by  'not  p'  and  V 
>  'not  q*  and  proceed  as -in  Exercise  3,  rThe  result  is  the  converse 
of  (a),  ^but  it  is  known  that  ajiy  /biconditional  sentence  is  equiva-  * 
lent  to  4ts  converse.  ^ 

For  (b)  and  (c);  note  ^hat  by  the  replacement  rule,  for  bieon- * 
ditional  sentences  any  sentence?  of  the  form  'p  <=>  ,q'  'implies  the 
cor  responding  .sentence  of  the  form  1  ~p  ~q* :        '  " 

p <t=>  q      ~p  ~p 


~p         ~q         r  • 

So,,  {tc  )  implies : 

not  not  (p  and  q)  not  (not  p  or  not  q) 

.  and  (a )  implies : 

not  not  (per  q)  <=>  not  (not  p  and  not  q) 
From  these,   (b)  jfad  (c)  are  obtained  as  in  Exercise  3. 

Answers  for  Part  B 

-"  —  ^ 

l*     Ry^io»  if  a       b  and  b   ^  a  then  a   >  a.    Since,  by  5Qt  a  )>  a 
it  follows  that  not  both  a    >  b  and  b   >  a, 

2,      By  Exercise   1,  not  both  a  >  b  and  b   >  a.    So,  by  Exercise  5  of 
Part  A,  either  a .  f>  b  or  b  f>  a* 


3. 

(1) 

£   >  b         [b  >  a  ==>  a   >  a] 

\KoV  ■ 

U) 

a   >  b 

t  » 

[assum  ption]* 

(3) 

b   >  a  :=:>  a   >  a 

[<2).  CD] 

f 

(4) 

a  p  a 

(5) 

b  >  a 

to),  (4>r 

(6) 

a   >  b         b  /  a         "  ' 

•[(5),  *C2)J. 

4. 

a  =  b 

[assjimptiOn]* 

U). 

a  /  a 

(3) 

b  f>  a  x' 

EO).  U)] 

(41 

b          b  ^  a  A 

.  [(3). 

By  Exercises  3  and*4t  if  either  a  >  b  or  a  =  b  then  b  jl>  a. 
So,  by  definition,  if  a  >  b  then  b  f>  a. 

[The  first  sentence  conceals  the  use  of.  the  dilemma  and  the 
deduction  rule:  ' 

p  or  q         p,=^  r   *     q  r 


(p  or  q)  r  *  . 

The  kind  of  Z -premiss  inference  justified  by  this  scheme  is  often 
used  —  as  is  illustrated  in  the  preceding  answer.] 
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1.  Shojrthat  any  inference  of  the  first  of  these  two  kinds-is  valid. 
IHfrO^sUse  a  dilemma.  By  the  rule  of  contradiction  (Part  D  on 
page  156 V not j?  implies  p  — *  q.  Also,  q  — *  q  is  a  valid  sentence.} 
Show  that  Postulate  5H  implies;  . 


3.  Prove: 


4*  Prove: 


ia  >  b  and  a  s  h)  — *  h  >  a 


hot  ia  >  h  or  a    7;)  — +  6  > 


6  >*a 


[//i/tf:  Recall  Exercise  5  of  Part  B.J 
5.  Prove: 

lu  >  /?  and  fa  ^  a) 


6. 


Part  D 


C 


Law  of  Noncontradiction  .  4 
,  Any  sent^pce  of  the  form: 

not  ip  and  not  p)  « 

is  valid.       .  ,  '  , 

This  law  is  sometimes  taken  as  one  of  the  basic  rules  of  logic.  We 
n  Strive'  it  by  using  the  rule  W  contradiction  and  a»  symmetric 


can 


rule  of  contraposition.  Here  is  the  IJrst  step  for  doing  so; 
^    p  and  not  p   p  and  not  p 


Hot  p 


pat  q 


v  and  not  p)  ~»  not  q 
^  q  — not     and  not  p) 

So  far  we  have  shown  that  any  sentence  of  the  form: 

q  — *  not  (p  and  not  p) 

is  valid.  To  finish  the  job  all  we  need  do  is  choose for  q  any  sentence 
which  is  itself  a  valid  sentence.  For  example: 

p  — *»p   [p  — ■ »  p]  — »  not  (p  and  not  p) 

not  (p  and  not  p)  ' 

[Since  both  premisses  of  this  modus  ponens-inference  are  valid  sen- 
tences, so  is  the  conclusion.]  y 


Arts  we  r  s  for  Part  C 

—  :  -f-   
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not-  p 


r 


[Conversely,  the  rule  for  denying  an  alternative  (and  the  introduc- 
tion rult  for  'or')  implies  the  rule  of  contradiction: 


p  or  q         not  p 


q 

This  fact,  together  with  the  infaw4weappeal  of, the  fuIc  Ifor  denying 
an  alternative,  may *help  i?S^gaining  ac^fcptance. of*the  —  to  some  * — 
less  appealing  rule  of  contradiction,    TTJre  rule  of  contradiction 
can,  of  course,  be  justified  very  easily  by  using  conditionalizing 
and  a  symmetric  rule  of  contraposition; 


not  q 


not  p         not  p 


Incidentally,  in  case  conditionalizing    ?  without  discharging  a 
premiss  —  still  disturbs  students,'  it  may  help  to  point  out  that 
it  is  easy  enough  to  introduce  a  premiss  which  .can  be  discharged; 

-  p     '  q 


p  and  q 


P         q  / 

t  So,  if  one  accepts  the  deduction  rule  and^tfce  rules  for  'and*  then 
he  musti  ^illy-nilly,  accept  cond it ionali^ing*  }  '.   

I.  t  Suppose  that  a       b  and  a-  £  b.    Since  a  ^  b  it  follows  by  50  that 
either  a  >  b*or  b  2  a.    So,  since  a       b  it  follows  that  b  >  a. 
Hence,  if  a  *f>  b  and  a  *  b  then  b  >  a,  c> 

3.  Suppose  that  it  is  not  the  case  that  either  a  >  b  or  a  =  b.  By 
(a)  of  .Exercise  6,  Fart^A,  it  follows  that  both  a  f>  b  and  a  #  b. 
So,  by  Exercise  Zt  b  >  a.    Hence  if  neither  a  >  b  nor  a  =  b 
then  b  .>  a. 

4.  -    By  definition  and  the  re  auSTi^Exe  rc  ise  3  it  follows  that  if  a  £  b 

then  b  >  a.  Hence,  if  b  ^  then  a  >  b.  The  converse  of  thi»v 
was  proved  in  Exercise  5  of  Part  B.  tfence,  a  £  .b  if  and  only  if 
b  p  a,  v  * 


J 
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f 


Use  the  law  of  noncontradiction  and  your  discoveries  in  Part  A  to 
establish  the  '  . 

t,      >*«#'*  '  * 

Law  of  the  Excluded  Middle  ' 
<Any  sentence  of  the  form: 


not  p  or  p' 


is  valid.  . 


* 


Since,  for  any  real  •  number  a,  it  is  not  the  case  that  both  a  <  0 
and  a  >  0,  and  since  a  >  0  if  and  only  if -a  <  0,  it  is  not  the  case  that 
both  a  <  0  and  ~a  <  a  Hence,  either«a  <  0  or  -a  <  0.  In  words,dor 
any  real  number,  eithw  it  or  its  opposite  is  nonnegative.  I 

-What  has  just  been  shown  is  that,  for  any  d, 

*  • 

there  exists  a  number  x  such  that  x  <*0  and  (x  =  a  or  x  -  -a). 

There  could  b*e  two  such  numbers  only  if  a  <  0,  -ra  <  0,  and  a  *  -a. 
To  show  that  this  is  impossible;  suppose  that  a  <  0  and  -a  </j).  Since  , 
-a  <  0,  0  <  a.  So,  it  follows  that  a  <  0  and  0  <  d.  From  this  if  follows 
that  a  35  0  and  0  *  a  and,  so,  that  a  =  0.  Since  if  a  -  0  then  a  =  -a 
>  it  follows  that  if  a  <  0  and  -a  «  0  then  a  =  -a.  Hence,  there  cannot 
be  two  nonnegative  numbers  each  of  which  is  either  a  or  -a. 

For  any  real  number  a,  the  unique  nonnegative  real  number  which 
is  either  a  or  -a  ifJjhe  absolute  value  of  a -for  short;  |a|.  Using in 
'  place  of  '<'  we  hfrjjy- 

(*>  '  .  .^B^  0  and  (|a|  -  a  or  |a|  ='-a) 

and  (because  of  uniqueness):  * 
(**)        (6  &  0  and  (b  =  a  or  b  =  -a))  — •  |a|  =  6. 
'     Note  that  if  a  »  0  then  (£  .5*  0  and  (a  .=  a  or^a  =  -a)).  So,  by,(**), 

a  s-  o,—*  |a|  =  9. 

On  the  other  hand,  if  a  *s  0  then  -a  2=  0  and,  by  an  argument  like  that 
above,* 

« 

•   -      „        ,  o  «  0  — *  \a\  =  -a. 
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5.   •  Suppose  that  a  £  b  an*  b  >  a.    It  follows  by  Exercise.  4  [or  by- 
Exercise  5  of  Part  B]  that  b  f>  a  and  a  ^  b.    In  other  words 

(    •  [(a) 'of^Etfercise  6,   Part  A],  it  ;s  not  the  case  that  eithe,r*b  >  a 
or  a  >'  b.    So,  by;5aT  it  is  not  trie  ?ass-  tfhat  a  *  b  —  tha*  is, 
a  *  b.  '.Hence;  if  a  >  b  and  b  >  a  then  a  -  b. 

»     [J*s  remarked  in  the  commentary  for  section  4.04,  this  theorem 
can  be  paraphrased  by  saying  that  the  relation  greater  than  or 
equal  to  is  antisymmetric^  ] 
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Answer  for  Part  D 

By  (c)  of  Exercise  6,  Part  A,             A  1  ^ 

(not  p  o rXp )  <=s>  riot  (ndt  not  p  or  not  p), 

'Snce,  by  the  law  of 'noncontradiction,  not  (not  not  p  or  not  p)  it 
follows  that  not  p  or  p.  ' 

/ 

Absolute  valuing  enters  briefly  in  the  final  exercise  of  Part  A  on 
page  -^79.    Consequently,  it  seems  appropriate  to  remind  students  now 
of  this  ^operation,'  You  may  prefer  to  do  just  this,  ignoring  the  discudk~ 
sion  which  precedes  Part  E. 

The  purpose  of  the  discussion  is  to  indicate  that  one  might  go  about 
introducing*absolute*  valuing  postulationally  by  adopting  ^je  introduction 
principle  (^)yas  a  postulatp.    If  one  does  this  then  \s  an  easily 

proved  theorem  and,  o^fthe  basis  of  (#)  and  (#6)  it  is  ra\her  easy  to 
develop  the  theory  of  absolute  valuing.  For  example,  as  snown  in  the 
text  the  alternative  definition: 

{a  >  o  a*   |aj  *  a]  and  [a  <;   0  =>  ja|  -  ^a] 

follows  easily  by  using  The  theorems: 


-a  |     and:     j     |   =   [ a | •  | b | 


can  be  proved  as^  follows:'  | 

'By  (^r),   | -a  |  >  0  and  (|-a|  =  -a  or  j-a|  --a). 
So,  since  »-a  -  a,  it  follows  by  (bit)  [with/1  j  -a |  \ 
for  'b']  that  ja|   ^    |-aj.  '  . 

Since,  by  |a|   >  0  and   |b|    ^  0  it  follows  that 

jaj*  |b|   ^  0.    Since,  also,  "jaj  =  a  or  jaj  =  -a)44 
•and  (|b|  ^  b  or   |b|   =   -b)  it  follows  that   ja|  -'|b  j 
is  a  •  b(  a  •  -b,  -a  •  b,  or.       •  -b  and  so,  in  any  case, 
is  a«b  or>-(a-U    Hence,  tfy  [with  1  tat  •  fbtv  ■  * 

for  'b'L   labj  =  Ul-jhU  .  till. 

It  is  also  e^asy  to  prove: 

rb  <  a  g  b  =>  Jal  ^  b    and:     |aj  5  b  «=>  -b  $  a  £  b  ' 

For  the  first,  we  note  that,  by  |a"J  =  a  or  jaj  =  -a.  Assuming* 

^  a         #a      b  it  follows,  in  the  first" case,  that,  since  a  £  b, 
Jaj       b  and,  in  the  second,  since  *b  ^  a,  that  -b^   -)a| .    So,  in 
either  case,<  |a|  ^  b.    Hence,  if  -b  <  a  and  a  <  b  then  jaj  ^ -b. 
For  the  second  theprem  we  begin  by  noting  that,  since  jaj  0, 

S   jaj.    So,  *ipce  a  *  |a|  or  a  =  -|a|  |*  a  ^   )a|.  . 

Suppose  now  that  |a)  g  b.   Since  .a  g   ja|  it  follows  that  a  £  b;  and 
since  -|a|  ^  a  it  follows  [since  -b  ^  -  |a|]  that  -b  ^  a.  Hence, 
if  |a]  £  b  then  -b  ^  a  £  b.  v 
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'Part'E  %." 

'    1.  Evaluate  each  of  the  following. 

•  (a)  |2  ft  3j    ,(b)  |2|  -  |3|  "(c)  |-4|    (d)  |-3  ■  2|    (e)  |43|  |2|- 
•..  2.  Absolute  valuing  fs  a  mapping  of     into  J.  Draw  a  picture  like 
Kig.  1-2  on  page  16  which  describes1  this  mapping. 
3.  Pr6ve: 

*  *■ 

(a)  )«]      H«i  [Hint:  Use  an  instance  of 

(b)  \ah\      \a\  -  \b\  * 

>  4.06  Fields 

■  ,  . 

You  learnedvin  Section  3.05  that  a  set  on  which  there  is  an  associa- 
tive and  commutative  binary  operation  and  I  with  respect  to  this  and 
an  identity  element)  a  singulary  inversing  operation  is  called  a  com- 
mutative group.  For  example,  the  parts  40  -  A%  of  P^jgjQ^jate  4  tell  us 
that  ,/  together  j^ith  the  operations- of  composition  and  inversing  of 
translations,  and  the  identity  piapping  0,  is  a  commutative  group.  Sim- 
ilarly, the  parts  50(a)  -  (c)  and  5, (a)  -  54(a)  of  Postulate  5  tell  us 
that  /?  is  a  commutative  group  with  respect  to  addition  [and  op  positing 
an4  the  identity  element  0J. 

You  have  also. seen  that  the  set>^0  which  consists  of  the  nonzero 
members  of ./?  is  a  commutative  group  $ath  respect  to  multiplication 
land  reciprocating  and  the.  identity  element  1].  In  order  to  show  this 
,  it  was  necessary  to  show  that 

(0)  ;/?t)  is  closed  with  respect  to  multiplication  and  reciprocating;* 

(1)  (ah)c  =  a(tx*\  for  a,  h,  and  c  in  .vf0; 
<2)  a  •  1  =  a,  for  a  ei„; 

t3>.  a  -la     1,  for  a  €«^0;  and 

(4)  ab  =  ba,  for  a  and  b  in  .#0. 
The  first  part  of  (0)  was  proved  in  Section  4.03,  the  last  partfollows 
from  50(e)  and  55,  and  each  of  (1)  -  (4)  follows^  once  from  the  corre- 
sponding one  of  5^b)  -  54(b), 

What  we  have  seen  so  far  is  that  ifi  is  a  commutative  group  with 
respect  to  addition  and  tjiat  the  members  of  $  different  from  the 
identity  element  for  addition  form  a  commutative  group  with  respect 
to  multiplication.  Besides  this  we  know- among  other  things— that 
multiplication  is  a  binary  operation  on  [not  just  on  £#Q]*and  that 
multiplication  is*distributive  with  respect  to  addition. 

Saying  just  this  much^bout  the 'real  numbers  tells  us  nearly  all 
that  Postulate  5  does.  [We  can  ignore  the  definitions  57(a)  and  57<b).j 
That¥0  ^  1  follows  from  our  statement  that  1  is  the  identity  element 
in  the  "multiplicative  group"  of  nonzero  elements  of      All  there  'is 
left  to  say  is  that,  for  any  real  number  a,  „  *  ■ 

(*)     \  a>0  =  0  andO  ■  a  =  0. 
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Finally,  one  can  prove: 

|a  +  b|  <   )a|.#  ibl 
as  follows :  ^ 

Since,  as  previously  /shown,   ~|a|   <  a  <;    Jaj  and 
-|b'|  •<£  b  <    JbUit  follows  that  -(|a|  +  jb[)  £ 
a  +  b  £    ja]~  +   |b|.    Hence,  by  the  preceding 
thedrem,   |a  +  b|  ^    |a[  +  |b|  . 
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Answers  for  Part  E 


♦3,      [Proofs  have  been  given  on  TC 
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For,  it'  we  art-  told  this  then  we  can,  for  example,  retrieve  all  of  the 
commutative  principle  5,<b>  from  its  special  case,  (4),  above.  (If  neither 
a  nor  h  is  0  then  ah  ba  by  f4);  if  either  a  or  6  is  0  then  ab  0  oa5 
by  <*M  The  same  applies  to  5,<b>  and  5„(b). 

Now,  it  is  useful  to  note  that  the  second  part  of  (*)  follows  from  the 
group  property  of.*  with  respect  to  addition  and  the  distributive  prin- 
ciple 5H.  To  set?  this,  recall  that,' in  Exercise  I  of  Part  B,  page  146,  you 
have  proved  that  the  sentence:  ■. 

a  +  a  -  a        a  -  0 

is  a  theorem  merely  because  .//  is  a  group  with  respect  to  addition. 
Using  this  theorem,  we  see  that,  because 

0    a.    .(0  +  0)  •  a  =  0  •  a  +  0  -  a 

J  by  5.,(a)  and  5,.|,  it  follows  that  0  •  a  0.  Moreover,  using  the  re- 
sult of  Exercise  3,  Part  B,  page.  146,  it  turns  out  to  follow  that 
a  ■  0  -  (). 

The  upshot  of  ail  this  is  that  5()  through  5H  can  be  restated  as  follows: 

r  '  Xhere  are  two  binary  operations,  addition  and  multiplica- 
tion, on  J. J  is  a  commutative  group  with  respect  to  addition 
land  an  appropriate  identity  element  and  inversing  opera- 
<F)  {  tion''  Tht?  mt>mo«rs  of,  J1  different  from  the  identity  element, 
for  addition  form  a  commutative  group  with  respect  to  mul- 
tiplication land  an  appropriate  identity  element-and  invers- 
ing operation).  Finally,  multiplication  is  both  distributive 
*  [  and  left-distributive  with  respect  to  addition. 

The  value  of  stating  5„  -  5H  in  this  form  is  that  it  relates  the  algebra 
of  real  numbers  very  directly  to  the  important  notion  of  a  group. 

Just  as  there  are  many  groups,  so  there  are  many  mathematical 
systems  which,  like  theSeal  number  system,  satisfy  (F).  Any  such 
system  is  called  a  (ietd.  One  way  to  find  examples  of  fields  is  to  look  for 
subsets  of  .'fi  which  contain  0  and  1  and  are  closed  with  respect  to  addi- 
tion, oppositing.  multiplication,  and  reciprocating.  [Explain  why 'any 
such  subset  of  J  is  a  field  with' respect  to  those  operations. ] 'For  ex- 
ample, your  answers  for  Exercises  9  and  10  of  Part  C  on  page  130  show 
that  the  system  of  rational  real  numbers  is  a  field.  In  the  exercises 
which  follow  you  will  discover  another  subfiehi  of  the  real  number 
field. 

A  field  for  which  there  is  an  ordering  relation,  like  greater  than, 
with  the  properties  formulated  . in  5S  -  6M  is  called  an  ordered  field. 
Evidently,  any  subfield  of  the  field  of  real  numbers  is  an  ordered  field. 
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Numbers  play  an  essential  role  in  many  mode  rn  treatments  of 
geometry,    This  is  the  case,  for  example,  in  treatments  based  on 
coordinates,  and  in  treatments  like  that  in  High  School  Mathematics, 
Course  2,  in  which  measures  of  segments  or  distances  between  points 
are  of  basic  importance.    N&n^ers  are  also  introduced  as  a  matter  of 
course  in  the  usual^t reatments  of  proportionality  arid  similarity  [but 
the  theory  of  proportion  developed  by  Eudoxus  and. expounded  by  Euclid 
shows  that  this  use  of  numbers  is  avoidable).    It  is  customary  in  such 
treatments  to  take  the  theory  of  real  numbers  for  granted  as  a  subject 
which,  while,  essential  to  the  course,   is*'^n  some  sense,  putside  it. 

Since  the  real^numbe rs  play,  as  essential  a  role  in  our  organization 
of  geometry  as^do  points  and  translations,   it  is  appropriate  to 
include  among  our  postulates  one  whic h  'summarize s  tie  properties  of 
these  numbers.     For  this  purpose,  a  postulate  consisting  of  the  parts 
5G  -  will  serve.    Since,   however,   there  is  standard  terminology 

for  radically  abbreviating  such  a  postulate  it  seems  worthwhile  to.intro 
duce  it.         As  it  is  not  very  important  to  do  so  this  section  bears  a 
'ft'  to  indicate  that  it  is  not  essential  to  the  course. 

A  field  is  sometimes  defined  as  a  commutative  group  with  respect 
tp  addition  whose  nonzero  elements  constitute  a  commutative  gfoup 
with  fespect  to  multiplication,  and  which  is  such  that  multiplication 
distributes  over  addition.    To  be  cor rect,  •  this  must  be  interpreted 
somewhat  liberally.    fSee  (  F)  on  page   167.]^To  begin  with,  multiplica- 
tion must,  like  addition,   he  definecf  for  all  elements  of  the  set  and  no£ 
as  one  might  guess,  only  ior  its  nonzero  elements.    Also,  multiplica- 
tion must  have  the  property  expressed  by  (ft)  on  page    166.    This  will 
be  the  case  if  'distributes*  in  the  first  sentence,  above,  is  assumed  to 
mean  distributes  "from  both  sides".  ,  The  results  of  weaker  assump- 
tions are  pointed  out  in  '"Another  Remark  Concerning  the  Definition  of 
a  Field",  by  H,  E.  Vaughan,  Mathematics  Magazine,  v.  39(3),  1966, 

pp.  161,  162. 

If  S  is  a  subset  of  ft  which  contains  0  and  1  and  is  closed  with 
respect  to  addition,  oppositing,  multiplication,  and  Reciprocating  then 
it  is  a  commutative  group  with  respect  to  addition  and,'  as  e*n  page  166 
with  'S1   in  place  pf  '  ft0",  its  nonzero  members  form  a  commutative 
group  with  respect, to  addition.    Also,  distf ibutivity  —  both  ways  — 
obtains  in  S  because  it  obtains  in  ft.    So,  S  is  a  field.  [Furthermore, 
S  is  ordered  by  greater  than  because  ft  is.    So,  S  is  an  ordered  field.] 
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In  the  exercises  *you  will  ffrid  an  example  of  a  field  which  is  not  an 
ordered  field. 

Using  this  terminology,  the  postulates  we  have  adopted  in  thig 
'chapter  can  be  collected  into: 

II  Postulate  5'       is  an  ordered  field.  . 

* 

jThe  is  to  "leave  room  for"  the  one  additional  postulate  which,  as 
mentioned  in  Part  B  on  p&ge  159,. we  shall  need  later  in  this  course.] 

Exercises 
Part  A 

In  the  following  exercises  you  will  investigate  a  field  which  is  quite 
different  from  the  field  of  real  numbers.  For  one  thing,  this  field  has 
only  two  members;  for  another,  no  ordering  relation,  for  this  field  has 
the  properties  expressed  by  5H  -  5n.  ^~ 

Consider  the  set  consisting  of  just  the  real  numbers  0  and  1.  Since 
we  shall  wish  to  mention  it  frequently  in  the  exercises,  let's  call  it 
\S'  :  S  -  {0,  l). 

1.  Is  S  closed  with  respect  to  addition?  (Give  a  reason  for  your 

•  »     %        answer  |  * 

*2.  Is  S  closed  with  respect  to  multiplication? 

3.  We  are  going  to  Refine  a  new  binary  operation  on  &  Since  it  will  be 
a  little  like  addition  of  real  numbers  we  shall  call  it  'S-addition' 
and  we  shall  use  *+f'  as  an  operator  for  writing  "S-sums"  Here  is 

*  the  definition: 

0  ■+J  0  t  0,  0  +f  1  -  1,  1  +,  0  -  1,  1  +,  1  -  0 

Notice  that,  for  any  a  and  b  in  S,  a  +  g  h  is  justa  +  6  unless  a  and  h 
are  both  1.  In  any  case,  a  + g  b  €  S.  s 

(a)  Is  there  an  identity  element  for  S-addition?  ' 

(b)  Does  each  member  of  S  have  an  inverse  with  respect  to  S- 
addition?  [Can  you  define  an  *S-oppositing"  operation?] 

"  (c)  Is  S-addition  commutative?  • 
(d)  Is  £  addition  associative?  [Hint:  Notice  that,  for  any  6  and  c  in 
S,(0  +Mb)  +,c  «  b  +rcandG  +  9  (b  +tc)  -  b  +f  c.  What  hap- 
pens if  you  substitute  '0'  for  one  of  the  other  variables  in  "the 
associative  principle  for  S-addition"?  What  other* case  of  as- 
sociativity do  you  need  to  check?] 
•  4.  (a)  Is  S  a  commutative  group  with  respect  to  S-addition? 

(b)  Is  the  set  of  nonzero  members  of  S  a  commutative  group  with* 
respect  tq  .[ordinary]  multiplication?  ♦ 

(c)  Is  S  a  field  with  respect  to  S-addition  and  multiplication? 
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Answers  for  Part  A 

l'.     No.;    1  +  I  =   2  f'S,  since  2*0  and  2  #  1. 

?,     Yes.  /  '  • 

3..    (a)    Yes.;   0.  (b)    Yes.;    -0  -  0,   -1   -  1. 

(c)  .  Yes.  ;   as  may  be  seesn  by  checking  instances. 

(d}    Yes,  ;   the  instances  in  which  one  addend  is  0  are  trivial,  the 
*       instance  in  which  each  addend  is  1   is  easily  seen  to  be  true. 

4.  (a)    Yes.  ,  by  Exercise  3.  , 

(b)    Yes.;   {1}  contains   1  and  is  closed  with  respect  to  multipli- 

cation  and  reciprocating,  •  i 

(c-)    Yes,  ;   distributivity  of  multiplication  over  S-addition  is  easily 

checHed  and  multiplication's  commutative  in  S. 
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5.  [Answer  for  *Why?':  By  the  postulate  *a  >  b  =>  a  +  c  >  b  +  c'.J 
►  s  s 

(a)    It  has  been  showp  that  if  .1    >     0  then  1  +fl  1   >g  0  +g  1  and, 

so,  0  >     I.    Similarly,  if  Q  >.    1  then  0  +    1   >     I  +    1  and, 

sd,   1    >     0.    Henc^,  in  any  case,  both  1   >     0  and  0   >  1. 
s  .      s  s 

{h)    Since  S-greater  than  is  assumed  to  be  transitive  [5^0]  it 

*    follows  from  part  (a)  that  1    >     1   [and  that  0  >     0J.  This 

s  * 

contradicts  the  assumption  that  S-greater  than  is  irreflexive 
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Part  B 


#5.  For  S'to  be  an  ordered  field  it  must  be  possibly  to  define  an  S- 
• greater  than  relation,  *>/,  which  would  have  properties  like  those 
expressed  in  Postulates^  -  5,.,.  in  particular,  since  0  ^  1  it  will 
have  to  be  the  case  eitheftthat  0      }  or  1  >t  0.  If  it  is  the  case  that 
1      0  the*  it  will  also  have  to  be  the  ease  that  1  +   1  >  0  +  h 
_  |Why?|  "  ...... 

~  ta)  Complete  tfrje  argument  to  show  that  in  either  case  1 1  >  0  or 
0  >t  1 1  it  will  have  to  be  the  case  that  both  1  >v  6  and  0  >s  1. 
lb)  Use  the  result  of  part  ta)  to  show  that  there  is  no  S-greater 
than  relation  which  satisfies  postulates  like  5   -  5  . 
*  ft,  Consider  the  sentence:- 

a  +  u     0  — *  a  0 

(a)  Show  that       cannot  be  derived  from  50  -  5H. 

(b)  Show  that       and  5S  imply  '1  +  1  *  0\ 

(c)  Show  that  (**).is  a  consequence  of  5M  -  5H  and  '1  +  1  *  0\ 

(d)  Show  that        is  a  theorem  for  any  ordered  field. 

.  *  * 

Since  0  and  1  are  rational  numbers  and  since  the  set  of  all  rational 
numbers  is  closed  with  respect  to  addition,  oppositing,  multiplication, 
fcnd  reciprocating,  the  ^of  rational, numbers  is  a  field  with  respect 
to  these  operations.      f  m 

1.  Explain  Jbut  do  not  try  to  prove]  why  < any  subfield  of  the  real 
number  system  rpust  contain  all  the  rational  nujnbers.      ^  ' 

2.  Consider  th*set  S  of  ail  real  numbers  c,of  the  form"  a  +  &V2,  where* 
a  and  b  are  rational  numbers,  0  €  S  because  0  -  0  i  0\{2  and  0  is  a 

••■  rational  number.  S  is  closed  with  respect  to  addition  because 

(a  +  b\  2)  +  (c  +  (A  2)  =  (a  +  c)  +  {b  +  d)V2 

and  the  set  of  rational  numbers  is  closed  with  respect  to  addition, 
(i)  Show  that  1  €  S.  '       <  ■ 

'(b)  Show  that  S  is  closed  with  respect  to  oppositing, 
(0)  Show  that  S  is  closed  with  respect  to  multiplication, 
.  (d)  Show  that  the  reciprocal  of  any  nonzero  member  of  S  belongs 
"  to  S.  [Hint:  To  show  that  a  real  number  6  is  the  reciprocal  of  a 
nonzero^real  number  o  it  Uf  sufficient  to  show  that  a  •  b  =  1. 
*\     (For  a  +  0,  a  ■  fa  *  1.  So,  if  gb  ~  J  then  a  ■  b  =  a  •  la  and, 
by  a  cancellation  principle,  fgr  c  s*  0,  b  -  la.)] 

3.  Is  the  set  S  of  Exercise  2  an  ordered  field?  ' 


uc 
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6.    .(a)    Since   1  +  g  1   -   0  and  I  #  0,  'a  +s  a  =  0  =>  a  =  0*  is  false.' 

So,  carrot  be  derived  from  any  sentences  which  are  true 

,fo*  all  fields.  .  •  f 

(b)    (&<r)  implies  its  instance  *1  +  i   -  k,0.=>  1   -»  0*.    So,  by 
modus  tollens,  '1+1  ^  0* . 

S(b)-,  4.(b),  and  56.  a  +  a  =   a{  1  +  1 ).    Hence,  if  "a  +  a  ^  0 
then  a(l  f  1)  ~   0.    But,  by  a  theorem,  if  a(l  +  1  )*  =  0  then 
a  -  0  or  1  +  1   =  0.    So,  assuming  that  1  +  1  4  0  it  follows 
that  a  =   0.  '-Hence,   if  a  +  'a  =  0  then  a  =   0.  * 

*     (d)  \By  part  (c)  it  is  sufficient  to  show  that  1  +  1   #  0  in  an  ordere 
field.    For  this,  because  of  ir  reflexivity,  ^t  is  sufficient  to 
show  t>mt  1  +  1    ^0.    If  we  can^sjiow  that  1    >  0  it  will 
follow  that  I  +  1  %   1  +  0  =   1   and,  by  transitivity,  that 
1  +  1    >  0.    Since   1   *  0,  either   i    >  0  or  0   >  1.    So,  it  is., 
sufficient  to  show  that  0  ^  1.  '  Suppose  that  0  >  1.  Since 
1  <   0  and  0  >  1  it  follows  [by  a  known  theorem]  that 
V         t+\  y  °;  1  —  that  is,  that  1    >  0.    Hence,  if  0  >  1' then 
;  •      both  0  and  1    >  0.    Since  tbis  is  not  the  case,  0  /  1. 

[Other  finitte  fields  can  be  defined  by  choosing  a  prime  number 

p  and  taking  S  =  {0,   1,  p^  1}.    For  a,  b  £  S,  define 

a  +    b  and  a  x    b  to  be  the  remainders  on  dividing  a  +  b  and 
s  s 

ab  by  pv  For  an  example,  and  further  discussion  of  fields, 
see^High  'Scftool  MatheVnatics.  Course  3,  pages  292  and  293. 
Also,  see  the  commentary  for  p£ge  277  of  this  reference  for 
a  proof  that  the  field  discussed  in  Part  B,  below,  eta  be  . 
ordered  in  either  of  two  ways  !  ]  y 

Answers  for  JPart  <B 

1,     A  subset  of  (j  which  contains  1  and  is  "closed  with  respect  to  addi- 
tion and  oppositing  must  contain  all  integers.    If  it  is  also  closed 
under  multiplication  and  reciprocating  it  contains  all  quotients"  of 
integers  by.nonzero  integers  —  that  is,  toll  rational  numbers. 

1.  .   (aj    1  =  1  +  §\[Zt  and  1  and  0  are  both  Rational. 

fb)    -{a  +  bsfl)  =  -a  +  -b-s/T,  and  the  set  of  rational  numbers  is 
^         closed  with  respect  to  oppositing.  ■  -  * 

m  (c)    (a  +  b>/2)(c  +  d\Jl)  =  (ac  +  2bd)  +  (ad  +  bc)VI,  and  ac  +  2bd 
and  ad  +  be  are  ratipnal  if  a,  b,  c,  and  d.  are, 

"  id)   &  +  b\TE)(a  t  bN^)  =        -  Zb2,   So,  unl^s^  a2  -  2b*  -  A 
(a  +  b\T2)(c  +  dVT)  =  1,  where  c  =  a/(a^  -  2b*)  and 
d  =  -b/(a2  -  2b2},  and  c  and  d  are  rational  if  a  and  b 
are.    But,  since  s/T  is  irrational,  a2  -  2bfi  ^  0  for  rational 
a  and  b  unless  b  =  0  and  a--  0# 

3^     Yes.;   any  subfield  of  the  real  field  inherits  the  latter* s  order. 
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4.07   Chapter  Summary 

Vocabulary*  Summary  s 


"reciprocal      \  .     denial  sentence 

antecedent  of 'a  conditional    consequent  of  a  conditional 
converse  of  a  conditional       contrapositive  of  a  conditional 

order- preserving  mapping 
field         ,  • 
ordered  field 


alternation  sentence 
commutative  group 
order  relation 


Additional  Postulates 


5*».  (a)\i  +  bt.4    (b)  at 

5i.  (a)  <a  f  6)        -  a  I  ifc  i/^ 

5a.  (a)  a  +  0  =  a 

5^  (a)       a  f  -a  --  0  (b) 

54.  (a)         a  +  6  =  6  Hy  u  \  ,(b} 

5s. 
5«. 

57.  (a)  a 


(c)  Oc.y?    (d)  d  •  btJ   (e)  \e.4% 


(b)  (a  •  6)  •  c  -  a  ;  ib  ■  c) 
(b)    A    a  •  1  -  a 

a-  •  /a  «  1  la  *  0] 
a  •  b     b  •  a 

r      (a  +  6)  •  c  ^  c//'  r  +     •  c 
6.  -  a  +  -6  (b)'a  i  i=fl-/bl^  6] 


a  >  6  or  h  >  a  \a  b] 
a  >  a 

(a  >xb  And  h  >  c)  — *  a  >  c- 
a  <  6       6  >  a 


5«. 
5  io. 
5n. 

5ia*  (a)  a  >  h  — *  n  4-  r  >  h  +  c 

(b)  c  >    "T^  a  •  c  >  6  •  c  lc  >  01 

5V  .    is  an  ordered  field 


Additional  Basic  Rules  of  Logic 

*  Dealing  with  denial  sentences  , 

Modus  Tottens  ISee  page  1&2.I 

Any  inference  of  th?  form: 


not  p. 


is  valid. 


Double  Denial  Rules  [See  page  153. 
*  Inferences  of  either  of  the  forms: 


_J?_  

not  not  p 


nqt  not  p 

P   "  > 


are  valid. 
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Dealing  with  alternation  sentences 

Elimination  Rule  |See*page  161.1 
Any  inference  of  the  form: 

p  or  q   p     •  r   <y  -r-*  r 

r  - 

is  valid.  ' 

Introduction  Rules  [See  page  161 .) 
Inferences  of  either  . of  the.  forms: 


p  or  q 


p  or 


are  valid. 


Other  Rules^  of  Logic 

Some  vali4  sentences 


Sentences  of  any  of. the  forms: 
p       not  not  p 


[See  page  15*4. J 


not  (p  and  q)  «— *  (not  p  or  not  q)  [DeMorgan's  Laws; 

see  page  163.  J 


not  (p  or  q)  «— ►  (not  p  and  not  (7) 

not  (p  and  riot  p) 

■   t— 

*»  not  p  or  p 

/  are  valid. 


[Law  of  Noncontradiction; 
see  page  164.] 

[Law  of  Excluded  Middle; 
see  page  165.] 


Rules  of  Contraposition  [See  page  155.] 
inferences  of  either  of  the  forms: 


p  — "»  q  not  q    ■»  not  p 

not  q  .*—*  not  p  p  — *  g 


are  valid. 
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Symmetric  Rules  of  Contraposition  [See  page  155. 
Inferences  of  either  of  the  forms: 


I 

/>  ~ *  not-  £/       not  p  mmm^  q 

H        not  /;  f  .  not  ,q  — *  p 


are  valid. 


Rule  of  Contradiction  (See  page  156. 
Any  inference  of  the  form: 


not  q 


is  valid. 


Rules  for  Denying  an  Alternative  [See  page  163.  j 
Inferences  of  either  of  the  forms: 


p  or  a      not  p 


P  or  q 


not  q 


P 


are  valid. 
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ERIC 


L  tj^ve  reciprocals  [in  simplest  terms]  for  each  of  the  following: 


<a)  -3/2  (b)  0.5 

2.  Solve  the  following. 

(c)  8r  .+■  9  -  5(3  -  2r>    -  • 
(e)  -3(6  -  5)  >  2(2j  -  3) 

3.  Here  are  several  inference  schemes: 


(e)  V  25 


(d) 


(b)  q(2q  ?  «)  -  8(2q  -  9) 

(d)  !'&s  +  5|-11 
(f)  Id •+  II  5  1 


(IV) 


4 

p  or  q 


not  p 
/»  and  g 


(VI) 


P 

not/? 


not  9 


Match  these  schemes  with  the  following. 


not  not  q  "*-*  not  not  p 


«  (a)  modus  toll  ens 
(c)  modus  ponens 
(e)  invalid  inference 

4.  Simplify, 


(a)  1 


(b)  a  rule  for  conjunctions 
(d)  a  rule  for  double  denial 
(f )  a  rule  for  contraposition 

•3  2 


p  +  2 
lQp3  -  ,  3p  -  1 
2p  -  1 


(b) 


p  -  3    2  -  p 


-5p 

413 


<d)  'T    |  (5p  +  1) 
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Answers  for  Chapter  Test 


1. 
2. 


4. 


(a)  .  -2/3 

(a)  {m} 

(c)  {1/3} 

(e)  {x:   x  <  -3} 

<a)  H 

(c)  I 

(e)  IV 


(b)  2 


(c)    1  '[p  *  1/2]  4 


(c)  1/5  <d)    1/4  f. 

(b)  {8,  9/4-} 

(d)  {1.--8/3} 

(f)  {x:    -2  S  x  ^  0} 

(b)  V  ■ 

(d)  HI 

(f)  VI 

M  (p'-3KPp-2)   tP  *  3«  P  *  U 

(d)  4    [p  #  1] 


( 


«  « 


r  ■ 
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* 

Background  Topic 

(In  these  ekercises  on  solving  equations  we  shall, use  V  and  as 
variables.  J  - 

Part  A  ^ 

Solve  these  systems  of  linear  equations; 

Sample  1.       .  2x  -  3v  r  5 

x  +  4v  -  6 

Reminder:  A  solution  of  this  system  is  a  pair  (a,6)  of  real*  numbers 
(  such  that  each  equation  is  satisfied  when  y  has  the 

value  a  and  y  has  the  value  b.  To  so/i>e  the  system  is  to 
find  all  of  its  solutions.  There  are  several  ways  to  solve  a 
system  like  this  one. 
Solution    'if'  .     2x  -  3y  -  5 
and        x  +  4y  ■*  6 
/then   8*  -  12y  -  20  .*m*A1so,  £  -  3y  =  5 

and     3*  +  \2y  ■■=  18.    "     /  2x  4  8y  =  12 

If  this  is  the  case,  then  ^ 

liar  -38  :  :  Hy >.  V 

and,  so,  *  -■=  38/11/-**  y  ^  7/H. 

Hence,  if  the  system  has  any  solution  then  it  has  the 
unique  solution  (38/11,  7/11).  Substituting  in  the  given 
r    ,     equations  shows  that  this  is  a  solution* 
Answer.     (38/11.7/11).  .  >  < 

Sample  2.     *  3x  -  4y  =  6 

■      .  .  6x  -  8y  -  12 

Solution.    If  We  proceed  as  in  the  solution  for  Sample  1,  our  first 
step  is  to  obtain  equations  equivalent  to  the  given  ones: 

■  ■  • 

6x-8y-12  * 
4  fix  -  8y  =  12  . 

Evidently  tjie  two  given  equations  are  equivalent  to  one  * 
*      another;  any  solution  of  one  is  a  solution  of  the  other, 
#(  and  vice  versa.  * 

Answer.     {(xy):  3x  -<  4y  -  6}\ 

Sample  3.  <        $x  -  4y  =  6  '    m  t 

6*  -  8y  ^13 

Solution.    An  equivalent  pair  of  equations  is: 

i  p 

fix  -  By  m  12  „ 
'6x-8y-  13 


The  Background  Topic  A  to  remind  students  of  how  to  solve 
simultaneous  linear  equatioWin  two  variables,  and  to  introduce,  very 
brtefly,  the  second  order  determinant  function.    Solutions  of  such  sys- 
tems of  equations  are  needed  in  Chapter  6,  and  determinants  will  be  of 
considerable  use  in  later  chapters.    Our  use  here  of  'x'  and  'y*  — 
rather  than  earlier  letters  — ,  as  variables  is  to  facilitate  relating  to 
students'  past  experience .    [More  will  be  said,  in  the  text,  about 
determinants  before  students  need  to  use  them.  J 
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'  '  Obviously,  these  have  ho  eomnion  solution. 

Answtfr.     No  solution.  • 
(•Equations  like  those  in  Sample  1  are  said  to  be  independent;  in 
Sam£le_2,  depttident;  in  Sample  3,  inconsistent.)  ' 
l.'&x  +  ov  *  10  2.  6x  -  9V  *  15  '  * 

3-  x  '+  y  =  3  -                   .    4..  6*  -.9v  -  15 

>  "  4-  fa  -  9v  -.10 
■  1,       3  . 

5'  g*  +  4-v     1  :*            6.  &r—  lOv  =  5 


2"  '  4J 
•3       2  (1 
4*  +  3V  2 


ftr  -  15y  ^-4 


Part  B 


It  is  sometimes  important  to  be  able  to  tell  at  a  glance  whether  or 
•  not  a  system:  _ 

<  ^ 
■  atx  +  bty  i=  c,  *  ; 

a  vv  +  6^  -  c,  •  » 

is  independent.  In  order  to  see  how  to  do  this,  let's  begin  to  solve  this 
system  for  V  and  >;  as  we  did  the  system  in  Sample  1  oj  Part  A.  (You 
fill  in  the* three  blanks.!  * 

.aihjxJL^b\yjJi^_  .i  .  


1.  If  alb2  -  a,A,  *  0*  then  the  systenvof  equations  has  at  *nost"bne 
solution.  •,  <. 

*    (a)  What  is  this  possible  solution? 

<b)  Check  to  see  whether  it  actually  is  a  solution. 

2.  If  ath2  -  a,hl  «  o  then  the  system  has  no  solution  unlessc .b  -  c  8 
*  0  and  n,c3  -  ^c,  .  0.  Explain.       •  .  '' 

-*  3.  Suppose  that  o,6,  >  a26„  <;,o2  -  c,o„  and  a,c,  »  a2c,. 
(a).  Show  that,  for  any,*  and  y, 

(1)  a,(a>^  6,vv  +  ct)  =,a.(a,*  +  o,y  +  ct)  '. 
and  (2)  6,(0^  +  b,iy  ,+  c.,)  -  6,(0,*  +  by  +  e,)  1  ' 

(fa)  Show  that  if  either  a,  f  Q.  or  6,  *  0  then  any  solution  of  the 

first  of  the  giv^n  equations  is,alao  a  solution  of  the  second, 
(c)  Show  that  if  either  a,  *  0  or  6,  *  0  then  any  solution  of  the 
second  of  the  given  equations  is  a  solution  of  the  first. 
4.  Which  of  the  following  systems  are  - systems  of  independent 
equations?  .»■',,-. 
<ik)  3x  -  4v  -'3  (b)  152*  +  37y  »  63 

4*  -»      M  2  19x  +.   5y  -  14 

(C)  &r  +  y  =  x  +  5y  <d)  2Q*  +  lOy  =  7 

■  ■  ■  ■■  4  f  'y  .   .  ■. 
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Answers  for  Part  A 

1.  .  U.  0) 

3.      {7/1,  -1/2) 

(40/11,  -12/11) 
Answers  for  Part  B 
1.     (a)    For  a^b. 


^2. 
^  4. 


{(x,  y):  Zx  • 
No  solution, 
No  solution. 


3y  =  5} 


2, 


a^bj^  *  0,  the  only  possible  solution  iB 
.b„  -  c'  b. 


( lirs. 

\  a1b? 


.(b) 


a1c2  -  a^c 


That  this  is,  indeed,  a  solution  is  shown  as  follows  for  the 
first  equation: 

a^c^ 


Clb3    '  C2bl 


1    aibP   "  a2bl 


+  b. 


,aicg 
aib? 


aiClb3 


bia5cl  _   {a-jftg  '  agbi),ci  _ 

^aibP    "  a2bl  "  Cl 

The  check  for  the  second  equation  is  equally  simple. 
If  axb2  -  ^Pbx  =  0  then  (x,y)  is  a  solution  of  the  given  equations 


only  if 


0.x 

These  equations  have  a  solution  only  if  c2b2  -  c2b1  =  0  and 


3,     (a)    [Multiply  out  and  tancel.  ] 

(b)    If  a1  ^  0  and  a1x  +  b^y  +  c  x  =  0  then,  by  (1). 

apx  +  b2,^  +c2  =  0.  If  b1  *  0'  and.  a2x  ^  b1y,+  Cl  =  0 
then,  by  (Z).  a£x  >  b2y  4  c.^  =  0, 


(c)    [Similar  to  (b).  ] 
4^     (a),  (b)  and  (c)  aTe  systems  of  independent  equations. 
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There  is  an  easy  way  to  remember  the  results  you  found  in  Part  B. 
The  principle  results  are  that  the  system: 

a,jc  +,6,y  =  r, 

has  a  unique  solution  if  and  only  if  u,62'  -  c^/?,  *  0;  and,  in  this  case, 
„the  solution  is  given  by  the  formulas: 


*  »         *  , 

Note  the  similarity  of  the  expressions  in  the  numerators  and  denomj 
nators  of  these  two  fractions.  Expressions  like  these  occur  frequently 
in  mathematics  and  it  is  customary  to  define: 


a,  6, 

a,  6„ 


The  operation  indicated  by  the  vertical  bars,  whose  value  for  the 
pairs  (etj.frj),  \a.„hj  is  the  number  afi.,  -  a,hl  is  called  tj?e  determinant 
opehitwn.  Equation  {*)  is  read  as  'the  determinant  off(a|tft,),  (a2,62) 
is  a,ft,  -  a.,fe,\ 

The  formulas  Tor  the  solution  of  the  giyen  pair  of  equations  can  be 
written:  . 


f 

°. 

A" 

,j  =  - 

> 

o2 

A 

°2 

[assuming  that  the  value  of  the  determinant  indicated  by  the  denomi- 
, nators  is  not  OJ.  *  .  *  

5.  Make  use  of  the  determinant  operation  to  solve  tl|e  following  sys- 
tems of  equations.  .  * •  •  • 


(a)  2x  +  2y  m  6 
5*  -  6y  =  12 


(b)  \x  +  p  ?=  2  4 
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Answers  for  Part  B  [cont.] 


5.     (a)  x 


6 

12 

3 

5 

-6 

3 

6 

12 

3 

2 

5 

t6 

-36  -  24 


-18 


10 


60 
Z8 


15 
7 


(b)    x  = 


36  ^30 
-18  -  10 


Solution:  (15/7,  -3/14)' 


-28 


I  i 

3  3 

3  3 

4  21 


3 

14 


3-4 


Lit 


=  1 


Solution;  (2,1) 
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In  this  chapter  we  complete  our  postulates  in  so  far  at  affine  geom- 
etry is  concerned*  except  that  we  do  not  as  yet  specify  the  dimension  of 
our  space.    Definitions  of  'line',  'triangle',  'plane1 ,  etc.  will  be  intro- 
duced, beginning  in  Chapter  7,  and  the  course  will  then  become  more 
easily  recpgnispable  as  one  dealing  with  geometry.    (A  hint  as  to  how  „ 
'line',  'half-line*,  'segment',  and  'ray!  might  be  defined  may  be  gar- 
nered from  Exercise  2  on  page  181.  ] 

As  far  as  our  formalism  is  concerned,  the  purpose,  of  this  chapter 
is  to  show  that  the  set  T  of  translations  can  be  given  the  structure  of  a 
vector  space.    [The  word  'vector*  is  introduced  on  page  191 ,  ]^The 
requisite  additional  postulates,  4Q(d)  and  45  -        are  adopted  in  sec* 
tion  5.02  after  having  been  made  intuitively  reasonable  in  the  concept- 

jdeyelopment  section  5,01 »   Section  3*03  is  devoted  to  proving  the  basic 
product  theorem'  [^ee  Exercise  3  on  page  23^,  anc*  section  5.04  to 

'the  notion  of  a  vector  space  and  of  its  sub spaces  [see  the  exercises 
following  the  section].    Section  5.05  introduces  —  on  a  purely  intuitive 
level  ~  another  vector  space/  —  the  space  of  "measure  vectors"  and 
shows  how  it  can  be  used  in  solving  problems  concerning  directed  tripe, 
velocities,  aod  forces  similar  to  those  discussed  on  pages  1-2  of  the) 

introduction.    This  section  on  M  applications"  has  no  connection  with 
later^jparts  of  the  course.    [This  is  not  to  say  that  this  section  should  be 
skipped'in  order  to  "get  on  with  the  course".    This  work  has  proved  to 
be  quite  useful- in  reinforcing  in  the  students'  minds  the  ^relationships  * 
between  the  formal  structure  embodied  hi  the  postulate  system  under 
construction  and  the  intuitions  from*  which  this  structure  is  being 
fashioned.  ]  Section  5.06  is  an  optional  section  which  deals  more 
formally  with  the. notion  of  measure  vectors. 
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*  Chapter  Five  * 

Extending  Our  List  of  Postulates 

\  * 

5.01  Multiplying  Translations'  by  Numbers 

*  .  • 

Earlier  we  said  that  we  wish  to  study  geometry  by  making  use  of  the 
properties  of  translations.  One  of  our' big  jobs  will  involve  describing 
:~  lines,  planes,  and  other  common  geometric  objects  in  terms  of  transla- 
tions. As  in  the  past,  we  shall  use  our  intuitions  about  what  these 
geometric  objects  are  in  order  to  see  just  what  we  need  to  add  to  our 
formal  system  to  describe  these  objectg. 

Exploration  Exercises 

.  Consider  the  translation    and  point  P  shown  below. 


Draw  a  picture  something  Jike  this  on  ^our  paper. 

1-  IiOcate  the  points  P  -+  a* and  P  +  -a  on  your  picture. 

2.  Si  nee  addition  of  translations  is  a  binary  operation  on  .y  ,  we  know 
that     ■  ■  • 

a  ¥  a\  ia.+  a)  +  a\         q)  +  a)  +  a\ 


are  translations.  Locate  on  your  paper  the  images,  of  P  under  tfrese 
translations. 

3.  (a)  How  many  lines  are  there  through  P  andP+a^  Do  you' think 

  that  P  +  —  a  is  on  any  such  line?  Why? 

Ob)  Consider  the  translations  described  in  Exercise  2,  Do  you  think 

that  the  images  of  P  under  these  translations  are  on  a  line 

through  P  and  P  f  a\  \.  ' 
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As  remarked  above,  section  5.01  is,,  like  sections  1.05  and  1.06, 
a  concept-development  section,    [For  a  discussion  of  the  role  of^such 
sections  and  the  importance  of  .student4  s  distinguishing  between  them 
and  "course-development*4   sections,  see  TC  26,  27 .  ] 
Specifically,  the  operation  of  "multiplying  a  translation  by  a  real 
number11  is  motivated  by  intuitive  considerations  which  deal  with  the 
magnitude  and  sense  of  a  translation.    Neither  of  these  latter  notions  * 
has  any  place  as.yet  in  our  formal  theory.    Since  intuitive  notions  of 
sense  help  to. motivate  the  introduction  of  the  new  operation  it  should 
corr^e  as  no 'surprise  when,,  in  Chapter  7,  the  sense  and  direction  of  a 
translation  are  "defined  formally  in  terms  of  this  operation,    [For, a  • 
quick  preview,  the  direction  of  a  translation  3  is  the  set  f  3<]  defiiied 
in  Part  A  on  pa^|  192.  J   You  and  your  students  should  be  quite  clear 
that  such  a  procedure  does  not  involve  any  circularity       at  least,  none 
of  a  "vicious1*  nature.    The  motivation  for  adapting  any  formal 
definition  of  *  sense1   must^arise  out  of  intuitive  notions  concerning  the 
sense  of  a  translation.    That  the se^  intuitive  notions  should  suggest 
defining  something  other  than  'sense1  .in  terms  of  which  'sense1  can, 
ultimately,  be  defined  is  merely  an  example  of  the  serendipitous  way 
in  which  concepts  develop, 

Angwej-g  for  Exploration  Exercises 

■    '     u  m 

I,         Your  students  should  have  diagrams  something  like  this: 

^  I  ^ 


P+-5-3    P+  -5*2     P+  -a.         P  P+o      P+o-2      P+ aO  f 

•  •  •  •  •  •         s    •  • 

V 

Exactly  one.  ;    Yes.  ;    intuitions  about  how  translations  act  on 
points  [for  example,  a  translation  and  its  opposite"  "move" 
k  points  along  a  line].  & 

(b)    Yes,  all  of  them. 


3.  (a) 
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(c)  Do  you  think  that  you  can  use  successive  applications  of 
(2  or  ~a  to  get  from  P  to  any  point  on  a  line  through  P  and 
P  +  «?  If  you  think  so,  then  tell  how  many  times  to  apply 
a  lor,  -a)  to  get  from  P  to  P  +  [la*  f  a*)  f  To  the  point 
+  i  — ci  +  —a)  +  —a.  To  the  point  m^way  between  P  +  ia*  f  a* 
+  a  f  £2  fii  and  /'  +  (a*  f  t/  f  a  +  a*  +  a*  +  +  aV  To  the 
point  midway  hetwefen  /'  +  \a  +  al  and  /J  +  <a:  +  a *+  &V  To  P. 


•  i  * 

Certain  things  should  be  intuitively  clear  at  this  piftnt.  Among  them 
are;  w 
ti)  There  is  a  liiie  through  P  and  P  +■  a. 

(ii)  The  point  midway  between  P  and  P  >  a  ought  to  be  on  any 

line  through  P  and  P  +  a.  *? 
»iii)  The  translation  from  /J  to  the  point  jfriidway  between  P  and 
P  +  a  moves  points  half  as  far  as  a* does. 
Of  course,  the  only  way  that  we  can  make  use  of  a  to  get  from  P  to 
the  point  midway  between  P  and  P  +  a*  is  to  somehow  make  use  of 
"half"  of  a.  This  suggests  that  we  introduce; 

.  ;  '    a  ;  J 

as  an  abbreviation  for:  ,  4 

the  translation  that  moves  points  in  the 

sense  of  cr  and  half  as  far  as  a  does  * 


Similarly,  we  introduce: 


as  an  abbreviation  for: 


a  •  -2 


v  the  translation  that  moves  points  in  the  sense 
opposite  to  that  of  a  and  twice  as  far  as  a  does 


4.  (a)  Give'*  similar  abbreviations  for  the  translations  described  in 

Exercise  2,  above.      ■  t'  < 
<£)  Can  each  point  on  the  line  through  P  and  P  +  a  Be  reached  by 
successive  applications  of* a*  •  i  to  f?  Describe  at  least  two 
points  that  cannot  be  so  reached.  * 

5.  Draw  arrows  to  describe  each  of  the  following: 

Sample,  a  —3 


v 
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Answers  for  Exploration  Exercises  [cont.] 

(c)    No.    [three  times;   three  times;    six  times;   can't  be  done; 
zero  times]  ^[Note  the  relevance  to  part  (c)  of  Theorem 
2~5(b),  page  141  .  ) 

4     Given  any  commutative  group,  it  is  both  possible  and  convenient  to 
define  a  multiplication  of  -elements  of  the  given  group  by  intege  rs.  Such 
a  definition  can  be  formulated  on  the  basis  of  mathematical  induction, 
'much  as  one  defines  powers  wjth  integral  exponents.    In  the  case  of  T, 
the  definition  wiuldbe: 

a-0  -  ~6  and  a-(k  +  U  =  a-k  +  a  and  "a-<k  -  1)  =  a  •  k  ~  a 

[where  'k*  is  a  variable  whose  domain 'is  the  set  I  of  integers).    On  the 
basis  of  this  definition  one  can  prove  various  "laws  of  multiplication' ' 
corresponding  precisely  to  the  usual  ''laws  of  exponents".    For  exam- 
ple,    the  analogue  of: 


•    j  +  k        j  k 
a-*       =  a*  a  is: 

— * 

a  * 

(j 

=  a>  j  +  a*  ka 

that  of: 

(ab)^  =  a^b^  is: 

(a 

+  S).k 

=   a  •  k  +  b  •  k,  and 

that  of; 

/  j\k  jk 

(aJ)    =  aJ  is: 

(a 

•j)-k  = 

[cf.   4*  - 

48  of  section  5.02].  ['a« 

0  - 

=  3'  is 

the  analogue  of  the  expo 

nent  law 

;ao  =  1'.] 

ft* 

Although  multiplication  by  integers  can  be  introduced  into  any  com- 
mutative group,  a  multiplication  by  [noh -integral]  rational  numbers 
which  obeys  similar  laws  is  possible  only  for  rather  special  groups. 
[When  possible,  the  definition  is  analogous  to  that  of  powers  with 
rational  exponents.  )   In  agreeing  that  there  is  a  translation  which  can* 
"reasonably**  be^referred  tq^as  jt*^  we  are  accepting  the  existence 
of  a  translation  b  such  that  b  "+  b  =  a.    That  there  is  %uch  a  transla- 
$ion  [for  any  translation  a]  is* intuitively  obvious  —  jus*  as  "obvious" 
as  it  is  that  each  segment  has  a  midpoint.    Nevertheless,  the  nonexist- 
ence of  such  a  translation  as  b,  above/  is  consistent  with  the  postulates 
we  have  adopted  up  to  this  point. 

«  The  commutative  groups  for  which  there  is  a  **nice"  multiplication 
by  arbitrary  real  numbers  are  very  special  indeed  and  are  called  vector 
spaces.    Our  intuitions  concerning  the  multiplication  of  translatipns  by 
real  numbers  amount  to  something  more  than  that  it  is  possible  to  use 
real  numbers  as  coordinates  for  the  points  on  any  geometric  line  -~  in 
itself  a  rather  profound  intuition.    ..    . .  -  r     

An gwers  for  £% pi o rat i o n  Ex e r c i s e s  [cont.^ 

4.     (a),  a*  2,  a*3,'a«4f  -a  •  2,  -a*  3,  -a  •  4  [Note  that  by  the  conven- 
tions as^to  grouping  symbols  explained  on  TC  145{1  page 
145,  '-a*. 2*  refers  to  the  product  of  the  opposite  of  a  by  2  — 
for  short  'the  opposite  of  a  [hesitate]  multiplied  by  Z\    On  * 
the  other  hand,  to  refer  to  the  opposite  ^of  the  product  of  a  by 
I,  one  should  use  '  -  (a  •  2)'  —  to  be  read  as  'the  opposite  of 
[hestiate]  a  multiplied  by  V ,  ] 

(b)    No,    {For  example,  the  point  Q  * 4  one -third  of  the  way  from  P 
'  to  P  +  a"  cannot  be  reached  in  this  way.    But,  Q  -  P  is  a 
translation  which  maps  P  on  Q  and  it  is  natural  to  refer  to  it 
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(a)  a 
(c)  a 


3 
2 
3 
4 


(b)  a  •  -2 
(d)  a  ■  JA 


.  6.  Complete  the  folJoWjiig. 

(a)  -a  a   

(c)  a  ■  0  =   


'  (b)  -a  •  3  •  a  ■ 
(d)  -a*  ■  -3  -  a 


* 


Although  we  have  been  dealing  intuitively  with  a  kind  of  multipli- 
cation -multiplication  of  translations  by  real  numbers- we  have  no 
postulates  as  yet  which  refer  to  this  kind  of  multiplication.  So,  even 
thWh  you  may  have  many  insights  into  how  this  multiplication 
"wo\ks",  in  our  formal  development  of  the  algebra  of  points  and  trans- 
lation^ expressions  like  'a  •  2'  are,  up  to  now,  not  part  of  our  formal 
algebra. 

In  order  to  get  this  sort  of  multiplication  into  our  algebra,  we  shpll 
have  to  add  some  postulates.  We  shall  need,  for  example,  a  postulate 
that  tells  us  that  for  each  real  number  xt  a  •  x  is  a  translation.  More- 
over, we  shall  need  some  postulates  that  tell  us  how  this  multiplica- 
tion works. 

The  following  exercises  should  help  you  to  gain  some  further  in- 
sights into  how  multiplication  of  translations  by  real  numbers  works. 
After  we  choose  statements  of  some  of  the  simpler  properties  as  pos- 
tulates, you  will  be  able  to  prove  many  of  the  principles  which  you 
discover  in  these  exercises. 


Exercises  „ 
Part  A 

On  your  paper,  draw  a  picture 
like  the  one  at  the  right.  D  C 

Draw  arrows  to  help  you  locate 

these  points: 

<a)  C  +  s2 

(b)  Z)  +  a3 
.  (c)  B  +  -o  •  2 
1  (d)  F  +  -a 

'    <e)  Q  +  V  •  2  +  -t»  •  2  E  .       F  ■■  * 

2.  (a)  Compare  the  length  of  AB  with  the  lengths  of  the  arrows  you 
drew  in  Exercise  1. 
(b)  Use  your  drawings  from  Exercise  1  to  compare  the  sense  of 
*  I  A3  with  the  sense  of  each  of  the  rays  determined  by  a  given 

point  and  its  image  under  the  given  translation. 


O 
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5.     Your  students  should  have  diagrams  something  like  these: 


(b) 


*--2 


(c) 


id) 


6.    .(a)  -1 
(c)  3 

Answers  for  Part  A 
1. 


(b)  -3 
(d)  3 


[As  illustrated  in  (a)  and  (b)  we 
shall  frequently  omit  multiplication 
dots.    Such  a  dot  may  not,  'however, 
be  omitted  when  it^precedes  an 
oppositing  sign.    Note,  also,  the 
omission  of  parentheses  in  (e). 
This  expression  is  an  abbreviation 
"for  4(G  +  Z*  2)  +  -a;  2\    As  a 
.  general  rule,  in  repeated  sums 
assotiation  is  to  the  left  unless 
otherwise  indicated!] 

* 

+  H»2  +  -^2 


C  4-0*2 


O+S-3 


2.     (a)    AB  is  one  half  the  length  of  C  (C  +  a  *  2),  one  third  the  length 

of  D  (D  +  a  •  3),  one  half  the  length  of  E  (E  +  -a*  2),  and  the 

same  length  as  F  (F  +  -al    The  segment  AB  is  an  "a~length" 
longer  that  the  (singleton)  segment  with  end  points  G  and 
G  +  a-  2  +  -a*  2.  * 

(b)    AB  has  the  same  sense  as  the  rays  from  C  through  C  +  a  -  2 

 ant^-frorn  D-through  D  +  ??♦  3.    It  is  oppositely  Mft*^rom 

the  rays  from  E  through  E  4-  -a  •  2  and  from  F  through  F  +  -a 
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3.  Complete  each  of  the  following. 

(a)  a   5  moves  each  point  ofV  -  times  as  far  as  does  a\  and  in 

the   —  [same/opposite]  sense  as  does  a, 

(b)  a  '  —  3  moves  each  point  of   times  as  far  as  does  a,,  and  in 

the  sense  as  does  a. 

(c)  a    \  7  moves  each  point  of  /  m  times  as  far  as  does  a,  and  in 

the  —  :  sense  as  does  a. 

4.  Measure  the  length  of  AB*  in  Exercise  1,  Without  measuring,  de- 

termine the  lengths  of  the  segments 

C  \C  +  a  •  2),  D  d)  +  o  ■  3),  and  £  (E  +  a  •  -3) 

,  5.  Suppose  that  a*  is  any  proper 'translation  that  is,  th^t  a  ■*  6*  that 
a  is  any  nonzero  real  number,  and  that  A  f  a*--  A'.  Complete 
the  following, 

(a)  Given  that  a  is  a  positive  real  number,  then  a  •  a  is  the  trans- 
lation which  maps  A  on  the  point  X  such  that  the  measure  of 

AX  is  :  times  that  of  and  the  sense  of  AX*  is 

I  the  same  as/opposite  to]  .  _  the  seifse  of  *A  A  *.  ' 

(h)  Given  that  a  is  a  negative  real  number,  then  a*  •  a  is  the  trans- 
lation  which  maps  A  on  the  point  X  such  that  the  measure  of 

AX  is   times  that  of  and  the  sense  of 

[the  same  as/opposite  to]   the  gense  of*AA*. 

(c)'  For  any  nonzero  real  number  a,  a  •  a  is  the  translation  which 
moves  each  point  of    j  _  times  as  far  as  a  does,  in  the 

^   [same,  opposite]   sense  as  a  if  a  >  0  and  in  the 

I  same,  opposite]  sense  if  a  <  0. 


Consider  the  segments  AB  and  C3  pictured  below. 


Since  D  -  C  =  ~a  •  2  and  B  -  A  =  a,  it  should  be  intuitively  clear 
that  ' 

(1)  the  segment  CD  is  twice  as  long  as  the  segment  AS  and 

(2)  the  ray  from  C  through  D  has  the  game  sense  as  the  ray  from  A 
through  B. 

We  can  express  bo^h  of*he  notions  in  the  following  manner: 
(*)  f  he  ratio  of  the  segment  from  C  to  D  to  the  segment  from  A  to 
B  is  2. 

We  emphasize  the  (*)  says  the  same  thing  as  (1)  and  (2)  together. 
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3.  (a)    five;    same  ^ 

(b)  three;  opposite 

(c)  s/7;    same  »  < 

4.  The  length  of  the  segment  AB  is  about  1  incb.    So,  the  given 
segments  are,  respectively,  l%  3,  and  3  inches  long, 

5.  (a)    a;   AA';   the  same  as 

(b)  |a|;   AA';    opposite  to  ' 

(c)  |a| ;    same;  opposite 

Exercise  S(q)  is  analogous  to  the  usual  definition  of  multiplication 
of  "vectors''  by  "scalars".    When  we  have!  completed  Postulate  4  we 
shall  be  able  to  define  *  sense*  and  'magnitude'  for  translations  in  such 
a  way  that  5(c)  will  be  a  theorem, 

TC  180  (1) 

The  notion  of  the  ratio  of  sensed  segments  which  is  introduced  in 
the  discussion  preceding  Part  B  is  treated  formally  in\Chapter  7. 
This  notion  is  basic  for  the  discussion  of  points  dividing  segments  in  a 
given  ratio  and,  so,  for  some  familiar  —  and  many  less' familiar  — 
geometric  theorems.    [Among  the  familiar  ones  are  those  concerning 
the  intersection  of  the  diagonals  of  a  parallelogram,  and  the  intersec- 
tion of  the  medians.of  a  triangle.  ]   The  exercises  of  Part'  B  [and  Of 
Part  D  on  page  182]  are  intended  to  help  prepare  students  for  this,'  ' 
'later  development-  '  \  «.« 

In  the  present  intuitive  development  students  may,  as  is  more  or 
less  suggested,  assign  ratios  to  parallel  [or  collinear]  sensed  s-egmenti 
by  finding  the  quotient  of  their  length  measures  and  then  taking  the  ratio 
to  be  the  corresponding  positive  or  negative  real  number  according  as 
the  senses  of  the  segments  are  the  same  or  opposite.  Alternatively, 
as  suggested  in  Part  D,  the  sensed, segments  ['  'directed  trips"]  may 
be  assigned  real  numbers  as  measures,  in  which  case  the  ratio  of  two* 
sensed  segments^is  precisely  the  quotient  of  these  measures.  [Note 
that,  in  any  case,  only  sensed  segments  whose  senses  are  the 'same  or 
Opposite  have  ratios  to  one  another.  ] 

Although  ratios  of  objects  are  frequently  described,,  a's  above,  in 
terms  of  quotients  of  measures  of  the  objects,  it  is  important  to  recog- 
nize that  "ratioing"  is,  actually,  a  prerequisite  for  measuring.    For  , 
example,  a  child  may  make  such  judgments  as  that  he  is  in  the  middle4 
of  his  play -pen  long  before  he  has  any  notion  of  measuring  distajicfiB^ 
The  ratio  of  two  objects  is,  indeed,  the  quotient  of  their  measures;  but 
this  is  because  the  measure  of  an  object  is  the  ratio  of 'that  object  to  an 
arbitrarily  chosen  unit  object,  u.    The  fundamental  law  of  "radioing" 
is,  in  fact:  .  1 

<. 

It  is  not  too  much  to  say  that  what  makes  measurement  worthwhile  is 
the  fact  that  ratios  canbe  defined  [before  one  knowi  how  to  measure] 
in  such  a  way  that  {&)  is  true.  .    -     * ,  ■ 
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Similarly,  it  is  intuitively  clear  that 

(3)   the  segment  fS?  is  twice  as  long  as  the  segment  and 
\4>  the  ray  from  D  through  C  has  the  sense  opposite  to  that  of  the 
ray  from  A  through  B. 
W.e  can  express  the  notions  (3)  and  (4)  together  in  this  way; 

** )   The  ratio  of  the  segment  from  D  to  C  to  the  segment  from  A  to 
B  is  -2. 

<  .  : 

PartB  . 

1.  (liven  the  segments  Si?  and       from  the  above  discussion,  com- 
^     pleU*  the  following  sentences. 

(a)  The  ratio  of  the  segment  from  B  to  A  to  the  segment  from  C  to 
D  is 

(b)  The  ratio  of  the-segment  from  Bfo'A  to  the  segment  from  D  to 

C  is  

(e)  The  ratio  of  the  segment  from  D  to  C  to  the  segment'  from 

..  ..  is  21  ^ 

(d)  I)  -  C  -  \  J    2  and  A  -  B  -  iD  -  C) 

2.  Here  is  a  picture  of  several  segments. 


A 


I-et's  agree  to  write: 

»t.  (i4  tofl):(Cto/;>  is  1/3 ' 

v.- 

as  an  abbreviation  for: 

The  ratio  of  the  segment  from  A  to  B  to  the 
segment*  from  C  to  D  is  1/3. 

V      4  Complete  the  following. 

 ifll IA  ta£):l£.toJfiLi&  L   (bXUMiXUG  toiftis. 

(c)  iE  to         to  //)  is   (d)  {E  to  F):iAto  B)  is  . 


(e)  (£  to  F):(C  to  D)  is  __  (f)  (C  to.ZJ):  is  6/5. 

3*  To^say  that  ('-A  to  B):(C  to  ZJ)  is  1/3  is  to  say  that  the  segment 
AB  is        as  long  as  the  segment  CD  and  that  the  sense  of  the 

ray  from  4  through  B  is  — ,  the  sense  of  the  ray  from 

C  through  D. 

4.  (a)  In  Exercise  3,  replace  the  '1/3'  by  -1/3'  and  repeat  the  problem, 
(b)  In  Exercise  3,  replace  the  '1/3'  by-l-5/4'  and  repeat  the  problem. 
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aflk  £  °/  tbe  preceding  it  is  a  worthwhile  classroojActiviry  to 

ask  students^to  find  ratios  of  sensed  segments  without  meRurina  the 
segments.    For  example,  draw  two  arrows  -  similarly  sensed  or 
oppositely  sensed,  as  you  wish  -  one  of  which  i8|  say  twice  as  lone  as 
the  other.    Then,  ask  students  to  find  the  ratio  of  one  to  the  other  with- 
out measuring  either  of  them;    Their  procedure  will  probably  amount 
IT  •;  ™ea*ure    of  the  longer  with  respect  to  the  shorter  as 

unit.    [This  is  fine.]   If  students  seem  to  need  a  hint,  dangle  an 
unmarked  yardstick"  or- a  pointer  in  front  of  them.    They  can  use 

t£SA°»-  ??v '  V  arr°W  °nt°  the  °th*r-    Brin8  out  the  fac*  t^t 

the  ratio  of  the  longer  arrow  to  the  shorter  is  2  [or  -2]  and  that  of 

the  shorter  to  the  longer  is   1/2  [or  -1/2].    Try  to  build  up  to  an 
example  m  which  the  ratios  are,  say,   5/2  and  2/5  {or  their  opposite,]. 
Students  should  arrive  at  the  understanding  that  ratios  can  be  found  bv 
direct  comparison,  and  that  finding  ratios  by  dividing  measures  is  only 
a  handy  short  cut.    [The  preceding  sentence  applies  equally -well  to  the 
incommensurable  case"  -  only  the  method  of  making  the  comparison 
is  more  complex,  and  so  is  the  notion  of  irrational  measures  But 
this  is  not  the  time  to  face  students. with  this  problem.  ] 
Answers  for  Part  B 

'    (d)   B  -  A;  . 


1. 

(a) 

-1/2             (b)  1/2 

(c) 

B  to  A 

2. 

(a) 

2/5 

(b) 

1 

(c) 

5/2 

(d) 

5/2 

(e) 

5/6  ■ 

(f) 

E  to  F 

3. 

one 

-third;   the  same  as 

4. 

(a) 

one -third;    opposite  to 

<b) 

five -fourths;    opposite  to 

Answers  for  Part  C 
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Note;   The  set  notation  used  beginning  in  Exercise  2  frequently 
causes  some  problems.    The  problem  usually  centers  around  the  use 
ol    X  .    Students  are  ux^ble  to  see  how  a  particular  point  gets  into  a 
set.    This  problem  can  usually  be  solved  by  making  an  analogy  to  »ets 
of  real  numbers  such  a8  {x^  >  {  x  =  5  +   2y}  and  asking Sestions 


like 


(a)  How  do  we  know  that  *1  is  in  the  set? 
(b*  How  does  a  numb>«rF"|^t  into  this  set? 

1.     (a)      A   B  .       4A*S>  C** 


-(h) — a  "l&Tir 


{c)      f            ■      A  [C  =  A.  for  C  =  BM-»*4»  =- 

C             *  -   {A  +  a-a)  +!3.<-a)  =  A  +  a. 

•                   ,      .  <a  +  -a>  =  A  +  ft  =  A.  The 

—    B  is  So  tfo  IqfUktf  A  on  t.       students  will  be  able  to  give 

the  lint  A,(A+"5r  •'  argument*  like  this  when 

additional  postulates  are 

•  „  introduced  in  section  5.02.  ] 

(d)    BjC      '•        A  (A  +  B)    ;t<?  =  B,  for  C  =  B  +  ab 


b  =  0.  ] 
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(a)  a  -     h  -  2* 


1.  For  each  part  of  this  exercise,  picture  a  point  A  and  a  proper  trans- 
lation a  [thatcis,  a  *  t)).  Then,  locate  in  your  picture  the  points  B 
and  C  such  that  B  -  A  +  aa  and  C  =     +  a*6 .  ^ 

1  '  -  (b)  a  -  2,  *>  =  1 

*(e)  a  <  0;  6  -  -a  (d)  a  <  0,  6  -  0  N  " 

•  (eY  «  <  0,  ft  <  0  -  '    ?  (f )  a  >  0,  6  <  0,  |a|  >  \b\ 

2.  Picture  a  point  .4  and  a  proper  translation  a.  Then,  draw  a  picture 
of  the  given  sef  and,  if  possible,  describe  the  set  by  name. 

^    'Sample.    { X:  3  . ,  X A  =  ay } . 

Solution.  A  point  C  belongs  to  the  set  in  question  if  and  only  if 
1    there  is  a  real' number  y  ^  1  such  that  C  —  A  +  cry. 
^  For  examples,  since  1  ^1,  2  ^  1,  3/^^  1,  and  5^1, 

the, points  '         «  4 


A  V  a*  •  1,  A  +  >s*  •  2,  .A  .+  a  •  ^  and  /I  la  -5 


belong  to  thp  set. 


4  •  d 


fin  part  If),  /  is  the  set  of  ail  integers.] 
(a)  {X:  \.X  ~  A  +  ay}       (b)  {X:  3y  ,0  X  -  A  + 
(c)  {2:  3,  <Q  Z  -  4     ac}  '  (d)  {Z:  3,1-2  *  s .  =s  5  and  Z  =  4  +  «)} 
(ei  ^X:3^0X  -  4  4-  ^x}&  (f )  {X:  3, 1 ,  X  -  A  +~a/i} 


be  the  sets  givenfin  Exercise  2  in  case  a  is  the  identity  raap- 


Jescn 


4.  Suppose  that  a  aJbd  b  are  the  proper  translations  in  different  di- 
rections f so  that  tlWiines  through  A  and  A  +  o  and  through  ,4  and 
i4  ■  +  fe-  are  not  parallels  Figure  each  of  the  following1  s$£s  of  points. 
y    (a)  {X:  3,X  -  A  +ax}\ 
.  .(b)  {X.lyX^A  +  , 
.  (c)  {X-3S.#/ 1,  X  + Ian)  +  &} 
<d>  {2:3^    A +'(ay  J  '  - 

.    fc)  {X:3^X  -  A  +  <3f  +  6y)}  > 

Describe  the  sets  giveft^s  Exercise  4  in  case  a  and  6  are  transla- 
tions in  the  sa^S  direction;       ,      '  ' 


<•)  C 
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8        A  (A*?) 


'.  (f)      A   C  A*5  8 

....         •  * 

2,     <a}  g 


(b) 


5 


A 


A  + S 


(c)    [Answers  "are  the  same  as  for  (b).  ] 
A  -  5*2  A  , 


(e) 


A>o»-1 


■•  0 


;    A  (A  +  al  a  l^np 


;.  A(A  +  a)f  a  half-line 


*+fr5.  (A  -  S2)(A  +  aS), 
"'  *a  segment 


K       ;   A(A'-  a),  a  ra^ 


A4-o'-1  A^S'O  A*1l-f  A^^*2A(A+a)] 

3.     Each  is  {A}  —  the  set  whose  only  member  is  A. 


(o)  the  line  ttvoogh  A 
in  the  cHrtction  of  3 


[This  is  a  se"t  of  point* 
equally  spaced  along 


<dJ  tn#  line  thfoogh  A 
in  the  direction  of 

b)  the  line  through  A 
^        kectton  of  b 


,    (e)    This  rej^ is  the  plane  cpntaining  the  three'  noncollinear  points 


This  ^is 

U}    Thie  set  it  the  closed  half -plane  with  edge  A  (A  +  a}  and  con- 
taining  A  +  S, 


Y<    Each  i-s  the  line  A  {A  4 


40O 


V 


•      182      EXTENDING  OUR  UST  OF  POSTULATES  v  ,;i 

PartD 

Suppose  that  At  B,  C,  and  D  are  points  on  a  line  as  illustrated  in  the 
-figure  below.  Suppose,  also,  ♦that  B,=  A  f  a,  C  =  fl  +  a*  2 
D  -  C  +  a*  •  3,  and  1$  ^  D  +  a  •  -8. 

•  £         4  8         c  ^  p  


In  your  introduction  to  addition  of  real  numbers  you  may  have 
considered  measures  of  trips  along  a  road.  Think  of  the  line  shown 
.above  as  a  road  and  consider  trips  along  it.  Suppose  that  you  use  posi- 
tive numbers  to  "measure  trips  in  the  same  sense  as  the  sense  of 
.  a  land  negative  numbers  for  trips  in  the  opposite  sense],  and  that 
the  distance  between  A  and  B  is  1.  Answer' each  of  the  following 
questions.  ,  , 

1.  What  are  the  measures  of  the  following  trips? 
(a)  from  B  to  C      ,  (b)  from  C  to  D 
(c)  from  A  to  C                 ■    (d)  from  A  to  E 

2.  Using  only  your  answers  for  Exercise  1,  compute  the  measures  of 
the  following  trips. 

(a)  from  A  to  D  (b)  from  C  to  A 

(c)  from  B,  to  A  (d)  from  C  to  E 

(e)  fromflto£  (f)  from  D  to  B 

3.  Give  each  of  the  following  ratios. 

(a)  (A  to  BYAB  to  C)  .  (b)  (A  to  B):(D  to  B) 

(c)  (A  to  C):(C  to  B)  (d)  (A  to  D):(D  to  i?) 

(e)  (C  to  DYAD  to'E)  if)  (A  to  BYAC  to 

4.  Complete: 

(a)  C  =  A  +  a    (b)  D  =  A  +  ?  •  

(c)  £  *  A  f  a  •  _ —  (d)  E  *  C  +  "a  ■  


Part  £ 


1.  Here  is  a  picture  of  a  point  A  / 
and  translations  a  andl>!  ~  ~ 

(a)  Dr**w  a  single  picture  which  illu^ate^tha  following: 

A  +       B  B  +  C 

A  +  (a  '  2  +       2)  i4+7=jP 

G  +  (ft  ■  2  +^  -2)  =//  B  +  &+V)  =  J 

A  +  (7+  &  2)  =  D     -    .C  +  (a"+  T-i)«G 

<b)  Use  your  picture  from  part  (a)  to  help  you  to  complete  each  of 
the  following: 

C  +  (a+3U_*        •  '|f+(  +r.M)»J 

Z>  +  (_  +o1  =_G  •  +  ^+6*.  -i)  =  G 

—  +      '      +  a  '  2)>»  O  A     (a+  V)  •  2  =  

 +  (a-2  +  «»j   +  (a-2-+?)».£ 


433 


Answers  for  Part  D 
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I.  (a) 

2 

(b) 

3 

(c) 

ft 

3 

.  (d) 

-2 

2.  (a) 

6* 

<b) 

-3 

(c) 

(d) 

-5 

(e) 

-3 

(f) 

-5 

3.  (a) 

1/1 

(b) 

-1/5  . 

'  (c) 

-3/2 

id) 

^6/5  ' 

(e) 

-3/8 

(f) 

-1/5 

4.  (a) 

3 

(b) 

6 

<c) 

-I  _ 

(d) 

-5 

for  Part  E 

I.     (a)    Your  students  should  have  a  picture  like  this: 

H 


3, 


(b) 

E 

;  tz 

s. 

-2;  C 

H 

;  E 

* 

A 

;  T 

(a) 

15 

<d) 

6 

(g) 

1 

(a)', 

o»3 

(b) 
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(b)  15 
(e)  '6 
(h)  0 
o«2 +  o«1 


(c)  15 
(0  3nTZ 
<i)  3 

(c)  y  S«5»q.-2    (  t  5.-2 


[The  arrows  drawn  for  (a),  {b),  and  (c)  should  be  the  length 
and  have,  the  sarhe  sense.    In  other  wqrds,  thekr  should  describe 
the  same  translation,  ]  . 

(d).  *.2  +  Z*i  (e)         g.2).f  __ 

0  s  (f)  .  S'5 

[The  arrows  drawn  for  fa),  (e),  and  {£)  describe  the  same 
translation.  J  •* 
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2.  Suppose  that  h  is  the  translation  which  maps  f*  onto  Q  and  that 
,ih&  length  o(  P($  is  3.  Determine  the  distance  b«twe^p  P  and  its 
image  under  each  of  the  following  translations, 
(a)  V  •  5  (b)  f>    -5  (c)  V  •  -3  +  V  *  -2 

(d)  ti  ■  8  f  h  ■  -U0  ■  (e)  b  •  (8  +  -10)  (f)  6*  •  -\  2, 

(g)  ?*■  -  J  ih)  2T  ■  0  .  (i)  6*-  1 

3»  Suppose  that  a  is  a  proper  translation.  Draw  arrows  to  describe 
the  following  translations.    !  ♦  • 

•    (a)  a  -  3  (b)  a  •  2  ■+  «*  ■  1  (c)  a  ■  5  +  a  •  -2 

iOompare  the  results  in  (a),  (b),  and  lcl.1 

(d)  a  T  2  -f  a   ^       (e)  la  ■  2)  ■  |  it)  a  -  5 

[Compare  the  results  in  (d)f  (e),  and  (f).j 
4,  Suppose  that  a  and  h  are  proper  translations  in  different  direc- 
tions. Draw  arrows  to  /lescrihe  the  following  translations.  .% 

(a)  a  *  I  +  6#  •  |       (b)  (a  •  3  +  if  ■  3)  •  |   ,(e)  (a  +  6*)  ■  | 

(Compare  the  results  in  (a),  (b);  and  (c).j 

(d)  a  ■  -2  +  6*  *  -2  (e)  -a    2  4-6-2       (f )  (a  +  ^  •  -2  , 
[Compare,  the  results  in  (d),  (e),  and  (f).) 

ParfF  * 

In  each  of  the  following,  fill  the  blanks  to  make  what  seems 
intuitively  to  be  a  true  sentence. 
■I.  a  ■  a  c  [for  any  real  number  a\ 

2.  «  •  1  = 

3.  a'  •  la  -Kfc)  -  a  ■   +  a  *   - 

4.  (</  +  fc)  ■  h  -  a  •           +  6*  •  ■_ 

5.  -(a  •  a)  •  6  ■=  a  ■  (  )        .  * 

6.  a*  •  0  -  ,  and  0  .a  -  

7.  -W*va)  =  -a  ■   and— (a  *  a)  ■«  a  *      — )  , 

S-02  Admitting  the  Real  Numbers  as  Operators 

Up  to  now  we  have  dealt  with  two  kihds  of  things  in  our  algebra 
-points  and  translations.  We  are*  now  bringing  in  a  third  kind  of 
thing- real  numbers -and  a  procedure  for  "combining"  a  translation 
and  a  real  number  to  produce  a  translation. 

In  Chapter  4  we  have  already  adopted  postulates  which  tell  us  all 
we  need  to  know  about  the  algebra  of  the  real  numbgjfc  alone.  [These 
are  the  Postulates  50  -  5f2  which  we  collected  together  in  Postulate  5\] 
In  addition  to  these  we  need  postulates  describing  the  multiplication 
of  translations  by  real  numbers.  One  possibility  would  be  to  use  Exer- 
cise 5(c)  of  Part  A  on  page  179.  The  difficulty  in  doing  this  is  that  we 
wouljd  then  need  to  adopt  some  postulates  concerning  distance  and 
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4 

4,  Your  students  should  have  pictures  something  like,  this: 
(a)    /.  '        0b>        s/~~*  - 


/ 


[The  arrows  drawn  for  parts  (a),  (b),  and  (c)  describe  the  same 
translation,  ] 


[The  arrows  drawn  for  parts  (d),  (e),  and  (f )  describe  the  same 
translation,  1 

Answers  for  Part  F  \  ,    *  <  ' 

1.  T  .  .■■ 

2.  2  •  '/ ,  ' 

3.  _ai.i  •.  '  • 

4.  b;  b 

5.  ab  [ors'a«b] 

6.  3;  3 

7.  a;  -a 


•  o 


■  >v 
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sense.  (Explain.)  These  nottons  are  somewhat  complicated  to  get  at 
directly.  It  turns  out  that  if  we  postulate  some  of  the  properties  of 
multiplication  which  you  noted  down  in  Fart  F  above,  then  we  shall, 
later,  be  able  to  define  distance  and  sense  in  suclva  way  that  Exercise 
5(c).  oh  page  179  becomes  a  theorem.  This  is  what  we  shall  do.  Since 
these  new  postulates  will  deal  with  translations  but  not  [explicitly} 
with  points,  we  shall  include  them  in  Postulate  4. 
To  begin  with,  we  need  a  closure  postulate  similar  to  4  (a) -(c): 

II  Postulate  40    (d)  a  ■  b*..r 
The  product  of  a  translation  by  a  real  number  is  a 
I  translation. 

f<  ■  ' 

Fig.  5-1 

Recall  that  we  have  already  listed  Postulates  4,,  4,,  4.,,  and  4r  We 
how  continue  this  list  as  we  introduce  the  following  postulates  into 
our  algebra.  * 

Postulate  45  a  ■  1  «  a 
The  product  of  a  translation  by  1  is  that  translation  itself. 

Postulate  46  a  -  (o  *  c)  =  'a  •  b  +  a  •  c- 

Postulate  47   (a?  ti)  •  v  =  a-  c  '+  V  •  c 

Postulate  4d   (a  •  b)  •  c  -  a  ■  (be) 

Draw  diagrams  to  illustrate  Postulates  4e!  4.,  and  4_-. 
Postulates  40(d)  and  4S  -  4K  are  usually  "summarized  in  the  following 
mai?her:  * 

The  group  ./  of  translations  admits  the  real 
numbers  as  operators.  $ 

Thus  far,  then,  in  our  postulates  abouftranstetions  alone,  we  know 
that  the  set  of  translations  is  a  commutative  group  and  that  this  com- 
mutative group  admits  the  real  numbers  as  operators.  We  shall  have 
more  to  say  about  this  a  little  later. 

Look  at  the  exercises  of  Part  F  on  page  183.  One  might  ask,  quite 
naturally,  whether  or  not  we  need  .postulates  that  tej'l  us  that 

a  •  0  =  0  =  0*-  a 

and  that  a  •  —a  -  Ha  *  a)  ~  — a  •  a. 
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Section  5.01  was  a  concept-development- section.    In  the  present 
section  5.QZ  we  enlarge  our  formalism  by  introducing  into  it  terms  of 
the  form  *a»b'  and  postulating  some  of  the  properties  of  multiplication 
of  translations  by  real  numbers  which, have  been  discovered  in  the  pre- 
ceding section,    From  now  on,  all  w,e  "know"  about  this'multiplicatjon 
is  what  is  contained  —  explicitly  or  implicitly  —  in  our  postulates.  In 
particular,  we  can  no  longer  justify  our  statements  —  as  we  did  in 
section  ^,01,—  by  arguments  about  sense  and  magnitude  of  translations. 
[Of  course,  our  intuitive  notions  of  sense  and  magnitude  may  still  suggest 
statements  which  we  may  be  able  to  show  to  be  theorems  —  but  only  by 
deriving  them  from  the  postulates.  ] 
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As  it  turns  oyt,  these  sentences  can  be  derived ''from  our  extended  list 
of  postulates.  We  shall  list  these  results  in  our  tiext  two  theorems  and 
leave  the  proofs  as  exercises.  [We  shall  often  omit  multiplication  dots 
just  as  we  do  in  the  case  of  multiplication  of  real  numbers.] 

\     d  ||  Theorem  5-,l    (a)  aO  =  0*     (b)  0a  =  Oi 

Theorem  5-2 

(a)  a  -  -a  =  —iaa)      (b)  -a  •  a  =  —  (aa) 

Since  /  is  a  commutative  group  with  respect  to  addition,  you  can  use 
analogues  of  the  real  number  theorems: 

a  +  a  ■=  a       a  -  0  and:  a  +  6  =  0  — ■*  6  =  —  a 

to  prove  that  a  given  translation  is  0  or  that^it  is  the  opposite  of  some 
given  translation. 


Exercises 

Part  A  / 

Prove  each  of  the  following: 

1.  (a)  aO  =  0*  /  (b)  6'^=  6' 

2.  (a)  a  -  —a  =  —iaa)  f  (b)  —a  ■  a  =  -(aa) 

3.  -a  =  a    -1  / 

4-         '  '  / 


V 

/ 

Theorem  5-3  / 


'4 


(a)  a(a  ~  b)  =  fra  -  ab      (b)  (a  -  V)a  =  aa  -  Fa 


f 


5.  (a)  (4  .4-  aa)  -r  ab  =  ^fo(o  +  b) 
«  (b)  (A  +  iofi)  +  7a  =  /I ,+  (a  +  6)a 


PartB  •  •;/ 

•  1.  Simplify  each  of  the  following.        -  _^         '  • 
' .     (a)  a2  +  6*7  +  o*  •  -3  +  "6*4         (b)  (a  +  6}|  +  (a*  -  1?)  •  -| 

<e)  c&  +  c3  -  c*-  -2  +  c*-  -10   (d)  (a  -V)l-  (a  -  Vl  •  -7 
2.  Solve  for  *«?: 

(a)  *o*  +  T  •  - 2  «  <f  »• 

(b)  Ca  -  b)2  -  7'  -3  *>e?  -.  (a  +  *B  /  -3 

(c)  ob  +  7-  a  =  (f 


n 


•(d)  (a +152  +  c&  =72  +  (7|  -*cj6 
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Answers  fpr  Part  A 

1.  (a)  By  Postulate  4fe,  aO  4  aO  =  a(0  +  0}  =  a0%  Now,  since  T  is  a 
commutative  group,  we  know  that  if  aO  +  aO  =  aO  then  aO  =  fl. 
Since  aO  +  aO  =  aO.  it  follows  .that  aO  ?  9.  ' 

Here  is  a  tree -diagram  of  the  proof  of  this  theorem, 

a  +  0  =  a       aa  +  ab  =  a(a  +  b) 


0  +  0=0-    aO  +  aO  =  a(0  +  0)  a  +  a  =  a 


aO  +  aO  =  aO  aO  +  aO  =  aO  =>  aO 


aO 


(b)    By  Postulate  4Jt  (Ja  +  (Ja  =  V$  +  fi)a  =  (5a,    We  know  that  if 
5a  +  3a  -  3a  then  (5a  =  (5.    So  [by  modus  poneng],  3a  =  ($. 

2.  (a)    First  note  that  aa  +  a  •  -a  =  a(a  +  -a)  =  aO  =  ft.    Since  T  is 

a  commutative  group,  we  know  that  if  a  +  S  =  ft  then  S  -  *a, 
In  particular,  if  aa  +  a  -  -a  =  •  ~6  then  a  *  -a  *=  -(aa),    So,  since 
aa  +  a*  -a  =  3,  it  follows  that  a*  -^a  =  -(aa). 

(b)    Since  T  is  a  cornrnutativejgroup^  we  know  that  if  aa  +  -aa  -  U 
then  -aa^=  -(aa),    Now,  aa  +  -aa  =  (a  +  -a)a  =  Ua  =  U. 
Thus,  -{aa).  =  -aa.    So,  -aa  =  -(aa). 

3 .  By  Exercise  2(a)«  a  •  -1  =  -(al )  and,  by1  45,  ai  =  a,    So,  s 
a  •  - 1  =  -a. 

4.  (a)    By  definition  [5^(a)]f  a(a  -  b)  =^a(a  +  -b).    By  46,  a(a  +  -b)  = 

aa  +  a*  — b;    By  Exercise  2{a),  a  •  -b  =  -(ab).    So,  a(a  -  b)  = 
aa  +  -(a^h)  =  a  a  -  ab. ' 

(b)    [Proof  is  similar,  but  uses  Definition  3-1  (b)  [page  141],  47, 
and  Exercise  2(b),  ] 

5.  (a)    (A  +  aa)  +  ab  =  A  +  (aa  +  ab)  =  A  4-  a(a  +  b)t  by  Theorem 

2-5(b)  and  46. 

Answers  for  Part  B  / 

1;     (a)    -a  +  Sll   [or/  Sli  -  a]         <b)  £         [c)  $         (d)  (a  -  S)14 

2.     (a)    a  =  S2     (b)  a=  -^5  +  c  3  -2      (c)  a  =,  S      {d)  [Impossible,] 

['Simplify*  is,  as  always,  ratTier  vague.    For  some  purposes,  a 
simpler  answer  for  Exercise  1(a)  is  *a«  — 1  +  bl I1  and,  in  like 
circumstances,  a  more  appropriate  answer  for  Exercise  2(b)  is 
•a  -  b*-  -5  +  c3  +  d*  -T  ['"What  multiples  of  S,  c,  and  3  can!  one 
add  to  obtain  a?"}.    Suggest  to  #tudent#  that  the  skill  which  iir 
%  needed  is  tisat  of  seeing  at  a  glance  the  results  of  various  trans-     *  * 
formations  of  a  term  into  equivalent  terms.    For  example,  on 
seeing  any  one  of  the  following  terms: 

,:       a  -  be,  a ■+  -^(bc),  a  +  -bct"  a  +  b  •  -ct  al  +  b»  -cf  etc. 

-one  should  be  " automatically' 1  aware  that  it  can  b# replaced  by  any 
tff  the  others.    Which  one,  if  any,  one  chooses  to  replace  it  by  will 
be  determined,  of  course,  by  the  context  in  which  it  occurs,  < 
"Simplifying  is  transforming  to  achieve  some  goal.**] 
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Part  C 

Prove  each; of  the  following, 

1.  (a/?)  •  /ft  -  a  \h  *  ()| 

•       •         *      •  * 

2.  av  -  ftc  — »o  =  b  \c  *  Oj  |//m/:  Nate  that  the  converse  of  this 
,  theorem  is  a  valid  sentence.] 

3.  c'c  =  (•*-_  0  |f  *  0| 

5.03  0-products  and  Cancellation  IJrjncipies 

In  wording  Exercise  1  of  Part  C  you  probably  recognized  that  the 
theorem  you  proved  is  analogous  to  the  real  number-theorem: 

iab)^/b  m  a  [b  *  0] 

and  that  it  may  be  proved  just  as  this  real  number-theorem  is  proved 
in  steps  (2)  -  (6)  on  page  148.  IThe  only  difference  is  that  you  need 
two  of  our  new  postulates  in  place  of  5,(b)  and  5jb).  Which  tip?] 

After  doing  Exercise  1,  the  easiest  way  to  prove  the  cancellation 
principle  in  Exercised  is  to  begin  with  the  valid  sentence- 

ac  =  be  — ♦  (ac)  ■  (c  =  (Tc)  ■  /c 

IHow  would  you  show  that  this  equality  principle  is  a  valid,sentence?] 
The  cancellation'  principle  of  Exercise  2  is  analogous'to  one  of  two 
cancellation  principles  for  Multiplication  of  real  numbers: 

(a)  ac  =  be  —  a  -  h  [c  *  Oj  (b)  ca  =  cb  —  a  =  b  (e  *  OJ 

This  suggests  that  there  may  also  be  a  cancellation  principle  for  multi- 
plication of  translations  by  real  numbers  which  is  analogous  to  (b). 
There  is,  and  we  state  both  cancellation  principles \i: 

Theorem  5-4  '  .  .  '  •  ■ 

(a)  ac  =  be  — •  a  =  V\c  *  0]  ' 

■  - 1     {bl  co  =  ~eb  — ►  a  =  h  lT*  0] 

Of  course,  we  still  have  to  show  that  Theorem  5 -4(b)  is  a  theorem. 
Either  of  the  two  cancellation  principles  for  multiplication '  of  real 
numbers  can  be  derived  from  the  other  and  one  of  our  postulates  for 
real  numbers.  [Which  postulate?]  However,  the  relation  between  parts 
(a)  and  (b)  of  Theorem  5-4  is  not  this  simple.  [Explain.]  Also,  we 
cannot  prove  part  (b)  of  Theorem  5  -  4  in  the  way  in  which  you  proved 
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2. 


1 


ince 
nd 


gnawers  for  Part  C  ' 

I.     By  4^  (Ab)-/b  =  a(b*/b)  and,  for  W0,  b  - /b  ^  1,    So/  s 
al  =  a  [4?],  it  follows  that,  for  b  *  0,  (ab)./b  -  a,  [Remi 
students,  if  necessary*  that  the  statement  in  the  exercise  is  an 
abbreviation  fqr  *b  #  0  :==3S^  <ab).-  /b  -  a\    To  arrive,  explicitly  at 
this  unabbreviated  result,  replace  the  first  ^for'  in  the  preceding 
proof  by  *  assuming  that'   and  the  later  \  for  b  #  0,  '  by  'if  b  #  0 
then' .    A  column  proof  is  indicated  in  the  first  sentence  of  the 
following  section  5.03. f 

(1)    ac  =  Sc  <ac)./c  =  (Sc )  •  /c 

(ac)-/c  -  a:  ' 


[c  *  0] 

(3*     (Sc)./c  =  S      •  [c  *  0] 

(4)  '  ac  =  be  =>  a  =  S  [c  *  0$ 

[Compare  with  answer  on  TC   150      .for  Exercise  1  of  Part  B  on 
page  150,    As  a  paragraph,  the  proof  given  above  might  go  as 
follows: 


[valid]  • 
[Exercise  1] 
[Exercise  1] 
[U5.  (3)V  (1)] 


By  an  ^quality  principle  for  multiplication,  if  ac  -  be 
then  (ac)'/c  =jSc)-/c.    But  ^  by  Exercise  J,   (ac)»/c  =  a  t. 


and  (be  }  •  /c  .  =  b 


Hence,  if  ac  =  be  then,  a  =  b. 

S  =^  aa  =  £V  of  which 


The  proof  of  the  equality  principle  4 a 
(1)  is  an  instance  goes  as  follows:  ; 

Suppose  that-  a  -  b.    Since  aa  -  aa  it  foil  ows  that 
aa  =  ba«    Hen.ce,  if  a  -  b  then  aa  -  tja. 

The  rules  of  logic  involved  are,  as  in  the  case  of  all  equality  prin- 
ciples, the  introduction  and  replacement  rules  for  equations  and  the 
deduction  rule,  ] 

[A  derivation  of  this  result  from  that  of  Exercise  2  [Theorem 
5~4(a}]  and  Theorem  5-l(b)  is^given  on"page  187 

lple  Quiz 


Draw  three  points  A,'  B,  and  C  wKich  are  not  all  on  the  lame  line: 
.    (a)    Locate  the*  point  P  such  that/ (A  to  P):(P  to  B)  is  2/3, 

(b)  Locate  the  point  Q  such  th/t  Q  =  A*  +  (C  -  B}#-. 

(c)  Locate  the. point  R  such  tjiat  (B  to  R):(C  to  R)  is  2. 

(d)  Locate  the  point  S  such /that  S  =  B  +  (B  -  C)|-.  * 
2.     Prove  that  (A  -  ac)  +  Sc  =  A  +  .(S  -  a)C 

Answers  for  Sample  buiz  /  n  , q 

1..    Hexe  is  a  typical  drawing. 


2.     {A  -  ac)  +  Be  a 
=  A  +  {o  +  -a)c 


(A  +  -ac^Sc  =• 
■  A+  (E«a)c. 


+  ( -ac  +  Sc )  ^  A+  <-a  + 
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The  postulates  which  substitute  for  the  AFM  and  the  RM1*  are  4* 
and  .4^,    Note  that  the  former  is  more  than  an  associative  principle. 
In  addition  to  changing  the  "association* '   of  "factors",  in  applying  it' 
one  changes  from  one  kind  of  multiplication  to  another.    Postulate  4B 
may.  a  you  wish  be  called  the  guasj -associative  principle   [for  multi- 
plication of  translations  by  real  numbers].    Similarly,   since  two  kinds\ 
of  addition  are  involved,  4^  is  a  quasi-distributive  principle.    On  the 
other  hand,  47  says  that  multiplication  of  translations  by  real  numbers 
is  distributive  over,  addition  of  translations  and,   so,  is  properly  a 
distributive  principle. 

For  the  proof  of  the  validity  of  the  second  sentence  displayed  in 
this  section,   see  the  discussion  on  TC  186(1}    of  the  answer  for 
Exercise  I  of  Part  C. 

The  postulate  needed  in  deriving  one  of  the  two  cancellation  pVin- 
ciples  for  multiplic ation  of  real  numbers  from  the  other  is,  of  course, 
the  CPU  [i.e'.t    %(b)].    Note  that,  contrary  to  some  students'  initial 
reaction,   it  would  be  of  no  help  in  proving  Theorem  S-4(b)  to  introduce 
"multiplication  of  real  numbers  by  translations"  by  adopting  the  defi- 
nition \ia  -   aa\    Doing  so  would  make  possible  a  restatement  of 
Theorem  *>-4(b),  but  this  would  be  of  no  help'in  proving  the  theorem  in 
question.    A*  this  example  indicates,   it  makes  no  real  difference 
whether  or  not  one  chooses  to  allow  translations  to  be  "multiplied  on- 
tin;  right"  by  real-numbers  as  well  as  "on  the  left^  .    The  operation 
which  we  chose  to  call  *  multiplication  of  a  translation  by  a  real  num- 
ber' is  an  important  one,  but  how  one  chooses  to  indicate  it  symbol- 
ically —  and  what  one  chooses  to  call  it  —  is  of  importance  only  in  so 
far 'as  the  choices  made  have  some  mnemonic  value.    The  use  of  the 
word  '  multiplication*  and  of  product -notation  i«  suggested  by  the  fact 
that  the  operation  in  question  does  have  the  effect  of  multiplying  the 
magnitude  of  the  translation  by  the  absolute  value  of  the  real' number, 
and  hy  the  similarity  of  48  to  familiar,  statements  about  multipli- 

cation oi  real  numbers,    the  decision  to  use  'aV   rather  than  'aa' 
stems  from  the  feeling  that  'it  is  more  reasonable  for  multipliers  to  bfc 
written  on  the  right,  as  divisors  are,  and  the  feeling  that  it  is  the 
translation  which  is  multiplied  by  the  real  number  rather  than  vice 
ver£a_t     Both  feelings  are,  admittedly,  not  much  more  than  prejudices. 

To  prove  Theorem  •  5 -4(b)  as  Theorem  5-4(a}'was  proved  would 
require  multiplication  and  reciprocating  operations  on  T  which  are  not 
available,    [in  the  second  part  of  this  course  there  will  be  introduced  a 
real -valued  multiplication  of  translations  such  that 

'a  a*.(Cc)  -   (a.b)e,  and  a.  a  >  0    [a  *  0].  ■ 

Using  this  we  could  derive  Theorem  5-4(b)  from  the  cor  responding 
cancellation  principle  (bf  for  multiplication  of  real  numbers  and  the 
■  theorem* that  no  pos-itive  number  is  0.  ]  ' 

The  "third"  way  of  provir*g  the  cancellation  principle  (b)  for 
multiplication  of  real,  numbers  Ut  briefly,  as  follows: 

F.rom  (a)  and  *0c  =  G\  derive: 

ac  -  0  =>  a  -   0   {>  -4  0] 

By  contrnrposition  [and  our  convention  as  to  the  meaning 
'of  restrictions],  this  is  equivalent  to; 

•    c  *  0         {a  *  0         ac  $  0J 
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and,  as  is  easily  shown  —  as  well  as  being  intuitively 
obvious, ,  ttjis  is  equivalent  U}i  ' 


0 


[c  #  0 


ac  *  0 


an^l,  so,  to; 

ac   -   0  =$►  c  ~  0   [a  #  0] 
This  last  has  the  relevant  instance; 


cU  -  b)  =  0 


-  b  =  0    [c  *  p] 


From  tbis'and'the  appropriate  distributive  principle 
[the  LDPMSj,  follows: 


cb 


a  -  b 


The 

instanc 


0   [c  *  0] 

cancellation  principle  (b)  follows  from  this  and 
mces  of  *a  -  b  r   0  a  =  b'  #  . 


ThisXprocedure  is  easily  modified  to  derive  Theorem  5-»4(b)  from 
Theorem  9-4(a^,  Theorem   5-l(b),   Theorem  5-3(a),  an  instance  of 
•a  -  b\-  ~6  C=S>  a  ■-  E\  and  'a^-  b  -  0  <=>  a  -  b* .    The  last  two  rather 
trivial  but  ilseful  theorems  are  proved  in  the  same  way.    We  prove  the 
second:        \  r 

Supbose  that  a  -  b.  It  follows  that  a  +  -b  -  b  +  -b 
andlso,  [by  5T(a)  'and  53(a)],  a  -  b  =  0.  Hencq,  i'f 
a  -  p  then  a  -  b  =  0.  « 


Of  'b  and  io  (by  57(a),  S^a),.  S4(a),  53(a), 


Suppdse  that  a  -.b  -  0. 
0  4b  and 

.5^(.a)],  a  =  b.  .Hence, 
In  proving  the  corresponding  theorem  concerning  T,   Definition  3-l(b) 


It  follows  that  (a  -  b)  +  b  = 

53(a),  and 
if  a  r  b  =   0  then  a !  '=  b. 


plays  the  role  of  57(a)f  and  4X 
respectively* 


4^  take  the  place  of  ^(a)  -  54(a), 


Z*1 


J? 
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pant  (a).  iWhy  not'?|  Fortunately,  there  is  a  third  way  of  proving  thfe 
cancellation  principle  (b) /or  multiplication  of  real  numbers,  and  this 
third  vyay  can  be  used  to  prove  Theorem  5 -4(b).  *> 

One  tey  to  the  proof  of  Theorem  5- 4(b)  is  the  theorem  proved  in 
Exercise  3  of  Part  C;: 

This  theorem  is  an  easy  consequence  of  Theorem 5 -4(a)  and  Theorem 

5- Kb):  .  ,  '  , 

(1)        «•»  Or  — ►  v-  0'\c  V  Oj  »      [Theorem  5 -4(a)) 

>    .12)  0c   ■    0*    «     t  | Theorem  5-  Kb) I 

(3)         ,(•(•  -  0*  — *  tr=  o'lr'*  01  |12),  (1)1 

Conversely,  we  can  derive  Theorem  5 -4(a)  from  (*)  and  Theorem 
5 -3(b)  land  the  fairly  trivial  theorem  'a  -  b  =  0       a  -  6  J: 

( 2 ' )* i «'  «<•  -  6e  • '  'V      V     -    1  Theorem  5 - 3(b) | 

(3'i  at-  -  be  -  Q  —'a*  -  V  -  0*k  *  0|  1(2'),  (1")| 

O&arly,  Theorem.  5 -4(a)  follows  from  (3')  and  two  instances  of  the 
"fairly  trivial  theorem"..        «  * 

•  The  seeonc£of  these  two  arguments  suggests  that  we  could  obtain  a 
proof9  of  Theorem  .5 -4(b)  by  using  another  possible  theorem: 

(*•)       '  •  .  cr  -  0  — >c  -  OfrV  Ol 

*  ■  ✓ 

and  Theorem  5 -3(a).  (The  first  step  would  be  to  substitute  -  h' 
for  V  in  ( **>."!  This  suggests  that  we  try  to  prove  (**).  If  you  thinluhard, 
yo^i  may  see  that  if  )  and  (**)  seem  to  say  the  same  thing.  In  fact,  as 
it  turns  out,  (*)  afld  (**)  are'logically  equivalent 

To  show  the  equivalence  of  (*)  and  we  may  begin  by  noting  that 
thj^^ase-  equivalent*  respectively,  to  their  contrapositives: 

'•  ...  rV  o-^xt  7^  O  {c  +  0}  - 

"Next,  ive  recall  what  the  restrictions  medn.  By  our  convention  about 
this,      and  i^'^re  met^eiy  abbreviations  for:     A ;        . .  1 
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*  «  . 

The  derivation  of  Theorem   e>-4(b)  from  (6&),  Theorem  5-3(a)and 
two  '"trivial  theorems"   is  described  in  the  preceding  commentary. 

That  the  restricted  conditional  sentences  is  not  strictly  the 

contrapositive  of  (*)  [nor  (itit')  of  (*rrt)l  has  been  pointed  out  on 
,TC  137(1).    Nevertheless,  that: 

(*')     £  c  *  0         [c      fl  =>  «  *  3I 

and: 

(*>  c       0  =*  [cc  *      — »  ?  =  31^ 

are  equivalent  follows,  by  the  replacement  rulr^or  biconditional  sen-  ' 
"Unices,   from  the  logical  equivalence  of  4cc  =s=sr  c    ■  "3*   and  its 

(proper)  contrapositive  —  that  is,  from  the  fact  that  the  sentence:  * 

[cc  =  ff         ?  =  fl]  [c  *  S  =>  cc  *  3]  * 

is  valid.  ™ 
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* 

Parts   A  -  E,   if  used  as  dne^assignment,  make  a  rather  lengthy 
one.    If  you  are  pressed  for  time  and  feel  that  one  day  is  ajl  the  time 
available  for  these  exercises  then  we  again  recommended  assigning 
exercises  to  teams.    In  this  case  you  might  consider  making  the 
derivation  of  each  inference  form  a  team  project,  and  have  each  student 
do  the  exercises  involving  theorems  about  translations  and  real  numbers. 

Answers  for  Part  A 
1 .      First  way ^ 

P^[q=>r] 

*■   ■  

(p  and  q)         (q  and  p)       (p  and  q}  r 


(q  and  p)  r 


'  q  ^  [p  r] 

P  *'  indicates  a^alid  sentence.  ] 
Second  *way  t 


p  and  q  p  and  q 

q  P 

q  and  p 

 .  ■  .  

(p  and  q)  =*>  (q  and  p) 
etc. 


188      EXTENDING  OUR  LIST  OF  POSTULATES 

*  '  ■  4 

Now  it  should  not  be  difficult  to  see  that  (*")  and  (**")  do  say  the  same 
thiftg-and,  in  factF  it  is  easy  to  show  that  any  inference  of  the  form: 

p  —>  \q  —>  r] 
q  — ♦  [p  — *  r] 

is  valid.  I  See  Part  A,  below.]  « 
Exercises 

Part  A  /  .  S 

1.  Show  that  any  inference  of  the  form: 

•  * 

i&  vdlid.  [Hint.  One  way  is  to  use  importation  and  then  exportation 
(page  101),  noting  in  between  that  any  sentence  of  the  form  'ip 
and  q)  *— *  <(/  and  pY  is  valid.  Another  way  is  to  use  modus  ponens 
^  twice  fir^t  to  strip  off  the  y  from  fp  (f/  — *  r}''an{i  then  the 
V  -  and  then  use  the  deduction  rule  twice -first  to  obtain  *p  — •  f 
and  then  ^        Ip  — ■*  rf'.J 

2.  Sentence  t«*>  follows  from  (*)  because  the  inference: 

■«  # 

^  *  0  =  0*  — *e*=  Ol 

"i      r  "...   '    * 

( •  *  0  — *  [cr  -  ()  ™*  r  -  ()] 

is  valid.  Use  the  fact  that  a  conditional  sentence  and  its  contra- 
*  positive 'ave  interchangeabfce,  together  with  the  result  of  Exercise 
1,  ,to  show  that  any  inference  of  the  form:  . 

not  pi  — *  [q  — ^  r) 

not  r  — •  \q  — *+ p\  | 

is  valid,  (i/inf:  In  the  premiss,  replace  r*  by  its  con traposi live 

and  then  apply  Exercise  J. |  V  *  ^ 

•  &  Complete- the  following  derivation  of  Theorem  5 -4(b)  from  (*) 

Part  B 

One  important  theorem*abouUmultiplication  of  real  numbers  is  the 
M0-prpduct  theorem'*: 

.J  J    '  ab  =  0.—  (a  -  0  or    -  Q): 


and  previously  rioted  theorems., 

U>  cc  *  0*T  =  0 

(2)  >  tr  «  0*— *  c  -  0 

(3)  da  -  6)  -  0  — -  6  - 
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2.  [q        r  ]  <=^>[not  r        not  q]  •     not  p  =>  [q  ==>  r  ] 

not  p        [not  r  =5*  not  q  ] 

*  —[Ex.  1] 

[q  ==S>  p]<=£»  [not  j^  =^ot  q  ]         not  r  =>  [not  p  =>not  q] 

not  r  =s=>   Jq  =>.pj 

*  [*     s  indicate  valid  sentences,  ] 

i 

Another  scheme,  based  on  the  symmetric  rules  for  contraposition:. 

not  p  ==5>   [q  =*=>  r] 

*   [Ex.  1  ] 

[not  p  =>   r ]  <=>  [not  r  ==>  p]        q  ,=>  [not  p  r] 

* 

q  [not  r  =>  p] 

 {Ex.  1] 


not  r  =>  [q 

3.     (4)    c(a  -  b)  *  ca  -  cb  .  [Theorem  $-3<a)]# 

(5)    c a  -  cb  =  <J  ==>  a  -  b  -  0    "  [c  *  0]  [(4),  (3)] 

(6}    *c a  -  cb  =  15         ca  =  cb  [theorem]. 

(7)  a  -  b  =   0  <=5>  a  -  b  [theorem]  > 

(8)  ca  =  ?b=*>  a  =  b  [c  *  0]  [(g),  (>),  (6)] 

[For  proofs  of  the  two  theorems  for  steps  (6)  and  (7),  see 
TC  1.86(3).  )  0  ' 
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Answers  for  Part  B 
^  ^ — <  ^~ 

[The  direct  proof  of  the  0-product  theorem  is  not  too  messy,  but, 
it  is  somewhat  less  intuitive  than  the  indirect  proof -suggested  in 
Exercise  3,    The  direct  proof  derives  the  theorem  from  the  analogue 
of  (&)■  by  a  dilemma  based  on  an  example  of  the  law  of  the  excluded 
middle : 

b#0      ab^O  =>a  -  0  [b  #0] 
■  t   _  ^  

ab  =  0  ab  =  0  "OP1  a-  0 


b  =  0  „  a  -  0 


a  ^  0  or  b  =  0         '  a-  0  or  b  -  0 


,b=0orb^0     b  =  0=P<a-  0  or  b  =  t))     b^0«^>(a=  0  pr  b  -  0) 

a  =  0  or  b  -  0 
 ^  1  ' 


ab  =  0=^  (a|0orb=  0} 


The  derivation  can  be  shortened  slightly  by  using  the  complex  dilemma 
mentioned  in  the  hint  for  Exercise  2  of  Part  D4  J 

1..   not      =  0  or  b  =  0)  .="=>  ab  ^0  .  9 
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This  can  be  proved  by  deriving  its  consequent  from  its  antecedent 
and  previously  proved  theorems  about  real  numbers,  and  then  using 
the  deduction  rule.  Such  a  proof  is,  however,  somewhat  messy.  [This 
is  usually  the  cas^when  the  consequent  of  the  conditional  sentence 
to  be  proved  is  an  alternation  sentence.) 

Now  that  we  have  .learned  that  .a  conditional  sentence  is  a  conse- 
quence of  its  contrapcfeitive  we  have  another  way  of  proving  a  condi- 
tional sentence.  For  example,  instead  of  trying  to  prove  the  9- product 
theorem  directly,  we  might  begin  by  trying  to  prove  its  contrapositive. 

1.  State  the  contrapositive  of  the  0- product  theorem. 

2,  Use  what  you  have  learned  about  'and',  or\  anli  'not,  to  show  that 
the  contrapositive  of  the  0-product  theorem  is  logically  equivalent 
to  a  theorem  you  proved  in  Chapter  4  [For  help,  see  page  157 J 

3.  Prove  the  "6-product  theorem": 

II  Theorem  5-5    da  -  0^(a  =  0or       0*)  - 

\Hifit:  To  disyrfer  a  proof,  use  rules  of  logic  to  transform  the  con- 
trapositive tff  Theorem  5-5  into  a  previously  proved  theorem. 
Then,  see  if  you  can  derive  Theorem  5-5  from  the  previously, 
proved  theorem  by  retracing  your  steps.) 

4,  In  Exercise  3  you  probably  showed  that  Theorem  5-5  is  a  conse- 
quence of  the  instance: 

1 V        _         aa  =  0  — ►  d  %  0  la  *  0) 

*  of  the  theorem  (Oon  page  187.  And,  in  discovering  your  proof  you 
probably  showed  that  this  instance  is  a  consequence  of  Theorem 
5-5.  Using  the  same  procedure  you  can  show  that  any  inference 
of  either  of  the\forms: 

p  — *  (q  or  r) 
not  q  — *  \p  — +  r) 


is  valid.  Do  so. 


Part  C 


■  a  .  ■ 

1.  The  ^econd-4tk)d  of  inference  in  Exercise  4  of  Part  B  [which  shows 
that  (*,)  is  a  consequence  of  Theorem  5-5]  can  be  justified  very 
,  easily  by. using  one  of  the  rules  for  denying  an  alternative.  Do  so, 

•  by  constructing  an  appropriate  tree-diagram.  ■     .  " 

'L  An  argument  similar  to  that  described  in  Exercise  1  shows  that  the 
instance:  .  • 

<*V       .       a'a  *  (f-^a  -  0  fa  # $  . 

%    of  (**)  on  page  187  is  a  consequence  of  Theorem  5-5.  Give  this 
V  argument.  '  i 

O  I-.  ■  .. 

ERIC        ^        .  .  4ii) 
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I.     By  txercise  6(a)  on  page  163  the  sentence  c£  Exercise  14s 
equivalent  to: 

(ar  *  0  and  b  4  0)         ab  *  0 ' 
The  latter^is  (I)  on  page  157. 

3.     By  {£)  on  page   187,  a  *  0         [aa  ^  (5  =>  a  =  <5]     Hence  > 
-  a  *  p.*  0  =>  aa  *  0].    So,  (a  *  0  and  a  *  3)         aa  #  0 

or,  equivalently,  not  (a  =   0  or  a  =  tf)         aa  #  0.  Hence, 
aa  -  0  =>,(a  =  0  or  a  =  3). 

[the  logical  rules  involved  are  the  replacement  rule  for  bicondi- 
tional sentences  and  importation.    The  biconditional  premisses  for 
the  first  and  third  applications  of  the  replacement  rule  come  from 
the  equivalence  of  a  conditional  sentence  with  it's  contrapoiitive. 
That  for  the  second  application  of  this  rule  comes  from  the  second 
of  De Morgan's  Laws  on  pag£   171.  ] 

4*  .  *  IP  ==^r]<=>  [not  r  =>not  p]        not^q  ==>  [p  r] 

N  not  q  =^  [not  r  =>not  p] 


not  (q  or  r)<=»(not  q  and  not  r)s     (not  q  and  not  r)  =*>not  p 
not  (q  or  p)  =>  not  p 


p^=c>  (q  or  rj  [*        indicate  valid  sentences, 

p  ===*Mq  or  r) 
*  ■   

not  (q  or  r)  <==><not  q  and  not  r)      not  (q  or  r)  =>not  p 


t  (not  q  and  ^ot  r)  =»not  p 

[P,2^  r]<=>  [not  i*  =>not  p]      not  q  =>  [not  r  =**>not  p] 

~~  '  *3  '  .  —  

not  q  [p  =0  r] 

Answers  for  Part  Q 

P  (q  or  r) 


t 


\  1  q  or,  r  not  q 


not  q     ^  [p  n  >>  r  ] 


Z.  By  Theorem  5-5^  if  aa  =  3  then  (a  =  0  or  a  =  0),  Suppose  that 
aa  -  0  and  that  a  #  0.  It  follows  [by  modus  ponens  and  denial  of 
an  alternative]!  that  a  =  0,    Hence,  for  a  *  tf,  if  aa  -  $  then 

a  =  0. 

[Notice  the  minor  difference  between  this  argument  and  that  which 
is  schematized  in  Exercise  1#    In  comparison  with  Exerqise  I,  the 
second  assumption  in  Exercise  2  is  4 4 not  r"  rather  than  44 not  q'\ 
The  effect  is  to  validate  inferences  of  the  form  *[p         («  ©r  r)]/ 
[not  r  so*  [p  ss  q]]',] 

^  45o 
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Part  D 

1.  The  first  of  the  twtvkinds  of  inference  in* Exercise  4  of  Part  B  can 
be  made  to  seem  intuitively  reasonable  in  the  following  way: 

ii 

Suppose  that  if  not  q  then  [if />  then  r\f  and  suppose 
that  /)  It  follows  that  if  not  q  then  r.  But,  q  or  not 
</.  So,  (/  or  r.  Hence,  if  p  then  <c/  or  r). 

»  ■ 

Translate  the^  first  two  sentences  of  this  argument  into  a  tree- 
diagram: 

not  t/  — ■*  \p  — *  rj 
*       •■— -  *         ;  %[Part  A,  Exercise  1|  ? 

2.  The  claim  made  in  the  secprSd  two  sentences  is  that  any  inference 
of  the  form: 

(/  or  not  q       not  </  — *  r 
•  *  q  or  r 

^  is  valid.  Show  that  this  is  the  case.  [//*>?/:  Y,ou  may  find  it  helpful 

to  begin  by  showing  that  ahy  inference  of  the  fornu 

p  or  £/       p  — *  r       q  — ♦ s  ^ 

ror  s 

is  valid.  | 

3.  Complete  the  tree-diagram  you  began  ia  Exercise  1  to  justify  in- 
ferences of  the  first  kind  in  Exercise  4  of  Part  B. 

Part  E  |  ' 

From  the  preceding  exercises  It  follows  that  there  are  four  ways  of 
saying  what  is  said  by  a  restricted  conditional  sentence.  For  example, 
we  have  Jeen  that  any  two  of  the  following  sentence?  are  logically 
equivalent:/ 

.  aa  ==  0*— -*Vr  =  Of  [a  *  Of 

aa  =  0  —a  -  0  Ja*  &]    \  %  , 
\  aa  =  0  *— *  (a  -  dor  a  =  0) 

(>  and  a  ^  0)  — *  aa  ^  0* 


•  45 


In  general,  any  two  corresponding  sentences  of  the  following  forms 
are  logically  equivalent: '. 

p  — *  q  [not  r] 

*  p  — ■*  r  {not  <?]  * 

p  — *  (</  or  r)  .  s 

{not  q  and  not  r)  — •  not  p 
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Answers  for  Part  D 

The  complex  constructive  dilemma  of  the  hint  for  Exercise  I 
validated  as  follows: 


P 


q 


r  Or  s 


r  or  s 


p  or  q 

/ — 


(r  or  s) 


(r  or  s) 


r  or  s 

The  answers  for  Exercises  1,  Zt  and  3  are  combined  in:  , 

not  q  [p  ==>  x] 

P 

\      q  Or  not  q 


[not  q  r] 


q  ^  q 


not  q 


$■ 

Answers  for  Part  E 


q  or  r 
FC  191  (1) 


1. 

3. 
4. 


a  -  0   [b  *  0], 


ab  -  0  =>  (a  -  0  or  b  =  Gty,  ab 
ab  -  0  =^  b  =  0   [a  #  0] 

(a  4  b  and  cj*  0)  =0-  ca  *  Ifb,  ca  =  cb  =>  a  =  b  *  3], 
ca  -  cb         c  =  0   [a  4  bj 

A  +  ac  =  Ai  be  =%c  [a  *  b],  A  +  ac  =  A  +  Sc  =■> 

(a  -  b  or  c  -  0),  (a  ^  b  and  c  *  0)  =>  A  I  ac  *  A  4  be 

%  =.  j?  7^  a  =  '  0  it  *  S./aj,  2a  =  S  =>  (a  «  S./a  or  a  = 
{a  ^  b»/a  and  a  4  0}         aa  &  ft 
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For  each  of  the  following  .sentences,  write  three  other  sentences  equiv- 
alent to  it. 

1.  i«  '  0  and  b  *  0)  — •  ah  r  0 

2.  ca     ch  — *  hi  -  b  or  c  0) 

3.  /I  *  «<•  -  .4  *  fer        «*  -         -*  0j 

4.  mi     b  — *  u*  -  //  •  /tj  la  ^  ()j 

5.04  Vector  Spaces 

In  Chapter  3  we  noted  that  the  set ./  of  translations  of  /  is  a  com- 
mutative group  with  respect  to  the  operation  of  composition  of  func- 
tions. Using  '  +  '  for  composition, '61  for  i.,  and  '  1  for  inversion  of. 
function^  we  expressed  this  in  Postulate  4  ": 

4tr  (aj  r/+  ht.j     ^  (bM)V'~       (c)  —aeJ~ 
4r  (u  H  b)  +  r*  -  a"  f  (6  +  "  ' 

4...  a*  ^  ()*  d 
'  4;r  a+  f  -a*  -  0* 
4r      f     =  6%  a" 

In  the  present  chapter  we  have  seen  that  tlje  real  numbers  "operate" 
on  translations  in-such  a  way  that  •  <  ' 

40,  (d)  a  ■  />€  / 

4  V  r/  •  1     a\  ^ 
\<  «  ;  <A  +  c)  =       b  +  «#* 
4r  (r^  f  frV-  c  =  </•  r  4-  6  •  cf 
and  4H.  («  •  6)  ■  c  =  a*  -  (&*). 

A  commutative  group  on  which  the  real  numbers  operate  according 
to  rules  like  4f)<d>  and  4,  -  4N  is  called  a  vector  space  over  the  real  /ium«< 
hers  [or,  for  short,  a  real  vector  space'].  So,  we  can  summarize  4-4 
in;  0  * 

Postulate  4"  S%  under  function  composition,  is  a  vector  space 
over       #  'j 

^Vector  spaces  come  up  often  in  mathematics  and  in  its  applications  to 
physics.  [Some  of  thfese  application^  are  described  in  the  next  section.] 
When  one  is  considering#operations  on  a  ript  with  respect  to  which  thti  * 
set  ia  a  vector  space  it  is  customary  to  c^ll  the  members  of  the  set 
vector*  So,  in  this  course,  we  shall  sometimes  speak  of  translations  as 
vectors.         *  ♦ 

If  you  imagine  erasing  each  W.  in  40  ~  4H  and  replacing  each  f^by 
an  V\  you  should  see  that -without  knowing  it -you  have  been 
acquainted  forborne  time  with  one  vecix>r  space.  Clearly,  one  might 
properly  think  of  the  set  of  real  numbers  as  a  vector  space  and  refer 
to  teal  numbers  as  vectors.  One  usually  doesn't,  because  he  can  say 
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[Here  are  some  items  which  will  give  the  students  some  practice 
I  in  recognizing  theorems  about  points  and  translations,  as  well/as  some 
practice  in  using  Postulates  45  -  48.  ] 

The  following  are  sentences  about  points  and  translation* 
If  a  given  sentence  is  a  theorem,  write  "T   in  the  space  pro- ^ 
vided.    If  it  is  not  a  theorem,  write  *N*  in  the  space,  «f 

.   -m [D  +  (D  -  C)«  -Z]  -  C  =  C  -  D  .     x  , 

  I.  A  -  (B  +  cS)  -  3z  <=>  B  -  A  "=  c3  -  tz 

 _   3.  4  |A  -  C)  +  C      A  . 

  4,  B  -  [A  -  (A  -  B)3]  =  (B  -  A)-  -2 

  5.  cl  -  33  =  B  -  [<B  -  ?2)  +  33] 

6.  (A  -  54) -  cl  -  A  =  S2 

7.  (B  -  A)2  -  a3  =  a  -  -3         B  =  A 
  8,  S3  +  c  =  ?3         9  a  (?  -  b)3 

  9-    a2  =  -b}         (C  +  S)  +  a4  =  .  C 

 ,10.    (A  +  S2)  -  (C  +  32)  =  A  -  [C  -  (S  +  2)2]  \ 

Answers.    1.    T  2,    N  3.    N  4.    T  5.  ^ 

6.    N  7.    T  8.    T  9.    T  .    10.  ^ 

We  are  building  a  very  particular  kind-of  algebraic  structure  in 
our  Postulate  4.    The  following  brie^  remarks  are  to  help  you  to  see 
where  this  particular  structure  lies  among  the  large  variety  of  alge- 
braic structures.    None  of  th^se  remarks  are  intended  for  presenta- 
tion to  the  students  at  this  time. 

>  f 

If  the  arrows  are.removed  from  4Q  -  4S  and  *  T*  is  replaced  by 
'ft*  then  the  resulting  sentences  assert  that  ft  is  a  ring  (wi^h  identity), 
pring\  like  'group'  and  'field',  re£er$  to  a  type  of  algebraic  struc- 
ture,]  Let's  refer  to  these  sentences  as  the  rinfl  postulate's.    As  they 
stand  [with  arrows-,  etc],  40(a)  -  (c)  and  4X  -  4<o  assert  that  7  is  a 
commutative  grou^s,   and  40(d)  and  45  -  4a 'assert  that  the  members 
of  ft  are  operators  on  this  group.    Because  these  operators  constitute 
a  ring/  T  is  said  to  be  a  module  ov^r  £:    In  short,  a  module  is  a  com- 
mutative group  together  with  a  ring  of  operators.    Setting  aside  the 
particularJLnte rpretations  we  have  given  to  the  letter  *T*  and  ''ft,  the 
theory  of  modules  is  the  theory  which  has  as  postulates  the  ring  postu- 
lates together  with  postulates  4C  -  4gf    By  definition,  a  vector  space 
is  a  module  whose  operators,  constitute  a  field.    So,  again  setting  aside 
the  interpretations  we  have  given  to  *T"  and  \R\  the  theory  of  vector, 
spaces  is  the  theory  which  has  as  postulates  50  -  57  [omitting  refer- 
ences to  order]  together  wit\  4D  -  4S« 

As  pointfcd^ut  on  TC   177,       the  integers  can  be  introduced  as 
operators  on  any  commutative  group.    Since,  as  is  easily  seen,  addi- 
tion and  multiplication  of  integers  satisfy  the  ring  postulates,  any 
commutative  gsoup  can  be  considered  as  a  module  over  the  integers. 
Since  the  integers  do  not  constitute  a  field,  such  a  module  is  an  ^ 
example  of  one  which  is  not  a  vector  space.  s 

Since  the  rational  number's  constitute  a  field,  T  with  [only] 
rational  numbers  as  operators  is  a  vector  space  —  and  is  quite  a' 
different  one  from  the  vector  space  T  over  ft  with  which  we  are 
dealing,  *  *  '  ;  . 
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rfiore  about  the  algebra  of  rpal  numbers  than  is  included  in  the  postu- 
lates for  a  vector  space.  • 

In  Chapter  3  we  discovered  a  rather  close  analogy  between  our  alge- 
bra of  points  and  translations  based  on  Postulates  1-3  and  4"'  land 
Definition.  3- 1 1  and  the  algebra  of  addition  and  subtraction  of  real 
numbers.  Briefly,  for  each  sentence  of  our  algebra  there  is  an  analo- 
gous sentence  about  real  numbers,  and  a  sentence ,of  our  algebra  fol- 
lows fron\  Postulates  1  -  \  4"',  and  Definition  3-1  if  and  only  if  the 
analogous4,  sentence  about  real  numbers  follows  from  50(a)  -  (c), 
5,  -  f>r  ami  f>:  on  page  170.  Now  that  we  have  enlarged  pur  algebra 
of  points  and  translations,  our  sentences  still  have  real  number 
analogues  but,  with  more  postulates,  more  of  our  sentences  are 
theorems.  From  what  you  have  seen  on  removing  the  arrows  from 
4(>  -  4N  it  is  still  the  case  that  the  real  number  analogue  of  any  of  these 
new  theorems  is  bound  to  be  a  theorem  about  real  numbers.  The  re- 
verse situation  is  too  complicated  now  to  be  of  much  use.  All  that  is 
worth  saying  in  this  connection  is  that  if  the  real  number  analogue  of 
a  given  sentence  of  our  extended  algebra  is  a  theorem  theri  the  sen- 
tence may  be  a  theorem  of  our  algebra,  and  various  proofs  of  the 
analogous  sentence  about  real  numbers  may  suggest  a  proof  of  the 
given  sentence. 

Exercises 
Part  A  ^ 

Given  any  translation  </,  we  shall  have  many  occasions  to  speak  of 
and  to  think  about  ail  of  the  multiples  of  c/by  real  numbers.  The  set 
of  all  such,  multiples  is  {x:  3^  x  =  axj..  For  convenience  we  adopt  the 
following  definition: 

Definition  5-1  Jc?|  is  the  set  of  all  real  multiples  of 
d.  That  is,. 

J  ft?]  =  (xil/x^'Jx). 

I.  Show  that  each  of  the  following  belongs  to  the  set  (<!]. 

dt  &$  cf  -  <?2,  d\  2  + 

2-  What  postulate  tells  you  that  \U\  C  ./? 

S      3.  Is  composition  a  binary  operation  on  fnf|?  That  is,  is  it  the  case 
that  a  *  Pc  ld\  for  all  a* and  6* in  [c/j?  Justify  ypur  answer. 

4.  Why  does  0*€ 


V 
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Any  field  is  a  vector  space  over  itself.    In  teJms  of  the  notion  of 
dimensionality  introduced  in  a  later  chapter,  such  a  vector  space  is 
1 -dimensional,    A  field  is  also  a  vector  space  over  any  of  its  subfields 
and,  as  such,  has  dimension  greater  than  1.    Foi  example,  the  real 
numbers  constitute  an  infinite  dimensional  vector/space  over  the 
rational  numbers.     [One  way  to  see  that  this  is  sS  is  to  note  that  there, 
are  infinitely  many  prime  numbers  and  that- any  linear  combination  of 
square  roots  of  distinct  primes  with  rational  multipliers  is  zero  only 
if  all  of  the  multipliers  are  zero  ti.  e,  ,   for  distinct  primes  px,  p£,   .  .  . 
r1Vp^  +  r^Vpp  +  .  .  .    =   0  only  if  r1   =   0,   r2   =  0,   ,,,),]   As  another  — 
and  simpler  —  example  of  an  infinite  dimensional  vector  space,  con- 
sider the  iet  of  all  polynomial  functions.    These  functions  form  a  com- 
mutative group  under  the  usual  definition  of  addition  of  real -valued 
functions   [f  f  g   -   {(x,y):    y  -  ffx)  +  g(x)}].     They  also  admit  the  real 
numbers  ^s  operators   [f«a  =   {<x,y):    y  ~  f(x)-a)].    In  fact,   since  the 
set  of  all  bolynomial  functions  of  degree  at  most  n  is  closed  with 
respect  ta  addition  and  to  multiplication  by  real  numbers  [as  defined 
above],  this  set  of  functions  is  a  vector  space  over  ft  and,  as  it  turns 
out,  has  dimension  n  +  1.    Vector  spaces  whose  members  are  func- 
tions occu|r  very  frequently  in  mathematics  and  are  of  great  importance 
Our  vectoi*  space  T  is.  of  course,  an  example. 

As  will  become  clear  when  we  take  up  dimension,  any  two  vector 
spaces  oveir  the  same  field  which  have  the  same  finite  dimension  are 
very  muchlalike,-    More  precisely,   any  two  such  spaces  are  isomorphic 
with  respedt  to  their  respective  group  operations  of  addition  and  their 
respective  Operations  of  multiplication  by  field  elements.    (The  same 
is  true  of  vector  spaces  over  a  given  field  which  have  the  same  infinite 
dimension,  ]j  For  example,   any  3  ^dimensional  vector  space  over  &  is 
isomorphic  to  the  space  of  all  triples  of  real  numbers  with  addition 
defined  by         y,  z)  +  (u,  v,  w)  -   (x  +  u,  y  +  v,  z  +  w)1   and  multiplication 
by  l(x,y,  z)-a  =   (xa+ya+za)1.    .This  vector  space  is  often  chosen  as 
the  "typical  example"   of  a  3 -dimens ional  vector  space.    Aside  from 
this  case  with  which  &  can  be  described,  this  is  a  rather  unfortunate 
choice  on  pedagogical  grounds.    For  some  important  concepts  which 
are  readily  grasped  when  considering,   say,   T,  are  somewhat  difficult 
to  bring  into  focus  when  one  is  viewing  only  the  orde red-triple  example 
This,  too,  will  become  evident  when  we  study  dimension, 
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The  exercises  of  Parts  A  and  B  serve  to  concentrate  students* 
attention  on  what  it  means  to  be  a  vector  space  and,  also,  to  Introduce 
concepts  and  notation  which  are  fundamental  to  the  remainder  of  the 
course.    The  s«t  [  3  ]  of  all  real  number  multiples  of  a  translation 
consists  of  (5  and  all  translations  whicn,  intuitively,  have  the  same 
direction  as  a\    [This  is  a  discovery  we  hope  students  will  make  in 
Exercise  8  of  Part  A.  ]   In  view  of  this  we  shall,  later,  refer  to  [3] 
as  the  direction  of  3.    (For  example,  c  is  a  translation  "in  trie  direc- 
tion of  3'  *  if  and  onlv  if  c  €  [3].]   The  sense  of  a  translation  will  be 
defined  in  a  similar  manner,  but  with  the  multiplication  restricted  tp 
be^ositive .    [So,  it  will  be  the  case  that  two  translations  "have  the 
same  sense"  —  i.e.,  belong  to  the  same  se.n$e-class  —  if  and  only  if 
either  (and,  so,  each]  is  a  positive  multiple  of  the  other.  ]   In  terms 
^pf  these  notions  one  can  define  the  direction  of  a  line  as  the  direction 
of  any  proper  translation  which  maps  the  line  onto  itself,  and  the  sense 
of  a  ray  as  the  sense  of  any  proper  translation  which  maps  the  ray  into 
itself.  /The  set  [3,  e]  of  all  real  line>r^cj>mbinations  of  3  and  e 
forms  fhe  basis  for  a  similar  definition  of  the  "direction"  —  or,  as 
we  shall  say,  the  bidirection —  of  a] 
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The  exercises  deal,,  implicitly,  with  the  notion  of  a  subs  pace  of  a 
vector  space  and  are  analogous  to  earlier  exercises  dealing  with  sub- 
groups and  subfielda.    You  may  wish  to  recall  to  students  a  discovery 
they  made  in  Chapter         Knowing  that  ft  is  a  commutative  group  with 
respect  to  addition,  they  were  able  to  show  that.the  set  I  of  integers  is 
also  a  commutative  group  with  respect  to  addition  merely  by  noting 
that  integers  are  real  numbers,  that  0  €  I,   and  that  I  is  closed  with 
respect  to  addition  and,  oppositing .    This  ^-enough  because  each  of  the 
group  postulates  [the  A  PA.    PAO,   IPO,  **$d£c  PA]  is  a  universal  state- 
ment about  real  numbers  which  refers  *$y^tb  0,  addition,  and  oppo- 
siting.   [A  slightly  more  sophisticated  procedure,  which  you  may  wish 
to  suggest,   is  to  show  merely  thatal  is  not  ehipty  and  that  it  is  closed 
with^respect  to  subtraction*    Since,  given  any  real  number  a, 
0       a  -  a  it  follows  that  if  there  is  an  integer  a,  and  the  set  of  integers 
is  closed  with*  respect  to  subtraction,  then  0  is  an  integer.  Since 
-a       0  -  a^it  follows  from  the  assumed  properties  of  I  that  I  is -closed, 
with  respectN^o  oppositing.    Since  a  +  b  -   a  -  -b  it  follows  that  I  is 
closed  with  respect  to  addition.  ]    Kor  the  same  reason,  it  was  possible 
to  show  that  the  rational  numbers  form  a  field  by  using  the  fact  that  ft 
is  a  field,  that  rational  numbers  are  real  numbers,  that  0  and   1  are 
rational,   and  that  the  set  of  rational  numbers  is  closed  with  respect  to 
addition,  multiplication,   oppositing,  and  reciprocating  of  nonzero 
numbers.  1  s  ' 

Answers  for  Part  A 

1.     3  -   3l;  ,6       cTO;    cf  -  SZ  ^  3.-1;    3\fZ  f  33  =   3(\fl  ♦  3)    [And,  of 
course,   1,  0,   -I,  and  v2  ♦  3  are  real  numbers.  J         w  ' 

I.  4n(d) 

Y08v   *^is  follows  from  If  a      3a  and  b  =  3b  then 

a  ♦  b       3a  *  3b       3(a  +  b).    [The  preceding  is  as  much  as  you 
should  expect  from  your  students^  especially  in  view  of  the  fact 
that  we  have,  0s  yet,  given  no  rules  for  existential  quantifiers. 
You  may  wis>xto  point  out  that  implicit  use  is  made  of  the  fact 
that  the  equality  principle  '(a  =   c  and  S  -  3)  =>  a  t  S  =  c  +  3.' 
is  a  valid  sentence.  1 


4.     6e  [3j  because  there  is  a  number  x  [namely  0]  such  that  (5  -  3x 
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Answers  for  Part  A   [cont,]  * 

3.  ■  Yes.;   this  follows  from  Theorem  5-Z(a),    If  a  -  3a  then' 
-a  =   -(3a)  =  3.  -a. 

.  * 

6.  Yes.    Since,  by  4c(,a)-fc)  and  4,  -  44 ,  T  is  a  commutative  group 
with  respect  to  composition  and  [3  ]  is  a  subset  of  T  which  con- 
tains 0  and  is  closed  with  respect  to  composition  and  inverting4, 
[3]  is  also  a  group  with  respect  to  composition.    For,  since  4X  -'"4 
are  universal  statements  about  composition,  inversing  and  3  for  \ 
all  members  of  T  the  corresponding  statements  must  also  hold  for 

7 .  All  that  remains  is  to  show  that  if  a  6  [  3  ]  and  b  €      then'ab  6  [  3  ]. 

B.     Yes.    If  a  =   3a  then  ab  ='  (3a)b  *  3(abj,  by  48. 

9.      Each  member  of  [  3  ]  other  than  3  has  the  same  direction  as  3 

does;    each  translation  which  does  not  belong  to  [3]  has  a  differ- 
ent direction  than  3  does. 

Answers  for  Pg£t_B' 

1.     If  a  -  3a  then^alao,  a  -   3a  +  eO,    So,  each  member  of  [3] 

belongs  to  (3,  e  ).    [Similarly,   [e]  C  [3,  efand,   so,>[3]  <J  [e  ) 
C  [3,  e  ].    Ther^are,   however,  many  translations  in  [3,  c]  which 
*      neither  in  [3  ]  nor  in  [  e  ]  —  except  in  the  cases  in  which  3  =  <5, 

3,   or    [3]   r.  (?].] 


Z.     Yes.    Since  Tf  is  a  vector  space  over  ft  and 


3,  e 


C  T,  all  that 
is  closed  with 


needs  to  be  shown  is  that  <5  6  [3,  e]  and  that   "3,  ^  _  „A^, 
'  respect  to  addition,  oppositing,  and  multiplication  by  members  of 
ft.    That  0  €  [  d,  e  ]  follows  from  the  fact  that  <J  €  { 3  ]  C  [  3,  e  ]. 
[Alternatively,  0  =  3  +  3  =  3o  +  eO  €  [3,  e  ].  ]   The  three  closure 
properties  are  shown  as  follows: 

(3a x  +  ea?  )  +  <3bx  +  eb., )  =  (3a  2  +  3b  x )  +  (eae  *  eb^ )  -  3<ax  +       *  e(a^  +  b2  ) 

-(3ax  +  eV,}  =  -(3a1)  +  ~{'3as)  -  3*  -ay+  3  —  ^ 

{3a1  +  ea2)a  =  (3ax)a  +  (eVja  -  3(a1a)  +  e{a2a) 

The  purpose  of  this  section  is  to  point  out,  by  discussing  examples 
like  those  in  the  Introduction,  that  the  notion  of  vector  plays  a  role  in 
subjects  other  than  geometry.    The  "other  vec;tor  space"  of  the  title 
refers  to  the  space  [properly*  k  spaces' ]  of  "measure  vectors"  for 
which  we  try  to  give  students  a  feeling  in  the  discussion  which  precedes 
the  exercises^on  page  195.    To  avoid  devoting  tod  much  time  to  the 
somewhat  extraneous  subject  of  nongeometric  applications  of  vector 
spaces,  a  precise  desW>ptipn  of  the  spaces  of  measure  vectors  is 
relegated  to  the  optional  section  5.06.    As  far  as  the  rejnainder  of  the 
course  is  concerned  the  present  section  5,05  may  also  be  considered 
as  optional,  and  both  sections  might  be  omitted.    It  is  eyen  possible  to 
omit  section  5,05  and  to  take  up  section  5,06  merely  for  the  purpose 
of  showing  student*  that  there  are  vector  spaces  other  thaii  T  and  its 
•ubspaces.  * 

Jt /is  worth  stressing  the  point  that,  although  there  is  a  meaning  of 
the  ward  'vector^  according  to  which  directed  trips,  velocities,  and 
forced  are  correctly  referred  to  as  vectors,  it  is  a  different  meaning 
from  jthat  which  we  have  given  to  this  word  in  section  5.04*  According 
to  the?  latter,  an  object  may"be  spoken  of  as  a  vector  in  any  context  in 
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•      "'  ■ 

^  ■  ..."  <*^f 

Is  it  the  cane  that    at  \tl\  for  everv«ci  in  [</)?  That  is,  is  \if\  closed 

*  '  ■  ^  * 

-with  respect  to  inverting?  Justify  your  answer.     "  »■ 4 ; 

•  %      „  . 

Is  f(/|  a  umijputative  group  with  respect  to  composition?  Kxplain. 

u 

»ur  explanation  in^anSwer  to  ftxercise  5  should  have  shown  that, 
Wcause  /  is  a  emnmutativtf  group  with  respect  to  composition,  any 
-  subnet  of'.'  ,whicri  contains  0  and  is  closed  with  respect  tocompo- 
sTtion  and  uiversing  is,  also,  a  commutative  group  with  respect  to 
composition.  What  more  vvoulo1  you  need  know  about  Much  a  subset 
in  order  to  be  sure  that  it  is  a  vector  space  over  ^ 

8.  Js  \d\  a  vector  space  over  A  I  with  respect  to  the  Gyrations  irf ./  |? 

9.  Intuitively,  what  do  you  think  isfirue  abi'rut  all  the  translations 

except,  perhaps,  0  -  which  belong  to  |t/|?  About  any  translation 
which  does  not  belong  to  |//|?  '  . 


Definition  5-2    |«,  e\  is  the  set  of  all  rcn/  linear  corn 
hi  nations  of  a  aruj  c.  That  is, 


.v:  3  1  x 


1.  ShoV'that  U/|  C  {</,  «<]. 

2,  Is  !(/.  A  a  vector  space  over  JP. 


(fx,,  f  cv; 


5.05  Another  Vector  Space     -  '  •  . 

Throughout  the  rest  of  thy  course  the  only  vector  spaces  we  shall 
he  interested  in  jire  the  vector  space'./1  and  its  suhspaces  like  those 
votrstudied  in  Parts  A  and  B*of  the  preceding  exercises.  But,  to  give 
*>\m  aonufidjea  of  other%uses  of  the  notions  of  vector  we  shall  illustrate 
three  of  the^m  in  this  section.  Much  of  what  follows  'depends  on  the 
ii^tuitive  mrtipns  you  already  have  about  how  physical  objects  behave 
and,  to  some  extent,  on  cqjnqjb/i  geometrical  noMonsT which  will  be 
developed  jjiore  Completely  later  in  this  course.  "Most  of  these  notions 
have  afteadv  bepn  used  in  pages  1  -j5  of  the  Introduction.   .  ;      -  # 

Most  kinds  of  quantity  .which  hav$f  like  translations,  botfi  s^nsq  arid 
magnitude  cafi  b^peat-ed  as  vectors  — that  is,  a£  members  of  a  vector 
space.  All  th%t  is  necessary  for  this  is  that  such  quantities  can  bie 
"added",  and  th|t^feay  can  be  "multiplied"  by  numbers,  in. such 
A  why  that  postulate^  like  40  -  4M  are  satiffied.  *v  *  n  '  \  \ 
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■which, 'it  is  being  considered  as  a  member  of  a  vector  space.    Since,  as 
is  pointed  otft  in  the 'text,  there  is  no  reasonable  definition  of  'addition' 
as  a  binary  operation  on  Fhe  set  of  directed  trips,  such  trips  are 
unlikely  tq  be  considered,   in  any  context,'  as  members  of  a  vector  j 
space.    As  to  forces,  forces  acting  at  a  given  point  may  be  tYioughrof 
as  members  of  a  vector  space  and,   sof  be  referred  to  as  vectors  in 
our  sense  of  the  word.    However,  even  when  forces  act'at  different  _  •• 
points  they  at*e  still  spoken  of  as<vectof  s  even  though  oppositely  sensed 
forces  of  the  same  magnitude  acting  at  different  points  of  a  body  do  not 
"cancel"  one  another.  4 

In  the  second  paragraph  the  .word  'quantity/    refers  tp  "denominate 
'[vector]  measmres"',  .suJh  as  10  miles  at  a»heading  of  ip°.  Such 
"quantities"   of  directed  trips  ,K  for  example,  can  always  be  added,  ^ 
although  the  trips  t he na selves  can  be*  addcsd  only  if  they  fit  onto  one 
another  properly.  *  -y 

Jn  line  with  the  distinctions  made  in  this  course  'sensed  trips' 
would  be  more  appropriate  than  'directed  trips'.    The  latter,  however, 
sound  less  queer  than  the  former  and  so.  is  perhaps  preferable  for  thi^s 
peripheral  section,  ».  ■  ' 

1.  '  We  have  postulates  that  tell  us  that  T  is  a  commutative  grimp 
unde  r  function  composition,  anc>  ,that  a-b€T.    Give 'the  four 
additional  postulates  we  need  to  say  that  the  group  T  of  transla- 
tions admits  the  real_  numbers  as  operators. 

I.    ^Suppose  that  a**  (J.     Draw  pictures  of  each'of  the  following'sets 
'of'points.  * 

(a)    Ail  points  Q  such  that  Qt  -   A  +  aq,  for  some  q^ 

.  .  AU  points  .R  such  that  R  -  B  +  ar,  for  some  r   >  0. 

•  #   (c)    All  points  S    such  that   S  =  C  f  as  and  0  <  s  <  1. 

3,     Given  that  a  4  (J,  determine  the  values  of  *b'  that  satisfy^  the 
following.1 

(a)  ■-  a  •  3b  +  a  •  ^2b,+  al6  = 

(b)  S-b2  =  a(3b  -l)ia(l-b2) 
Aqsj^er a  for  Sample  Quy 

1.     a  -  1  -  a;  '2<b  +  c)  -  ab  +  ac;>^f /^':Sk.  =  ac  +  Sc;    (3b)c  =  a  -  (be) 


Here  are  typical  pictures: 

..   .         •    .  5  . 

(a)    2  A 


B 


3.  -16  [a*  3b  +  a*  -2b  +  al6.  =  (j a(b  +  1$)  =  -U]  ,"  ^ 

'    (J»}   0fc  I-   [ar,b2  =  a(3b.-  I)  h&l  ,-  bs)  W  a(2bp  -  3b)  = 


46) 
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*  * 

Directed  Trips 

Suppose  that  Bill  starts  at' a  point  R  and  takes  a  trip  of  4  miles  at  a 
heading  of  225*  to  a  point  S.  This  trip  may  be  illustrated  as  in  Fig. 
5-2,  > 


V 


Wf  2/0  *  t    •  9Q*h  '    '  ' 

\  i 

'     '    s'       .            Fig.  5-2     •  lmi{fe 
Given  that  Bill  now  makes  a  return  trip  from\SY  to  R,  this  return  trip 
is  one  of  miles  at  a  heading- of  _.' I Complete  this  sentence.]* 

Make  a  drawing  to  show  a  trip  of  3  miles  -northeasterly  from  a 
point  A.  |*Be  sure  to 'show  the  direction  of  north  and  to  indicate  the 
scale  of  your  dr&wing,  ]        ^  ■  . 

Before  saying  more  about  trips  like  Bills  let's  con$i<fcr  the  simpler 
case  of  trips  all  of  which  are  taken  along  a  straight  roOT  whiefh  runs, 
say,  east  and  west. 

.C 

■  A      mt  E  r  B    F    0        m  h' 

Fig.  5-3  "   '\%.  ' 

[For  convenience,  a  sequence  of  milestones  is  indication  the  north 
side  of 'the  road.  And  we  have  labelled  some  points  along  the  road. 
Note  that,  for  example,  the  distance  betweerM  and  E  is  2f miles,  and 
the  distance  between  B  and  C  is  2.5  miles.)  In  describing  what  kind 
of  a  trip  it  is  that  one,  makes  in  going  from  /?,  say,  to  C  one  might  say 
that  this  is  an  easterly  trip  of  3.5  miles.  What  kind  of  trip  is  one  from 

CtoEl        .  ,  ■     '    •  4 

As  you  know,  another  way  of  describing  directed  trips  along  a  road 

is  to  use  reai^nurribers.  If  we  take  the  unit  of  distance  as  understood/ 
arid  agree  that  the  eastward  sense;  say,  is  to  be  consider^  to  be 
"positive",  we  can  say  that  the  measure  of  the  directed  trip  from  %  to  C 
is  +  3.5  and  that  the  measure  of  the  trip  frpm  C  to  £  is  3.5.  f  Or,  as  we 
have'  been  doing,  instead -of  <A3.5'  we  can  say  ?3.5'  and,  instead  of 
3.5'j  we  can  say  — 3.5\  j  *  .  \  '  ^. 

Using  real  numbers  to  ^measure  directed  trips  is  aif  advantage  when 
one  must  deal  with  two  or  more  successive  trips.  For  exanSple,  suppose 
that  Bill  starts  from  his  home  beside  the  road  and  makes  two  trips, -one 
after  the  other.  Suppose  that  the  measure  of  the  first  trip  is  3  and  that 
of  the  second  is  -4.5,  Without  looking  at  the  figure  4 which,  anyway, 
doesn't  show  Bill's  home -you  should  be  able  to  compute  the  measure 
of  the  directed  trip  from  Bill's  home  to  the  point  where  bis  seoorid  trip 
*nds.  Can  you  do  this?  What  is  the  measure  of  the  third  trig  Bill  must 
Take  to  reach  hpme?  What  is  the  direction  of  this  trip? 
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Fill  the  blanks  as  follows:   4;  45° 

i  » 

The  students  should  hav.e  drawings  something  like  this: 


W- 


ml 


K 


You  might  w^nt  to  have  them  make  this  drawing  as  a  seat-wqrk  ^Ken 
cise.  In  that  case,  you  can  walk  arourrd  the  room  and  give  individual 
help  where  needed.  >  ° 

Answer  to  question:   a  westerly  trip  of  3.5  miles. 

You  may  want  to  ask  sirrMlar  questions  of  the  class  in  order  tc*  cheeky 
their  understanding  of  the  situation,  - 

If,   starting  at  his  home,   Bill  makes  a  trip  of  measure  ^3  followc 
by  one  of  measure   -4.5  then  the  measure  of  the  directed  trio  from  his  " 
home  to  his  final  position  is  —1.5.    The  measure  of  the  trip  from  there 
to  Bill's  home  is   1,5,    Since  we  have  chosen  the  eastward  sense  as 
positive,   Bill  must  travel  east  to  read)  his  home. 

In  prepara^n  for  the  exercises  of  Part  A  it  may  he  well  to  bning  ^ 
out  the  meaning  of  'heading'  by  questions  such  as  'What  is  the  heading 
of  a  trip  from  center  of  the  compass  disk  [for  Part  A],  through  the 
second  graduation  clockwise  from  north?  *  Through  the  fourth"  gradua- 
tion counterclockwise  from  west?*    [Answers:    3G°,  210°^    Also,  you 
may  wish  to  remind  students  pf  the  Pythago-rean  theorem.    [Exercise  I 
deals  with  a  3-4-5  triangle.  ]  f 


5.05  Another  Vector  Space  195 

*  Let's  collect  some  ideas  from  the  preceding  discussion*  First!  directed 
trips  along  a  road  can  be  measured  by  real  numbers.  Second,  some- 
times-but  not  always -one  trip  can  be  thought  of  as  being  "added 
onto"  another.  Fc>r  example,  you  Can  "add"  the  trip  from  B  to  E  onto 
the  trip  from  C  to  B  and  consider  the  "resultant"  trip  from  C  to  E. 
But,  it  doesn't  make  much  sense  to  add  the  trip  from  B  to  D  onto  the 
trip  .from  A  to  C.  Third,  "measures  of  directed  trips  can  always  be  added 
and,  when  it  makes  sense  to  "add"  two  trips  then  the  sum  of  their 
measures  is  the  measure  of  the  resultant  of  the  two  trips. 

Now,  let  s  see  what  all  this  has  to  do  with  vectors.  In  the  first  place, 
although  a  directed  trip  along  a  road  can  be  represented  by  an  arrow 
from  the  point  where  the  trip  begins  to  the  point  where  it  ends,  differ- 
ent arrows  of  the  same  length  and  sense  will  represent  different  trips. 
Also,  trips  can  be  added  only 'if  they  fit  together  properly.  So,  there 
seems  to  be  no  way  of  thinking  of  directed  trips  as  members  of  a  vector 
space.  On  the  other  hand,  you  have  seen  iti  the  preceding  section  that 
the  real  numbers  constitute  a  vector  spaCe.  If  we  like,  we  can  think  of 
an  arrow  drawn  on  the  picture?  of  our  road  as  representing  — not  a  trip, 
but -the  real  number  which  is  the  measure  of  the  trip  from  the  place 
where  the  arrow-begins  to  its  point.  For  exampll^the  arrow  from  ^4  to 
K  and  the  arrow  from  B  to  D  would  both  represent  the  real  number  2. 
Since  real  numbers  form  a  vector  space  with  respect  to  addition,  you 
can  "compute"  sums  of  real  numbers  just  as  you  do  sums  of  transla- 
tions. For  example,  to  "commute"  in  this  way  2  +.  —5,  draw  any  arrow" 
J  a  |png  the  road]  which  represents  2  and,. next,  draw  the  arrdw  which 
represents  ^5  from  the  point  of  Jthe  first  arrow,  Then,  the  arro&r  which 
begins  where  the  first  does  and  ends  at  the  point  of  the  second  arrow 
represents  2  +  — 5,  *  I 

,  Now,  let's  see  what  happens  when  we  consider  trips  in  othef  direc- 
tions beside  feast  and  west.  Again,  any  such  trip  can  be  represented  by 
an  arrow;  but  different  arrows  — even  if  they  have  the  sam§  length  and 
the  same  sense— will  representdifferent  trips.  And,  it  makes  sense  to 
„  "add"  Jtwo  trips  only  if  the  second  starts  where  the  first  ends.  In  spite 
of , this,  trips  wfiich  gre  represented  by  arrows  which  have  the  same 
length  and  the  same  sSnse  are  "similar".  Just  as  real  numbers  can  be 
used  to  measure  directed  trips  along  a  road,  there  are  "numbers" 
which  can  be  used  to  measure  directed  trips  in  all  directions.  These 
numbers,  Which  wj?  shall  call  'measure  vectors*,  form,  a  vector  space 
and  can  be  represented  by  arrows.  In  fact,  the  ar#bw  which  represents 
a  directed  trip  also  represents  the  measure  vector  of  this  trip. 'The, 
difference  is  that  the  different  arrows  which  represent  different  but 
"similar"  trips  all  represent  the  same  measure  vector.  When  one 
directed  trip  can  be  *  added  onto"  another,  the  measure  vector  of  the 
resultant  trip#can  be  computed  just  as  you  compute  the  resultant  of  two 
translations. 
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In  ordlr  to  make  it  easier  to  check  the*  results  in  the  exercises  for 
Part  A  [and  other  parts  in  this  section,  you  might  duplicate  work  sheets 
on  wnich  a  circular  compass  has* been  printed.    The  ease  with  which 
such  papers  are  checked  more  than  majces  up  for  the  effort  made  to 
prepare  such  work  sheets.    This  is  also  an  excellent  place  to  bring  in  r' 
a  parallel  ruler  as  a  tool  for  making  fast  and  accurate'  scale  drawings.  , 


Answers  for  Part  A 


3#     Arnongkthe  correct  answers  are  these:   A  to  B  and- C  to,  D; 


B  to  A  and  D  to  C;   C  to  A  and  D  to  B 
1.    'Your  student*  should  have  drawings  something  like  this: 
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Exercises 
Part  A 

\  Suppose  that  Jack  starts  at  a 

poipt  A  and  walks  4  miles  at  a 
Ntt?ading  of  135°  to  a  point  R.  Then 
'    Jack  walks  3  miles  at  a  heading  of 
45°  to  a  point  C.  ^ 

^.  Copy  the  figure,  using  a  scale  of  i  inch  for  1  mile.  Draw  an  arrow 
j  *  10  represent  the  measure  of  the  trip  from  A  toC  What  is  the  length 
I    of  this  trip?*What  is  its  heading?  *  - 

Z„  On  your  drawing  for  Exercise  1,  locate  the  point  D  such  that  the 
trips  from  A  to  C  and  from  B  to  D  have  the  same  measure  vector. 

3.  What  other  two  directed  trips  between  points  of  your  figure  have 
the  same  measure  vector? 

4.  Draw  another  figure,  showing  compass  directions  and  scale 
{finch  to  1  milel,  and<;mark  a  poi^t  A.  Bill  starts  at  a  point  Pm 
which  is  300  miles  from  A.  He  makes  a  10  mile  trip  from'P  at  a 

,    heading  of  100°  and  follows  this  with  a  trip  of  5  miles  at  a  heading 
»         of  170°.  On  your  paper,  draw  arrows  Which  represent  thk  measure 
vector^  of  these  trips  and  of  the  resultant  trip.  What  are  the 
1  approximate!  lengthtand  heading  of  the  resultant  trip? 

5.  On  the  same  sheet  of  pap^r  you  used  for  Exercise  4,  draw  arrows-to 
represent  the  measure  vectors  Vand  Vof  Bill's  two  trips;  but,  this 
,time  use  a  scale  of  i  inch  to  1  mile,  Then,  draw  an  arrow  to  repre- 
sent Tto  the  same  scalel  the  measure  vector  a  V  6*of  the  resultant 
trip. 

&  Continuing  with  Exercise  5,  dratv  arroWs  to  represent  the  measure 
vectors  -a,  a\,  and  V  -  a.  What  are  the  lengths  and  headings  of 
^         trips  which  have  these  measures? 

PartB 

In  applying  mathematics  to  physical  situations  one  must  always 
make  assumptions,  and  usually  these  assumptibnj^ore  only  approxi- 
mately satisfied.  [Recall,  for  example,  the  interpretation  on  page  27  of 
poinfa  as,  "absolutely  preciselocations".  1  In  talking  ajjout  directed  - 
trips  we  have  assumed  that,  for  instance,  there  are  trips  exactly  10 
miles  long,  precisely' at  a  heading  of  30°.  More  generally  *  we  have 
assumed  that  a  directed  trip  has  a  single,  precise,  measure  Sector. 
•  '      This  is,  of  course,  not  true  of  "real"  trips.  It  is  fJqssibfe,  howfcver, 
'  to  assign  approximate  measure  vectors  to  trtjte  agd,  by  using  the 
algebra  of  vector  spaces  as  though  these  were  the  exact  measures 
of  the  trips,  react}  sufficiently  accurate  conclusions  as  to,  say,  retfglt- 
-  ants  of  successive  trips.  '  \ 

•  There  is  another  assumption  which  we  make  when  assigning 
measure  vectors  in  the  way  we  have  done  to  trips  on  the  surface  of 
the  earth.  .  , 
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6.    Your  student*  should.have  drawings  something' like  this: 


The  lengths  and  headings  of  trips  which  have  these  measures  are: 
-  -a:    10  miles;    £80°  ,  / 

a^:      5  miles;  100° 
S  -  a:   9|  miles;  £52° 


W  0 


.V 


4Sn 
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1.  .Suppose  that  Bill  start*  at  Dallas,  Texas  and  makes  three  suc- 
cessive trips.  The  length  of  each  trip  is  500  miles.  The  first  trip  is 
north,  the,  second  is  east,  and  the  third  is  south.  In  what  direction 
must  Hill  travel  to  return  to  Dallas?  How  far  must  he  go'£ 

2.  ~\Jrvhen  yoy  answered  Exercise  1,  you  may  have  thought  that  Bill 
*  would  he  500  miles  ea*t  of  Dallas  at  the  end  of  his  third  trip.  If 

you  did.  then  you  should  look  at -or  imagine -a  globe.  At  the  end 
of  his  third  trip,  is  Bill  more  or  less  than  500  miles  from  Dallas? 
Suppose  that  Bill  travels  300  miles  west,  then  400  miles  north, 
.and,  finally,  500  miles  in  the  direction  of  his  starting  point.  Will 
Bill  he  hack  where  he  started  at  the  end'of  his  third  trip? 
4.  (a)  What  assumption  are  we 'making  about  the  earth,  whert  we* 
assign  measure  vectors  to  directed  frips  on  the  earth  s  surface? 
ih)  Is  this  assumption  correct? 

iv)  If  your  answer  to  ib>  is  'No/,  i*  it  still  possible  t>>  use  this 
assumption  to  make  useful  predictions?  y 

N 

A  ahip  leaves  Charleston,  South  Carolina  and  sails  due  east.  After 
sailing  50  miles  east,  the  ship  sails  due  north  for  20  miles  to  evade 
a  local  storm  Then,  the  ship  sails  southeast  until  it  reaches  the 
line  of  i£s  original  easterly  course. 

(a)  Make  a  scale  diagram  showing  the  path  of  the  ship  to  the  point 
Where  it  gets  back  on  course.  Use  a  scale  of  1  inch  represent 

20  miles. 

ih)  Estimate  the  distance  the  ship  traveled  from  the  beginning  of 

its  trip  to  the 'point  where  it  gets  back  on. course, 
(c)  How  far  from  Charleston  is  the  ship  when  it  gets  back  on 
course? 

A  ship  starts  at  Boston,  Massachusetts,  sails  80  miles  due  east, 
and  then  sails  due  ^outh.  The  pilot  falls  asleep  during  the  trip  and 
loses  track  of  how  far  south  the  ship  sailed.  By  means  of  radio 
contacts,  he  is  able  to  determine  that  the  ship  is  exactly  100  miles 
from  Boston;1)  * 

(a)  Make  a  scale  diagram  li  inch  for  20  miligsj  representing  the 
path  of  the  ship,  ^ 

(b)  How  far  to  the  south  had  the  s,hip  sailed  when  i&vas  10t)>mi)es 
from  Boston?  » 

(c)  Suppose  that  the  ship  now  turns  and  sails  toward  a  point  D 
which  is  160  miles  due  east  from  Boston.  HgW  many  miles 
must  The  ship  travel  fb  get  to  D?  " 

id)  How  many  miles  has  the  ship  sailed  from  the  time  it  left  Bos- 
ton until  its  arrival  at  Dl  * 
A  ship  teaves  a  ppjnt  A  and  sails  west  for  100  miles- to  a  point  B. 
From  B  the  ship  makes  a  trip  of  measure  a  directly  to  a. point  C.  / 
(a)  If  the  resultant  trip  from  A  to  C  is  a  trip  of  0  miles,  draw  an 
arrow  to  represent  the  measure  vector  a.  [Is  there  more  thar* 
one  possibility?]  v  *\  « 
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Answers  for  Part  B 

'  _ — - —  :  1  —  * 

1.      Bill  must  travel  due  west  about  ,S60  miles  in  order  to  return  tQ 

Dallas,',  [Notice  that  he  is  not,  S00  miles  from  Dallas.    Given  that 
Bill  makes  the  thre^jjgpps  as  specified,  he  will  go  north  to  a  point 
near  Marysville,   rroSfias,  then  east  to  a  point, hear  Terre  Haute, 
Indiana,  and  then  south  to  a  point  near  Montgomery.  Alabama.  ] 
Students  who. have  trouble  seeing  this  are  most  easily  convinced  by 
having  them  plot  trie  successive  trips  on  a  large  globe.    Also,  by 
^  usirfg  a  globe  it  is  easier  to  see  why. the  resultant  trip  is  not  as  one 
would  expect  in  a  vector  space. 

I*  More, 


No. 

(a) 
(b) 
(c\ 


;    he  must  go  a  little  further  4to  reach  his  starting  point,  , 
We  assume  that  the  surface  of  the  earth  is  flat. 

No,  .  '  1  '  . 

Yes,  ^For  many  purposes,  and  for  not  too  large  distances,  the 
predictions' will  be  useful.    And,  with  a  little  practice,  one  can 
make  fairly  good  approximations  to  the  errors  inherent  in  this 
assumption,    On  the  other  hand,   for  an  accurate  survey  of  a 
moderately  large  region,  one  must  use  diffe rent  assumptions , 

Answers  for  Part  C  v 

- — - — ■   V  *  ■* 

1,     (a)    Your  students  should  have  pictures  something  like  this:' 


50, 


\ 


(b)    About  98  fjffles 
{c )    70  miles 
(a) 


(b)    60    miles  {gee- drawing  in  (a).] 


(c)    240  miles 
0 


1.     (a)  A 


[No.  J 


t 
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(b)  If  the  magnitude  .of  a  is  SO  miles  and  the  resultant  trip  from  4 
to  C  \»  40  miles  long,  (Jraw  an  arrow  to  represent  the  measure 
vector  a.  lis  there  mtyje  than  one  pdesibility?!' 
(c^If  the  magnitude  of  a  is  60  mites  and  the  trip  from  A  to  C  is. 
120  miles  long,  draw  an  arrow  to  represent  the  measure  vec- 
tor a>7[ Is  there  more  than  one  possibility?) 
(d)  IT  the  magnitude  of  a  is  60  miles  and  the  resultant  trip  from  .4 
m  to  C  is  40  miles  long,  draw  an,  arrow  to  represent  the  measure 

'*        f        vector  a.  lis  there  more  than  one  possibility?! 

te)  Suppose  that  the  magnitude  of  a  i$560  miles  and  that  the  re- 
v  sultant  tn^from  A  to  C  is  d  miles  long.  Explain,  by  referring 

to  a  diagrj^tt^  ■  ^ 

(i)  why  it  is  impossible  for  d  to  be  less  than  40, 
(ii)  why  it  is  impossible  for  d  to  be  greater  than  160, 
(Hi)  why  it  is  possible  for  d  to  be  any  number  between,  and 

including.  40  and  160, 
liv)  why  a  may  be  any  one  of  two  possible  measure  vectors  if 
40  <  d  <  160. 

Velocity 

Read  again  the  discussion  of  a  problem  about  velocity  on  pages  3  -  5. 
.  Before  considering  the  solution  to  this  problem,  let  us  consider  some 
simpler  problems.  But'first  we  should  make  precise  the  distinction  be- 
tween  sp&d  and  velocity.  The  speed  of  an  object  only  refers  to  how  fast 
the  object  is  moving.  [For  example^  we  may  say  that 'the  speed  of  an 
automobile  is  50  miles  per  hour,]  The  velocity  of  an  object  refers  not 
oijly  to  how  fast  the  object  is  moving  [that  ite,  its  speed],  but  also  to  the 
sense  of  its  path  of  movement.  [For  example,  we  may  say  that  the  ve- 
locity of  an  automobile  is  50  miles  per  hour  to  the  northwest.] 

We  may  represent  the  velocity  of  an  object  by  drawing  an  arrow 
whose  length  represents  [with  reference  to  a  suitable  scale]  the  speed, 
and  whose  sense  represents  the  sense  pf  the  path  of  movement.  For 
example,  using  a  scale  of  £  inch  to  represent  1  mile  per  hour-,  the  ve- 
Jbcity  of  a  boat  sailing  5  miles,  per  hour  to  the  'east  is  reprasenteeMby 
the  arrow;  <■ v  w  , 

v  E      '  * 


Fig.  5-4 

ft 


Extremes 
Part  A 


1.  Did  you  ever  try  walking  up  or  dettn  a  moving  escalator?  If  you 
.  walk  up  on  an  *up*  escalator,  the%peed  with  which  you  climb  will  * 
^       be  (greater  thankless  than)  —  your  corresponding 


JC 


A  ID 
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(b)*A. 


B   ■  o 


(d) 
(e) 


[No.] 
[Yes.] 


A  C 


B 


[No.] 


All  of  these  explanations  are  based. on  intuitive  notions  about 
circles  and  triangles. 

(i)   All  of  the  points  which  are  less'than  40  miles  from  A  are* 
"outside"  of  the  circle  with  radius  60  [miles]  and  center 
B.    [See  figure  (a),  below.]   So,  no  point  on  this  circle  can 
be  less  than  40  miles  from  A.    Since  C  is  some  point  of 
this  circle  and  d  is  the  distance  from  A  to  CX  it  is 
:  impossible  for  d  to  be  less  than  40, 


B/  I' 

lipo 

60  | 

(W 


(ii)  All  of  the  points  which  are  more  than  160  miles  from  A 
are  "outside"  the  circle  with  radius  160  [miles]  and 
center  A.    [See  figure  (b),  above,]   This  circle  intersects 
the  circle  with  center  B  and  radius  60  [miies];in  the  point 

on  the  ray  AB  which  is   160  miles  from  A.    So,  C  is 
"inside"  the  circle  with  center  A  and  radius  160  [miles], 
which  means  that  it  is  impossible  for  d  [the  distance  from 
~        A  to        to  be  greater  than  160.  *" 

(iii)  As  C  "moves"  along  the  circle  with  center  B  and  radius  , 
60  [miles]  from  the  point  which  is  160  miles  from  A  to 
the  point  which  is  40  miles  from  A,  d  "shrinks"  in  a 
systematic,  or  continuous,  fashion  from  160  tp  40, 
Intuitively,  any  value  between  these  extremes  can  be 
obtained  by  a  suitable  location  for  the  "moving  point"  C 

(iv)  This  follows  from  the  fact  that  the  circle  with  center  B 
and  radius  60  [miles]  is,  symmetric  about  the  line  AB, 


iro. 
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speed  on*  ordinary  stairs.  If  yotr*walk  down  an  "up"  escalator, 
the  speed  with  which  you  climb  will  be  (increased/decreased) 

  f  .   ,,  . ' 

2.  #  An  airplane  can  fly  250^miles  per  hour  if  there  is  no  wind.  If  the 

plane  is  flying  into  the  wind,  its  speed  Will  be  (increased/ decreased) * 
 If  it  is  flying  with  the  wind,  its  speed  will  be  (in- 
creased/decreased)  If  the  pilot  keeps  tfte  plane  \ 

f  pointed  north  and  a  wind  is  blowing  in  a  westerly  direction  the 
p>lane  i  will/will  not)   ^  *travd  due  north. 

3.  Suppose  that  when  a  ships  engines  are  operating  the  ship  can 
move  with  a  speed  tff  10  miles  per  hour  in  still  water, 

(a)  If  the  ship  is  traveling  against  a  current,  its  speed  will  be 

t  increased/decreased)   .  '.  11'.  If  the  ship  is  headed  east 

'with  its  engines  operating,  against  a  current  which  is  moving 
west  with  a  speed  of  4  miles  per  hour,  the  ships  resultant 
velocity  will  be  „  .   miles  per  hour  to  the  east.  The  resultant 
'  velocity  can  be  found  graphically  by  making  the  following 
drawing: 


■r 


Scale;  £  inch  -  1  mile  per  hour 
.  Uf.     velocity  of  the  ship  due  to  the  engines  ^ 
vr  ■■=  velocity  of  the  ship due  to  the  current       ^  \ 
l\.  +  v*  -  resultant  velocity  of  the  ship  t\9 

(b)  If  the  ship  is  headed  west,  with  its  engines  operating,  against 
*      a  l^miltj  per  hour  easterly  current,  the  sfcip's.  resultant 

velocity  will  be  *miles  per  hour  to  the  ^  — -.  Make  a 

scale  drawing  to  show  how  you  can  find  the  resultant  velocity 
graphically.4  -m  ' 

(c)  If  the  ship  is  headed  north  with  its  engines  operating  and  ja, 
current  is  moving  in  the  game  direction  with  a  speed  of  5 

miles  p&  hpur,  the  ship's  resultant  velocity  will  be  miles 

per  hpiir  to  the   1 1         Make  a  scale  drawing  to  show  how 
you  can  find  the  resultant  velocity  graphically. 

(d)  Supfftg^  that  the-ship  is  headed  north  with  its  engines  operat- 
ing &n&  across  a  current  moving  east  at  a  speed  of  5  miles  per  ■ 
hour.  How  far  north  will  the  ship  be  after  one  hour? 'How  far 
east  will  the  ship  be  after  one  hour?*Hpw  far  from  the  starting 
point?  will  the  ship  be  after  one  hour? J^a^§  a  s$ale  drawing  to 
show  how  you  can  find  lapproxinyi^yj  the  pfsih  fcf  jbjje*  shi^  j§tod 

•#  the  distance ittravels  in  oneho>r/.[&ii^ 
losing  a  scal^H.in^  to  represent*!  mile.] 
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Anqwergfor  Part  A 


1. 
I. 
3, 

3. 


greater  than;   decreased  ^ 
decreased;   increased;   will  not 
(a)    decreased;  -6  t  ■ 

(h)    l-t  east. 

The  students  should  have  drawings  something  like- this 

v.. 


(c)    15;  north. 


T&g  students  should  have  drawings  something  like,this; 


111** 


} 


-/-• 


■'■A 


{d)    10  miles;    5  miles;   the  ship's  path  is  one  at  sheading  of 
£abotft]  27  9  and  it  travels  'about  11.2  miles  in  one  hour., 

[Nqte  that,  by  the  Pythagorean  theorem,  the  length  of  QC 
faee  £he  picture  below)  is  5\Ts.  } 

The  students  should  have^  drawings  something  like  this>^ 
^[only  twjjc'e  as  large ]s 
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'3,*   (e)'.  The  picture  drawn  forrpart  (d) 
%        is  appropriate  for  this  exer- 

,  O  to  "fe,  Ci  and  R,  respec - 
r  1   tivery.  Jvg  »    Vq  ,  ana 

*  *  *  -  *  • . . 

(f)«  The  stude^s  -should  have  % 
.drawings  something  like 
this  one  on  the  right. 

The  captain  must  steer  his 
ship  at  a  heading  of  [about]  ; 
330°  [or,  "30°  west  of. 
rforth}  lit  order  that  th<?  ... 
ship'*  resultant  velocity  ; 
.is  one.  \yhich  ^ -due  norths  „; 
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<e)  Consider  the  same  situation  described  m  Exercise  3(d)  above. 

Using  a  scale  ^of  k  inch  to  represent  1  mile  per  hour,  make  a 

drawing  to  sjunv: 
■  - 

r,      velocity  of  the  ship  due  to  the  engines 
I  *  •  ~  • 

;  r,  ♦  velocity  of  the  ship  due  to  the  current 

r(  f  rf      resultant  velocity  of  the  ship 

(f )  Suppose  that  the  captain  wants  to  sail  his  ship  due  north,  but 
there  is  a  current  of  5  miles  per  hour  to  the  east.  Make  a  draw-- 
.   .     .     ing  to  find  I  approximately  I  at  what  heading  the  captain  must 
steer  his  ship  in  order  that  the  resultant  velocity  of  the  ship 
should  he^hie  north. 
Hint:  I^et  us  use- a  scale  of* 
i  inch  to  represent  1  mile  N 
per  hour.  rrt  the  velocity  of  w*  f  •  Vl  * 

the  ship  due  to  the  current,  5 
*  is  represented  by  the  arrow 
at  the  right:  .  „ 
§  the  velocity  of  the  ship-  '  1 

\  '  due  to  the  engines,  must  be 
.  represented  by  an  arrow  2^ 

*  A  inches  long  -  our  job  is  to 

determine  the  sense  of  that-  1  w-  I  -e 

arrow.  The  resultant  veloe-  i 
ity  vy  ■+  vt   must  t*e  repre- 
sented by  ftn  arrow  pointing 

north.  So^we  start  With  v{.  |  "c 

and  \i  line  in  the  north- 

5t  ,         south  direction:*  ,  '  ^ 

*      »  * 

Now  set  a  pair  of  compasses  so  that  you  can  draw  an  arc  of 
radius  2£  inches^lMake  a  drawing  on  your  paper  §nd  solve  the 
problem  J 

4.  M»He  a  drawing  that  will  help  you  solve  the  problem  posed  on 
page  4. 


N 


S 


Part  B 


Let  V  be  the  set  qf  all  velocities  that  a.given  ship  can  attain.  Some 
'elements  of  V  are:  ♦  ' 

vs   -  7  miles  per  hour  west 

e2  »  4.5jniles  per  hour  northeast 

,  Ti]e  elements  of  V  can  he  represented  by  arrows  [with  reference  to  a 
^chosen  scale  I  " 
t  1.  Choose  a  suitable  scf^e,  and  draw  arrows  to  represent  the  veloc- 
ities    and  ur 
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In  order  to  solve  the  problem 
posed  on  page  4,  we  make  use 
of  the  diagram  at  the  right. 

The  captain  must'  Steer  his  ship* 
t  at  a  heading  of  [about]  340°  [or, 
Z0l1   west  of  north]  in\&rde  r  .that 
the  ship'. s  resultant  vc/Acity  is 
one  which  is  due  north. 


540° 
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Answers  for  Part  B 


1,  I,  3.    The  students  should  have  drawings  something  like  this. 
N  1  mpfi 


47* 


Fart  V 


*  5.05  Another  Vector  Space  201 

2.  Find  c,  *  < \Jithe  resuitant'of  r*  and.rj.  • 

3.  Draw  an  arrow  to  represent  each  of  the  following  velocities  |  using 
a  nat  ural  interpretation  of  the  symbols  |. 

<a>    v\       ib)  vt2       1c)  r*  1 


i 

1.  A, boy  is  swindling  east  across  a  laktf.  hi  still  water,  he  swims  with 
a  speed  of  4  mph.  The  velocity  of  the  current  in  the  lake  is  2  mph  to 
the*  north.  , 

(a)  What  is  the  boy's  resultant  velocity  under, the  conditions  de* 
sir  nix  ni  above? 

tb)  Suppose  that  the  lake  is  8  miles  wide,  |east*west|,  16  miles 
lon^,  and  generally  rectangular  in  shape.  How  long  will  it 
take  him  to  swim  across  the  lake?  How  far  north  of  his  starting 
point  will  he  he  when  he  reaches  the  other  side  of  the  lake? 
jc>  Suppose  that  he  wants  to  reach  the  other  side  of  the  Jake  at  a 
point  due  east  of  his  starting  pqint.  In  which  direction  should 
he  begin  to  swim  in  order  to  do  this? 

2.  With  nn  wind  blowing,  a  certain  airplane  can  fly  at  a  speed  of 
250  mph/I)etrfmine  the  velocity  of  this  plane  if  it  is  Hying  west 
and  the  wind  Vtfc  on  the  plane  with  a  velocity  of  50  mph  to  the 
south. 

3.  A  ylahe  leaves  New  York  and  is  to  be  400  miles  due  west  in  one 
*  hour.  However,  there  is  a  wind  blowing  out  of  the  northwest  that 

is  strong  enough  to  move  the  plane. 80  mph.  Make  a  diagram 
I k  inch  represents  20  mph)  and  estimate  the  speed  and  heading 
'At  which  the  pjane  must,  fly  to  arrive  at  its  destination  on  tipie. 


Force 


Rea^gain  the  description  of  a* force  tabje  in  the  Introduction,  pages 
1  and  .2.  Before  considering  the  experiments  described  there,  we  shall 
consider,  soine  simpler  one^  ' 


Exercises      *■         *  ■ 

Part  A     "  ;  * 

I.  Consider    An.  experiment  in 

which  just- one  string,  is  tied  to  \ 
♦  the  ring.  -'Suppose  that  a  10- . 
gr£|pi  weight  is  attached  to  the  - 
*         end  of  the  string,' and  the  pin  is 

pulled  out  of  the  tgble.'         *  7  \ 

%  Will  the  ring  move?  If  so,  draw  an  arrow  to  describe  its  path  of 

#  movenSent: 


475 
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Answers  for  Part  C 


I.     (a)    4.5  mph  a*  a  heading  of  64' 

(b)  about.  I  hours;    about  .4  miles 

(c)  at  a  heading  of  [about]  flO3 


f 


About  25  5  miles  pW  rYdn^  at 
heading  of  [about]  259°. 


i. 


2  mph 
north 


Hci>e  is  a  scale  diagram  [using 
4  inch  to  represent  20  mph] 
for  this  problem.  , 

400  mph 


The  plane  must  fly  about.  460  miles  per  hour  at  a  heading^of  277c 
4.     About  470  rnph.  * 


460  mph  (horizontal  .»p*«d) 


K)0  mph 


Answers  for  Part  A  • 

1.     Yes,    The  ring  will  be  pulled  toward  the  pulley. 


277° 


470 


A. 
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The  muujsuri-  of  the  force  on  the  ring  is  a  vector  and  can  be  repre- 
sented by  an  arrow  l.'smu  a  scale  of  i  inch  to  a  5-gram  force,  and 
representing  the  sense  from  the  witter  of  the  table  to  the  pulley0 by 
left -to-right,  the  measure  vector  of  the  force  on  the  ring  is  represented 
bv:  * 


•or  by  any  other  horizontal,  right-pointing,  arrow  1  inch  long. 
-  ? 

2.  Suppose  that,  as  shown  in  the 

figure  at  the  r  ight,  two  strings  '    •       .  x 

are  attached  to  the  ring.  A  U);  ^/ 
gram  weight  is  attached  to  the  "  i  % 

string  over  the  left-hand  pulley^     '     !     "  j  20 I 

and  a  20-gram  weight  is  at- 
tached to  t\  j  other  string.  f^' 

i&>  If  the  pin  which  holds  the  ring  at  the  center  rtf  the  table  is 
'  removed,  will  the  ring  move?  If  so,  describe  the  motion* 

(b)  Draw  a  force  diagram  consisting  of  two  arrows  from  a  common 
origin,  which  represents,  to  scale,  the,  measure  vectors  of  the 
two  forces  acting  on  the  ring.  k  / 

(c)  What  single  resultant  force  acting  on  the  ring  is  equivalent  to 

the  two  given  forces?  f 

*       .  # 

3.  Suppose  that  two  strings  are 

tied  to  the  ring  as  shown  in  the  ^ 
figure  at  the  right.  A  10-gram  .  t  ^P-°^^> 

weight  is  attached^)  one  string,  j4  1  *- 

a  20-gram  weight  ^attached  to  •         j_  h  "T^" : 
the  second  string,  and  the  pin  is  f 
removed.  5 


I  10  j 


(«)  Will  thv  ring  move?  Draw  a  plan  of  the  force  tajrie  as  seen  from 
ftbove  and,  on^t,  draw  an  arrow  pointing  the  way  tyou  think  the 
ring  will  begin  to  move.  '  * 

(b)  Draw  a  force  diagram  representing  the  measure  vectors  of  the 
t  wo  forces  which  act  on  the  ring  when  it  is  at  the  center  of  the 

•  table.  « 

(c)  Make  a  guess  as  to  how  to  find  the  resultant  of  these  two-forces, 1 
and  use  your  guess  to  construct  an  arrow  which  represents  the 
measure  vector  of  this  resultant  force.  What  is  the  approximate 
magnitude  of  the  resultant? 

(d)  Supposing  that  your  guess  in  part  (c)  is  correct,  can  you  use  it 
to  check  your  answer  for  part  (a)?  fr 
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Answers  for  Fart  A  [cont.] 
.  (a) 


2.     (a)    Yes.    The  ring  will  move  toward  the  pulley  of  the  20-gram 
'  weight. 


10 


ram  weight.  ' 

Htimottd  *tnt«  of  c^lon  of 
rttulfont  fofct 


*f  10  20 

(c)  grams  toward  the  pulley  of  the 
(a)  Yes. 

MfiM  of 

action  of  20, 
*  gram 


M^M  of  action  Qf 
10-  ojem  wtlght  < 

s  N 

The  studfcnta    should  have  enough  intuition  about  this  system  to 
feel  that  the  20-gram  weight  will  ' 'contribute' '   more  to  the 
resultant  than  the    1  0-gram,  weight,   so  that  the  resultant  force 
will  "lean1*  toward  the  sense  of  action  of  the  heavier  weight. 

(b),  (c),  (e) 

MAdd"  the  forces  graphically 
*  as  we  pictured' the  addition  of 

*  ■  translations . 


The  resultant  force  is  one  of 
about  25.3  grams  and  making  , 
an  angle' of  about  36*  with  the 
sense  of  action  of  the  10-gram 
weight.  * 


(d)    Yes.    Simply  compare  the  sketch  made  in  (a)  with  the  com- 
puted resultant  force  in  (cj. 


/ 
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1 

(e)  On  your  force  diagram,  d>raw  an  arrow  which  represents  the 
measure  vector  of  the  third  force  which  must  be  applied  to  the 
ring  to  keep  it  at  the  center  of  the  table,  '  * 


\ 


v 


The  assumption  that  the  quan- 
tity (or:  "amount"!  of  a  force  can 

Hike  the  quantity  of  a  velocity  or     /  \%  :o 

of  a  diwaded  trip  1  be  described  by  a 
measure  vector  amounts  to  assum- 
ing t  hat  the  quantity  of  the  result- 
ant of  two  forces  can  be  computed 

by  the  same  graphical  procedure  .  10 
we  used  U>  compute  the  resultant  Wg>  5-5 

of  two  translations.  This  assumption  can  be  justified  experimentally. 
♦[Your  answer  for  part  te)  of  Exercise  3  may  suggest  force  table  experi- 
ments which  would  help  to  justify  this  assumption.]^ 

'  ,  *  # 

*  4.  (a)  Consider  tlje  same  set-up  as  in  Exercise  3.  Notice  that  when 
the 'ring  has  moved  away  from  the  center  of  £he  table  the  angle 
between  the  10-gram  and  20-gram  forces' will  *have  changed. 
Guess  where  the  rin#  wiH  bje  when  it  hai  moved  two-thirds  of 
the  way  to  the -edge  of  the  table.  Mark  this  point  on  your 
picture  for  Exercise  3(a).  Thfen,  draw  a  force  diagram  and  com- 
f  pute  the  measure  vector  ofothe  resultant  force  on  the  ring. 
"(b)  Do  you  think  that  the  ring' will  move  in  a  straight  line? 


Part  B 


3 


1.  (a)  Use  a  force  diagram  to  find  the  answers  to  the  questions  on 
page  2.  '      -  • 

(b)  What  should  he  the  weight  of  C  on  page  2  [A  and  B  are  20- 
graxn  weights )  to  keep  the  ring  from  moving? 
2«  Suppose  that  three  strings  are         *  < 

tied  to^the  force  table  ring,  as 

shown  in  the  figure  at  the  right. 

Complete*  the  table  so  that,  for  t 

corresponding  values  of  8  and  c, 

the  rin^  will  stay  at  the  center 

of  the  table. 


(a) 

(b) 

(c) 

(d) 

(e) 

■(f) 

,  <g) 

f 

#  [degrees! 

* 

60 

175 

c  [grams] 

— — ■ — — —  

20 

10 

> 

O 

4.7 'j 
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Answers  for  Part  A    [cont, ]  * 

3.  (e)    [See  drawing  made  in  (c).  ]    The  required  force  is  the  opposite 

of  the  resultant  of  the  given  forces. 

4.  [The  figure  below  shows  an  appVoximation  to  the  path  of  the  ring. 
The  arrows  indicate  the  forces  operating  at  various  points  of  the 
path.    The  procedure  for  drawing  such  an  approximation  may  inter  - 
est  your  students.    One  begins  with  the  ring  at  AQ  and  assumes 

'"  that  the  force  is  the  same  for  a>  s^ort  portion  of  the  path  —  to  A^, 
say.    At  this  point  one    recomputes    the  force,  graphically  and 
proceeds  as  before.    For  example,  a  sequence  of  eleven  such  steps 
brings  us  to  Aia.    The  dashed  lines  show  the  directions  of  the  two m 
forces*.    The  construction  dot  in  the  longer  dashed  line  indicates 
the  position  of  the  arrow-head  for  the   10-gram  *force#    An  arrow 
twice  as  long  from  tfcis  point  and  parallel  to^the  shorter  dashed 
line  ends  at  the  head  of  the  arrow  for  the  resultant  force  at 
'        A1P  is  then  chosen  a  short  distance  out  .along  the  arrow  represent^ 
*     ing  this  resultant,  and  the  process  is  repeated.    Better  results  can 
*      be  obtained  by  choosing  shorter  distances^  between  successive 
positions.  *  - 

It  is  interesting  to  note  that  the  curvature  of  the  path  is  very 
*         slight  for  nearly  half  its  length,  but  increases  rapidly  from  then 
on,    The  path  is  tangent  to  the  indicated  chord  when  thW  ring 
reaches  th^T edge  of  the  table. 

Note  that  the  assumptions  made  will  be  morfe  nearly  satisfied 
if  the  strings  attached  to  the  ring  run  through 'small,  smooth-edged, 
holes  at  the  edge  of  the  table  rather  than  over  pulleys.  ] 
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Answers  for  Part  B  * 

I.     (a)    Here  is  a  iorce  diagram  picturing  the  ^situation  described  on 
page   lt  >  *  *  < 


J40  grams  at  C  is  too  much.    About  35  grams  is  needed  at  C 
to  keep  the  ring  at  the  center  of  the  table, 

(h)    Heroes  &  force  diagram  picturing  the  situation  described  on 


The  weight  at  C  should  be  about   10.3  grams. 

U  )    Here  is  a  force  diagram  picturing  the  situation  described  on 
page  I.  •  • 


Answers  far  Part  B 
J.    (a)  ' 


(b) 


forC« 


The  balancing  force  is   50   £?%The  balancing  force  is  [about] 

.  ,.  'at  an  angle  of  143°   clock-  at  an  angle  of  97°  counter- 

,         wise  from  the  sense  of  the        "clockwise  from  the  vertical 
force  of  measure  40,  force  of  measure  .20. 

4,      Here,  is  a  force  diagram  picturing  the  situation,  •  * 


rtftuifanf 
forct 


The  resultant  force  is   [about]  130 
pounds  at  an  angle  of  [about]  7 
clockwise  from  the  sense  of  A's  \ 
/  f  o  r*c  e ,  t 


About  39.8'  grams  is  needed  at  C  to  keep  the  ring  at  £he 
center  ofThe  table,    fhis  is  more  than  is  needed  at  C  in* 
the  situation  described  in  Position  1  on  page  1, 

I.     (a)    0       (b)  19.9      L)  17.5       (d)  110      (e)  5.1      (f)  1.7       (g)  180 


5,     (a)    Here  is  a  force  diagram  picturing  this  situation. 


The  resultant  force  is  about  2.4  pounds  at  an  angle  of  -[about] 
50?  counterclockwise  from  the  3Q  pound  force. 
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3"  Find  , the  "balancing  fofct»M  when  th<^  forces  applied  loathe  ring  are 
as  shown  in  these  force  diagrams;  /  ■*  ' 


(a) 


30 


40 


(J)  \ 


30 


20 


4.  Tftree  men  \A,  /?,  and  C\  are 
pushing  onp  piano  |/?|  in  the  di- 
rections indicated  in  'the -dia- 
gram at  the  right.  ^4  is  pushing 
.with  a  force  of  50  pounds,  H  is 
pushing  vrith  a  force  of  60 
pounds,  and  C  is  pushing  with 
.gr  forte  of  70  pounds:  What  is  the 
exultant  force  exerted  on  the 
piano' by  the  three  men? 


P 


7 


5.  Here  is  a  scale  diagram  of  four 
forces  tfcting  at  a  piint'14  inch 
represents  10  pounds.  1 

V   '        *•  ' 

(a)  Draw  an  arrow  to  fepresent  the  resultant  force  of  this  system 
and  use  it  to  estimate  this  resultant  force. 
'  tb)  Draw  an  -arrow  to  represent  the  force  needed  to  put  the  given 
system  in  equilibrium. 


( 


*  Parte 


It  is^often  convenient  to  think  of  a  force  $  as  beiifig  the  resultant 
of  two  forces  //  and  \*  in  the  horizontal  and  vertical  directions,  re- 
spectively. //  is  the  horizontal  component  of  f  and  V  is  the  vertii'al 


component  of  If  the  direction  of  J?  is  hdftzontal  thea  the  vertical 
component  of  P  is  6.  The  weight  of  an  ^object  is  one  force  which  acts 
on  the  object  What  is  the  horizontal  component  of  such  a  force? 
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1.  (a)  Draw  a  force  diagrafti  to  show  !the  measure  vector  of  I  a  force 

whyse  horizontal  component  is  a  force  of  4  pounds  and  whose 
vertical  component  is  a  force  of  3  pounds.  * 

(b)  What  is  .  the  magnitude  of  a  force  such  .as  that  described  *n 
part  (a)?  .  '  \  i 

(c)  Is  then?  enough  inlbrirtation-  given  in  part  { a) \o  describe  com- 
pletely the  measure  vector  of  th,e  force?  Explain. 

2.  Consider  a  board  which  has  a  handle  at  each  end  for  convenience 


w 


in  carrying  it.  Two  boys  pick  up  the  board  so  that  it  is  Jevel,  and 
starj,  carrying  it.  Since  the  board  is  levels  teach  boy  supports  half 
of  its  weight.  You  can  judge,  by.  ihe/directions  of  the  boys'  arn^t, 


tW2 


>  1 

^  2  = 


the  directions  in  which  they^  are  pulling  on  the  board.  Which  boy 
is  pulting  harder?  How  d&  $ou  know?  Why  should  he  pull  harder? 
3-  Here  is  «  picture  of  a  rope  which  is  being  held  so  that  both  $yids  are 
,  at  the  same  height  above  the  ground.  The  rope  is  supported  by  the 


forces  F*{  anciC^ 
component  of 
Since  the  rope 


its  ends.  As  in  the  case  of  the  board,  the  vertical . 
'f  these  two  forces  is  half  the  weight  of  the  rope. 
v     erely  being  held  in  position  by  7^  and  d,,  the 
horizontal  components  of  F ,  and  Xai  must  have  the  same  mag-N 
rfitude.  ^ 
Here  is  a  picture  of  the  same  rope  after  it  has  been\mlled  tighter. 


4  (a)  What  ts4  the  magnitude  of  the  vertical  component  of^2?  ofl52? 
*'  (b)  If  the  rope  were  to  be  pulled  so  tight  as  to  be1  straight,  what 
^  won  Id  be  the^  vertical  components  of  the  forces  on  the  ends  of 
*  the  rope?  s 

(c)  C§n  a  rope  be  p'ulled  straight?  % 
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5.06  Measure  \{ector%  * 


The  existence  of  ^  kind*  of  number  which  can  be'iis^d  £o  met' 

ses 
id*; 


such  things  as  directed  trips,  veliK-(itiejs;wod  forties -was  mentioned  in 
the  preceding  station,  For  completeness  vv^mdude  hare  a  diseu 


sure 
d  in 
sion 


'r  of  these  measure  vectors. 

To-cogie  directly  to  the  point,  there  are  different  spaces  of  incisure 
vectors,  one  for  jeach  dimension.  The  space  of  1 -dimensional  m'easure 
vector^  is  jUst  the  vector  space  of  real  numbers.  [Recall  that  V  is  a 
•vector  space  over  ./?\.  As  you  know,  these  l^imensional  measure  vec- 
tors can  be  used  as  measures  if  directed  trips  along  a  line,  as  well  as 
,  velocities  or  forces  in  a  giveh' direction.  To  do  so,  it  is  necessary,  first, 
-  to  choose  one  of  the  two  senses  ulun^  the  line:  or  in  the  given  direction, 
as  positive,  and  to  choose  a  unit  of  length*,!  foot,  milel,  or  of  speed  Koot 
per  second,  mile  per  hou^J,  or  of  magnitude  .of  force  Ux>und/gTaml. 
After  you  have  made  these  choices,  eaefc  directed  trip  on  the  line,, or 
each  velocity  or  for?e  in  the  given  dilution,  has  a  unique  real  number 

>  as  its  measure.  (With  different  choices,  the  same  trips,  velocities,  or 
forces  would  have  different  measures,  and  it  is  easy  to  see  how  chang- 
ing ones  choices  affects  the  assignment  of  measures.) 

To  measure  directed  trips,  velocities,  or  forces  in  a  given  plane,  one 
»    needs  2-dimensional  measure  vectors^  These  are  ordered  pairs  of  real 

*  numbers  with  addition  of  ordered  pairs  and  multiplication  of  ordered 
flairs  by  real  numbers  defined  by: 

►  * 

ta.b)  +  ic.(/)  •  («  V  V,  />  +  </>,  (a,b)  ■  c  '-  (ac,bc) 

t 

It  is  easy  to  check  that,  with  these  definitions  of  addition  and  multipli- 
.  cation,  the  set  of  &\\  ordered  pairs  of  real  numbers  is  a  vector  space 

over  .4^  What,  for  example,  is  the  2-dimensional  measure  vector  6? 

What  is  the  opposite  of  UiJj)?  |Note  thai  in  the  definition  of  addition 
%for  ordered  pairs;  the  first  of  the  three  f  +  s  Refers  to  the  operation 

istfnch  is  being-defined  fend  ..the  other  two*  refer  to  ordinary  addition  of| 

real  numbers,  |  ;V  .  . 

In  order  to  use  2-dimensional  measure  vectors  as  measures  of  di- 

*  rected  trips  on  a  given  plane  we  must  first  make  some  choices,  just  as 
.    we  do  to  use  real  numbers  to  measure  trips  on  a  line.  As  beforfe,  we 

must  choose  a  unit  of  length.  In  addition  to  this  we  must  make  a 
choice  similar  to  that  ifj^the  1 -dimensional  case  of  choosing  a  positive 
sense.1  In  the  2-dimensional  case  we  choose,  in  order,  two  positive 
fenses  which  afe  in  directions  at  right  angles  to  one  Another.  In  a 
drawing,  we  can  indicate  this  choice  by  picturing  two  rays  and  labeling 
them  \IY  and  W.  [In  Fig.  5-6,  we  have  also  indicated' &  chosen  unit 
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Answers  for  Fajt  C  ,  ••.         >■       '  .* 

1,  r  (a)    Since* the  senses  of  tke  components  in  the  horizontal*and 

Vertical'  directionsr.a.He ,  not  specified  these  are  fgur  possible 
a^iswe r s\    m  -  *  ■      '  *  .        *  8 


(bj,    5  pounds  # 

•  {c)    No.    [See, remark-on  part  (a),]'       *  t 

The  boy  on  the  right  is  pulling  harder,  as  j.s  sho^vn  by  the  fact  that 
*histarm  is  more  nearly  horizontal.    He  neetfs  to  pull  harder  at  the 
beginning  to  get  the  board  in  motion.    Once  this  is  achieved,  it  is 
sufficient  t^at  the  hori?.ontal  component  of  his  forc/e  balance  that  of 
hi 3  partner.  *  ' 

ja)f'  The  magnitude  of  the  vertical  components  of  Fn   and  G0  its 

half  the.-weight  of  the  rope       the  same  as  that  of  fx  and  <5^t  * 

(h)    Since  the  forces  at  the  ends  of  a  ro^e'must  be  in  the  direction 
of  the  rope,  if  the  rope  were  horizontal  then  the  magnitudes  of 
the  vertical  components  would  be  zer,o.  ' 

(c  )    No.    The  forces  at  the  ends  'must  have  nonzero  vertical  corsipo * 


nents  and,   so,  can  never»be  horizontal. 


V 


't£"2i 
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Answers  to  questions. 


The  2 -dimensional  measure  vector 
(*a,  b)  is  (-a,  -b). 


0\is  (0,  0).    The  opposite  of 


4% 


,  f  * 


r 
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of  length.  I  We  can  now  assign  a  2-dimensional  measure  vector  (afb) 

%  •  • 

*  '  >  1  unit  '  *  , 

■  ,    -  • 

Kt    t.i  '  ; 

(2)  * 

_  —    -      Fig,  5-6 

to  a  directed  trip.  Without  our  going  into  the  details  of  how  this  is 
done,  you  should  be  able  to  guess  when  we  say  that  the  measure  of  the 
pictured  trip  from  A  to  B  is  (3,  -1.5).  [Other  choices  of  the  unit  of 
length  and  of  the  ordered  pair  of  positive  senses  would  result  in  dif- 
ferent measures  being  assigned  to  the  same  trip.  For  example,  if  we 
had  made  the  same  choices  of  positive  senses,  but  had  made  them  in 
the  reverse  order,  then  the  measure  of  the  trip  from  A  to  B  would  have 
been  (—1.5,  3).  If,  instead,  our  second  choice  of  a  positive  sense  had 
been  that  of  the  ray  opposite  to  the  one  we  did  choose  then  the  measure 
of  the  trip  from  A  to  B  would  have  been  (3,  1.5).  j 

You  should  have  no  difficulty  now  in  seeing  how  2-diniensional  mea* 
sttfe  vectors  are  used  as  measures  of  velocities  and  of  forces  in  a 
plane.  And  you  should  be  able  to  gliess  correctly  what  the  space  of  3- 
dimen*iQnal  measure  vectors  is  and  how  it  is  used  in  measuring  di- 
rected trips,  velocities,  or  forces  in  space. 

,  %* 

Exercises 

1.  Check  that  the  set  of  all  ordered  pairs  of  real  numbers  is  a  vector 
space  over  M  when  addition  knd  multiplication  are  defined  as  in 
the  text.  „  ,  . 

2.  The  members  of  the  space  of  3-dimensional  measure  vectors  are 
the  ordered  triples  of  real  numbers.  Define  addition  of  such  or- 
dered triples  anfr  multiplication  of  ordered  triples  by  real  numbers 
in  such  a  way  as  to  obtain  a  vecfbr  space  over  - 

.   3.  What  choices  must  be  made  before  3-dimensional  measure  vectors 
can  be  assigned  as  measures  to  directed  trips? 


/ 


%tc;?o; 


•Answers  ior  Exercises.       «  * 

-2.     4X:   [<a,b)  +  {ftd)}  +  (ef  f)  *=  (a  +  c,  b  +  d)  V  (e,*f)      V  ■ 
r  .  '     '  '([a  +«c]  +  e>  [b  +  d]>  f),  . 

.   =  (a  +  [c  +  e],  b  +  [d  +  £•]) 
V    "  (a,b)  +  (c*+  e,  d  +  fj  -.^ 
=  (a,b)  +  [(c/d)  +  (e,f)l 
4a:    (a,b)  +  (0,  0)  =  (a  +  0,;b  +  0)  (a,b) 

43:    (a,M"+  -(a.b)  =  (a,  b)  +  (-a,  -b)  ^  (a  +  -a,  b  +  -b)  =  (0,  0) 
•    44;    (a,  b)'+  (c,  d)  =  (a  +  c,  b  4  d)  =   (c  +  a,  d '+  b)  -  (c,  d)  +  (a,  b) 
4      45:   (af  b).  1  -  (al.bl)  =  <a,b)      '  « 
46:    (a,b)(c  +  d)  =  fa(c  +  d),  b(c  +  d)) 

,  -  (ac  +  ad,  be  +  bd)  m  ..,u. 

=  (ac.be)  V(ad, tod)  ^  (a,  b)c  +  (a,  bid 
47:    [{a,  b)  +  fc,d)]e      (a  +  c,  b  +  d)e 

=  ((a  +  c)e,  <b  +  djej 
•  (ae  +  ce,  be>  +  de ) 

=  (ae,  be)  +  (ce,  de)  =  (a,  b)e  +  (c,  d)e 
48;    [(a,b)c]d  =  (ac,bc)d  -  ([acjd,  [bc]d) 

=  (a(c4),  b(cd)}  =  fa,  b)(cd)* 

2.  (a,b,c)  +  (d,  e,f), ■=  (a  +  d,  b  +       c;  +  f) 
(atb,c)d  =.  (ad,bd,cd)  . 

{Check  of  vector  space  postulates  is  similar  to  that  in»Exercise  I,] 

3.  Choose  unit  of  length  and,  in  succession,  three  positive  senses  so 
that  each  two  are  perpendicular. 
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5.07  Chapter  Summary 
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*  Vocabulary  Summary  - " 

♦ 

%.  ,        '     operator  (on  a  group] 
„  "    vector  space  ^ 
*v  vector  % 

subspaee  * 
measure  vector 
speed 

Postulates 


/ 


Velocity 
*  force 

force  diagram 
resultant 
equilibrium 
comptoaent 


k  2 

3 


Key  to  Chapter  Te'st  f 
'(c)    C  +  c4  •  '  " 

(aji  in  ; 

(c)  IV 


(a) 


(b)  A  +  at  # 

(b)  a  -  (A  +,a)  -  A 


!.'(»)  B-AtJ 

2.  (a)  4  MB  - \<4 )  -  /J  * 

3.  (fl  -      +  (C  -  S)  =  C  -  A 

•4".  ./",  under  function  composition,  is  a  vector  space  over  i'A.  [See 
page  191  |  •  : 

5'.  .4  is  an  ordered  field.  (See  page  170.] 

Definitions  .  *  . 

i. 

'   (See  page  141  for  Definition  3-1  and^Definition  3-2.] 
5-1.  left  -  \xil/x=  ~dx) 
5-2.  [t/,  el  :«  {*!  3^  x  -  Jx  +  * 

Other  Theorems 

•ISee  page  141  for  Theorems  2-1  through  3^14.] 
5-1.  (a)  ab  -  0'  _  (b)  (fa  -  0" 

5-2.  (a)  a  -  -a  -  ~{aa)  (b)  —a  •  a  =  — (aa) 

.  5-3.  (a)  a(a  -  6)  =  atf  -  a&  (b)  (a  -  V)a  =  ~aa  -  fiq, 

5-4.  (a)  or  =  6c     *  ~a  -  Sjc  *  0)   (b)/ca  =  ~cb  — •  a  =  6  fcV  (j) 
5-5.      =  0*  — *  (c  =  ,0  or  a  «  0) 

Rules  of  Logic  \ 

{For  earlier*  summaries  ^  see  pages  111 -1J3,  142,  and  170-172.] 
Inferences  of  any  of  the  following  forrfis  are  valid: 


4. 

5. 


(b)     (i)-  (ii)  and  (iv 
(ii)-  (ii).  (iii) 

Uii)-<i>; 

(iv)-(i)  and  (ii) 
(a)  True.; 
(d)  True', 


(c)  False, 
(f)  True. 


(b)  True, 
(e)  False. 

Since  it  is  assumed  that  5.  and  c  Belong  to  a  it  follows  that,  for 
some  numbers  b  and  c,  b  *  ab  and  c^-  ac .    So,  _for  any  number 
a,  ^a  -  a  •  ba ,    Thus,  for  any  a,  oa  +  c  =  a • ba  +  ac  -  a  •  (ba  •¥  c ) 
So,  t*here  is^a  number  y  such  that  Sa  +  cT  =  ay.    It  follows  that, 
for  any  a,  Sa  +  c  €  [a].    Henc?,  for  each  x,  bx  +  c  €  [a],  T 

64     (a)    The  drawing  should  look 
something  like  this: 


: — — — , 

, — 1 — , — 

 i  r  # 

 ]  t  i-  *  ■ 

_  !  lIX 

 i'f-iti~' 

:*4  i  f  i  

'       i        i       :  : 

 i  ¥  \-  H- 

.  =     if  j 
 •<.  ...... ~j — i~  

1,1       ?  i 

 1  1  L  L  

,  *  g  — *  [p  rj 

not  p  — *  — *  rj 
not  r  — *  — *  pj 

not  g  -<-*  Ip  r}'4 


p  or  g  p 


f .  *     g     * >   [not  ph 
t   [1-e-    q  —*p   [not  rjj 

p  ~*     or  r) 

_ — j^. —  

not  g  — ^  [p  — •  rV 
r   q  *-*  s 


(b)    Not#    a  ^  b .+  c  is  not  lJ  [Many  possible  explanations  possible  ^ 
here.  ]  "  ,-,.■« 


r  or  8 
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1.  "  Simplify.  ' 

(a)  h  -  -~5  >-h3  f  a2  ♦  &*  ■  -8  v  ' 

(b)  IP  *  ia4  -  bhl-  \Q  -  iQ  +  fc*-'-2>| 
<c)  iC  ♦  c-  -*2)  -  \iC  -  <S>  -\C  +  c&)| 

<d)  tf>  -  QV3  r\\Q  +*q)     iP  +  *p)f    -3  +  <g^3 

2.  Consider    the    translations  a 
and  ti  described  at  the  right. 


Tell  which  of  the  arrows  drawn 

below  describes: 

(a)  «2  ¥  h 

ib)  a  -  h[ 

\c)  b  -  q2  ' 

id)  h2  -  a2 


V 


ill-— 


\ 


3.  Consider  the  following  sets  of  points; 

(i)  {X:3XX  ~A-}ax)  (ii)  {X:3^0*-i4  +  ai} 

iiiii  (X:  ^  w  X  ==  i4  +  ai}    '  (iv)  {X:  3X  ,  ,  X  =  4  + 
la)  Suppose  that  a  is  the  translationtiescrib$d  by  the  arrow  drawn 
below,  Copy  this  drawing  and  draw  pictures  of  the  sets  (i)  -  (iv). 
(b)  Answer  these* questions  about  the  sets  (i)  -  (iv). 


4.  Recall  that  la)  =  {xj  3,  x  =  ax}.  Which  of the  following  are  true 
!*•  <■    •  'and  which  are  false?  t 

(c)  [0]  =  0  ■      . ;  "  '  -  >  I 

(d)  If  6*€  (a)  then  6*  -  V-4  c  fa).    '  '     *       '  > 

(e)  'if  V«Ia\  then  'a  £("61.  ,  ■  '_■  ■  •  ■  ^  . 

(f)  If(afffilandVe["c1)tHena€|ci   1  •  '     '  ' 
5;  Suppose  that  6  and  c  belong  to  fa].  Show  that,  t*  each*,  6*  +  ~c 

belongs  to  [aV 

6.  The  following  arrows  describe  three  forces  acting  on 'a  point  P. 

(a)  Copy  this  figure  and  make  a  careful  drawing  of  the  resultant 
of  these  three  forces. 

(b)  Are  these  forces  in  equilibrium?  Give  a  reason  lor  your  answer. 


P. 


Uttt) 


(i)  Which  of  the  given  sets  are  rays  with  the  same  sense? 
<ii)  Which  of  the  give^g  sets  are  rays  with  the  same  vertex? 

(iii)  Which  of  the  given  sets  has  each  of  the  others  as  a  subset? 

(iv)  Which  of  the  given  sets  has  as  a  subset  the  segment  with 


#end  points  A  +  o|  and  4  +  a|? 
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Chapter  Siac  ' 
^'  Linear  Dependence  and  Independence 


6t01  Linear  Combinations  of  Vectors  * 

•  According  to  Definition  5-2  on  page  193,  a  vector  g  is  a  linear  com- 
bination of  vectors  a  and  b  if  and  only  if  there  are  real  numbers  x  and 
,y  such  that      ,  * 

-  g     ax  f  ■ 

[Then  'linear  combination  of  a  and  V  is  short  for  'sum  of' a  multiple  of 
a  and  a  multiple  of  6\]  For  example, 

a5"  +  b    —3  is  a  linear  combination  of  a  and  6,  and 
a,  •  £  -Ka.  •  7-5  is  a  linear  combination  of  al  and  a,. 

Similarly,  we  shall  say  that  * 

c  ■  —  S  +  6  -  —  3  +  a  *  5  is  a  linear  combination  of  c,  6,  and  a. 

To  make  best  use  of  the  phr&se  linear  combination'nt  turns  out  to  be 
convenient  to  agree  to  refer  to  any  multiple  of  a  vector  a*  as  a  linear 
combination  of  a.  So,  for  example.  a5  is  a  linear  combination  of  (Tand 
c  ■  —if  is  a  linear  combination  of  c. 

Definition  6-1        ^  r 
a  is  a  lineiar  combination  of  a  ,  .  .  „  ,'a 


there  are  real  numbers  aflf .  .  .  ,  ^  such  that 

^     '■       7=  a>f  +  .  .  .  +  anxn 

(Be  sure  you  Understand  what  the  V.  /s  mean  in  Definition  6-1. 
For  examples,  here  are  the  ft rstjt wo  instances  of  this  definition; 
a  is  a  linear  combination  of  aT  «— * 
^  there  is  a  nurrjber,     such  that  a  _==  a,s, 
a  is  a  linear  combination  of  a{  and  cf2 
there  are  numbers  x}  .and  *2  such  that  ~a  =  a*x^  4-  a*,*2 
What  is  the  fourth  instance*  of  the  definition?] 
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The  concepts  of  linear  dependence  and  independence  are  of  basic 
importance  for  £ny  work  at  all  with  vector  spaces  ks  such.    The  only 
theorems  about  vectors  which  do  not  depend  on  these  notions  are  theo- 
rems which  are  completely  analog  oil  s  to  theorems  from  the  algebra  of 
re^l  numbers.    The/reason  for  Ihis  is  simple.    First',  linear  indepen- 
dence is  needed  for  th€  purpose  of  defining  the  dimension  of  a  vector 
«pace.    [Roughly,  the  dimension  of  a  vector  space  T  is^  the  number  of 
"independent  directions4*  .which  vectors  may  have.    An  analogue,  of  this 
is  that  the  3 -dimensionality  of  Euclidean  space  £"  is  clue  to  the  fact  that 
one  q£n  choose  in  £   only  three  independent  directions.    Of  course, 
these  may       chosen  i,n  many  ways.    One  self-centered  choice  is  up- 
down,  righMeft,  and  front-back.  ]   Second,  two  vector  spaces  over  ft  j 
[or  any  other  given  fieid]  are  isomorphic  if  and  only  if  they  have,the 
same  dimension.    It  follows  that  if  one  lacks  the  means  of  defining 
dimension  then  the  only  results  one  can  obtain  are  those  which  hold  for 
all  vector  spaces,  ^Since  the  real  numbers  constitute  a  vector  space, 
such  results  will  be  strict  analogues  of  theorems  about  real  numbers. 

For  our  purposes,  linear  dependence  and  independence  serve  not 
only  in  defining  the  dimension  Of  T  —  and,  with  this,  the  dimension  of 
£  —  but  also  in  defining  such  basic  notions  as  collinearity  arid  co- 
,planarity  of  points.    It  is  in  terms  of  these  latter  notions  that  we  define 
'line*  and'  *plane';   the  noncollinearity*  of  its  vertices  is  an  essential  # 
part  of  the  notion  of  a  triangle;    the  only  conceptual*  diffe rence  between 
a  circle  and  a  sphere  —  or  between  a  disc  and  a  ball  —  is  that  one  is 
a  plane  figure  while  the  other  is  not.    Such  a  list  of  illustrations  of  the 
importance  for  geometry  of  linear  dependence  and  independence  could 
be  extended  indefinitely.    But  these  should  be  sufficient  to  convince  you 
of  the  importance  of  the  material  in  the  present  chapter. 

As  you  will  see,  the  definition  of  *  linear  dependence',  and  the  theo- 
rems depending  on  it,   require  the  use    of  the  quantifiers  ,  * V   and  *3'  — 
or,  at  least,  the  use  of  equivalent  modes  of  expression  such  as  *forsair 
and  *there  are',    JJp  to  now  we  have  made  only  rather  infdrmai  use  of 
quantifiers  or  of  quantifying  phrases  and  we  continue  this  practice  in 
the  first  six  sections  of  this  chapter.    However,  a  real' understanding 
of  the  meanings  of  '.for  all'  and  'there  are'  as  these  phrases  are  used 
in  mathematics  can  best  be  gained  by  study  and  use  of  the  rules  of  logic 
for  dealing  with  *V  and  *3\    Hence,  sections  6.0?  and  6.08  are 
devoted  to  the  logic  of  quantifiers  and  to  illustrations  of  its  use  in* 
proving  theorems  concerning  linear  dependence  and  independence. 
[Incidentally,  this  is  the  last  large 'hunk  of  logic* to  be  treated  in  the  * 
text*  ]  You  may  find  it  necessary  to  omit  or  deal  lightly  with  sqme  — 
but,  certainly,  by  no  means  all  —  of  the  material  in  these  sections.  On 
the  other  hand,  you  may  find  it  desirable  to  insert, some  oi  this  mate- 
rial into  your  treatment  of  the  earlier  sections.    In  fact,  we  urge  that 
you  study  sections  6.07  and  6.08  with  this  end  in  view. 

The  notion  of  a  linear  combination'  of  given  vectors  is  an  important 
one  and  form*  a  good  basis  for  understanding  the  notion  of  linear  depen- 
dence.   As  mentioned  in  earlier  commentary  on  Definitions  5-1  and 
5-2,1  the  former  notion  is*  an  aid  to  defining  the  direction  and  sense  *>f 
a  vector  and,  so,  to  defining  the  direction  of  a  line  and  the  sense  of  an 
oriented  line,  as  well  as  to  defining  higher  dimensional  analogues  of 
these  notions,  ■      i       %  ' 

The  occurrence  of  the  parameter  *n*  in  the  definitions  and  many 
of  the  theorems  of  this  chapter  requires  some  comment  here*    It  will 
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turn  out  that  bur  vector  space^of  translations  iy  3 -dimensional   and  so, 
For  example,  any  linear  combination. of  any  rtum% r  of  given  translations 
is  bound  to  be  a  linear  combination  of  some  three,  at  most,  o(  them, 
and  any  sequence  of  more  than  three  translations  is  bound  toJ>e  linearly 
dependent.    So^as  far  as  our  later  needs  are  concesned,  it  would  be 
sufficient  to  deaf  only  with  the  case  n  ^   4.    Had  ye  chosen  to  do  so 
therewoufd  h ay. e.  been  two  alternatives..  We  could  have  introduced  a 
restriction  —  say,  *n  <   A%  —  \r\to  each  definition  and  theorem  —  a 
restriction  which  would  never  come  into  play  —  or  we  could  have  split 
up  each  definition  into  four  definitions  and  each  theorem  into  four  theo- 
rems.    Neither  alte  rnative  ,m  ake  s  sense  either  mathematically  or 
pedogogically .  * 

The  use  of  subscripts  in  the  second  example  on  page   Z14  is  merely 
for  the  purpose  of  calling  attention  to  the  fact  that  subscripts  could  be 
used  to  create  new  letters.    The  more  sophisticated  convention,  by  whic] 

say,  is  an  alternative  to  the  notation  'f(l)'   for  the  value  of  a  func- 
tion f  at  the  argument  1,   is  not.  introduced  in  this  book  [although  you 
wijl  find  mention  of  it  irl  the  commentary  for  section  6.04]. 

Be  sure  student  ^  unde  r  stand  the  * 1 -convention  illust  rate  d  in 
Definition  6-1.     [You  might  tell  them  that  it  is  a  pattern  for  a  whole 
sequence  of  definitions.  ]    They  may  require  more  examples  like  those 
following  the  definition,   and  the  matter  should  be  re  vie  we'd  when  dis- 
cussing Definition  6-2  on  page  220,  Theorem  6-2  on  page   221,  etc. 
The  fourth  instance  of  the  definition  is:  ^  * 

a  is  a  linear  combination  of  a1#  a2 ,  a3,  and  a4 
¥        there  are  numbers  x<1#  xpf  x3,   and  x4  such  that 

,  Although  we  do  not*st;ress  the  point  here,  the  notions  of  linear 
combination  and  linear  dependence  come  i rr two  slightly  different  forms. 
One  can  speak  either  of  linear  combinations  of  the  members  of  the  set  * 
.{]»  v   .  .  .  ,  a^}  or  of  line  a}*  combinations  of  the  terms  of  the  sequence 

 an^,#  As  exPiair>bd  on  page  218,   an  n-termed  sequence  is' a 

function  whose  domain  is  {l,   .  ,  .  ,  n}'  and  can  be  named  by  listing  its 
values  — ;  which  are  called  its  terms  —  in  order,  between  parentheses. 
Such  a  list  may  contain  repetitions  and,  if  it  does,  these  repetitions 
are  significant;    they  indicate  that  the  function  has  the  same  value  for 
two  or  more  Arguments.    Alsp,  the  order  of  listing  is  significant;  it 
shows  which  values  go  with  which  arguments.    A  set,  on  the  other  hand, 
can  be  named  by  listing. its  members  between  braces,    The  order  in 
which  t£e  members  Are  listed  is  irrelevant  and,  although  it  may  happen 
that  a  member  is  listed  more  than  once,  any  such  repetitions  are 
irrelevant.  ,         ■  ' 

As  far  as  linear  combinations  are  concerned  it  makes  little  differ- 
ence whether  one  speaks  in  terms  of  sequences  or*of  sets.  Since, 
however,  it  is  necessary  to  distinguish  between, the  two  notions  in  the 
case  of  linear  dependence,  and  since  we  shall  be  concerned  mainly  with  . 
linear  dependence  of  sequences,  it  is  better,  if. the  question  arises,  to 
lean  toward  the  sequence -inte rpretation  of  Definition  6-1.    U  the  ques- 
tion does  arise  spontaneously  in  the  minds  of  your  students,  they  will 
probably  be  prepared  to  realize  that,  according  to  the  definition,  to  say 
that  a  is  a  linear  combination  «of  b  and  c  mean  that  there  are  numbers 
x  and  y  sucH  that  a  -  ox ■+  cy,  while  to  say  that  a  is  a  linear  combi- 
nation   of  c  and  b  is  to  say  that  there  are  numbers  x  and  V  such  that 
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a  ~  cx  +  by.   Jo,  since'addition  of  vectors Js  comrnutative,   it  is  a 
theorem  ihat  a  is  a  linear  combination  of  b  and  c   if  and  only  if*  a  is  a 
linear  combination  of  c  and  C  m  Since  this  theorem  is  not,  of  itselif -a 
Ipgically  ^ajjd  sentence,  the  difference  between  the  concept  of  being  a 
linear  comoTnation  of  b  -and  c  and  that  of  being  a  linear  combination  of 
c  and  b  may  not  b  earner  el  y  ignored.    Incidentally,   since  {b\  &} 
{although,  for  b  #  c,  (c ,  6}  #  (bYc)],  one  would  have  to  prove  the  same 
theorem:  •  ' 

<*)  3     3    a=Sx  +  cy<=»3    3    a  *  ?x  +  gy 

X      y  x      y  7 

before  he  would  be  justified  in  adopting  the  definition: 

a  is  a  linear  combination  of  the  members  of  {b,  c } 

3  .  3    a  =  b*x  +  c  y 
x     y  7 

For,  (^r)  is  a  consequence  of  this  definition  and  the  identity  of  {  d\  ?} 

and  {c,b};    so,  if  (ft)  were  not  a  theorem  then  the  definition  would  be 

creative  —  as  no  definition  should  be  {see  TC  108  and  TC  120], 

*  > 

Definition  6-1  is,  clearly,  closely  related  to  Definitions  5-1  and 
5-2,    Indeed,  this  definition  might  be  replaced  by: 

[a£,  ....  aj  =  {x;  3^..... 3      £  -  +  ...  *+  a^xj  - 

this  were  done 
is  a^linear  combi- 
However,  the  phrase  *  linear  combination*  is 
seful,  and  we  shall  have  need  of  the  bracket  notation  only  in  tne  cases 
overed  by  Definitions  5-1  and,  5-2.  . 

Finally,  as  you  will  notice,  our  practice  as  to  omitting  multiplica- 
tion dots  is  somewhat  random.    If  oppositing  signs  and  subtraction-signs 
were  more  readily  distinguishable,  multiplication  dots  could  always  be 
omitted.    As  it  is,  we  never  omit  them  before  oppo siting  signs.  In 
other  contexts,  the  mood  of  the  moment  is  likely  to  rule.  ' 
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Parts  A  -  E  involve.more  work  than  can  usually  be* handled  in 
one  class  period.    One  way  t&  handle  these  exercises  is  to  take  Parts 
A  and  B  as  one, homework  assignment,  Part  C  and  the  firsl  two  or 
three' exercises  in  Part  D  as  class  exercises  and  demonstration,  and 
the  rest  of  Part  P  and  Part  E  as  a  second  homework  assignment  , 
perhaps  using  teams  for  the  derivations*  .  **. 
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212      LINEAR  DEPENDENCE  AND  INDEPENDENCE 


Exercises  ' 
Part  A 

0  * 


\ 

-  *■*  -  * 


1.  Let  a,  h,  .andV  ta»  the  translati6ns  descri^in  the  following  dia 
.gram. 


0 


J  On  your  paper,  make  use  of  the  translations  just  described  to  illus- 
.»  trat? ^the  following  linear  combination^. 

(a)  aVft*  ,"3,  a  •  fri*  -J 

(b)  a5  +  h*  •  -3,  a  *  i  ♦  7  •  H,  c  •       +  6    -3  f  a5 

(c)  Four  other  examples  iof  vour  choicej  of  linear  combinations  of 
a,  or  of  a  and  6,  or  of  a*,  /T,  and  c! 

2.  Consider  any  vectors  a  and  ft!  Answer  each  of  the  following  ques- 
tions and  explain  your  answers. 

(a)^  Ls  ai  a  linear  combination  of  ~a  and  V?  [To  answe^this  in  the 
affirmative,  of  course,  you  must  find  multiples  of  a*  and  6*such 
that  their  sum  is  a7.  To  put  it  another  way,  you  must  §nd  real 
numbers  a  and  ft  such  that  aV  =  na  +  6*6.1 

<b)vls  fea  linear  combination  of  a*  and  6^ 

(c)  Is  0  a  linear  combination  of  aandVf  • 

(d)  Is  6* a  linear  combination  of  6^  Of  a1? 

3.  Given  the  quadrilateral  ABCD 
shown  at  the  right.  Notice,  in 
the  figure;  that  ftV  B  -  A,  c* 

C  -  A  andd  ~  lAr  A. 
(a)  Express  *  the  translation 
0  -  B  as  a  iineap  combination 
of  6  and  t\  As  a  linear  combina- 
tion of  ft!  c!  and  </. 
;  (b)  Express  each  of  the  translations  D  -  C  and  D  ~  B  as  a  linear 

combination  of  ft!  7%  and  c?. 
V(c)  By  Postulate  3,  we  know  that  (C  -  5)  +  (D  -  C)  =  D  -  B.  Use 
'this  to  check  your  answers  in  parts  (a)  and  (b).  [Hint:  Substi- 
tute the  appropriate>resuIts  from  (a)  and  tb)  for  *C  -  B\  *D  -  C, 
_and  'D  -  Bf  and  check  wither  the  resulting  sentence  is  true. 
What  can  you  conclude  if  it  is?  If  it  isn't?] 
(d)  We  did  not  say  that  A,B>Cf  and  D  are  coplanar  { -~  that  is,  all 
belong  to  the  same  plane].  And,  We  did  not  say  that  they  aren't 
coplanar.  Can  you  tell  from  the  figure  whether  or  not  these 
four  points  are  coplanar?  Does  it  make  a  difference  as  far  as 
your  answers  for  (a)  and  (b)  are  concerned? 


•4 
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/ 

(c)    [For  this  one,  ask  several  students  to  illustrate  one  of  their 
choices  at  the  chalkboard.  ) 

I.     (a)    Yes,  since  a?  =.  a7  + 

<b)    Yes,  since  b  ~   aO  +  Si. 

(c)  ^Yes,  since  "(5  =  aO  +  So. 

(d)  Yes,,  since  b  =  Si«;    Whether  S  is  a  linear  combination  of  a 
depends  on  special  properties  of  these  vector*.  Specifically, 

will  be  a  linear  combination  of  a  if  and  only  if  b  =  15  or 
*  (a  #  0  and  a  and  S  have  the  same  **  direction'  *  )4 

3.     (a)-C-B  s  ?'S=,S»-l  +  cl;   C  r  B  -  S--1  +  cl  +  36 

(b)  D  -  C  =  So  +  c  ■  -1  +  ^1;    D  -  B  =  S.  -1  *  c<T  +  3l 

(c)  Substituting  in  the  given  instance  of  Postulate  3  yields: 

*  (*)  (S«  -l  +  ci  -f  3g) >  (So  +        +  3i)  =  S-  -i  +  cO  +  3i 

Simplification  of  the  left  side  by  using  theorems 'based  on 
Postulates  4  and  5  reduces  (it)  xto  a  sentence  of  the  form 
4  a  =  a* ,  and  reversing  these  simplification  *teps  shows 
that  {<*)  is  true.    Actually,  this  tells  us  nothing.    Had  (it) 
turned  out  to  be  false  we  might  have  concluded  that  not  all 
the  results  obtained  in  answers  to  parts  (a)  andMb)  could 
be  correct  [or  that  something  was  wrong  about  Postulates 
3,  4,  or  5],  *  V,  ,  • 

(d)  No,  ;  No.    [Anticipate  some  problems  in  visualizing  this 
situation  by  having  a  simple  stickmodel  •available  for  manipu- 
lation.   Join  sticks  representing  S,  cf  and  3  at  point  A  to 
that  the  join  is  flexible.    Elastic  thread  for  C  -  B  and  D  -  C 

*    works  nicely.    Tape,  say,  the  sticks  for  c  and  d  to  the  chalk-, 
board  and  let'  students  move  the  S  stick  to  various  positions.  ] 


6.0f  linear  Combinations  of  Vectors  213 


(e)  If  the  figure  is  correctly  drawn,  C  -  B  is  not  a  linear  combi- 
nation of  /)  -  C.  [Why?]  But,  suppose  that  Ihfe  figure  is  in- 
correct and  that  C  -  B  Ls  a  linear  combination^  D  -  C.  On 
the  basis  of  this  assumption,  show  that  c  is  a  linear  combi- 
*nation'of  b* and  [In  doing  this  you  will  find  that  you  need  to 
make  ofle  other  assumption  about  the  points.] 

Consider  the  pyramid  V-ABC, 

sfy)wn  at  the  right.  Notice/in 

the  figure,  that  A  -'  V  a,r 

B  -  V  :    b\  and  C  -  V  c. 

(a)  Express*each  of  the  transla- 
tions B  -  A,  C  fl,  and 
A  -  C  as  linear  combina- 
tions  of  a,  h,  and  c. 

(b)  .Use  your  results  from  (a)  to 
vtyify  that  (B  -  A)  +  (C 

/STm  +  u  -  o  -  o* 

Given  the  translations  shown  in  the  following  figure: 


at  a,-. 


(a)  From  the  figure  it  follows  that  [Complete.] 


-  +  a. 


+  a. 


+  a, 


*4 


...  >  ... — »  — >         — > 

(b)  Express  a,  as  a  linear  combination  of  ek,  ct^,  a4,  a.,  and  a6. 

(c)  Express  as  a  linear  combination  of  a,,  a,,  a4,  a^,  and  av 
id)  Express     as  a  linear  combination  of  a,,  c^,  a,,  a,,  and  a6. 

6.  Prove:  aa  +  66  -  0*  — y»  -  6*  ■  -(6  ■  /a)  [a  0] 


PartB 


1.  E>raw  a  figure  like  this: 


(a)  Locate  the  points  D,  E,  F,  G,  H,  and  /.  where 


D  =  0  +  a|, 
G  -  F  +  a2, 


H  =  E  +  a, 


F  ~  A 

/  =  0  +  a  •  -2. 
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(e)    Intuitively,   if  C  -  B  were  a  Unear  combinati6n  of  C  -  D  then 
Bf  C,  and  D  would  be  collinear.    Assuming  [despite*the  evi- 
dence of  the  figure]  that  C  -  B  is  a  linear  combination  of 
C  -  D  it  follows,,;. by  definition, that  there  is  a  number  —  say, 
,  a  —  such  that  C  -  B  -  (D  -  C)a.    It  follows  from  parts  (a)  and 
(b)  that  4   •  t 

S-  -1  t  cl  *   (c  •  -1  +  3l)a, 
-  c  •  —a  +  3a^ 
c(l  +  a)  -  Si  +  3a, 


c  " 


1  +  a       1  +  a    4  . 


We  note  that  i  -   -1  if  and  only  ifC-B  =  C      D  —  that  is, 
if  and  only  if  B  ~   D.    So,  assuming  that  C  -  B  is  a  linear 
*   combination  of  C  -  D.«  and  that  B  *  D,  it  follows  that  c  is.  a 
linear  combination  of  b  and  3, 

[Part  (d)  shduld  alert  students  to  the,  fact  that  flat  drawings 
need  not  represent  plane  geometric  figures,  and  illustrates  the 
fact  t^iat  many  of  our  theorems  will  be  independent  of  dimen- 
sion.   Part  (e),  is  a  step  in  a  carr^paign  which  will  eventually 
lead  to  the  recognition  that  collinelfcj;ity  can  be,  defined  in  terms 
of  linear  dependence  o^  appropriate  ^%4nt  differences.    It  is 
also  an  example  of  the  use  of  ''positio^'vector  a"   [in  this  case 
'■from  A"]  to  characterize  points  on  a  line  [the  line  BDj. 
C  6  S3  if  and  only  if  c  is  a  linear  combination  of  b  atad  a,  ] 

(a)  B  -  A  =  a  -  -1  +  Si  +  cO; '  C  -  B*  =  aO  +  S-  -1  +  cl;  *  ■ 
A--  C  =  al  4  SO  +  c  -  -1 

(b)  (a-  ~r  +  Si  +  cO)  +  (aO  +  S.-l>  cl)  +  (al  +  S|  +  c  •  -1)  " 

a(-l  +  0  +  1)  +  S(l%  -1  f  0)  fc(0  +  1  +  -if  ^  . 

-  aO  +  SO  +  cO  =  ^ 

[In  discussing  this  exercise,  point  out  that  the  choice  of  notation^ 
which  leads  to  such  equations  as  1 B  -  A  =  b  -  a*,  *C  -  B  =_  c  -  b\ 
and  *A  -  C  =  a  -  c1  has  obvious  advantages  ;f  one  has  much  to  do 
with  the  points  A,  B>  and  C,    The  result  stated  in  (bj  is  more 
easily  checked  by  noting  that  it  is  equivalent  td  s*(b  -  a)  +  (c  -  b)  +  "* 
(a  -  c )  =  (J\   It  is  still  more  easily  checked  by  using  Postulate  3 
and  Theorem  3 -1(b).    You  might  check  understanding  of  the  *.  ..*- 
convention  on  the  theorem: 

<A£  -  A^  +  ^A^  -  A^)-+  ...  A^rM  A^-  _ 

[A  proo^fc  this  theorem  requires  the  use  of  m  athem  atic  alinduc  tion 
but^6ivMmal  instances  can  be  established  by  using  inst^OtbeVyof 
Pos/ulate  3.]]  „  4  '  . 
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Answers  lor  Part  A  [cont.] 

5.     (a)    1,  0fc   I,    1,    >,   I  7 

(b)  a\   -1,0  Uj.-l  f  y-lf  Js.^  +  J6.-| 

(c)  Insufficient  information;    [One  might  be  inclined  to  assume 
from  the  figure  that,  for  example,  a0  •  3  +  a- •  Z  +  a A  = • 8  and, 
so,   t'hat  -      *'  ■■■ 

However,  as  Exercise   5(d)  has  pointed  out,  such  assumptions 
are  unwarranted,    A  demohst  rat  ion  will  help  to  clarify  the 
point  that  a\,   is  not  necessarily  a  linear  combination  of,31,  " 
av  a*4>  a,,  and  a^f    Copy  the  diagram  of  E«e rcise  5  on  the 
. board.     Now  make  a  new  diagram  using  a      J  /  J      a    •  Z.  and 
a%,.    Students  will  see  that  i    +  a*3  +  3T4  +  £,-.,2  +  36  =  0 
regardless  of  the  direction  of  a\.*    In  some  sense,  the  trans- 
lations a*v  a      a%,  g^.z,  and  l6  are*"free"  of,  or  do  ru>t 
depend  upon  ap  „  ] 

6.     Suppose  that^  aa  +•&  --  5..    it  follows  that  (a"a  +  5b) -/a  =  3  . /a 
.Since  {aafbb)./a-    (aa).  /a  ♦  (Sb).  /a  =   a(a  • /a)  f  S(b  . /a)  and 
since,  Jor  a^.*  0,  a-  /a  -   1   it  follows  that  al  +  S(b./a)  -  0*/a 
■    §lnce  »1    -  a  .and  0-/a   -   0  it  follows  that  a*  +  S(b  • /a)  =  3  So' 
a  -    -b(b./a)  :   b.  -(b./a).    Hence,  for  a  *  (J,  if  aa  +  Sb  =  0 
then  a  =  b.  -(b«/a).    [Rqmind  students  that  the  "unabbreviated 
form"  of  this  theorem  is: 

a  *  0  =>  [aa  +  Sb  -   3         2  =  g.  -(b»/a)]  ] 

Answers  for  Part  B  . 

1.     (a)     •  "  . 

"       '  H  q* 
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(b)  Consider  the  vectors  which  map  O  onto  the  points  D,  E,  F, 
U,  //,  and  /.  Is  each  a  linear  combination  of  aV  Justify  your 
answer. 

(c)  Give  tht?  following  ratios  of  sensixi  segments: 

iO  to  A):(A  to  D)\  iA  to  G):iF  to  0)\  (F  to  E):W  to  A); 
[1  to  E)AO  to  D);  (/  U>  E)\E  to  H);  (O  to  F):(0  to 

2*  (a)  In  Exercise  1,  is  each  of  the  points  Dt  E,  F,  G,  H,  and  /  on  the 
same  line  as  O  and  A? 

(b)  Suppose  that  c  is  a  linear  combination  of  a,  where  a*  is  the 
vector  pictured  in  Exercise  1,  and  that  J  =  0  +  c!  Do  you  think 
that  J  is  on  the  same  line  as  0  and  A?  „ 

(c)  Suppose  that  K  is  any  point  on  the  same  line  as  the  points  O 
and  .4  of  Exercise  1.  Do  you  think  that  K  -  O  is  a  linear  com- 
bination of  a? 


3-.  Draw  a  figure  like  this;^ 


(a)  Locate  the  points  P,  Q,  fl,  S,T,  and  U,  where 

P  »  O  \  a2,  Q  ~  Q  +  7)2,  •  *  „ 

R  -  A     la  +  A),  -  S,  -  0  +  (a  •  -  3  + 

;  T  -  O  +  la  +  6'  •  -2),  f/  -  O  +  (a  +  6^  ■  ~i 

(b)  Consider  the  vectors  which*  map  O  onto  the  points  P,  Q,  Rf 
t  St  7\  and  U.  Is  each  of,  these  vectors  a  linear  combination  of 

a  and  6?  Justify  your  answer. 

4.  (a)  In  Exercise  3f  is  each  of  the  points  P,  Q,  R,  S,  2\  and  U  in  the 

$ame  plane  as  A^  fl,  and  O? 

(b)  Suppose  that  c  is  &  linear  combination  of  a  ahd  bf  where  a  andl? 
are  the  vectors  pictured  in  Exercise  3,  and  that  V  -  O  +  c.  Do 
you  think  that  V  is  in  the  same  plane  as  A,  fl,  and  O? 

(c)  Suppose  that  IV  is  any  point  in  the  same  plane  as  A,  B^and  0. 
Do  you  think  thaf  W  -  0  is  a  linear  combination  of  a  and  V? 

5.  Use  a  pencil  [or,  your  finger]  id  represent  a  vector^which  is  not  a 
linear  combination  of  the  vectors  a  and  b  from  Exercise  3.  Demon- 
strate how  you  would  find  the  following  points: 

ia)  0 +  c  (b)  O +7  ~ 5  (c)0  +  (a+7)  • 

(d)  O     (a  +  b*  +  cl(e)  0  '  +  (5*2  +  7  -3)  (f )  O  +  (ok  +  T>  + 
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(b)  ,  Yes.  ;    D  -  O  -  af ,  E  -  O  =>  a  -  -  j,   F  ~  O  =  a  - 

r    G-0=a|,  H^O^a^-j,    I  -  O  -  a« 

(c)  2/3;    1;    -1;    1/5;    l/2;    1  v 

(a)    Yes,  (b)   Yes,  (c )   Y^s.       [As  yet,  these  ;answe  rs 

can  be  justified  only  on  intuitive  grounds.    Whenf  in  the  next  chapter 
the  notion  of  collinea rity  is  defined,  it  will  be  possible  to  prove  that 
the  answers  are  correct..  If  students  exhibit  doubts  as  to  the  cor- 
rectness  of  the  answers,  suggest  intuitive  arguments  based,  say, 
on  the  use  of  a  tracing  sheet.    But,  point  out  that  such  arguments 
are  purely  intuitive.  ] 


(b)    Yes.*j    P  -  O  =  tl  +  bO,  Q  -  O  =  aO  t  bZ,  R  -  O  =  a2  +  Si,  m 
S  -  O  =-a«  -7  +  Slf  T  -  O  =  al  +  b-  -Z, 

(a)    Yes.         (b)   Yes.         {c)  Yes.         [The  translation  a,  and 

any  multiple  of  it,  will  map  any  plane  containing  the  line  OA  onto 
itself.    The  translation  b,  and  any  multiple  of  it,  will  map  any 

plane  containing  the  line  OB  onto  itself.    The  resultant  of  any  • 
multiple  of  a  followed  by  any  multiple  of  b  wilf  map  the  plane 
determined  by  O,  .A,  and  B  onto  itself.    Intuitively,  using  just 
the  .  sums  of  a  multiple  df  a  and  a  multiple  of  b  there  is  no  way 
to  "get  out  of"  the  plane  of  0,  A*  and  EL  J  . 

[To  the  teacher.  ]'  Each  student  should  be  able  to  demonstrate  how 
tp  f^nd  the  various  given  point*.  Stick  and  string  models  may  be  - 
both  helpful  and  useful  t6<jriake  at  this  stage  of  the  game. 

e 
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6.  Consider  the  pyramid  A-BCI) 
t  ia)  Do  you  think  thatjT  -  B  is 

a    linear   combination   of     •  , 
R  -  .4  andC  -  A?  Off)  -  B 
and  /;  -  C?  Of  4  -  R  and 
/)  -  B?  Explain  yotfr  an- 
swers. 

<b)  Do  you  think  that  C     .4  is 
a    linear    combination  of 
*    /*  -A  and/)  -4? Of/?  -4, 
/;  -  /t,andC  -  fi?  Explain 
yotir  answers. 

V 

*Part  C  Points  to  Ponder 

,  L  It  should  be  intuitively  clear  that  for  any  two  points  there  is 
exactly  one  line  that  contains  them.  Another  way  to  express  this 
same  idea  is  to  «ay  that  any  two  points  are  col  linear.  Of  course, 
*  it  is  not  necessarily  the  case  that  any  three  points  are  col  linear. 
Try  to  formulate  a  definition  of  col  linearity  of  points  A,  B,  and  C 
in  terms  of  translations.  -  * 

2.  Art  Mated  in  Exercise  1,  there  is  exactly  one  line  that  contains  two 
given  points.  Try  to  formulate  a  definition  of  a  line  containing  two 
points,  say t  the  points  A  and  B. 

3.  Three  points  need  not  be  col  linear.  However/it  is  intuitively  ob- 
vious that  three  noncpllinear  points  are  contained  in  exactly  one 
plane.  Try  to  formulate  a  definition  of  coplanarity  appoints  A, 
B,  L\  and  I).  Do  it,  of  course,  in  terms  of  translations, 

4.  Try  to  formulate  a  definition  of  the  plane  containing  three  non- 
collinear  points  A,  B,  and  C. 


Part  D 


1.  Recall  that,  by  Definition  5rl, 

-  that  js,  [n]  is  the  set  of  all  linear  combinations  of  p*  [Read  l[p)*  as 
'brackets  /; ,  ] 

(a)  Show  that  each  of  the  following  vectors  belongs  to  fa): 

a\  ~a\  Q9la  •  i  +  a  .-3 

(b)  Show  that  each' of  the  vectors  in  part  (a)  belongs  to  [o2j. 

'  <c)  Show  that  each  vector  in  (a)  is  in  [a2l  [What  does  this  tell  you 
about  how  \a]  and  [a2\  are  related?]  ^ 
(d)  Show  that  [a]  -  (a2J-that  is,  show  that  the  set  of  all  linear 
combinations  of  a  is  the  same  as  the  set  of  all  linear  combi- 
nations of  a2.  {Hint:  Having  done  part  (c),  what  more  need 
you  do?] 


5;)  i 
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6.     (a)    *es.;    C  -  B  «  tB.-  A). -1  +  (C  -  A)l. 

Yes. ;    C  -  B  =  (D  -  B)l  +  <D  -  C)*  -1, 

No,    The  word  'pyramid'  {and  the  shading  of  the  figure]  indi/- 
cates  that  we  are  not  to  consider  the  possibility  of  C  '  being  in 
the  plane  of  A,   B,  and  D.    And,   intuitively;  no  translation 
which  is  a  linear  combination  of  A  -  B  and  D  -  B  can  move 
■■'   B  out  of  this  plane, 

(b)    No,  for  the-  same  reason  given  in  support  of  the  answer  for  the 
last  question  of  part  (a).  m  *  rr 

Yes.  ;    C  -  A  =  <B  -  A)l  +  (D  -  A)0  +  (q  -  B}1.  1  •  ' 

Answers  for  Part  C  *  *■ 

[The  answers  to  these  questions  ought  to  generate  a  lot  of  healthy 
discussion  about  how  translations  act  on  points.    While  not  all  students 
will  be  able  to  do  the  kind  of  creative' thinking  necessary  to  generate 
adequate  definitions,  trying  tc*  do  so  shoulcf^be  encouraged  and,  most 
important,  no  suc*h  attempts  which  seem  to  be  or  are  *  'incorrect' ' 
should  be  denounced.    We  give  below  possible  answers.  J 

1.     If  it  is  assumed  that  A,   B,  and  C  are  three  points,  a  correct 
answer  is: 

A,  B,  and  G  are  collinear  if  and  only  if  1 
C  -  A  is  a  linear  combination  of  B  -  A, 

[Thi$  is  still  correct  unttcf  the  weaker  assumption  th^t  A  #  B.  ] 
Without  any  assumption  concerning  the  number  of  elements  in  the 
set  {A,  B,  C} :  <  1 

A,  B,  and  C  are  collineartif  and  only  if  (A  -  B 
or  C  -  A  is  a  linear  combination  of  B  -  A), 

A,   B,  and  C  are  collinear  if  and  only  if  one  of 

B ■  -  A  and  C-  -  A  is  £  linear  combination  of  the  other.. 

Z.      For  A  *  B,  the  line  -,AB  is  {X;   X  -  A  is  a  linear  combination 
of  B  -  A}, 

3A     If  it  is  assumed  that  A,  B,  and  C  are  noncollinear,  a  correct 
answer  is:  . 

*  A,   B,  C,  and  D  are  coplanar  if  and  only  if 

I?  -  A  is  a  linear  combination  of  B  -  A  and  C  -  A. 

Without  any  assumption  concerning  A.  B,  C,  and  D:  ■»  "  ' 

A,  *B,  C,  and  D  are  coplanar  if  and  only  if  (A,  B,  and  C  are 
colHnear  or  D  -  A  is  a  linear  combination  of  B  -  A  and  C  -  A). 

A,  B,  C,  and  D  are  coplanar  if  and  only  if  one  of  B- -  A, 
C  -  A,  and  D  —  A  is  a  linear  combination  of  the  other. 

4.     For  A,  B,  and  C  noncollinear,  the  plane  containing  A,  B,  aid  C 
is      *  '  < 

r    ^  *  ' 

{X:  A •  is  a  linear  combination  of  B  -  A  and  C  -  Ah 

[We  stress,  again,  that  these  are  only  some  possible  answer*,  and^ 
that  there  is  no  point,  at  this  time,  in  striving  to  force  "correct" 
answers  from  all  students.    ''Points  to  Ponder"  should  be  taken 
literally.  -   ■•  '  ' 
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Answers  for  Part  D 

1.    "(a)  ,a  =  al;    -a     a-  -1;    (J  ■■:  aO;  *a  •  |-  +  a  -,-3  *  a( j  +  -5)  =  a.  -| 

[In  connection  with  these  answers,  you  might  foreshadow  the  introduction 
rule  for  '3'.    This  is  (2)'  orr  page  240   and  is  stated  formally,  along, 
with  the  elimination  rule  for  lV\   in  the  box  on  page   244,  Its 
application  sto  the  exercises  of  part  (a)  <comes  about  in  the  following  way 
To  show  tnat  b  £  [a  )  ^e  must,  by  definition,   s-hdw  that  there  is  a  real  . 
number  x  such  ^hat  b  -   ax.  .The  most  satisfactory  way  to  show  that 
there  is  such  a  number  is  to  exhibit  one.    This  is  what  is  done  in  the 
answers  for  the  exercises.    However,  <a  complete,  solution  of  the  first 
of  these  exercises  would  run  as  follows:  \  ' 

.  B v  Postulate  4^,   a    -   al.    So  [by  the  introduction  rule  for  , 
43'],  3     a    -    ax.     Hence,  by  Definition  5-1,  $€[S].       ■  .  ■ 

vThere  is  np  point  in  requiring,  in  part  (a),  fhat  Students  give  answers 
'in  this  extended  form.     It  should  not  be  difficult,  however,  to  get  them 

to  see  the  necessity  of  this  if  'Show'  were  changed  to  'FJrove'.  Doing 

so  now  will  help  prepare  them  for  later  exercises.  ] 

(b)  "a  -   al    =   a(2.|)  [or:  a       al   =.  a(2;/2)  -  (a2)*/2]; 

-a  :  a*-  -1  (a*.  -1)1  {a-  -1)(2.  / 1)  -  (a2)(-l*/2)  [=  (a2}«  -j] 
6".   (a*2)0;     a.|u.:3    •  (aZ)^-| 

[The  general  procedure  is  illustrated  in  the  answer  for  the 
second  of  the  three  exercises  of  part  (b).    It  depends  pn  the 
easily  proved  theorem: 

^     (ab)(ac)  -  (aa)(bc) 

This  theorem  is  used  i,n  the  answer,  below,  for  part  (c).  ] 

(c)  Suppose  that  £  €  [  a  1.    It  follows,  by  definition,  that  3     d  ~  ax. 

.  7  x 

Suppose  that  S       ab.    It  folldws  by  45  fhat  b  ~   (ab)l.  Since 

^  ^  0,  2./2  :    1   and  it  follows  that  t>  =  (ab)(£. .  / 1)  =  (a2)(b  .  /£). 

So,  3^  b   ■    (a2)x  and,  by  definition,  b\€  [a£].    Hence,  if  £  =  ab 

then  E  c  [a2].    Since  3^  5  =  ax  it  follows  that  fj  €  [a.2].*  Hence, 

*         if  Se[a]  then  S  €  [a2],    [Thls-telle  us  that  [a]  C  [a2].  ] 

'  [This  argument  illustrates  the  use  of  the  elimination  rule  for 

*3'   which  is  stated  formally  on  page  249. 
In  its  application  here  it  tells  us  that  if  we  know  that,  for 

any  h,  *  ^  -,- 

.11)       '  S  -   ab  ■*  S  e  [ai]  n. 

a*nd  also  know  that  * 

<2>*  3    S  =  ax 

then  we  may  conclude  that  b  €  [a2].    Note  that  this  conclusion 
does  not  follow  from  (1)  alone,  since  (1)  might  hold  even  if. 
the  equation  'b  =  ab*  had  no  solutions.    In  this,  case  (1)  wou^d* 
give  no  warrant  for  concluding  that  b  €  [a2], 

Students  should,  of  course,  not  be  expected  to  give  as 
complete  an  argument  as  that  given  above.    Nevertheless,,  if, 
in  class  discussion,  you  can  bring. them  to  appreciate  this 
argument,  and  the.  roles  flayed  in  it  by  the  two  rules  for  ,43\ 
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then  the  pay -off , should  be  large.    For  one  thing,  much  of  the  ✓ 
discussion  in  sections  6,07  and  6,08  will  have  been  pre- 
viewed and  should  cause  students  little  difficulty  when  they 
come  to  it.  ].  *  V  ■ 

(d)    Having  shown  in  part  (c)  that  [_a  ]  C  [Zl  ],  all  that  remains  to 
be  done  in  o  rde  r  to  s  how  that  [  a  ]  -   {  al  )  is,  to  show  that        '  ^ 
[a2  ]  C  [a  ]4    That  is,  it  remains , only  to  be  shown  that  if 
b  6  [a2  ]  then  £  e  [a  ]. 

Suppose  that  b  e  [aZ  ],  ,  By  definition  it  follows  that  there 
is  a  real  number  —  say,  b  —  such  that  b  -  (a2)b.    It  follows, 
by  48,  that  b      a(2b).    So,  by  definition,  bt[a].    Hence,  .  if 
-    b  €  [a2  ]  then  S  €  [a  ]. 

[This  argument  has  been  chosen  to  illustrate  a  less  complete 
form  which  might  reasonably  be  expected  of  students  who 
either  do  not  know  the  use  of  the  existential  quantifier  or  who, 
having  learned  thoroughly  how  to  use  it,  bave  advanced  to  the 
point  of  ignorin^iJ.    (Recall  our  contention  that,  by -and-large, 
only  students  who  have*  thoroughly  understood  formal  rules  of 
logic  are  able  to  argue  informally  with  both  ease  and  safety.  ) 
By  comparing  the  given  argument  with  that  for  part  (c)  you 
should  have  no  trouble  in  rewriting  it  so  as  to  bring  out  the 
'use  of  the  rules  fqr  '3'(    We  suggest  you  do  so  before  reading 
•  further.    The  changes  required  are.  to  ^replace  the  fourth  sen- 
tence by  'By  definition  it  follows  that   3^  b  =  (a2)x.  Suppose 

that  b  =  (a2)b.  '   arid  the  sixth  by  'So,  3^  b*  -  ax  and,  by 

definition,  b  €  [  a  ].    Hence,  if  S  =  (a2)b  then  Sc[a],(  Since 

3    t>  -  («a2)x  it  follows  that  S  €  [a].  \  ] 
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(e)  One.  ;   Infinitely  many, 

(f)  It  tells  you  that'  a  =  (5. 

(a)    False.    Would  be  true  if  followed  by  the  restriction  4  [c  4  0]\ 

((b)    True.?  [k3     ac  =  ax*  is  a  consequence  of  its  valid  instance 
'ac  -  ac* .]  f 

(c)  True.    [By  Definitions  5-1*  and  6-1  this  is  a  restatement  of 
(b).  ]  .  ;         4    _  ■ 

(d)  False.    [Restatement  of  (a).  ]  '  ■  • 

(e)  .  True.  .4  ' 

(f)  False.    WouJd  be  true  if  followed  by  the  restriction  *[c  ^  £>]*. 

(a)  Intuitively,  this  is  the  line  through  A  whose  direction^*  that 
of  a;   alternatively,  it  is. the  lirie  through  A  and  A  +  a« 

(b)  {a)  '  •  •      .  : 
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»  » 

<e)  How  many  translations  art?  in  [a]  if  a*  0?ifa*0? 
(f)  Suppose  that  |«1  contains  exactly  6ne  vector.  What  does  this 
tell  you  about  a? 

2.  True  or  false?  Justify  each  answer;  ayd  if  you  can  "add  onto"  a  false 
.  sentence  to  make  a  true  one,,  do  so. 

CaJ  nt\tw\  (h)  ac  is  a  linear  combination  of  a 

(C)  officii  '  (d)  u  is  a  linear  combination  of  ac 

le)  \uc]  C  Ui\  if)  |a;.J  '  [a) 

3.  Describe  the  set  of  points  {X:  J.  iX     A  +  .t  and  **eIgV} 
*(a)  if  </  **  ()'/  ^    (b)  if  a  0. 

4.  Prove  each  of  the  following:  V 

(a)  -a%|«1    ^  .       "(b)  "ael-af 

•     <c)  //€[(/i  — *  I/O  C  fal  (d*  loo]  C  f«l 

(e)  <</<  |  Aland  h  e[a))  —  (ul     [<Vj  (f)  |^a)  ,  j'^ 

ig)  (b  *  O'and  A  *  [a1>  — *  id  -  lb)  %  '         (h)  [a'aj  -  fall  a  *  0] 
\Hint:  Prove:  ™^  a*e  I6l  l6*  ^  Oil 


Part  E 


1.  (a)  Suppose  that  a  is  any  vector.  Can  you  find  numbers  a,  6,  and  r 

such  that 

ia2m  +  <«3)6  +  (a"  ■  -4 if  0? 

(b)"Find  numbers  a,  6,  and  v  which.are  not  all  zero  and  which 
•  satisfy  the  equation  in  part  (a). 

2.  Consider  the  vectors  a  and  //indicated  in* the  following  figure: 

(a)  Are  there  real  numbers  a  and  6  such  that  aa  +  66  0?  Justify 
your  answer. 

(b)  Po  you  think  that  there  are  real  numbers  a  and  6,  not  both 
zero,  such  that  aa  +  6*6  -  {)?  Explain  your  answer.  {'Hint'  Does 
Exercise  6  of.  Part  A  seem  relevant?}  -  - 

3*  Suppose  that  P,      and  S  are  any  points  in 

(a)  Show  that  S  -  P  is  a  linear  combination  of  R  ~  P  and  S  -  R. 

(b)  tAse  yowr  result  from  part  {a)  to  find  numbers  a,  6,  amic  such 
that 

(3  -  P)a  +  (fl  -  P)6  +  (S  -  R)c  »  a 

(e)  Use  your  result  from  part  (b)  to  show  that  S  -  /J  is  a  linear 
'         combination  of  S  -  P  and  R  -  P. 
4*  Suppose  that  a^i,  and  c*are  any  v^cto^.  , 

(a)  Show  that  0  is  a  linear  combination  of  a,  6*,  and  c! 
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(a)  Since    -a       a«-l   it  follows  that  3     -a  *=  ax,    Hence,  by 
definition/  -a  €  f  a  ]. 

(b)  By  part  (a),   — 3  e  [-a  ].    Since   — a  =  a  it  follows  that 

a  €  [~a  ]._^  [Another  argument:   Since  sL  -  -1  it  follows 

that  3X.^  =   ^ax,    Hence,  a£[-a].J  v  1 

(c)  Suppose  that  J>  =  ab  and  that  c       be.    It  follows  that 

c   =^  (abjc    -  a(bc)  and  so,  by  definition,  that  c£[a].  'Hence, 
if  c  6  [-t>  J  then  c  €  [  "a  ]       that  is,  [  S  ]  C"  [a].    Hence,  if 
b*e[  a  ]  then  [b  j  C.   f  a  J.  ' 

[This  argument,  like  that  given  for  Kxercise   1(d),   is  perfectly 
satisfactory  on  an  intuitive  level.    Nevertheless,  students  will 
understand  it  more  thoroughly,   and  will  have  more  success 
-Avith  similar  arguments,  if  it  is  put  in  the  more  formal  mode 

•  illustrated  by  the  answer  for  Exercise   1(c)  (assuming,  of 
course,  that  they  have  already  seen  the  latter ),    .Here  is  how 
it  goes: 

Suppose  that  b  E  [  a  ],    It  follows  that  3    b*  r  ax,  t 
Suppose  that  b  =  ab. 

^Supgose,   now,,  that  c  6  |b  L    It  follows  that 
3^'  c   =  bx.    Suppose  that  c   =   bct^  Sinc«  b       ab  it' 

'  follows  that  c    :   (ab)c   -   ci(bc).    St?,  3^  c  =  ax  ^nd, 
by  definition,  c  6  [a].    Hence,   if  c  -  be  then 
c  €  [  a  ].    So,  since  3^  c  -   bx  it- follows  that  c£[a-]« 
Hence,  'if  c  €  [b  ]  then  c  e  [  a  ]  —  that  is,   [b  ]  C  [^  J. 

Hence,  if'S  -   ab  then  [6']  C  [a.J.    So,  since  * 
3^  ij  =r  a*x  it  follows  that  [b]  C   [a]4    Hence,  if 

1  S  €  fa  ]  then  [b  ]  C    [a  ], 

•  Note  how  each  of  the  three  assumptions  is,  in  turn,  picked  up 
and  discharged,  ] 

(d)  [The*  argument  is  the  same  as*  that  given  as  part  of  the  answer 
for  Exercise   1(d)  with         replaced  throughput  by  *a\] 

(e)  [This  follows  at  once  from  the  resuk  in  part  (c).  ] 

(f)  {This  follows  at  once  from  the  results  in  parts  (a),  ^b),  and 

(g)  Suppose  that  be[a],    It  fpllows/  by  definition,  that  there  is  a 

4  number  —  say,  b  —  such  that  b  -   ab.    Since  aO  -  ^  it  follows 
for  S  ^  d,  that  b  4  0.    Since  b  *  0,  b  • /b  -   1  and,  since 
B  =  ab,  ij  follows  jhat_b- A  =  (ab}./h  r-  a(b-/b^=  5j  =  a.  * 
So,  by  definition,  a  €  [Si.    Hence,  for  S      tf*  if  3  €  f  a  1  then 

ae[5]/  r 

Suppose,  now,  that^b  $^~6  and  S  £  [  a  ].  It  follows  [as  has 
just  been  proved-]  that  a€[b].  Since,  also,  b  C  [a]  it  follows 
by  the  result  in  part  J^e)  that  [a]  =  [b  ].  Hence,  if  S  ^  U  and 
b*6  [  a  ]  t^en  [a]  =  [b  ].  ,  < 
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^{h)    Since,  by  part  (d),   f  aa  )  r  [  2  ]  it  is  sufficient  to  prove  that, 
for  a,  *  0,  [a  )  r    [  aa  ). 

Suppose  thrit  b  ej  a        By  definition  there  is  a  number  — 
say,  b  —  stfchthat  b  -  ab.    Now,  for  a  *  0,  a «  /a  <*    1.  So 
^       it  follows  that  £     Jb  -  (ab)l  ^  '(ab)(a./a)  -  (aa)(b./a).  So, 
by  definition,  b  €  [  aa  ],    Hence,  for  a  *  0,  if        [  a  1  then 
Sefaa]  —  that  is,  [t\  [3a]. 

Answers  for  Part  E  * 

[These  are  exploration  exercises  for  the  notion  of  linear  depen- 
dence. For.  exampl^  aplvinjg  Exercise  1(b)  amounts  to  proving  that 
(a2,  a$,  a  •  -4)  is  a  Urfiaa$jLjj$de  pendent  sequence.] 

1.  .(a)    This  is  trivial.    Take,  a   -   b  -   c    -  0. 

(b-i    Since  (aZ)a;+  (a3)b  f-  (It- \-4)c   =   Z(Za  ♦  3b  -  4c)    [and  since 

.  a0       6]  it  is  sufficient  to  find  numbers  a/  b,  and  c  which  are 
not  all  zero  and  are  such  that  Za  f  3b  -  4c   -   0.  Thers^re 
infinitely  many  solutions.     Perhaps  the  simplest  is  obtained 
by  choosing  a  - ■    I,  b    •   0,  and  c    -  1. 

2.  (a)    Yes.  ;    aO  *■  6*0  -  3 

(b)    No.    If  there  were  such  numbers  then  one  of  a  and  b  would  be 
a  multiple  of  the  other.  • 

3.  (a)    By  Postulate   3,  S  -  P  =   (R  -  P)  t  (S  -  R)*  -  (R  -  P)l  Y  (S  -  R)l 

.  %      Hence,  3     3     S  -  P  -   (R  -  P)x  +  (S  -  R)y;    and,  "by  definition, 
x      y  >*  m 

'  S  -  P  is  a  linear  combination  of  R  -  P  and  S  -  R. 

(b)  (S  -  P)i  t  (R  -  P).  -1  +  {S  -  R).  -1    -  6 

(c)  S  -  R  -   -f(S-  R)'i-1]  •    (5  -  P)l  +  (r'-  P).~l 

4.  (a)  <S  r   a0  f  SO  +  c0 
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(b)    Suppose  that  c  is  a  linear  combination  of  a  and  b\4   Then,  by 
definition^  there  are  numbers  —  say,   a  and  b  —  such  that 
c   -   aa  +  bb.    It  follows  that  aa  +  bb  +  c  •  ~1  =  (J,  Since 
~l  *  0,  not  all  of  a,  br  and ^j^r*  zero. 

-+       -*         "  * '  • v 

<c )    Suppose  that;  aa  +  bb  +  cc  =  3_and  that  c  *  0,.  Since  c  *  0, 
c  •  /c  =   1  _and  it  follows  that  (aa  +  Bb  +  cc)»  /c  =  a(a  •  /c )  + 
b(b-/c)  +  c.    Since  (5* /c  =  3  it  aldo  follows  that  a(a •  /c )  + 
bQ?  •  /c)  +  c  ?  3.  Hence, 

c   -   -fa(a./c)  t*S(b»/c)]  "=  a. -{a./c)+  -(bt/c) 
*  [Consequently,  3^  3^  c  =  ax  +  Sy  and,  by^definition,  c  is  a 
linear  combination  of  a  and  b\  ] 
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This  follows. from  the  result  obtained  in  Exercise  4(b)  together 
with  the  commutativity  and  associativity  of  addition  of  vector's. 
In  detail:  , 

If  a  is  a  linear  combination  of  b  and  c  then 
[by  Exercise  4(b)]  there  asi;  numbers  —  say,  ap  b, 
and  c^ —  which  are  not  all  /ero  and  are  such  that 
Sb_+  cc  J-  aa_^-  5v   Since  bb  ♦  cc  +  aa  =  aa  +  (Sb  +  cc) 
.  -   aa  *  bb  f«cc  it  follows  that  if  a  is  a  linear  combi- 
nation of  b  and  c  then  there  are  numbers  —  say,  a, 
b,  and  c  — ^ such  that  aa  +  bb  +  cc  ~  ft. 

Similarly,  if  b  is  a  linear  combination  of  a 
and  c  then  [by  Exercise  4{b)]  the,re  are  numbers  -h? 
say,   a,  bp^and  c  —  which  are  not  all  zero  and  are 
such  that  aa_f  cc  +  bb  -  ft.    Since  aa  +  cc  +  Db 
:-   aa  +  (cc*  +  bb)^  =   aa  +  (Sb  +  cc)  =  aa  +  bb  +  cc  it 
follows  that  if  a  is  a  linear  combination  of  C  and  c 
then  there  are  numbers  —  say,  a,  b,  and  c  — 
whic^arejiot  all  zero  and  are  such  that 
aa  +  bb  +  cc  -  (J.  ' 

^       Finally,  if  c*  is  a  linear  combination  of  a  and 
b  then  [biy  Exercise  4(b)]  there  are  nurmbers  —  say, 
a.  b,_^and  c  —  which  are  not  all  zero  and  are  such 
that  aa  +  bb  +  cc  -  <J, 

'^Consequently  '[by  a  dilemma  argument]  if  one 
of  a,  b,   an4  c  is  a  linear  combination  of  the  others 
then  ,  ,  ,  ,  ,  '       .  . 

Suppose  that  a,  b,  and  c^are^not  all  zero.    Then,  a  *  0  or  b  £  0 
or^c  £  ,0.    Suppose  that  aa^+  Sb  +  cc  =  3.    By  Exercise  4(c)  it 
follows  that  if  c^  4  0  _then  c  i's^a  linear  combination  of  a  and  S 
and,   so,  that  one  of^a,  b,  arid  c  is  a  linear,  combination  of  the  t 
others.    Sine  e^  a  a  ^  bb  +  cc  ~  3  it  follows  that  aa  +  cc  +  Sb  -  6 
and  that  bb  +  cc  +  aa  =  ^.    Sb»  by  repetitionsjaf  the' preceding 
argument  it  follows  that  if  b  #  0  then  one  of  a,  b\  and  c  is  a 
linear  combination  of  the  others,  and  that  if  a  ^  0  then  one  of. 
a,  6\  and  c  is  auJiftear  combination  of  the  others.    Since  a  ^  0 
or  b  #  0  or  c  *  0  it  follows  that  one  of  a,  b*,  and  c  is  a  linear 
combination  of  the  others,    Hence,  if  a,  b,  and  c  are  not  all  zero 
then  .... 

.*  ■ 

Suppose  ihat  ax,  a<,,  „  .  .  ,  a^  are  vectors  such  that  at  least  one  of 

them  L*  a  linear  combination  &i  the  ot^vers.    Suppose  that       i«  a   

linear  combination  of  the  vectors  a.  for  1  <  j  ^  k  and  j  ^  i#  It 
follows,  by  definition,  that  there  are  numbers  —  say,  a,  —  such  that 
a^  is  the  sum  of  the  vectors  a.a  .    Let  a.  -   ~i .    It  then  follows 
that  s^a^  4-  a2aa  +  . , .  f  \\  =  ^*  an^»  since  a.  -  -1  #  0,  rfot 
all  the.  numbers  a1(  a^  are  ze^ro.    Hence,  if  a.  is*  a  linear 

combination  of  the  others  then  there  aire  numbers  alf  ,  #      a^,  not 
ail  zero,  such  that  axa^  ,4-  ...  +  a.a    =  (J.    Since,  by  hypot  heats. 
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(b)  Assuming  that  v  is  a  linear  combination  of  a  and  t>%  show  how 
to  find  numbers  a,  6,  and  c  which  are  not  all  zero  such  that 

aa  +  66  f  <r  —  0. 

(c)  burning  that  af  6,  and  c  are  numbers  such  that  c  /  0  and 

aa  +  6f>  +  £*C  -  I), 

shxw  that  c  is  a  linear  combination  of  a  and  b*. 

5.  Suppose  that  a,  6*  and  c*are  vectors  such  that  at  least  one  of  them 
is  a -linear  combination  of  the  others.  Prove  that  there  are  num- 
bers a,  6,  and  c  which  are  not  all  aero  and  which  are  such  that 

aa  +  hb  +  cc  -  0* 

6.  Suppose  ihat  a,  b,  and  c  are  vectors,  and  a,  b,  and  c  are  real  num- 
bers which  are  not  all  zero,  such  that 

an  f  66  f  cc  -  0.  , 

%  Prove  that  at  least  one  of  the  vectors  ~a,  V,  and^is  a  linear  combi- 
*  natidn  of  the  others. 

7.  Suppose  that  a, #  ait  .  .  a*  are  vectors  suqji  that  at  least  one  of 
them  is  a  linear  combination  of  the  others.  Prove  that  there  are 

•    numbers  a},  p>„  .  .     akt  not  all  z«ro,  such  that 

«,a,  ♦'  a'\  *  .  \\  +  tja,  =  0*  , 
'i  ^  -» 

8.  Suppose  that  a„  a,„  ....  a*  are  vectors  and  a„  a2, .  .  .,  aA.  are  rea! 

■  •  #       ;     numbers,  not  all  zero,  such  that  a"c,  +  ala.,  +  .      +         =  o!  . 

Prove  that  at  least  one  of  the  given  vectors  is  a  linear  combination 
of  the  others.  , . 


6.02  Sequences  of  Vectors 


A  sequence  at  vectors  Is  a  function  whose  domain  4s  a  set  of  con- 
secutive positive  integers,  beginning  with  1,  and  whose  .values  are 

vectors.  For  example,. the  function 

♦  •  ,  *         ■  .        ■•  , 

{(l,a),  (2,       (3,T),  <4,1&, 15,^}   

is  a  sequence  of  vectors.  The  successive  values  of  a  sequence  are  called 
its  terms -the  first  term  of  our  Example  is  ~af  its  second  term  is  a3,  etc, 
Although  the  first  term  and  the  fifth  term>of  this  sequence  happen  tov 
be  equal,  the  sequence  is  called  a  5  termed  sequence.  Specifically,  fo? 
any  positive  integer  nf  an  n*termed  sequence  is  a  function  whose  argu- 
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at  least  one  of  alf  is  a  linea^r  combination  of  the  others, 

there  are  numbers  alf  .  .  .  ,  a^,  not  ail  zero,   such  thaj 
a1a1  +  .  ,  ,  +  'W  =         [This  is  more  than  is  to  be  expected  of 
most  students.    As  written,  however,  the  argument  suggests  that 
there  is  an  431  hidden  in  the  undergrowth.    There  is.    In  ^ict,  the 
assumption  is  that  3.   (1   <  i  <  k  and  a.  is  a  linear  combination  \ 
of  the  vectors  a\,  .  .  .  ,  a*k  other,  than  a*.).    So,  the  natural  pro- 
cedure is.  to  show  that,  for  any  i  [such  that  1  <;  i  <  k],  if  a.  is 

a  linear  combination  of  the  vectors  a^ .  . a,    othe*  than  a.  then 

a  •  _j       -t     "  -*  -*  *  i 

3X    *"'     x»    axxi  *  •      *  akxk  "     •    ^ne  argument,  as  given,is  as 

close  as  we*care  to  come  to  establishing  this;    Similar  remarks 

apply  to  the  answer  for  Exercise  8.  ] 

8.     Suppose  that  alt  1^  are  vectors  and  alf   .  , .  ,  a^  are  real 

numbers,  not  all  zero,  such  that  a1a1  +  ,'."/  +  \\  ~  Suppose 

that  a    ^  0.    It  follows  that  a.  . /a.  =   I  and,  so,  that  a    ~  a  1  is 

*       1  i  i 

the  sum  of  the  vectors  a^  •  -(a.  -  /a.)  for  j  ^  i.    So,  by  definition, 

a.  is  a  linear  combination  of  the  vectors  ax,  other  than  a.. 

Hence,  if  a^  ^  0  then,  a^  is  a  linear  combination  ofsthe  other 

vectprsfc    Since,  by  assumption,  at  least  one  of  the  numbers  a.  is 

not  zero  it  follows  that  at  least  one  of  the  vectors  ax,  .  .  . ,  a*k  is  a 

linear  combination  of  the  others. 


It  would  be  possible  to  avoid  dif cussing  the  notion  of  a  sequence 
a|id  to  discuss  linear  dependence  in  section  6#03  —  much  as  we  have 
discussed  linear  combinations  in  section  6.01  —  without  being  specific 
as  to  whether 'this  notion  is  meant  to  apply  to  sequence  a,  or  fo  sets,  of 
,  vectors.    The  ambiguity  which  would  be  introduced  by  *Ms  procedure 
would,  we  feel,  have  increasingly  serious  pedogogical  consequences  as 
students  get, further  into  the  course.    So,  it  seems  best  to  spend  a  short 
time  now  on  the  notion  of  a  sequence  rather  than  to  attempt  to  correct 
misconceptions  later.  t 

As  introduced  here,  ' sequence*  is  short  for' /finite  sequence*.   

Since  we  have  no  need  in  this  connection  for  infinite  sequences  —  that 
is,,  for  functions  whose  domain  is  the  set  of  all  positive  integers  —  we 
omit  the  word  Jfinite* ;  ^For  some  remarks  '08  the  difference  in  mean- 
ing between  Ma1(  and  '{av  /. a^}*/ see  TC  211(2)  <  c 
and  the  answers  given  for  the  exercises. 
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merits  are  the  jxxsitive  integers  less  than^or  equal  to  n.  Such  a  sequence 
may  have  any  number  of  values  up  to  and  including  n.  If  an  -termed 
sequence  had  n  values  then  it  is  called  a  sequence  of  distinct  terms. 

A  sequence  is  usually  referred  to  by  listing  it*  successive  terms  be- 
tween parentheses.  For  example,  the  5-termed  sequence  given  above 
may  be  referred  to  as 

(a,  a3f  h,  0,  a). 

Since  it  is  the  order  in  which  the  terms  are  listed  that  tells  you  which 
value  goes  with  which  argument,  this  ordering  is  important. 

Exercises 

Part  A  .  *  J 

1,  Let  /  be  the  sequence jA,  M),  b). 

(a)  What  us  f)f?  What  is  Rfl 

(b)  Complete: 

'        a  _  „  .-termed  sequence  and  Rf  has  „  members. 

ie)  Whatjs  A2)?  /'<  1)? /(3>?/(5>?  f(V2)?  1 
V,  id)  l  hi,  HQ,  h)  and  { 61,  bO,  h)  are  both  sets.  How  do  they  differ  from 

one  anothep^ 

'  (e)  Just  one  of  the  following  sentences  is  true.  Which  one? 

(b\  Q] H)  -  (0*  V)      {b,  0,  b)  =  { o\  V) 

—  t 

2.  Consider  the  function/?,  where g  =  |(  1,  7*2),     al),  (2,  a6)#((4,  a3)}. 
Complete:  p 

1  (a)  Tht  function  g  is  a ,  .-termed  sequence  because 

(bXsA  simple  name  for  the  sequence  g  is: 

i  .         *  ■  . .  ■ 

(c)  The  second  term  of  g  is    ~  )  and,  so,  is  ' 

<d)  #  is  a  sequence  of  distinct  terms  if  and  only  if  '  *  

^  3.  Consider  the  sequence /'of  Exercise  1. 

(a)  Can  you  find  real  numbers  a5,  a.it  and  a,  such  th^t 

"  ^  'if  ^ 

(*>  (6*1)0,  +  (^0)a,;  +  6a3  «  G? 

*i 

f //in/:  Knowing  that  aQ  =  0  should  help.  J 

<b)  Can  you  find  real  numbers  a|f  a2,  and  o;l  such  that  no*  a//  of 

them  are  zero  and  such  that  (*)  is  satisfied? 

4.  Consider  the  sequence  g  of  Exercise  2,  Can  you  find  real  numbers 

avav  a:|f  arid  a4,  which  are  nol  all  zero,  such  that 

■  • 

•    ^  •  (02)0,  +  (a6)a2  +■  (al)a3  +  (cS)a<  «  <ft 
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Answers  for  Part  A, 

1.  (a)    {l^  2,^3};^{b,  3}    [An  alternative  second  answer  is 

'{bl,  bO,  h}\  If  this  is  suggested,  point  out  that  the  answer 
previously  given  is*  equivalent  and  simpler.  ] 

<b)     3;    Z  (c)    (5;   C;   U;    *f(5)'  and  * f ( 1  /2 )'  are  nonsense. 

(d)  The  first'  is  a  set  of  ordered  pairs  [whose  second  components 
are  vectors];  the  seconS  is  a  set  of  vectors  [whose  members 
are  the  second  components  of  the  members  of  the  first  set]. 

(e)  The  second  is  true. 

2.  (a)  4;  ^g  =   {l,   lf  3,  4}  (b)  (aZ,  a6,  al;  a3) 
(c)  2;   a*6                       ,  (d)  a;  3 

3.  (a)  Simplest  to  choose  a^  =         =  ag  -  0. 

(b)    Simplest  to  choose         -   a3  =   0  and  ay  $  0  —  say,  a£   =   1 . 

4.  Since  (aZ)a;  +  (an )ap  +  (al)a3  +  (a3)a4   -  a(2ax  +  6aJ,  +*a3  +  3a4 ) 
and  since  ~aG  =■  6,  it  is  sufficient  to  find  numbers  aJf  a^f  a3,  and 


a 


4,  not  all  zero,  and  such  that  £ax  +  6a^  +  a3  +  3a4  =  0.  A 


simple  choice  [from  among  the   infinitely  many  available]  is 
ax  *  3,  ap  -   -1,  a3  =  a4  =  0.  .  '  * 

❖    *    *  \ 
For^complctenes  s  it  should  be  noted  that  the  parenthesis  notation 
for  sequences  introduces  a  slight  ambiguity  because  parentheses  are 
already  in  use  for  referring  to  ordered  pairs.    Thus,  *(a,b)*  may,  now, 
refer  to  the  set  of  two  ordered  pairs  whose  first  components  are   1  and 
2  and  whos^  second  components  are  ft  and  b„  respectively;'  or  it  may, 
as  in  the  past,  refer  to  the  single  ordered  pair  whose  first  component 
is  a  and  whose  second  component  is  b, 


This  ambiguity  is  extremely  unlikely  to  Create  any  confusion  and 
will  probably  not  be  noticed  by  your  students.    The  most  common  formal 
method  for  avoiding  ambiguity  is  to  use         and  '  >* ,  rathe.r  than  *t'  and 
*  )\  in  forming  names  for  ordered  pairs.    Then,  <a,U>  is  an  ordered 
pair  and  (a,  b)  is  a  2-termed  sequence. 
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Part  B 


/ 


J-  Consider  a  1 -termed  sequence  Ui). 

(a)  Is  there  a  real  number  a  such  that  ua  -  0^ 

(b)  For  what  valued)  of 'a1  is  there  a  nonzero  real  number  a  such 
that  ua  -  0? 

2.  Use  two  pencils  to  indicate  vectors  a  ajrtd  bf  where  the  following, 
conditions  hold: 

(a)  Therg  is  a  number  x  such  that  a  -  bx. 

(b)  There  is  a  number  y  such  that  b  -  ay. 

(c)  There  is  no  number  x  such  that  a  -  6x 

<d)  There  is  a  numter  x  such  that  a*  -  6a  and  there  is  no  number  v 
such  that  b  -  ay.  (For  this,  one  of  your  pencils  should  be  very 
short.! 

3.  Picture  vectors  a,  and  h  for  which  the  following^conditions  hold: 

(a)  There  are  numbers  x  and  y9  not  both  zero,  such  that 

•      --*  » 
>  *ax  f  by  -  0.  v4 

(b)  It  is  impossible  to  find  numbers  x  and  y  such  that  (i)  not  both  x 
and_v  are  zero  and  (ii)  ax  +  6y  -  6* 

4.  (a)  Use  three  pencils  to  indicate  vectors  a,  b\  and  cf or  which  there 

are  numbers  x\  y,  and  z  such  that  ox  +  6y  ■+  c^  --  (X 

(b)  Use  three  pencils  to  indicate  Vectors  a*  6*  and  c*for  which  there 
are  numbers  x,  v\  and  2  which' are  not  alLzero  and  are  such 
that  tix-+  by  f  ce  -6.  < 

(c)  Use  three  pencils  to  indicate  vectors  ci\  b\  andTfor  whic;h  it  is 
impogjyble  to  find  numbers  x,  y,  and  z%  not  all  zero,  such  that 

(d)  CinHpPitv conditions  in  part  (b),  is  the  vector  a*  a  linear  combi- 
nation of  6  and  c*?  Is  b  a  linear  combination  of  a*  and  c?  Is  c*a 
linear  combination  of  a*- and  b?  Must  some  one  of  the  three 
vectors  be  a  linear  combination  of  the  others?  Explain  each  of 
your  answers. 
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As  we  have  seen  in  the  exercises  just  completed,  it  is  possible  to  have 

;   a  sequence  of  vectors  (q|t  .  .  .  ,  lin)  for  which  there  are  numbers, *Bay 

a^T.  .  .  ,  aw,  that  satisfy  both  of  these  conditions:^ 
(i)  not  all  of  cJf        ,  aH  are  zero   ,  , 
(ii)  atat  +  .  .  ..  +  a*aw  ^  0 
Such  sequences  are  called  linearly  dependent  sequences.  We  formalize 
this  notion  in  our  next  definition.  , 

at.  5iG 
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Answers  for  Part  B   [To  be  done  in  claas\] 

1 .     (a)    Yes. .  [b] •  "fbT'7 "Yg" the' o^y  sucV value  of  :a\" 

(a),   (b)    [The  pencils  should  be  held  parallel  to  one  another.  Bring 
out  the  fact  £hat  the  equation  'a  -  Sa*  will  have  a  unique  solu- 
tion —  positive  if  the  pencils  >oint  the  same  way,  negative  if t 
they  point  opposite  ways,  ] — ' 

(cP  [The  pencils  should  be  held  so  as  not  to  be  parallel.  ] 

(d)    [The  pencil  representing  a  would  have  to  be  of  zero  length, 
(and  the  other  would  have  to  be  a  "rear-'   pencil).  ] 

4l     (a)    j^Pencils  should  be  held  parallel,  ] 

*  [Pencils  should  be  nonparallel.  ] 

[Since  aO  + 1  l>0  f  c 0  =  (5,  pencils  may  be  held  in  any  position.  ] 

[Pencils'  should  be  held  parallel  to  some  plane  —  say,  all 
horizontal.  •  Point  out  that  it  is  not  necessary  that  all  should 

be  in  one  plane,  )  *  ■ 

■  *  * 

[Pencils  should  not  all  be  parallel  to  any  plane  —  for  example, 

two  horizontal  and  not  parallel,  the  tfi"lrd  not  horizontal.  ] 

[Since  two  of  the  pencils  may  be  parallel  and  the  third  be  in  a 
different  direction,  the  answer  to  each  of  the  first  three  ques- 
tions is  'Not  necessarily.'.    The  answer  to  the  fourth  question 


(a) 
(b) 
(a) 
(b) 

(c) 
<d) 


is  'Yes, 


] 


Sample  Quiz 

The  diagram  at# the  right  illustrates 
translations  at  bf  c  from  O  to  the  points"  ; 
A,  B,  and  C,  respectively.    Also,  from" 
the  diagram  we  see  that  B  -  A  =  fn  and 
C  -  B  =  mt. 

1,  Express  m  as  a' linear  combination  q{  a  and  S„ 

2,  Express  mt  as, a  linear  combination  of  £  and  c. 

3,  Express  c  as  a,  linear  combination  of  a  and  S. 
Answers  for  Sample  Quiz^ 

lv  b  -  a  [or:  a  •  -1  +  bl  ] 
Z.     c  -  5  [or:  S'-l  t  ?  1  ] 

I  Front  1   and  2,  we  know  that  m 


mt  =  c  -  b.  So,  (E  -  a)t 
+  b(l  +  t). } 


-  b,    So,  c  =  bl+  (b  - 


b  -  a  and 
a)t  =  a  •  -t 
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Definition  6-2 

U2|t  a,,  ,     ,  ,  aH>  is  linearly  dependent 

there  are  numbers  xv  x,,  .  .  .  ,  xn  such  that 

<i)  at  least  one  of  the  numbers  is  not  zero 
andlii)  a*,*,  f        ...  +  a**w  <  •(! 


\ 


Exercises 
Fart  A 


1.  Tell  which  of  the  following  sequences  are  Imearly  dependent  se- 
quences and  which  are  not.  Explain  each  of  y;>ur  answers, 
da)  <b6,  hO,  M)  |  Remember,  \o  show  that  this  sequence  is  linearly 
dependent  you  must  fyid  numbers  a,,  a,f  and  «;4,  at  least  one  of 
which  is  not  zero,  such  that  <66)a,  +  (&b)a,  +  (b4)a.A  ^  0J 

<bHa2,a')A  f  (c)  (a2,a;  -a,~/>) 

(d)  (a,  6^  0>    (e)  <a,  6,  a  -  7>3) 

(f )  (a,  fc,  c),  where  a,  6,  and  c  are,  respectively,  translations  toward 

,  the  east,  toward  the  south,  and  upward, 
(gl'io.'c),  where  a  and  c  are  as  in  part  (f). 
2-  Here  are  arrows  describing  vectors  a\%  and  c  such  that  (7a,T,  V)  is 
linearly  dependent.  Draw  a  similar  diagram  on  your  paper.  [Graph 
paper  should  make  this  an  easy  job.  I 


Part  B 


f 


c  * 


(a)  Estimate  values  for  'a\  9b\  and  V suchthat  at  least  on,e  of  a,  6, 
and  c  is  not  zero  and  aa  f  bb  +  cc  '=  gT and  illustrate  your  an- 
swer with  an  appropriate  figure. 

(b)  Make  use  of  the  figure  you  drew  for  part  (a)  to  obtain  an  appro- 
priate figure  to  illustrate  other  values  for  V,  *b\  and  V  such 
that  at  least  one  of  a%    and  c  is  not  zqraiindixa  *      -t  ec  -,cC 

Consider th$  vectors  given  in  Exercise^.    .  0t 

(a)  Use  a*peficil  to  indicate  a  vector  d  such  that  is  not 

linearly  dependent.  Give  a  short,  but  convincing,  argument 

for  your  particular  selection  of  d. 
lb)  Given jfour  selection  for  J  in  part  (a),  would  you  say  that 

(a,  6,  c,  </)  is  linearly  dependent  or  not?  Explain  your  answer. 


Consider  each  of  the  following  sentences/If  you  believe  that  it  is  a 
theorem,  try  to  prove  it.  If  you  believe  that  it  is  not  true,  loolt-for  a 
counter-example. 


5  IS 
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'  In  discussing  Definition  6-2  you  might  begin  by  bringing  out  the 
fact  that,  given  any  sequence  (aa,  . an),  it. is  always  possible  to 
find  numbers  av  a„  such  that  * 

(ii)  -tfjaj  ♦  ...  ♦  anan  =  (5  / 

but  that  the  possibility  of  finding  such  numbers  which  are  not  all  zero 
exists  if  and  only  if  at  least  one  term  of  the  sequence  is  a  linear  combi- 
nation of  the  othcur  terms.    For,  if  a^  is  such  a  term  then  one  can  find 
numbers  satisfying  (ii)  and  such  that .  a.       -1;  while    if  one  can  find 
numbers, satisfying^  (ii)  and  such  that  ai  *  0  then  one  can  solve  (ii)  for 
'ai'  f    [Actually,  this  alternative  formulation  of  linear  dependence  works 
only  for  n  ■>  2  —  a  fact  which' somt:  student  should  be  eager  to  point 
out,  ]   This  discussion  will  foreshadow  Theorem  6-2  on  page  221  ,  and 
the  ensuing  discussion  of  the  case  n  =   1  will  bring  out  Theorem  6-1, 

Some  time  during  the  discussion  of  the  definition  it  should  be 
noticed  that  condition  {i)  is  stated  in  two  ways: 

not  all  of  alf   ,  «  ,  ,  an  are  zero 

and:  .  .  •  • 

at  least  one  of  the  numbers  is  not  zero 

Although  students  are  not  likely  to  have  any  difficulty  in  seeing  that 
these  are  ways  of  saying  the  same  thing  it  should  be  of  interest  to  note 
that  they  may  be  written,   respectively,  as: 

not  (ax  -   0  and  ...   a"n  =   0)  (a1  *  0  or  ...   aR  *  0) 

and  that,  for  any  given  value  of  *n\  their  equivalence  could  be  shown  by 
repeated  use  of  the  validity  of  sentences  of  the  form: 

not  (p  and  q)  <==&  (not  p  or  not  q)         [page  171] 

<tn  further  discussion  of  the  definition  it  may  be  helpful  to  resort 
agairi  to  pencils.    [In  doing  so  you  will,  of  course,  be  restricting  con- 
siderations to  non-5  vectors.]  A  finearly  dependent    sequence  (alfa2) 
is  illustrated  by  two  parallel' pencils.    Note  that  if  the  pencils  are  of  the 
same  length  then  the  two  terms  of  the  sequence  are  the  same  vector*  or 
opposite  vectors.    A  linearly  dependent  sequence  (alf  a2,  as)  is  illus- 
trated by  three  pencils  parallel  to  a  given  plane  —  ea^r,  by  three  hori- 
zontal pencils*    If  no  two  of  the  pencils  are  parallel  then  each* term  of 
the  sequence  is  a  linear  combination  of  the  other  two.    This  is  also  the  •> 
case  if  ail  three  are  parallel.    In  case  just  two  pencils  are  parallel  then 
each  of  the  corresponding  terms  is  a  linear  combination  of  the  other 
and,  hence,  of. the  other  two  terms  of  the  Sequence,    In  this  case  the 
term  corresponding  to  the  third  pencil  ia^vot  a  linear  combination -of 
the  other  terms. 

The  preceding  remarks  can  be  clarified  by  drawings  on  the<  chalk- 
board.  Draw  three  arrows  to  represent  non-5  vectors  .§,,  a2,  and  a~ 
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in  different  directions, ^Then  draw  an  arrow  representing  some  non-  > 
zero  multiply  axax  of  ax.    Through  its  ppint  draw  the  line  in  the 
direction  of  a^,  ..and  draw  through  it*  other  end  the  line  in  the  direction 
of  a3.    As  shown  in  the  right  hand^figure,  ^ou  can  now  rfraw  arrows 
representing  multiples  a2a^  and  a3a3  of  a2  and  a3  such  that 
aiai  +  *  asas  "         Sincfi,»  by  choice,  \1  *  0,  the  sequence 

itx,Sstt  )  is  linearly  dependent,    [in  the  figure,  a,    >  G,  a-  <  0, 
and  a3  <  0,  ]  * 

^      If  you  vary  the  construction  described  above  by  choosing  a,  and 
ap  to  have^the  same  direction,  it  will  turn  out  that  a^  -  0.    In  this 
case  |a1(a,J  —  as  well  as  (a1 ,  a2 ,  a3 is  linearly  dependent.  At 
this  point  students  should  see  that  if  (alP  a2)  is  linearly  dependent  then 
so  is  any  "longer",  sequence  (Jj.a^a  ),     For,  one  may  choose 

a«,   ,      all  to  be  0.    This  fore  shadows  Theorem  6-3  on  page  222  and 
Theorems  6-4  and'6-5  on  pages  223-224. 

Two  nonparallel  pencils  illustrate  a  sequence   (a1?a2)  which  if  not 
linearly  dependent.     Three  pencils  which  are  not  all  parallel  to  any 
plane  illustrate  a  sequence  (a^a^  'ag)  which  is  not  linearly  dependent 
A  question  as  to  whether  one  can  Illustrate  with  pencils  a  4-termed 
sequence  which  is  not  linearly  dependent  may  provoke  a  discussion4Sf 
4 -dimensional. space. 

Answers  for  Part  A\  * 

1;     (a)    Since  (56)0  f  (So)l  +  (b4)0      tf,  (£6,So,d4)  i*.  .linearly  depend- 
ent.     [Similarly,  any  sequence  one'^f  whose 'terms  if  3  is 
linearly  dependent.  ] 

{b)    Since  (a2)l  +  a  •  -2  =  6,  (a2,  a)  is  linearly  dependent,  .[it  is 

not  difficult  to  see,  then,  that  any  sequence  one  of  whose  tex;ms 
is  a  multiple  of  another  is,  linearly  dependent,  ) 

(c)  Since  <a£)Q  +  al  +  -a  •  1  +  So  =  3,  (a2,  a,  -a,  S)  is  linearly 
dependent,    [sfhis  conclusion  also  follows  from  the  result 
noted  in  (b).  ] 

(d)  Linearly  dependent,    [See  part  (a),  ],  '/"'"'■ 

(e)  Since  a-  -1  +  S3  +  (a  -  S3)l  s  3,  (a,  S,  a'-  S3)  is  linear  depen- 
v  dent, 

(f)  Not  linearlyjie pendent.    Suppose  that  aa  +  bb  +  cc  -  "3,  ^Vi- 
<Jently  aa  +  bb  is  either  aj>roper  translation  in  some  horizontal 
direction  or'.is^G.    Since  cc^is^  in  the  vertical  direction  or  is  (5, 
and  aa  ¥  bb  +  cc  =  3,  aa  +  bb  'cannot  be  a  proper  translation  in 
a  horizontal^  direction.    So,  2a  t  Sb  -  (J  and*  also  cc  0W 
Since  aaj-  bb  ^  0,  a  sirntfar  argument  shows  that  aa  =  ft  and, 
so,  that  bb  -  0,    Since  a,  S,  and  c  are  described  as  proper 
translations,  a,  b,  and  c  must  all  be  0.  *Hence,  it  is  not  the 
case  that  there  pre  numbers  a,  b,  and  c,  not  all  0,  such  that 
aa  +  bb  +  cc  -  0, 

it)    Not  linearly  dcfMsndent,    If  (a,<T)  were  linearly  dependent  then 
so  would  be  (a,  b,cK  «' 
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Answers  for  Part  A   [cont,]  ' 

2,     UL.a .  2,\.b„  =...Z*...c.= ..  -1  .{Note,  that  a  i  b  and  c  have  the  same 
direction.    So,  any  solution  must  be  s\ich  that  a  =  b.  Count- 


ing  shows  that  c  =  (a  +  b)2.  ] 


3, 


>t    {h)    [For  any  nonzero  number  k,  2k,  2k,  and  -k  are  appropriate 
values  for  'a',  'b\  and  *c';   there  are  no  others,]   Any  tri- 
angle whose  three  sides  ajre  parallel  to  the  corresponding  three 
sides  ot  the  triangle  drawn  for  (a)  can  be  used  to  illustrate 
other  values  for  *a\  *b\  and  *c*.    Reversing  the  arrowheads 
in  the  figure  drawn  for  (a)  illustrates  that  a «  -2  +  b  •  -2  ^ 

+  ci  =  3.. 

(a)  [Pencil  should  be  held  in  any  position  nat  parallel  to  the 
paper.  ]  * 

jSince  neither  a  nor  S  is  a  multiple  of  the  other,  (a,S)#is 
not  linearly  dependent;   and  3  has  been  chosen  so  that  it  is  not 
a  linear  combination  of  a  and  b,    Suppbse,  now,  that 
aa  *  j>b  +  3d  =  6,    Since  3  is  not  a.  linear  combination  of  a 
and  b/<J  =  0.    So,  aa  +  Kb  =  (5  and,  since  (a,S)  is  not  linearly 
dependent,  a  ~  0  and  b  =  0,    Hence,  by  definition,  (a,  £\3)  is 
not  linearly  dependent,  , 

(b)  {a,B\£,3)  is  1  inearly  dependent  however  3  is  chosen.  For 
a2<4-  t>2  +  c  •  -1  +  30  =  0. 
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Answers  for  Par t  B   .  /-      „        '  ■  *  • 

1.  Fill-ins:    1,  0,  1,  1,  the  sequence  is  linearly  dependent. 

2.  This  le  a  theorem.    Suppose  that  (alt  a  )  is  a  sequence  such 
that  ai  =  a^  whijre  J  J  i  <  j  s  n.    Choos*  ai  =  1,  a^  =  -1,  and 

=  0  for  k  ^  Then*  aja^^  l^^^a^a^  =  a^i  iJL%_^l  -  3^ 

Since  1  *  0,  not  all  the  numbers  su ,  ,   /;  a  ,  are  0.    So,  by 
definition,  the  sequence  is  linearly  dependent, 

3.  False.    For  a  *  3,  aa  =  f5  only  if  a  -  0.^  So,  a  1 -termed 
sequence  (a)  is  hot  linearly  dependent  if  a  #  "d, 

4.  Theorem.    "As  iffthe  answer  to  Exercise  3,  if  a  $1$  then  (a)  is 
not  linearly  dependent*    So,  if  |a)  is  linearly  dependent  then  a  =«5* 
On  the  other  hand,  since  ffl  =  U  and  1  £  0,  the  sequence  ($)  is 
linearly  dependent.    In  othep  words,  if  a  =  5  then  (a)  is  linearly 
dependent.    Hence,  (if)  is  linearly  depe r)dent  if  and  only  if  a  =  0. 

5.  gFalsc,    For  a  counter  example,  see  Exercise  6. 
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1.  If  0  is  a  term  of  a  sequence  of  vectors  then  the  sequence  is  lin- 
early dependent.J^#fViJ:  This  sentence  is  a  theorem,  and  one  proof 
goes  as  follows:  ^ 

Suppose  that  iat9  .  .  .  ,  a^)  is  a  sequence  such  that  at  =  0,  where 

i  is  an  integer  between  1  and  n,  inclusive,  Choose  a{  -  .  and. 

for  j  *  r,  choose  a}  ■-•  .  .      Then  a* a,  a*«fl  -  ai         -  0 

and,  since           *  0,  not  all  the  numbers  av  .  .  .  ,  aH  are  zero. 

Sot  by  definition,  .  .  .  .] 

2.  If  two  ternis^of  a  sequence  of  vectors  are  equal  then  the  sequence 
is  linearly  dependent. 

3.  Any  1 -termed  sequence  is  linearly  dependent. 

•  •  >    --  *  , 

4.  la)  is  linearly  dependent  if  and  only  if  a  =  0. 

5*  No  3-termed  sequence  is  linearly  dependent. 

6.  (B  -  A,  C  -A,  C  -  B)  is  linearly  dependent. 

7.  (a)  <a,  or)  is  linearly  dependent 

(b)  \ah%  ac'  is  linearly  dependent 

*   •  *  — « — ♦  — *  • 

M.  (a)  If  (/>,  f>  is  linearly  dependent  then  so  is  (a,  6,  c\  a). 

(b)  If  la",  b,  e,  J),  is  linearly  dependent  then  so  is  (6, 
9.  (a)  If  (a,  h)  is  linearly  dependent  then  so  is  (6,  a). 

(b)  If  (a,  6,  c,  a)  is  linearly  dependent  then  so  is  (c,  a,  c\a). 
10.  (a)  For  n  ^  2,  if  one  term  i  at  least]  of  an   -termed  sequence  is  a 
linear  combination  of  the  others  then  the  sequence  is  linearly 
dependent. 

(b)  For  n     2,  if  an    termed  sequence  is  linearly  dependent  then 
one  of  its  t^rms  [at  least)  is  a  linear  combination  of  the  others. 


Sotne  of  the  theorems  in  Part  B  are  worth  assigning  numbers  to: 


Thebrem  6-1 

*  * 

-(a)  is  linearly  dependent 


a  -  0. 


Theorem  6-2   For  n  *  2T  * 
(a*t  a*,  f  .  .  ,  aH)  is  linearly  dependent 


one  of  the  vectors  av  a2,  .  , 
combination  of  the  others. 


,  an  is  a  linear 


Theorems  6-1  and  6-2  can  be  used  taadvantage  in  showing  that  a  given 
sequence  is  linearly  dependent.  [For  a  1 -termed  sequence,  use  Theo- 
rem 6-1;  for  a  "longer"  sequence  use  Theorem  6-2. 1 
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By  Postulate^  (B  -  A) A  (C  -  B)  =  C  -  Am    So,  (B  -  A)l  +  (C  -  Ah  -1 
+  (C  -  B}1   ^         Since  1   *  0  it  follows,  by  definition,  that 
(B  -  A,   C  -  A.  C  -  B)  is  linearly*  dependent. 

Theorems,    (b)    (ab)--c  +(ac)b  =  a(b--c+c»b)  =  aO  =  (5.  So, 
if  not  both  -c  and  b  are  zero  then  (ab,ac)  is  linearly  dependent. 
Of  course,  if  either  b*=  0  or  c  =  0,  the  same  result  follows  by  , 
Theorem  5 -  1(a)  and  Exercise  1,    Of  course,   (a)  follows  from 
(b)  and  Postulate  45. 

(a)  Theorem.    Suppose  that  (S\c),ie  linearly  dependent.    It  follows 
that  there  are  numbers  —  say,  b  and  c  —  not  both  0,  such 
that  Sb  ■+  cc   -  (f.    It  follows  from  tjiis  that  aO  +  jpb^fjrc  +  cfo  =  <5 

1  and  th^t  0,  b,  c,  and  0  .  are  not  a^l  0,    Hence,  (a,  d\  c ,  3)  is 
linearly  dependent^,  ^Consequently,  if  (b,c)  is  linearly  depend- 
ent then  so  is  (a,  b,  c,3).  , 

(b)  False,    (a,  S,  c,  cf)  is  linearly  dependent,^ for  any  choice,  of  h\ 
?,  and  3.    And  it  is  possible  to  choose  ^  a'nd  c  so  that  (t>,  c) 
is  not  linearly  dependent,    [Actually*  the  last  claim  holds. up 
only  in  Sector  spaces  of  dimension\at  least  2,  *For  1  -dimen- 
sional vector  spaces  —  such  as  ft  —  (b)  is  a  theorem.  ] 

(a)    Theorem,    aa  t  bb  =  bb  +  aa  and  a  and  b  are  not  both  Q  if 
and  only  if  b  and  a  are  not  both  0,    So,  by  definition,   (a,  b) 
is  linearly  dependent  if  and  only  if  (b,  a)  is  linearly  dependent- 
lb)    Theorem.    [Proof  similar  to  that  for  (*a),  ] 

(a)  Theorem,    Suppose  that  (a^,   ♦  ,  ,  ,  a^)  is  a  sequence  one  of 
whose  terms  —  say  a.  —  is  a  linear  combination  of  the  others. 
[This  is  possible  only  if  n  >  2]   It  follows  by  Definition  6-1 
that  there  are  numbers  —  say  a^,  j  ^  i  —  such  that  a\  is  the 

sum  of  the  vectors  a.a.,  j  #  i.    It  fojlows  that  if  fa.  =   -1  then 

it j        ■   •  1 
0  and  [since   -1  #0]  that  not  all  a^f 

a^  are  0.    So,  by  Definition  6'-2»  (alf   ..  ,  ,  a^)  is  linearly 

dependent,  r 

(b)  Theorem.    Suppose  thafc^a^  a^)  is  linearly  dependent, 

It  follows  by  Definition  6-2  ^hat  there  are  numbers  —  say 

a, ,  . . , ,  a    —  not  all  0,  such  that  a,  a,  a  a    -  3. 

1  tim  11  n  n 

Since  ax,  ,  .  . ,  a^  are  not  all  0,  at  least  one  of  them  —  say,« 
a^  —  is  not  0.    It  follows  that  a.  •  /a.  =  1,-  and  that  a1(a^«  /a^) 
+  ,#4  +a  (a   •/a,}  -  ^»  /a.  ~        'Hence,  a  '=  a.<a,  «/a,)  is 
[in  case  n  ;>  2]  the  sum  of  the  multiples  2.  *~ (a.  *  /a,)  "for 
j  ^  i.    So,  by  Definition  6-1,  a^  is  a  line  a*  combination  of  the 
vectors  a.,  ..„,  a    other  than  a..    Hencer  for  n r^  2,  if 

n  1  n 

(alt  v, . . ,  a  )  is'  linearly  dependent  then  one  of  its  terms  is  a 

.  ,  n    *  » 

linear  combination  tit  the  others. 


a,  a  -  +  ,  ,  ,  +  a  a 
*   1      *  n  n 
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Theorem  6-3 

(a)  A  sequence  one  of  whose  terms  is  0  is 
linearly  dependent. 

(b)  A  sequence  two  of  whose  terms  are  equal 
is  linearly  dependent. 


Exercises 
Part  A 


1.  Use  Theorem  6-2  to  prove  Theorem  6^ 3(b).  [Hint:  Is  a*  a  linear 
combination  of  a?|  ,  * 

2..  Use  Theorems  6-1  and  6-2  to  prove  Theorem  6 -3(a).  [Hint:  Is 
0  a  linear  combination  of  at] 
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Part  B 

1.  Suppose  that  a2  +  6*  —  3  +  6! 

(a)  Is  (a,  bf  c)  linearly  dependent  or  not?  Explain  your  answer. 

(b)  Complete  each  of  the  following  (if  possible): 

(i)  a  +   +  c*         -  0*      (ii)  a"  -  V        +  V*.  

(Hi)*  b  -  a  — -  +  c*   (iv)  <N  a          +  6*1  

2.  Suppose  that  a4  +  fr*  +  cb  +       -  0*. 

(a)  Is  to,  />,  cv c/)  linearly  dependent  or  not?  Explain  your  answer. 

(b)  Complete  each  of  the  following  {if  possible): 

(i)  ft  ~  h  +  c         +  H  ^   (ii)  V  ^  1_ 

'  (c)  Is         ~3)  linearly  dependent?^ 

(d)  |ifet^  be  any  other  vector.  Is  (a\     d,  eS  linearly  dependent? 
:  Is  ia,  e,  b,  a)  linearly  dependent?  Explain  your  answers. 

^  3.  Suppose  that  A ,  B,  and  C  are  three  points  of    such  that  A  +  ~a  =  B 

and  A  V  a3  -  C  for  some  translation  a. 

(a)  Draw  a  picture  which  illustrates  the  conditions  of  this  problem. 

(b)  Determine  whether  or  not  {C  -  A,  B  -  A)  is  linearly  de- 
pendent - 

(e)  In  your  picture  for  (a),  draw  a  graph  of  a  point  D  where  D  =  A 
>  +  a  — 2.  * 

(d)  Determine  whether  or  not  ID  -  At  C  -*A)  ts  linearly  de- 
pendent. , 

4.  In  addition  to  the  points  and  the  translation  cTof  Exercise  3,  con- 
sider a  translation  b  which  is  not  a  multiple  of  a.  , 

(a)  In  your  picture  for  Exercise  3(a),  draw  the  graph  of  a  point  Et 
where  E  -  A  +  6* 

(b)  Do  you, think  that  (E  -  A,B  -  A)  is  linearly  dependent?^fiy? " 

(e)  Do  you  think  that  (D  -*A9E  -  A)is  linearly  dependent?  Why? 
<    •     (d)  In  view  of  your  answers  in  Mparts  (b)  and  (e),  in  how  many 

ways  can  you  complete  thfe  following  sentences  to  make  true 
.  ■  j  iiatements?  % 

52 i  . .  -    .  ■ 
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Answers  for  Part  A  .  x 

1.  Suppose  that  two  terms  of  a  sequence  are  equal.    It  follows  that 
[either)  one  of  these  terms  is  a  linear  combination  of  the  other  and, 
so,  is  a  linear  combination  of  all  the  other  terms  of  the  sequgnce. 
Hence,  by  Theorem  6-2,  the  sequence  is  linearly  dependent.  > 
Hence,  any  sequence  two  of  whose  terms  are  equal  is  linearly 
dependent. 

2.  By  Theorem  6-1,   a  1 -termed  sequence  whose  single  term  is  (5  is 
linearly  dependent.    Suppose,  now,  that  a  sequence  of  two  or  more 
terms  has  0  as  one  of  its  terms.    Since  5  is  a  linear  combination 
of  any  vectors  it  follows  that  this  term  of  the  sequence  is  a  linear 
combination  of  the  other  terms.    So,  by  Theorem  6-2,  the  sequence 
is  linearly  dependent.    Since  any  sequence  is  either^  1 -termed 
sequence  or  has  two  or  more  terms  it  follows  that  any  sequence 
which  has  5*  as  one  of  its  terms  is  linearly  dependent. 

[As  given  above,  neither  of  these  proofs  is  likely  to  seem  simpler  than 
the  proofs  of  the  same  theorems  given  in  answer  to  Exercises  I  and  1, 
respectively,  of  Part  B  on  page  221.    The  principle  excuse  for  asking 
for  them  is  that  two  proofs  of  a  given  theorem  relate  this  theorem  in 
different  ways  to  other  theorems  and,  So,  give  a  better  understanding 
of  the  theory  under  development.    Also,  the  more  proofs  one  has  studied, 
the  better  one's  chances  of  finding  proofs  for  future  theorems,  ] 

Answers  for  Part  B 

1,     (a)    From  the  given  assumption  and  the  fact  that   2,  -3,  and  3/2 

are  not  all  0  it  fellows,  by  definition,  that  (a,  u\  c)  ris  linearly 
dependent, 

<b)   <*)   .-|;  |        («)  |:.  •  -|        (iii)  f;  |        Uy)   .-f;  2 


2,     (a)    Yes.    the  numbers  4,  2/7.  0.  and  5/2  are  3ht  all  0, 
•(b)      (i)  0;    . -|  (ii)  2.-14  +  ?o  +  3.~ 

-*  >       4       *  * 

(iii)    [impossible-]  (iv)   a*  -  j  +  t>  •  — y^-  +  c0 

[Other  correct  answers  fpr  (ii)  and  *j(iv)  may  be  obtained  by 
4  perrnuting  terms  or  omitting  *c0' .  ] 

(c)  Yes. 

(d)  Yes  [to  both  questions].    a4  +       +  <lj  +  eO  =  (5  and  not  all  of 


the  numbers  4,  ^*  J«  0  ar®  °5  *4  ^eOf  S^-  +  3j  =  (J 
al! 

3,  '(*Mc) 


2  5 

all  of  the  numbers  4,  0,        y  are  0. 


^      -  and  not* 


(b)   (C  -  A,  B  -  A)  =  (a3,  a)  and  is  linearly  dependent  since 
'  <a3)i  ^  Z*  -3  -  3  and  1  *  0. 

^d)   (D  -  A,  C  -  A)  =  (a*  -2,  a3)  and  It  linearly  dependent  since 
<a.  -2)3  +  (a3)2  =  0  and  3  #  0.  .  ✓ 
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4.  Ma) 


"V  ■ 

(b)s   No..  (E  -  A,   B  -  A)      (a^S),  and  (a,  S)  is  not+  linearly  depend- 
ent^   For,  suppose  that  aa  +  Sb  --   (J.    Siaice       is  not  a, multiple 
of  a  it  follows  that  b   -   0  and,  so,  that  ka.  s    (5,    Since,  in 
*    .        Exercise   3,   A,   B,  and  C  are  three  points,  A  *  B  and  so,  ■ 
a  4  0.    So.  a  =   0,  ^  ,  /  s 

.-  (c)    Nov    (D  -  A,  -E  -  A)  -  S).    Suppose  that  (a-  -2)a 

4-  bb   -   0...  It  follows  that  a  •  -2a  f  bb    ■  (Tand  so,  by  part 
i    *         '    (b)>  that   -£a  r   0  and  b  -   0  —  that  is,  that  a  =  0  and' b  -  Q. 
!   So,  (D  -  A,   E  -  A)  is  not  linearly  depiensient.  , 

(d)    Each  can  be  rdmpleted  in  [essentially ]  only  one  way. 

[•essentially*'  because,  although  each  blank  m#st  be  filled  by 
a  numeral  for  0,   0  hag  many  names.  ] 

[In  answering  (bj  and  (c),  students  may  give  less  compelling  reasons  — 
such  as  "a,  and  b  have  different  directions'  #n  Support  of  their  answers. 
This  is  all  right,,  buflit  should  be  pointed  out  to  them  that  the  arithmetic 
justifications  given  above  are  not  beyond  their  powersu  ] 
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Answers  for  Part  B  [cont/] 


5,     0;   0  ^ 

-  ($,  the  different  subsequences  of  (a,  (5,  ft)  are  (3);  (3,  <5)  and 
(u,  0,  0).    There  are  five  tyj>e s^of  3 -termed  sequences.    These  are 
exemplified  by  (a,a,ai  <a,a,S),  (afS\a),  <S,  a,  a),  and  (a,  d\  c),  where 
a,  bf  and  c  are  different  vectors.    A  sequence  of  one  of  these  types  is 
easily  seen  to  have  3,  5,  6,   5,  or  ,7  subsequences,  respectively. 
[This  answers  the  bracketed  questions.    They  are  of  no  importance 
beyond  being  thought  "provoking  and  generative  of  a  little  combinatorial* 
activity.  ] 

^      The-  explanation^ sked  for  in  connection  with  Theorem  6 -4  is  that 
bb  +  3d  =  aO  +  bb  +  cO  +  3d,  and' 0,  b,  0,  and  d  are  not  all  2*%p  if  arid 
only  if  b  and  d  are  not  both  0,  * 

The  suggested  proof  of  Theorem  6-5  goes  as  follows:  A  sequence 
one  of  whose  terms  is^a  multiple  of  another  hag,  for  some  a  and  soi^e 
c,  a  subsequence  (a,ac)  or  a  subsequence  (ac,  a).  By  Exercises  7  and 
9(a)  on  page  221  ,  any  such  subsequence  is  linearly  dependent.  Hence, 
by  Theorem  6-4,  the  given  sequence  is  linearly  dependent. 

*    4  * 

A  rigorous  proof  of  Theorem  6-4  [and  one  of  Theorem  6-6] 
requires  the  use  of  mathematical  induction  on  the  number  of  terms  in 
the  given  sequence.    For  completeness,  we  shall  outline  proofs  of 
these  theorems  in  some  detail.    As  a  basis,  we  need  definitions  df        * ' 
'subsequence*  and  'permutation*: 

-»    ■  •         ^  * 
(bj,  b^)  is  a  subsequence  of  (alf  ,  a^y- 


there  is »an  order -pre serving  mapping  f  of  {l,  .  ..,  m} 
into»,{l,  ...(  n*}  such  that,  for  I  £  i  ^  m,  b.  =  af^j 

To  define  'permutation',  merely  replace,  in  the  preceding  definition, 

Subsequence*  by  'permutation* ,  replace  *an  order-preserving1  by  *a 

one-to-one*,  and  replace  'into*  by  *6nto\    [In  the  case  6f  the  former 

definition  one  can  prove  that  m  <,  n;   in  the  case  of  the  latter,  th&t 

m  ~  .  n.  ]   Recall  that  an  order-preserving  mapping  is  one -to-one  and 

that  a  one-to-one  mapping  haa  an  inverse.*  Now,  given  a  , one -to -one 

mapping  f  of  {l,  .  .  .  ,  rr\ J  into  {l,   .  .    ,  n},  and  given  numbers  b1, 

...I  b       define  numbers  a1(   ....  a  by: 
m  A  n 

aj  =  V^j)  u  i  eR£  and  -a.  -  0*  if  j  /ftf. , 

It  follows  that,  for  1  <;  i  £  m,  a^.j  =  b^  ana,  so,  that  > 

^(1)^(1}  +         +  *f(m)a?<m)"  =  Abl  +  V"+Smb:  ' 


m 


Hence,  to  prove  Theorem  6-4  or  Theorem  6-6  amounts  "to  proving  that 

<*)      *iai  +        +  =  a-#Ma-M  *+'...+  a-.    .ar/  . 

(  .  n  n        f{l.J  f(i )  f(m)  f(m) 

under  the  appropriate  assumptions  on  i      that,  besides  being  one*to* 
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:     .  (    (i)  tE  -  A)         +  iB  -  A)  ^       =  0 

(ii)  ID  -  A)         +  iE  -  A)  -  IS 

5.  Here  is  a  figure  illustrating  two  vectors  a  and  V such  that  Ha, V)  is 
*  not  linearly  dependent.  • 

/  ' 

■»■  ••*/  —  -• 

*/     •  i 

(liven  \hat  a  and  b  are  real  nUmbers  such  that  aa  +  bib  -  (?,  it 
follpws  that  a   and.6  -  

6.04  Subsequences  and  Permutations  of  Sequences 

Given  a  sequence  {a,  b,  c,  ct),  the  sequences 

,}(a,  c),  (6,  cf  c6,  and  (c^  [as  well  as  some  others] 

are  silbsequences  of  the  given  sequence.  More  explicitly, 

a  subsequence  of  a  given  sequence  is  a  sequence  whose  terms 
are  some  (or  all)  of  the  terms  of  the  given  sequence,  in  the 
same  order  which  they  have  in  the  given  sequence. 

For  example,  the  subsequences  of  (av  a*,  a3)  are 

(a,),  (a2),  iaj,  (aj,  a2\  (aif  a*),  (a^,  a*3)  and  (at,"a2,  a*).^ 

If  (a|f  a2,  a3)  is  not  a  sequence  of  distinct  terms  then  the  subsequences 
listed  above_may  nht  allJSe  different.  For  example,  the  only  subse- 
quences of  (a9~0,  0)  are. (a),  (6),  (a",  0),  (0^0)^and  (7?  A  0),  These  are 
different  from  one  another  if  and  only  if  a*  *  0.  Note  that,  in  this  case, 
neither  (a,  a)  nor  (0,  a)  is  a  subsequence  of  the  given  sequence,  [Can 
you  describe  a  3-ter^med  sequence  which  ha^  exactly  six  subsequences? 
One  which  has  exactly  four  subsequences?] 

l^^^piost  obvious  that  if  (T,  a),  say,  is  linearly  dependent  then  so 
is  (a,  6,  ct  d5.  [Explain.]  Arguing  in  the  same  way  we  could  prove: 

Theorem  6-4 

If  any  subsequence  of  a  given  sequence  is  linearly 
dependent  then  the  given  sequence,  is  linearly 
dependent.  V 

Using  this  theorem  and  two  of  the  theorems  you  proved  in  the  pre- 
ceding exercises,  it  is  easy  to  prove: 
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one,  f  i$  order-preserving  or  onto,  respectively.    Under  the  former 
assumption,  ^ft)  follows  from  the  fact  that,  for  any  vector  a,  aO  =  5  . 
and  0*a=a  =  a  +  <J.    Undetftfce  latter  assumption,  {ft)  follows  from 
the  commutativity  and  associativity  of  addition  of  vectors,  ^ 

The  proof  of  (ft)  under  tlie  former  assumption  is  not  difficult  for 
one  who  is  familiar  with  mathematical  induction.    The  initial  step  con- 
sists in  noting  that  in  casein  =   1  it  follows  that  m  =   1  and  f <  1 )  = 
So,  in  this  case  (ft)  reduces  to  the  valid  sentence  'a,  a.  =  a,  a,'.  For 
the  inductive  step  one  assumesthat  n  v>  1  and  takes  as  inductive 
hypothesis  the  sentence  obtained  from  (ft)  by  replacing  'ft*  by  'n^  1* 
and  —  for  clarity  —  T  by  *  g'  and  '  m'  by  *p*  where  g  is  any  order  - 

4  preserving  mapping  of  {l,  .        p}  into  {l,  ....  n-  1},    There  "are 
two  cases  to  consider  in  deriving  (ft)"  —  that  in  which  n  ^ftf  and  that  in 

•  which  n  €  ftf.    In  the  first  case  f  is  an  order-preserving  mapping  of 
{1,  ...  ,jn}  into  { 1,  .  .  . ,  n  -  1 }  and  we  can  replace  'g'  in  the  induc- 
tive hypothesis  by  T  and  'p'  by  'm'.    The  proof  of  (ft)  is  Completed 
in  this  case  by  noting  that,  since  n  ft  Rf ,  a    is,  by  definition  0  and,  so, 

a  a    -  0  and  n 

n  n 

■+'.-.  +  Vn  =  +  **n-ian-i- 

Incase  n  €  Rf  then,  since  f  is  order-preserving,  n  =  f(m).    It  follows 
that  a^a    -  af(m)  af{m)  and  that  the  restriction  of  f  to  {l,  ....  m  -  1} 
is  an  order-preserving  mapping  of  the  latter  into  {l,  n  -  l}.  So, 

replacing  'p'  in  the  inductive  hypothesis  by  *m  -  1\  we  may  take  the 

restriction  o{  f  to  {l   m  ■  1}  for  g.    (ft)  now  follows  from  this 

instance  of  the  inductive^  assumption  and  an  instance  of  the  valid  sentence 
*a  =  b  — >  a  +  c  =  b  +  c\    [In  case  rn  =  1,  4m  -  1*  may  npt  be  substi- 
tuted for  'p*  in  the  inductive  hypothesis.    But,  in  this  case,  (ft)  reduces 
vtp  a  sentence  of  the  form  '?+...  +  cn  =  c  1  where,  for  1  <;  i  £  n  -  1, 
£i  =^0,  JTMs  can  be  proved  by  induction,  using  the  fact  that,  for  any  a, 
0.*  a  =  a.    (As  a  consequence  of  the  obvious  inductive  hypothesis,  for 
n  >  1,  c    +  v.J.cr,  =  (J  if  ?nn,  as'well  ai  ci,  1  ^  i  S  n  -  I,  is 
0.    So,  if  ct  "=  Wtor  1  <;  i  ^  n  -  1  then  cx  +  . . .  +  cn  =  tJ  +  cn  =  cn.  )] 

The  proof  of  Theorem  6-6  proceeds,  for  a  tfrne,  much  like  the 
preceding  proof  of  Theorem  6-4.    The  initial  step  and  the  first  case  of  ' 
the  inductive  step  are  exactly  as  above,  with  'order-preserving'  re- 
placed by  'one-to-one'.    The  second  case  of  the  inductive  step  is  more 
complicated.    Since  f  is  not  assumed  to'be  order-preserving  we  may 
not  conclude  in  case  n  e  Rf  that  n<*=  f(rn).    All  we  can  be  sure  of  is  that, 
for  some  k,  n  =  f{k).    In  case  i  -  m  we  may  proceed  as  above.    If  not, 
we  must  use  commutativity  and  associativity  to  show  that  kth  term  on 
the  right  side  of  (ft)  HmayH  be  shifted  to  the'end  of  this  indicated  sum. 
{This  can i  bl  done  most. easily  with  (m  -  k)  applications  of  the  ''switch 
principle-  '(a  +  6)  +  q .  =  (*  +  cj  *  h\   Fax  k  =  1,  ftr*t commute  the* 
apply  the  switch  principle  m  -  2  times.  ]  We  then  proceed  as  before 
but  instead  of  taking  g  to  be  the  restriction  of  f*  to  { 1  m  -  1} 

we  define        so  that  g{i)  =  f(i)  for  1  S  i  ^  k  and  g(i)  =  f(i  +  1)  for 
k  ^  i  ^  m  -  1. 

The^  argument  sketched  in  the  preceding  paragraph  ettablifthei  the 
only  if-p^rt  of  Theorem  6-6.    The  if -part  follows  at  once  since  if  a 
given  sequence  is  a  permutation  of  another  then  this  other  sequence  is 
a  permutation  of  the  given  one. 

«  •  4t 
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Theorem  6-5 

If  any  term  of  a  given  se^juence  is  a  multiple  of 
ahother  term  then  the  given  sequence  is  linearly 
dependent. 

Prove  Theorem  6-5  now. 

diven  a  sequence  (a,  6,  *\  a),  such  sequences  as  * 

(Ci  c/,  b,  a),  (a,  c,  cf,  6),      6*  a*  c\  (a,  6*  £\  cT),  etc, 

are  permutations  of  the  given  sequence.  More  explicitly, 

a  permutation  of  a  given  sequence  is  a  sequence  whose  terms 
are  those  of  the  given  sequence,  but  *  not  necessarily  in  the 
same  order. 

•  For  example,  the  permutations  of  (a,  b)  are  (a,  ~h)  and  (6,  a);  those  of 
(a,  6,  c>  are 

*         *        *         --♦   *   —f  #    .     *  »  «.  -    *  » 

(a,  6,  c),  (6,  a,  e)*  (a,  c,  o),  (o,  c,  a),  (t\  a,  6),  and  (c,  6,  a). 

*  **  " 

For  sequences  of  distinct  terms,  a  2-termed  sequence  has  two  permu- 
tations and  a  3- termed  sequence  has  six  permutations.  If  you  compare 
the  listing  we  have  given  for  the  permutations  of  (a,  b~c)  with  that  for 
the  permutations  of  (a,  b)  it  should  be  easy  *°  compute  the  number  of 
permutations  of  a  4-termed  sequence  (a,  h,  q,  d)  of  distinct  terms. 

As  you  saw  by  two  examples  in  Exercise  9  of  Part  B  on  page  221, 
whether  or  not  a  sequence  (ap  .  .  .  ,  an)  is  linearly  dependent that  is, 
whether  or  not  there  are  numbers  xv  .  .  .  ,  *M,  not  all  zero,  such  that 

a\xt  +\  .  .  +  aX  -  OT 

-  does  not  depend  on  the  order  of  the  terms  of  the  sequence.  This  is  so 
because  of  two  properties  of  addition  of  vectors.  What  two  properties? 
For  example;  for  afty  vectors  <*,  h,  and  e  and  <any  real  numbers  nf  b, 
and  c,  v 

bb  +  cc  +  c?a  =>  aa  4-  6*6  +  cc.  [Why?] 

So,  .   ,  ; 

bb  +  cc  ■+  aa  ~  6  ^*  mi  ■+  i>b  -f-  7c  -  6!  - 
Since,  obviously, 

ft,  c,  and  a  are  not  all  zero     *  at  ft,  and  c  are  ifot  all  zero 
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The  permutations  of  the  secjuetlce  (a,  b,  c)  were  listed  by  modify- 
ing the  two  permutations  of  (a,b)  in  three,  successive,  ways  —  first 
by  inserting  'c*  at  the  end,  then,  in  the  middlel  and  finally  at'ffieHMsfclft'- 
ning. .  The  permutations  of  ^a,  S,  c,  3)  can  be  obtained  in  the  same  way 
by  modifying  those  of  (a,  S\c).    Since  there  are  6  of  the  latter  and,  in 
each,  4  places  to  insert  *cr  there  are  6«4  permutations  of  a  4^termed 
sequence.    [As  is  the  case  with  counting  subsequences,  counting  per- 
mutations plays  no  role  in  this  course*  J 

It  should  be  intuitively  clear  that^Theorem  6-6  is  a  consequence 
of  the  commutative  and  associative  principles  for  addition  of  vectors.. 
Since,  as  indicated  in  the  immediately  preceding  commentary,  a^proof 
e*f  Theorem  6-6  is  quite  involved,  it  would  riot  be  sensible  to  attempt 
to  give  one  in  the  text,    You  might,  in  class,  point  out  that  proving  the 
theorem  in  the  case^of  3-termed  sequences  amounts  to  proving  that,t  ' 
for  any  vectors  a,  b,  and  c, 

a+bfc  =  bfa+c,  a  +  b  +  c  =  a-fc+b,  a  +  b+  c  =  b  +  c  +  a, 

a  +  b+  c  =  c  +  a  +  b,  and  a+b  +  c,  =  c  +  b  +  a.  t  ■ 

Proving  the  theorem  in  the  case  of  4-termed  sequences  would  amount 
to  proving  23  similarly  trivial  theorems. 

Students  are  not  likely  to  question  Theorem  6-4;   and  they  will  have 
some  opportunity  to  use  it,  particularly  in  the  guise  of  its  contrapositivc 

If  fa  sequence  is  not  linearly  dependent 

then  none  of  its  subsequences  is  linearly  dependent. 

On  the  other  hand,   Theorem  6-6.  may  raise  some  questions*.  Theorem 
6-6  is  perhaps  even  more  obvious  than  is  Theorem  6-4,  but  why  go  to 
the  trouble,  of  introducing  sequences  —  in  which  order  is  important  — 
w^hen  you  can  prove  a  theorem  to  the  effect  that  order  doesn't  matter? 
A  partial  answer  is  given  on  TC  212(1).         If  one  did  define  linear 
dependence  for  sets  rather  than  sequences,  a  similar  theorem  would  be 
required,  anyway,  to  justify  the  ^definition.    A  somewhat  better  answer 
is  that  the  notion  of  a  sequence  of  vectors  is  needed  later  in  contexts  in 
which  order  is  relevant,  and  %he  question  of  linear  dependence  of  such 
sequences  will  arise.    Such  a  question  cannot  be  answered  by  consider- 
ing the  range  of  the  sequence  since  the  sequence  may  be  linearly  depend 
ent  because  it  has  repeated  terms  and  this  .cannot  be  determined  by 
looking  at  its  range.    So,  if  we  began  by  defining  Jfche  notion  of  linear* 
dependence  of  sets  of  vectors,  we  should  have  to  start  afresh  when  it 
became  necessary  to  deal  with  linear  dependence  of  sequences.  Finally, 
although  linear  dependence  of  sequences  cannot  conveniently  be  defined 
in  terms  of  linear  dependence  of  sets,  liffear  dependence  of  sets  can  be 
defined,  both  conveniently  and  naturally,  in  terms  of  linear  dependence 
of  sequences  [see  Part  .E  on  page  230}.    [Lrinfcar  dependence  of 
sequences  can  be  defined  in  terms  of  linear  dependence  of  sets: 

A  sequence  is  linearly  dependent  if  and  only  if  either'  .  . 

it  hag  repeated  terms  or.  its  range  is  linearly  dependent. 

But,  "disjunctive"  definitions  such  as  this  are  difficult  to  use  since  1 
one  is  forced,  each  time,  to  consider  two  cases.  Al£o,  the' suggested 
definition  is  somewhat  "unnatural"  wUhopt  rather  careful  motivation,] 

Incidentally,  Theorem  6-6  catibe  used  to  simplify  many  proofs. 
As  an  example,  consider  Exercise  10(a)  on  page  221,    (This  ts  a  proof 
oj  the  if-part  of  the  v^ry  important  Theorem  6-2,  J  Suppose  that 
(a1,  ,  , .  ,  a^}  is  a  sequence  one  of  whose  terms  ifc  a  linear  combination 
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of  the  other.     Let  (br  , ..  .  ,  bn)  be  a  pe rmutation^pf  the  given  sequence 

such  that  bn  is  a  linear  combination  of  J>x  *>n-i*    lt  folloHtf  that 

there^are  numbers  —  say,  blt  v  .  ,  bn_x  —  such  that  Bn  =  b1b1  + 
"  \t  brt-ibn-v  -From  thia  {since  bn  +  £n-  -1   ^  3]  it  follows  that 

hxbx  f         *bnMbn?  *6n--l       3.    Since  -1*0,  |SX  S  :)  is 

linearly  dependent,    [Note  that  t£c  algebraic  difficulties  have  been 
relegated  to  the  proof  of  Theorenft  6-6,    Hence,  even  if  one  takes  the 
trouble  to  pTOve  this  theorem,   these  difficulties  need  "be  surmounted 
only  once.  ] 

Presenting  this  proof  to  your  class  may  induce 0 respect  for  Theorem 
6-6,    You  can  then  ask  them  to  establish  the  only-if  part  of  Theorem  6-1 

in  the^same  manner,    [Suppose  that  (a\  an)  is  an  at  least  I -termed 

•  linearly  dependent  sequence.    It  follows  that  there  is  a  permutation 
(bA.  bn)  of  this  sequence  and  numbers  —  say,  b«f  bn  —  such 

.      that  bn,#  0  and  b1bl  f  ...  ♦  S„^bn.l  +  Snbn  -   0.  Etc.] 
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it  follows  that  -  % 

(6,  c,  a)  isjinearly  dependent  6,  c)  is  linearly  dependent. 

'  Theorem  6-6 

A  permutation  of  a  given  sequence  is  linearly 
dependent  r 

if  and  only  if    ,  ' 

the  given  sequence  is  linearly  dependent. 

Exercises 

Part  A  * 

1.  Use  Theorem  6  -  4  to  prove: 
■ «  -»  —  *  — »  — * 

(a,  6,  c)  is  not  linearly  dependent  — ♦  (a,  c)  is  not  linearly  de- 
pendent. 

2.  Use  Theorem  6  -  6  to  "prove: 
la*  ft*  c)  is  not  linearly  dependent  — *  (af  ct  b)  is  not  linearly 

dependent 

*  r 

3.  l*roye; 
>  • 

(atct  6*)  is  not  linearly  dependent      te*f  6,    is  not  linearly  dependent 

4.  Show  that  any  inference  of  either  of  the  forms: 

p  not  p  «— ♦  not 

not  p       not  p 

is  valid. 
|:  PartB 

As  you  learned  in  Chapter  4,  the  sentence: 

(*)  (a     Q  or  6  /-  0)  *-»  not  (a  =  0  and  6  =  0) 

is  valid  — in  particular,  the  sentences  to  the  left  and  the  right  of  the 
f  are  different  ways  of  •saying  the  same  thing.  In  English  we 
might  s$y,  instead  of  (*):. 

One  [$t  least  ]  of  a  and  b  is  not  0  if  $nd  only  if 
.   not  both  of  a  and  b  are  0. 

Since  both  sides  of  (*)  say  the  same  thing,  so  do  their  denials.  Hence, 
using  the  rules  of  double  denial,  the  sentence; 

A**)  not  (a  *  0  or  b  *  0)  *-+  (a  =  0  and  6  ~  0) 

is  valid* 
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Answers  for  Part  A  U 

1.    .Since  (a,  c)  is  a  subsequence  of  (a,  b,  c )  it  follows  from  Theorem 
6-4  that  if  (a,c)  is  linearly  dependent  then  so  is  {afb,  c).  Hence 
{by  CQntr_a£Q.$xUpn].  if  (a,b,c)  is  not  linearly  dependent  then  (a,  q) 
is  not  linearly  dependent. 

Z,     Since  (a,  c^Bj  is  a  permutation  of  (a,  S,  c )  it  follows  by  Theorem 
6-6  that  (a,c,b)  is  linearly  dependent^  and  only  if  (a,  b,c)  is 
linearly  dependent.^  Since  [trivially]  if  (a,  b,  c )  is  not  linearly 
dependent  then  (a,b,c)*is  not  linearly  depedent  it  follows  [by 
biconditional  replacement]  that  if  (a,b,c)  ,is  not  linearly  dependent 
then  (a,c,h)  is' not  linearly  dependent,    [A  proof  like  that  in  Exer- 
cise  1  can  be  given,  using  the  only  if-part  of  Theorem  6-6.  But* 
it  is  wise  to  get  the  habit  of  using  biconditional  replacement  when 
it  is  available.    Using  it  simplifies  many  proofs  and,  without  such 
a  habit,  one  may  forget  this,  ] 

3.     Since  (a,  c^IdJ  is  a  permutation  of  (a,b,c)  it  follows  by  Theorem. 
♦    6-6  that  (a,  c ,  b)  is  linearly  dependent  if  and  only  if  (a.b^c)  is 

linearly  dependent.    Since  [trivially']  (atb,c)  is  not  linearly  depend 
ent  if  and  only  if  (a(b,  c)  is  not  linearly  dependent  it  follows  [by 
biconditional  replacement]  that  (a,c,b)  is  not  linearly  dependent 
if  and  only  if  (a,  b,  c)  is  not  linearly  dependent.    [Some  students 
may  establish  the  if-part  of  this  theorem  in  Exercise  2  by  an  argu- 
ment like  that  given  in  Exercise  1,  then  establish  the  only  if-part 
by  a  similar  argument,  and  finally  combine  the  two.    In  outline, 
their  procedure  is  indicated  at  the  left: 


That  indicated  on  the  right  —  the  1  *'  indicates  that  sentences  of  the 
indicated  form  are  valid  — *  is  very  obviously  simpler,  ] 

4t     For  inferences  of  the  fir^t  form  see  the  right  hand  figure,  above. 
Some  discussion  of  the  "rule  fat  ignoring  valid  premisses"  may 
be  in  order.    This  rule  is  discussed  in  the  text  on  pages    $\  and 
82    and,  more  formally,  In  the  commentary  for  page  75.  For 
inferences  of  the  second  form:  /  .  .  ■  ' 

*   " 

**~q  <=>  q  p 
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1.  Give  an  "English  translation"  of  < 

2.  The  sentence  a,',  .  .  :  t  an  are  not  all  zero'  can  be  restated  |  in  Kng- 
l^shj  in  two  vv*ayi§.  Complete; 

(a)  not  all  of   (b)  one  |at  least)  of  ..  

3.  The  sentence  a,,  .  .  .  ,  an  are  all  zero'  can  be  restated  in  two  ways. 
-Complete: 

(a)  all  of    (J>)  none  of   

PartC 

By  definition,  to  say  that  a  sequence  (a,  h%  c)  is  linearly  dependent 
amounts  to  saying  that  there  are  numbers  x,  y{  and  z  which  are  not 
all  0  and  which  are  such  that  ax  +  by  *  cz  -  0. 

So,  to  say  that  a  sequence  <«*  h,  el  is  not  linearly  dependent  amounts 
to  saying  that  there  are  no  ^uch  numbers  -  that  is,  that  there  are  no 
numbers  x%  v,  and  z  such  that  x%  y,  and  z  are  not  all  0  and  ar>  by  f  cz 
-  0.  Another  way  of  saying  this  is  to  say  that,  for  ail  numbers  x,  y, 
and  z,  ax  f  by  +  cz  *  0  unless  (jc  =  0  and  y  0  and  ^  ~  0).  So,  it  turns 
out  tha^  •  ' 

la,  6;  c)  is  not  linearly  dependent 

t   ■  • 

for  all  xt  y,  and     if  ax  f  Ay  +  e£  =  0 
then  U  -  0  and  y  -  0  and  z  =  0). 

v    1.  Suppose  that  fa^A)  is  hnearty  dependent  - to  make  it  simple,  sup- 
pose  that  a3  4-  62  =  0*  Let  c     a  6* 

(a)  Show  that  r  =«  a4  +■  6* 

(b)  Find  four  pairs  (a,  b)  of  real  numbers  (beside^  Mf  — Dand  (4, 1)) 
such  that  c  -  aa  +  bh. 

(e)  If  someone  told  you  that  he  knew  a  pair  (a,  b)  such  that 7=  aa 
+  66,  would  you  stand  much  chance  of  guessing  what  numbers 
;  \     he  had  in  mind? 

2.  Suppose  that  (a,  6*)  is  not  linearly  dependent  and  that  e*=  <T  +  62. 
1^  a  friend  tells  you  that  he  knows  a  pair  (a,  6)  such  that 7=  aa 
"  .    +\  hh,  how  much  will  you  be  willing  to  bet  that  the  second  of  his 

numbers  is  2?  [Hint:  Your  frrend's  numbers  must,  of  course,  satisfy 
th^  equation  'aa  +  66  a  +  62'.  Find  an  equivalent  equation 
whi>se  right  side  is  ?o\  and  remember  that  (a,  V)  is  not  linearly 
dependent.]  v  . 

\  .  ^ 

6.05  linearly  Independent  Sequences 

In  Part  B  of  the  preceding  exercises  you  discovered  an  important 
property  of  sequences  of  vectors  which  are  not  linearly  dependent 

\     '  :l  ■ 
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Answers  for  Part  B 

1.  Neither  a  nor  b  is  not  0  if  and  only  if  both  a  and  b  are  0. 

2.  (a)    nol  all  of  at.  ,>t>!an  are  Q '  .  , 
(b)    one  of  a1  an  is  not  0 

3.  (a)    all  of  aL  an   are  0  * 

(b)    none  of  a1  a^  is  not  0 

Answers  for  Part  C 

[The  discussion.is  a  somewhat  informal  proof  of  the  case  n  =   3  o 
Theorem  6-7  on  page   227.    A  different  proof  of  this  very  basic  theo- 
rem is  given  on  pages   227  and   228.    The  present  proof  is  formalized 
on  pages   267  -  269.    It  may  help  you  to  see  formalizations  of  the  sen- 
tences in  the  second  paragraph:  ' 

(a,b,c)  is  not  linearly  dependent 

not  3^  3^  3^  (not  (x  =  0  and  \  0  and  z  -  0)  and  ax  t  Sy  *  cz  -  3) 

<==^V~V.^  (ax  +  Sy  f  cz  *  3  or  (x  5  0  and  y  -  0  and  z  =  0)) 

x  y  *s  y  1 1 

^VVV^  [ax  +  Sy  +  cz  -  3  =*fr  (x  -  0  and  y  ^  0  and  z  -  Q)J 

An  alternative  intermediate  step  is:  ' 

VxV^Vz  not  (ax  ¥  Sy  4-  cz  *  6  and  not  (x  =  0  and  y  =  0  and  z  =  0)) 

^—  in  English:  .  • 

For  all  x,  y,  and  z,  never  ax  +  Sy  +  qz  -  "ff 
V^ithout  (x  =  0  and  y  =  0  and/.*  =  0).  * 

Urnierstanding  the  argument  depends  on  realizing  that  *not  for  some 
^  any]  x  [so-and-so]1   amounts  to  the  same  thing  as  'for  each  x  not 
so-and-s*©]1   and  that  'not  (not  p  and  q)'   amounts  to  the  same  thing  as 
'if  q  then  p1 .    The  last  can  be  mediated  by  'not  q  or  p'   [or,  as  in  the 
text,  'not  q  unless  p']f    As  in  the  case  of  proofs  earlier  in  this  chapte 
time  spent  in  clarifying  these  points  is  likely  to  result  in  saving  time 
later.  ] 

1 .  (a)    c  '  a  -  S  =  (a  -  S)  +  3  =  (a  -  $)  +  (a3  +  %l)  -  a4  +  S 

(b)  [For  any  k,  (31g  4  1 ,  Zk  -  1 )  is  such  a  pair^   there  are  ho 
others. ] 

(c)  No.  '  v 

2.  Bet  any  amount  you  can  get  covered;   it's  a  sure  thing,  [Since 
 aa  +  bb*  =  a  +  b2,  a(a  ^  l)4g(b  v2]  =  fl.    Since  (a,  b)  is  not 

lipearly  dependent  it  follows  that  a  -  1  =  0  and  b  -  2  =  0.  ]  < 
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|  And,  in  earlier  exercises  you  discovered  that  there  are  such  se- 
quences, I  In  the  remainder  of  the  course  we  shall  have  a  great  deal 
to  do  with  sequences  whicK  are  not  linearly  dependents  So,  it  will  he 
convenient  to  have  a -name  for  such  sequences. 

Definition  6-3 

A  sequence  is  linearly  independent 

if^and  only  if 

it  is  not  linearly  dependent. 

As  you  saw  in  f*art  B  I  in  the  case  of  a  3-term'ed  sequence!  it  follows 
from  Definitions  6-2  and  6  -3  that 

Theorem. 6  -7  ^ 

ia\,  .  ,  .  »  an)  is  linearly  independent 


a]x]  i 


for  all  real  numbers  x^,  '  . 
.  f  aA  =  0  —  tt,  -  0, .  .  : ,  and  xn 


0). 


A  formal  proof  of  Theorem^ -7  (either  as  a  tree  or  as  a  column! 
requires  knowledge  of  some  rules  of  logic  which  we  shall  discuss  only 
later  in  this  chapter.  Nevertheless,  your  intuitive  understanding  of 
the  phrases  'there  are1  and  Tor  air  will  be  sufficient  to  make  convincing 
v  the  paragraph  proofs  we  shall-give  for  the  two  parts  Pif"  and  "only  if") 
of  this  theorem.  It  -will  be  easy  later,  if  we  wish,  to  put  these  proofs  in 
column-form,  using  the  rules  we  shall  adopt  for  'there  are'  and  Tor  all\ 

We  first  prove  the  if- part  of  Theorem  6-7:, 

Suppose  that,  for  all  real  numbers  x|f  -  -  -  ,  xn, 


if  alx]  f 


0). 


.  +  anxn  ~  0  then  U,  =  0,      .  ,  and  xH 

Now,  if  toj;  .  . " .  ,  efM)  were  linearly  dependent,  it  would  follow  [by 
Definition  6  —  2)  that  there  arejiumbers-say£a{, .      ,  an  — which  ahe 

not  all  zero  and  are  such  that  a.a.  +  .  .  ..  .+  a  a  =  0.  This  is  not  the 

— >  - — »        — * 

case,  because,  by  assumption,  if        +  .  ;.  .  +  aHas  =  0  then  (a3  -  0, 

.  .  .  ,  and  aH  =  0).  So,  taf,  .  .  ,  ,  aH)  is  not  linearly  dependent. 

Consequently,  if,  for  all  xv  .  .  .  ,  xRi  * 

—  \  ''  ' 

a,*,  +  .  .  .  +  aHxH  »  0  — *  (xi  =  0V  .  .  ,  and  xn  »  0) 

then  (ap  .  .  .  ,san)  is  not  linearly  dependent. 
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From  the  form  of  Theorem  6-7  it  is  obvious'that  it  might  be  taken 
a*  a  definition  of  tne  phrase  *  linearly  independent'.    Then,   *  linearly 
dependent*  could  be  defined  as  an  abbreviation  for  *ngt  linearly  inde- 
pendent\    The  motivation  for  the  procedure  adopted  in  this  text  is,  of 
,  course,  that  the  concept  of  linear  dependence  is  intuitively  the  simpler 
of  the  two,  as  well  as  the  mors  easily  illustrated.    Nevertheless,  the 
characterization  of  linear  independence  which  is  furnished  by  Theorem 
6-7  is  by  far  the  most  important  one. 

Of  the  two'parts  of  Theorem  6 -7, -the  only  if -part  is  the  more  fre- 
quently used.    A  brief  explanation  of  a  common  sort  of  use  is  in  order 
here.    As  we  shaH  see,  it  is  frequently  possible  to  reduce  the  solution 
of  a  geometric  problem  —  or  the  proof  of  a  geometric  theorem  —  to 
that  of  finding  all  real  number  solutions  of  a  vector4  equation  of  the 
.form:  .  m% 

(6  )  a1x1  +  . . .  +  anxn  =  u\ 

where  it  is  known  that  (aa,  ,  .  .,  an)  is  a  linearly  independent  sequence- 
of  translations,    [in  studying  3 -dimensional  geometry,  n  will  neces- 
sarily be  at  most  3,]   In  a  given  problem,  the  4x11,  .  .  . ,  4xn*  will  be 
replaced  by  given  real  number  terms.    [For  examples  of  such  equa- 
tions,  see  Exercise  1  on  page  12.8 ,  ]   The  only  if-part  of  Theorem  6-7 
tells  us  that  the  only  solutions  of  (it)  are  the  solutions  of  the  corre- 
sponding system  of  real  number  equations: 

(£<r)      .  xx  =   0,  .         xn  =  0 

Since,  triviallyT^^e^ch  solution  of  this  system  is  a  solution. of  (it),  by 
finding  all' solutions  of  (ittt)  we  find  all  solutions  of  (it),  -thereby 
solving  the  geometric  problem  [or  proving  the  theorem].  More 
specifically,  a  problem  concerning  a  triangle  can  often  be  solvecVby 
using  the  fact  that  —  by  a  later  definition  —  A,  B,  and  C  are  vertices 
of  a  triangle  if  and  only  if  (B  -  A,  C  -  A)  is  linearly  independent,  and, 
by  translating  the  problem  into  that- of  Solving  an/ equation  of  the  form: 

{B  -  A)x "+  (C  -  A)y  =  3 

[The  real  **problem*\  is,  of  course,  to  find  th^'s  equation.  Theorem 
o-7  then  tells  us  how  to,  solve  it,  ] 

As  remarked  during  the  preceding  discussion,  it  is  a  trivial  matter 
to  justify  replacing  the  *  :=>'  in  Theorem  6-7j  by  a  second  *<jr=>  ' . 
Since  this  is  trivial,  and  since  stating  the  theorem  jin  this  stronger 
form  would  complicate  the  ensuing  discussion,  we  have  not  made  the 
replacement  in  the  text.    That  it  might  be  done  should  be  brought  out 
in  class  discussion.  m 

JWe  shall  have  les*  use  for  the  if  •part  of  Theorem  &-7#  -   - 

If  your  students  have:* attained  a  fairly  good  Unde rstanding*of  the 
proof  of  Theorem  6-7  in  the  case  n  =  3  which  is  given  on  page'  226  it 
would  be  possible  to  review  it  by  using  the  same  argument  to  prove  the 
theorem  itself.    In  that  case  the  proof  given  on  pages  227  and  228 
might  be  skipped.    [As  previously  remarked*  however,  two  proofs  are 
always  better  than  one.  J 

4  ■ 

In  giving  the  proofs,  it  has  seemed  best  to  use,  *  not  linearly 
dependent*  rather  than  'linearly  independent* ♦    The  switch  from  one 
to  the  other  by  way  of  Definition  6-3  and  biconditional  replacement     •  " 
is  a  trivial  master. 
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The  proof  given  for  the vii-part  of  Theorem  6-7  is,  we  hope,  intui 
tively  appealing.  It  —  in  a-  slight^  streamlined  form  —  is  analyzed  on 
pages  ZSV-256v' where,  aUot  the  Xiles  W  logic  implicit  in  it  are  justi- 
fied*.^ In  column-form  it  looksjike 'this  [merely  to  save  space  we  take 


V    [ax  -  6 
3 


>  x  -  0] 

>  a  -  0 
(5  and   a  * 


[assumption  J* 

[0>] 
EOM-, 

{Definition*  6-2 

[(s  );*(4>] 


<-  (i) 

J(,4)  -  a*a 

*'(i>)  not  (aa 

(4K  not  3^  (ax   ^  3  and  x  *  0) 

(S)    (a)  is'l^early  dependent 

<  ,    ^  vs;.      -3^  (ax    -  3  and,  x  #  0)  * 

(6\    (a)  »is  not  linearly  dependent 

^  <*)    (i)  ^  (6) 

f*rom  (1)  to  U)  is  by  the  elimination  rule  for  *V%;    (Z)  to  (?)  is  by  an 
inference  from  a  seril*nce  of  the  form  'p  q>  to  one  of  the  io&n  •not 

(p  ajjd  not  q)\  —  justification  of  such  inferences  require s*  something 
^eqUivfclent  to  proof  b^cont  radiction;    (3)  to,  (4)  is  by  a  rule  more  or  less 
Jg^lyalent  to.  the  elimination  rule  for  *3\     It  is  because  of  a  restriction 
'  tle  U8e  Qi %  th**  latter  %eulc  ttfat  we-  must  start  with  (1)  rather  than'U) 
as  &\  assumption.    Were^fcpot  for  this  restriction  we  could  "pr'tare": 

[a a       3  a  -   0]  =c>  (£)  U ncg  linearly  dependent 

■fr{}*n  this  deduce  its  instance:,  M  ■  . 

fa0  3  &         0  -        *=>  (a)  is  not  linearly  dependent*. 

,,  ^nd,  deducing  the  antecedent  from  the  valid  .sentence  '*0  "V=   0\  emd  ilfp 
with  a  V* proof  that  any  J -termed  sequence  is  not  1  ine  a  i4y-<  dependent/ 
[The  argument  would  generalize  to  show  that  no  sequence  —  of  what- 
■  ever  length  —  is  linearly  dependent,    this  illustrates  the^  difference 
#   between  Sentences  l&e  ( 1 )  (6)  and  U>  ==>  (6)  and  points  up  the 

"  need  lor  ^u^ntifiers^    [On  this  .point,  see  the  exercises  on  page  434.] 
*  *■  .  \  ■*  '  7 

The,  proof  given  for  the  only  if-part,  of  Theorerft  6-7  is  analyzed  on 
,  pages  ^  and  255.    The  only  u^amiliar  rule's  a^e  the  introduction 
yale*  tor  *3*  awd,*V.  ^  '  ,  u 

*'    (1)    U}«  i»  not  linearly  dependent  ' 
(2)    aa?-  3 


■J: 


aa 

(3)  a  4  0 

;H>  3x  (ax  =  3  and  x  ^  0)  \[ 

£b)  (aK  i»  linearly /dependent         (4)  > 

(6)  (a)  is  linearly  dependent 

(?)  a  #  0  'shb»  (a)  is  linearly  dependent 

(8)  a      0  * 


(9)  aa 


•  %UM,  V    [ax  *  3 


-  0 


•=  0] 


(U)  O) 


(10) 


[assumption]*** 
[assumption]** 
.  [assumption]* 
[(2).  (3))i. 
'[Definition  6 - Ztj 
^(5),  (4)J  . 
1(6).  *(3)] 
«7),  (1)]    o  . 
[(8),  **(2)J 

•  [(10),.  ***(!)] 
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In  this  case  w*e  could  as  well  have  proved  ( 1 )         (9);   but  (I)  (10) 
is  what  is  needed  if  we  are  to  combine  our  conclusion  with  thajLof  the' 
preceding  proof  to  obtain  a  biconditional  sentence. 


541 


■  y 


>228 


LINEAR  DEPENDENCE  AND  INDEPENDENCE 


Here,  now,  is  a  proof  of  the  only  if- part  of  Theorem  6  -7: 
Suppose  that  »a|f  .  .  .  ,  au)  is  not  Irnearly  dependent  and  that  cip 
.  .  ,  aw  art  numbers  such  that  u,^,  «(Yj(|  =-  0.  If  it  were  the 

ease  that  even  one  of  the  numbers  alf  .  .  .  ,  a  were  different  frorrP/ero 
then  it  would  follow  |by  Definition  6-  21  that  la|f  .  .  .  ,  a#|)  is  linearly 
dependent.  Since,  by  assumption,  this  is  not  the  ease  it  follows  that 
each  of  the  numbers  cilf .  .  \  ,  ci  is  0.  Hence,  under  our  assumption  that 
(«,,'.  .  .  ,  (/ j  is  not  linearly  dependent,  it  follows  |  for  any  numbers  «,, 
....  an  I  that 

if  tilal  f  .  .  .  +  a  a      0  then  Ui,      0,  .  .  .  ,  and  a}  0). 
Consequent ly>  if  ia|f  .  .  .  ,  an)  is  not  linearly  dependent  then,  for  all 

arx}  f  .  .  .  f  a]rt;  -  0*  —  \xx  -  1),  .  .  .  ,  and  *w  -  0), 
Exercises 

"*■  * 
Part  A 

1.  Given  that  <«,  6)  is  linearly  independent,  determine  all  pairs  (a,  6) 
which  satisfy:  * 

,)f  (a)  a<5«  +  2)  +  bilb  -  10)  -  0* 

(b)  ai 2a  *■  56)  f  &4a  -  h)  -  o'  t 
ic)  aia  -  h)  ♦■  6ui  +  6)  =  0* 

(d)  a*6  -  12a>  -  fe(3fe)  -  b\a  -  b)  k% 

If)  a(a*  -  9>  +  bia1  +  5a  I  6)  =  0* 

2.  Suppose  that  (#  -  /V)<a  +  6)  +  (C  -  -  2)  +  (A  -  CHc  -  1)  =  a 
Find  three  ordered  triples  (a,  6,  c)  which  satisfy  the  given  sentence. 
Draw  figure  to  show  that  the  values  ydu  selected  "work"  when  A, 

•  B,  and  C  are  collinear- that  is,  on  a',line  — as  well  as  when  A,  5, 
*         and  C  are  noncollinear.  V 

3.  Suppose  that  b}  is  linearly  dependent.  Draw  arrows  to  repre- 
sent a  and  6. and  mark  a  point  O.  Draw  a  picture,  and  give  a  de- 
scription in  words,  of  the  set  of  all  points  X  such  that 

*  . 

•'  • 
for  some  linear  combination  y  of  a  an&'b. 

4.  In  Exercise  4,  replace  the  word  'dependent'  by  'independent'  and 
repeat  the^  exerci.se. 

*  5.  Draw,  arrows  to  represent  translations  a  and  6  such  that  (a,~b)  is 
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Parts  A  -  H  require  more  than  one  class -homework  assignment  to 
complete.     Because  of  the  importance  of  linear  independence  throughout 
the  remainder  of  the  course,  these  exercises  deserve  due  consideration 
by  ail  students.    Fart  A  could  be  used  as  in-class  practice  exercises 
to  illustrate  linear  independence.     Parts   R  and  C  make  a  reasonable 
homework  assignment.     The  theorems  of  Part  D  can  constitute  a 
second  class  activity  and  Parts   F  and  G  a  second  homework  assign- 
•ment«    The  third  cla'Ss  period  should  include  a  discussion  of  Parts  F 
and  Gt   including  as  many  alte  rnafe  solutions  for  each  exercise  as 
possible.     Part  H  represents  a  third  homework  assignment.  We 

believe  that  as  the  course  continues  you  will  find  this  time  well  spent. 

i 

Answers  for  Part  A  • 

1.  (a)    (-2/5,   10/7)  (b)    (6.Q4  <c>  <°'°) 

(d)    (1/2,   -1/4)  (e)   (-5,  3/4),  (3,  3/4) 

{f)    {-3,b)  is  a  solution  for  any  b,    [Note  that  changing  *  f  6*   to  ^ 
'-6*  in  \i)  would  yield  an  equation  with  no  solutions.  ) 

[Be  sure  students  realize  that  Theorem  6-7  tells  them  that 
there  are  r\p  solutions  other  than  theW  list?<L    That  these  ar.e, 
in  fact,  solutions  follows  from  the  fact  that  aO  +  bO  -   (J#  ] 

2.  [Obviously,  one  solutionis  (—5,  2,    1       Since,  however  [mostly  by 
Postulate  3]t  {B  -  A)k  +  (C  -  B)k  +  (A  -  C)k      ~6,  for  any  number  k, 
it  follows  that  (-5  +  k,  2  +  k,  1  ■+  W  is  a  solution.    If  A,  B.  and  C 
are  noncollinear,  these  are  the  only  solutions,    (See  Theorem  6-12 
on  page  234,  )    In  this  case  the  figure  for  any  such  solution  will  be 

a  triangle  similar  to*  A  AJ3C  with  ratio  of  similitude    jkj<    For  A, 
3,   C  colline^r,  there  will  he  additional  solutions.    What  these  are 
will  depend  on  how  the  points  are  chosen,  ] 

3.  [If  neither  a  nor  S  is  3  then  both  will  have  the  same  direction 
and  the  picture  should  represent  the  line  in  this  direction  through 
O.    If  one  of  a  and  S  is  0  and  the  other  not,  the  picture  should 
represent  the  line  through  O  "In  the  direction  of  the  non-5  vector. 
If  a  =       =  S  then  the  set  in  question  is  the  singleton  {0}#  ] 

-+ 

4#     the  plane  containing  the  lines  through  O  in  the  directions  of  a  and  b 
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5.  [This  is  a  re-wording  of  Exercise  4  and  has  the  same  answer,  j 

6.  the  set  of  all  points  of  £  •»  *  ' 

[The  answers  for  exercises  like  Exercise sw3  w  5  will  serve  as  motiva- 
tion for  later  definitions  of  Mine'  and  'plan!  ,    That  for  Exercise  6 
will  suggest  the1  adoption  of  new  parts  for  Postulate  4  which  will  specify  • 
the  dimension  of  Tj  * 

Answers  for  Part  B  & 

[Theorem  6-8  is  useful  as  a  shortcut  to  geometric  results  which 
could  otherwise  be  obtained  by  applying  the  only  if-part  of  Theorem  6-7. 
Since  this  is  the  reason  for  stating  it  we    have  refrained  £rom  replacing 
•If  , .  .  then*  by      .  ,  if  and  only  if.    You  should,  however,  point  out  that, 
as  in  the  case  of  Theorem  6-7,  the  might  easily  be  replaced  by 

Proof  of  the  "group  theorem"  is  discussed  below.  ]  y  : 
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Jjiuwly  independent,  and  mark  a  point  (/  Draw  a  picture,  and 
give  a  description  in  words,  of  % 

i-Y:  \t  X  -  ()  >  .vund  Ui,  h,  y)  w  linearly  dependent)}. 

-  «.  Suppose  tbuf  ()  ix  u  point  and  in,  b\  c*  is  a  linearly  independent 
,*~V*equenee  of  translations.  Describe,  in  words, 

(-Y.  !,(  X     ()  •  y  and  m,  h.  v,  y)  is  linearly  dependent)}. 


Part  B 

1.  From  the  fact  that  translations  'form  u  group  with  resect,  to 
addition  it  follows  that 

*"Use  this  result  in  proving: 

Theorem  6-  8    If  »r/|f  .  .  ,  ,  ciw)  is  linearly  independent  then 


«,  1   i  and  aw  =  ht)\ 


2,  Suppose  that  \a<  ht  A  is  linearly  independent.  Find  all  triples 
b9c)  which  satisfy  these  equations. 
"*      (a)  aa  *  hh  f  vr'-  a  +  h2  -  c 

ih)  aa  +  66  +  cc  -  «6  f  6c  +  via  +  6) . 
•    (c)  n/j  f  o*6  f  <r  .-J  -a?  f  6  -  (5  f  c)  * 
(d)  aa  +  hh  f  <r  -  uU*  -  6)  f  bib  t  a) 


Part  C  * 

By  Definition  8-3  land  the  replacement  rule  for  biconditional 
sentences)  the  phrase  'is  not  linearly  dependent'  may  always  be  re-x 
placed  by  'is  linearly  independent',  and  Vive  &rsat  Similarly,  the^ 
phrase  'is  not  linearly  independent'  is  interchangeable  with  'is* 
: "linearly  dependent',  {Kxplain.  \h  Part  A  on  page  225  relevant?)} 
Kach  of  the  following  exercises  suggests  an  inference,  but  one  premiss 
or  the  conclusion' is  missing.  Find  the  missing  sentence. 

1.  Premiss:  If  two  terms  of  ia],  .  .  .  ,  aH)  are  equal  then  (a], .  .  .  ,  a\) 
is  linearly  dependent. 

Premiss.:  la,,  .  .  • .  ,  an)  is  linearly  independent. 

2.  Conclusion:  If  a  sequence  is  linearly  independent  then  no  term  is  a 

multiple  of  another, 
,3.  Premjss:  If  ia)  is  linearly  dependent  then  a  «  f0. . 
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1,  Since  a^  -  a^b^   -   a^(a^  -  b^)  it  follows  from  the  given  theorem 
that  '  * 

Vi  +  •  •  •   f  Vn       *ibi  *  •  •  •  +  *nbn 

*  ax(aj  -  biy :  f  .  .  .  +  an(an  -  bn)  -  3. 

Assuming  that  (ax,   .4  .  ,   a^)  is  linearly  independent  and  that 
a1a1  f         +  anan  ~   a4bi  +  •       t  anbn  11  *ol*ows  that  a1(a1  -  b,} 
+  .       f  an<an  -  bn)  -  0   and,  by  Theorem  6-7,  that  ax  -  bx  =  0, 
.  .  .     and  an  -  bn  -   0.    So,  under  the  same  assumptions,  &1  -  b^, 
.  .  .  ,  and  an  =  bn\    Hence,  the  theorem,     *     *  . 

2.  (a)    (1,2,-1)      ■     (b)   (0,0,0)  (c)   (-7,5,0)  (d)  (0,0,0) 

*    *    #  : 
The  "group  theorem'*   stated  in  Exercise   1   is  an  instance  of: 

5X » ...  +sn  =  b\  + ...  +en 
•  «*)  ■=> 

T^he  initial  step  of  an  inductive  proof  of  (&)  —  the  proof  of 

*a  -   b  =^  a  ~  b  ; ;-   3*  —  is  easy.     Before  proceeding  to  the  inductive 

step  it  is  convenient  to  prove: 

(1)  (a  -  (c  ♦  3)  =  (a  -  c)  +  (B  -  3) 

This  will  be  used  in  the  inductive^step.  Also,  instances  of  <•! )  and  of 
the  theorem  'a  -  b  -  0  <=>  a  =  take  care  of  the  somewhat  special 
case  n   -   Z  of  (*&). 

For  the  "inductive  step  the  inductive  hypothesis  is  (<r)  with  *n  -  V 
syhstitutedjor  'n',    [The  hypothesis  is  that  this  holds  for  any^  choice  of 
*(alf  ...f  ^n-i)  and  (b1(  bn„1),  and  this  can  best  be  brought  out 

by  using  other  letters  —  say  'c\  and  'd1  —^rather  than  'a*  and  *b\  ] 
To  derive  {&)  one  begins^y  assuming  that  a1  +  ..i+5n-S1+...+S 
We  are  inte  rested  only  in  the  case  n   >   3  and,  for  this,  'a,  +         +  aV 1 
is'an  abbreviation  for^(a1  +  .  .  ,°  +  an„^)  +  an\    So,  by  the  associative 
'principle,  ax  f  ,.,  +  an  =  ax  +  .  ,  .  +  f  an).    It  follows,  then, 

from  the  assumption-just  made  [and  the  associative  principle]  that 

'  a,  f  ...  +  (a^.1  +an)  =        +  ...  +  (B^  +  Sn). 
From  this.ar^d  an  instance  of  tlve  inductive  hypothesis  it  follows  that 

(a,  -  b\)+        +  U2n-1  +  an)  -  (Sn.x  +  Sn))  -  3, 
From  this  and  an  instance  of  (1)  it  follows  that  > 

(St-S1)+...  +«Sn.i.-8n-i)  +  <Sh;Sn))  =  3*. 

From  this  and  an  instance  of  the  associative  principle  it  follows  that* 
Hence,  (6). 

Answers  for  Part  C  - 

1.     Conclusion:    No  two  terms  of  (a1,  ,  ,  ,  ,  an)  are  equal.    [Note  that 
'Two  terms  of  (a1(  an)  are  not  equal.'  is,  at  best  ambiguous, 

at  worst  incorrect.    An  alternative  correct  answer  is  .  .  ,  ,  aV ) 

is  a  sequence  of  dietinot  terms.  *  ]  v 

Z,     Premiss:   If  one  term^of  a  sequence  is  a  multiple  of  another  then 
the  sequence  is^linearly  dependent.  * 

3.     Conclusion:   If  a  4  ^  then  (a)  is  linearly  independent.     \        C  ^ 
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4.  Premiss:  If  Hi,  h)  p  linearly /independent  and  aa  t  hh  -  O  then 

•  a  -  0  and  6  »  0), 
$  Premiss:  «3  -  6ft f 

■  f  •  .  .*  .... 

5.  Premiss:  If  ici,  6)  is  linearly  dependent  and  a  *  0  then  6 .is  a  multi- 

ple'of  a. 

Conclusion;  a  *  0  — ♦      6>  is  linearly  independent. 

6.  Conclusion;  If  m,  h)  is  linearly  independent  then  ia  *  Oand  h  * ■  0). 

Part  D 

Prove  each  of  the  following  theorems. 

1.  Theorem  6-9    If  a  sequence  is  linearly  independent  then  any  of 

its  subsequences  is  linearly  independent.  [Hint:  See  Part  A  on 
page  225.} 

2.  Theorem  6~IQ    Any  permutation  of  a  linearly  independent  se- 

quenu*\is  linearly  independent.  \Ilint:  This  is  a  short  way  of 
'saying  that  if  a  given  sequence  is  linearly  independent  then  any 
permutation  of  the  given  sequence  is  linearly  independent,  I 

3.  Theorem  6-11    Any  linearly  independent  sequence  is  a  sequence 
#        of  distinct,  non-0,  terms.  [Hint:  This  is  a  short  way  of  saying 

i  -  that  if  a  sequence  is  linearly  independent  then  no  two  of  its 

term?  are  equal  and  none  of  its  terms  is  0.  Recall  Theorem  6-3 
and  note  that  any  inference  of^he  form: 



is  valid.  | 

4.  Show  that  inferences  of  the  form  referred  to  in  the  preceding  hint 
are  valid. 

%      *Part  E  % 

A  set  S  of  vectors  is  said  to  be  linearly  independent  if  and  only  if 
every  [finite^ sequence  of  distinct  terms  from  S  is  linearly  inde- 
*  ,         pendent.  I*rove: 

/ 

Any  subset  of  a  linearly  independent  set  is  linearly  independent 

Part  F  * 

"\   Consider  the  following  sentence: 

"  ~~ fS)       If  there  are  three  linearly  independent  vectors 

then  there  are  two  linearly  independent  vectors.  / 


Sis 


and  its.contrapositive: 

iC)   If  there  are  not  two  linearly  independent  vectors 

then  there  are  not  three  linearly  independent  vectors. 


EMC 


&05  Linearly  Independent  Sequences  231 


In  each  of  the  following  exercises,  you  are  giv^n  two  premisses.  You 
are  to  state  what  conclusion  [if  any]  follows  from  these  premisses. 


1.  (a)  (i)  S 

(ii)  There  are  three  linearly 
independent  vectors, 

2.  (a),  (i)  S 

(ii)  There  are  not  two  linearly 
.  independent  vectors. 

x  3.  (a)  (i)  S 

(ii)  There  are  two  linearly 
independent  vectors.  ^ 

4.  (a)  (i)  S 

(ii)  There  are  not  three 
linearly  independent 
vectors. 


(b)  (i)  C 

(ii)  There  are  three 
linearly  inde- 
pendent vectors 
(b)  (i)  C 

(ii)  There  are  not  two 
linearly  indepen- 
dent vectors 
(b)  (i)  C 

(ii)  There  are  two 
linearly  inde- 
pendent vectors, 
(b)  (i)  C 

(ii)  There  are  not  three 
linearly  independent 
i  vectors. 


P^rt  G 

i 


Consider  the  sentence: 

(S)       If  there  are  two  linearly  independent  vectors  then 
there  is  a  vector  x  such  that  x  *  t). 


and  its  converse: 


-  *    -— * 


(V)        If  there  is  a  vector  x  such  that  x  #  0  then  there 
are  two  linearly  independent  vectors. 

^You  are  to  state^rconclusion  [if  any  J  which  follows  from  the  two  given 
premisses.  * 


1.  (a)  (i)  S 

(ii)  There  are  two  linearly 
independent  vectors. 


2.  (a) 


3.  (a) 


4.  (a) 


(ii).  There  is  no  vector  x 
such  that  x  0. 

(i)  S 

(ii)  There  is  a  vector  x 
such  that  x  0. 

(!)  S 

(ii)  There  are  tiot  two  linearly 
independent  vectors. 


(b)  (i)  V 

(ii)  There  are  two 
linearly  inde- 
pendent vectors.  « 
<b)  (i)  V  "  ^ 

(ii)  There  is  no  vector  x 
such  that  x  *  0. 
<b)  «)  V  ^ 
(ii)  There  is  a  vector  x 
such  that  x  *  0. 
(b)  (i)  V 

(ii)  There  are  not  two 
linearly  inde- 
pendent vectors 


54n 
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4.  Conclusion;    (a,  S)  is  linearly  dependent. 

5.  Premiss:    b  is  not  a  multiple  of  a. 

6.  Premiss:    If  a       5  or  C       3  then  (a,  fi)  is  linearly  Lpendent.  ' 
Answe  rs  tor  Part  O  I 

t.      It  follows  (by  contraposition)  from  Theorem  6-4  that  if  a  Sequence 
is  not  linearly  dependent  then  any  of  its  subsequences  is  jiot  linearly 
dependent.    So,  by  Definition  .  to -'3 ,*  if  a  sequence  is  linearly  inde- 
pendent then  anv  of  its  subsequences  is  linearly  independent. 

I.  It  follows  [by- contraposition]  from  the  only  if-part  of  Theorem  6-6 
that  it  a  sequence  is  not  linearly  dependent  then  any  permutation  of 
it  is  not  hnearly  dependent.    So,   by  Definition  6-3  

By  Theorem  6- Mb),   a  sequence  which  is  not  linearly  dependent 
does  not  have  two  equal  tenns;    by  Theorem  6-3(a),   such  a 
sequence  does  not  have  a  term  which  is  3.     Hence,  a  linearly 
independent  sequence  is  a  sequence  of  distinct,  non-'d,  terms. 
4.      p         p  q         P         p  =*  r 


q  and  r 


is  a 


p  (q   and  r) 

Answers  for  Part  E 

Each  sequence  whose  terms  ^belong  to  a  given  subset  of  S 
sequence  whose  terms  belongs  to  S.    So,  if  each  sequence  of  the  latter 
kind  is^hea&k/  independent  then  so  is  each  sequence  of  the  former  kind. 
Hi? net1,   if  S  W  linearly  independent  then  so  is  any  subset  of  S. 
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Answers  for  Part  F 

1.      (a)    There  are  two  linearly  independent  vectors. 

(b)    There  are  two  linearly  independent  vectors. 
lt      (a)    There  arc  not  three,  linearly  independent  vectors. 

(b)    There  are.  not  three  linearly  independent  vectors. 
3^    (a)    [no  conclusion},  4,    (a)   [no  conclusion] 

(b)    [no  conclusion]J        „  (b)   [no  conclusion] 

Answers  for  Part  G        1  ; 

1«    A(a)    There  is. a  Vectori  x  such  that  x  #  5, 

(b)    [no  conclusion]     \  1 
Z.     (a)    There  are  not  twoAin^arly  independent  vector.s. 

(b)    [no  conclusion  ] 
3.     (a)    [no  conclusion)  ^ 

(b)    There  are  two  1. nearly  independent  vectors. 
^4.     (a),    [no  conclusion  | 

There  it  no  yectdr  x  such  that  x  *  6. 


5*7 

\ 


Answers  for  Part  H  ^ 

1.  No.    Since  A  and  B  are  two  points*,   B  4  A;    so,  by  Theorem 
3-2<b),  B  -  A 

2.  ,  Your  students  should  have  pictures  somethLjy  like  this: 

C  =  A  C=B  W         f  A  *  C  *  B 

A»C  B  A  8,C  A  B 


4. 


(B  -At  A- A)  Is  JB  -  A ,  B  -  B)  is  in  this  cose,  C  is  any  point 

linearly  dependent  'linearly  dependent         on  the  line  AS. 


Suppose  that  B  -  A  *  6  and  { B  -  A)a  *  (C  -  A)h  '=  8\  'It  follows 
that  if  b  -  0  then  (B  -  A)a  =  ~6  and,  so\  a  =  0.    Hence,  if  a  and1^ 
-b  are  not  both  0  then  b  ^  0, 

By  Exercise   3,  b  *  0  and,  sp,  C  -  A  =   (B  -  A)«>a/b. 

5.  (a)    One.  ;    One.  \ 

(b)    Infinitely  many.  ;    All  of  them.    That  is,   each  plane  /which 
contains  A  and  B  also  contains  C.  \ 

6.  (a)    That  p  =   0  and  r  =  0,    Whether  or  not  S         is  a  linear 

•   .  •  combination  of  P  -^Q  and  R  -  Q  is  not  determined  by  the  ■ 

data.  , l\  . 

(b)    Yes.    S-b  =  ( P  -  Q)  •  -p/s  +  (R  -  Q)»  -r/s.     \  I 

7.  ^   (a)    If  the  points  P,  Q,  and  R  are  not  distinct,  then  (P  -  Q, 

.    R  -  Q)  is  linearly  dependent    Since,  by  hypothesis,  (P  -  Qt 
R  -  Q)  is  linearly  independent,  it  follows  that  P,  Q,  and  R  ♦ 
are  distinct.    No  line  contains   F,  Q,  and  R,  for  intuitively,  1 
if  there  is  a  line  containing  P,   Q,  and  R,  then  one  of  P  -  Q 
and  R  -  Q  is  a  multiple  of  the  other.    But  in  that  event, 
(P  -  Q,  R  -  Q)  is  linearly  dependent.. 

(b)    Exactly  one .  ;  'None ,  for  in  the  event  that  s  -  0,  the  equation 
'(P  -  Q)p  +  fR  -  Q)r  +  (S  -  Q)s'=.  0'  is  satisfied  by  any  point 
S;    One,  »for  if  s  $  0  then  £  -  Q  is  a  linear  combination  of 
P  -  Q  and  R  -  Q.    Intuitively  this  means  that  S  can  be 
*' reached* *  from  Q  by  applying  to  Q  that  linear  combination 
of  F  -  Q  and       -  Q,  and  since  any  such  point  arrived  at  from 
Q  is  in  the,  plane  of  F,  Q,  and  R,  S  is  in  this  plane. 


\ 
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not 


PartH  p  > 

Consider  twa  points  .4  and  H  and  let  C  be  a  third  point  such  that 
tfi  -  A,  C  -  A)  is  linearly  dependent,  * 

1.  Canfl  -  A  he  0?  |  Explain.  I 

2*  Draw  figures' to  illustrate  the  three  cases  jn  which  C  *  A,  in  which 
C  -  /i,  and  in  which  .4  *  (7  ^  ii. 

3.  Show  that  if  las  above  I  £  -  ,4  *■  0*and  <fi  -  A)a  +  iC-  -  4)6  6* 
.Nowhere  not  both  a  and  6  are  0,  then  h  *  0.  I/Z/nf:  Assuming  that 

,  f/J  -  Aki  +  »('  -  /\)/?  ■■  0,  suppose  that  />  -  0.  What  may  you  ^on 
elude  about  \H  -  A)dy,  |Why?|  Assuming  that  R  -  A  *  0,  whatrjiay 
you  conclude rabout  «?  |Why?l  From  your  results  so  far  it  follows, 

under  the  assumptions  you  have  made,  that  if  h  =  0  then  I  j 

and    Assuming  that  nor  both,  o~and  6  ar§  0,  what 

lows  about  ft0]  • 

4.  Show  that  if/?  -  A  *■  o'and  \B  -  A)a  I  iC  -  A)h  =  0,  where 
both  a  and  ft  are  0,  then  (.7  -  A  is  a  multiple  of  B  -  A.  [Hint:  Use 
what  you  proved  in  Exercise  3. 1 

5.  la)  How  many  lines  contain  teth  4  and  B?  How  many  of  these 
»      lines  also  contain  C?         ]      ••;  I 
(b)  How  many  planes  contain  both  A  and  B?  How  many  of  these 

planes  also  contain  C?  \ 

6.  Suppose,  that  \P  -  Q,  R  -  Q)  is  linearly  independent  and  that  p,\r; 
*        and  .s  are  numbers  such  that  (P  -  (^)/;  f  {R  -  Q)r  +  (S  -  Q)s  -  0, 

for  some  p,  r,  and  s. 

(a)  L£t  s  -  0.  What  can  you  say  about  p  and  r?  Is  S t  ->  Q  a  linear 
combination  of  P  -  ^  and  R  -  Q?  Explain. 

(b)  Suppose  that  s  *  0.  Is  S  ~  Q  a  linear  combination  of  P  ~  Q 
and  ft  -  Q7  Explain. 

7.  fa)  Explain  why  the  points  P,       and  /?  described  in  Exercise  6 

must  be  distinct.  How  many  lines  contain  all  three  of  the  points 
P,  ^,  and  p 

(b)  How  many  planes  contain  all  three  of  the  points  P,  Q,  and  R? 
For  s  0,  how  many  of  these  planes  must  contain  S?  For 
h  *  0,  how  many  of  these  planes  must  contain  S? 


T 


6.06  A  Useful  Theorem  about  Linearly  Independent  Vectors 

» 

Usin<j  the  definitions  of  linearly  dependent  and  independent  se- 
quences together  with  the  fact  that  .T  is  a  vector  space,  we  have  ob- 
tained quite  a  few  special  properties  of  sequences  of  vectors.  Another 
such  property,  and  one  which  will  be  quite  useful,  is:  v 

Suppose  that  <a,  6)  is  linearly  independent  and  that  a,  6, 
i  * )  and  i?  are  transiatioris  such  that  a  +  k  +  c  =  0.  Then, 

aa  f  66  +  cc  =  Q  if  and  only  if  a  =  6  =  c. 
before  we  try  to  prove  (*>,  it  is  probably  a  good  idea  to  see  just  what 
it  is  that  (*)  is  saying.  '  " 
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As  might  be  guessed,  is  another  variant  of  the  only  if-part  of 

the  case  n  =   2  of  Theorem  6-7.    It  will  turn  out  to  be  quite  a  use'ful 
one,    Students  should  be  challenged  to  establish  (ft)  before  studying  the  *' 
proof  sketched  on  page  233.    That  the  only  if -part  of  the  conclusion 
follows  from  the  given  assumptions  is  almost  immediate.  What 
remains  is  to  derive  *a  =  b  =  c*  from: 

* 

4  v  (a,  S)  is  linearly  independent, 

a  +  S  4  c  -  ^,  and 
aa  +  Sb  +  cc  -  3. 

[Analogy  with  solving  systems  of  equations  might  suggest  eliminating 
4c*  from  the  two  equations  and  comparing  the  result  with  the  first  of 
the  three  assumptions.  ] 

It  turns  out  to  be  relatively  easy  to  derive  the  biconditional  conclu- 
sion of  (&)  —  "in  one  piece"  —  from  the  assumptions  in  This  is 
what iis  done  on  pages   233-234,  i 

Sample  Quiz 

[Notice  that  the  solutions  of  items  Such  as  the  following  not  Aply 
require  an  understanding  of  current  concepts  but  in  addition  require  a 
good  deal  of  skill  in  handling  notions  from  earlier  work.  Similar 
items  can  be  constructed  to  provide  needed  drill  and  review.  ] 

1,  Given  that  (a,  b)  is  linearly  independent  and  that  a(2p  -  3q  +  S) 
-  b{5  -  3p  -  2q)  determine  all  of  the  values  of  *p*  and  *q', 

2,  Given  that  x(a(  b)  is  linearly  independent  and  that  a(p  +  q  -  3) 

t  b{p?  -  3q5H  95  -   6  determine  all  of  the  values  of  *p*  and  tq\ 

3,  [a  ]  is  the  set  of  all  linear  combinations  of  a .    Show  that' if 

€  [  a  ]  and  c  £  {  a  ])  then  (d\  c)  is  linearly  dependent. 

Key  to  Sj^aiple  Quiz  •  \ 

1,     Since  (af  In)  is  linearly  independent,  it  fpllows  that  2p  -  3q  +  5  0 

5 

and  3p  +  Zq  -  b  '  0.    Solving  this  system,  we  find  that  p  =  jT  ar*d 
25  X 

q  =  TT- 

Lw     From  the  hypothesis,  it  follows  that  p  +  q  -  3  ~   0  and 

p2  -  3q  +  9  -   0.    Solving  this  system,  we  find  that  (p  3  0  and 

q  =  3)  or  (p  «   ^3  and  q  -  v).  A  ^ 

3,     Suppose  that  b  £  [  a  ]  and  c  fi  [a].    Then,  .  S  -  ab  and  c  =  ac  for 
some  b  and  c,    For  a '=  0,  it  follows  that  b  and  c  are  both  (J  so 
that  (b,^c)  is  linearly  dependent.    For ^  3,  it  is  clear  that  for. 
either  €  - .  iJ  or  c  -  3  the  sequence  (S,  o)  is  linearly  dependent. 
For  t>  4  6f  it  follows  that  b  ^0  so  that  a  =  £  «/b.    Then,  ' 
q^=^(S»/b)*c  -  S(c/b)  so  that  S(c/b)  +  ?«-l  =  0.    Since  -i  #  0, 
(b,c)  is  linfearljr  dependent.    A  similar  argument  may  be  given  for 
I  c  ^  (5.    So,  (b,c)  is  linearly  dependent  in  any  case. 
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First,  tg  say  that  iatV)  is  linearly  independent  is  to  say  that  a* audi? 
have  different  directions.  [If  they  had  the  same  direction,  then  one 
of  thfem,  say  q7+would  be^a  multiple  / 


of  the  other,  b{  and  so  m  would  be 
dependent  on  6.  ]  Here  is  a  diagram 
of  two  such  vectors: 
00  ^  Next,  we  are  given  th^f^/^  and 
c  are  translations  sucH^i&f  a  f  ~% 
.+  c  =  0.  Here  is  a  diagrtu^  appro- 
priate for  this  together  with  the 
first  condition; 

<      The^theorem  tells  us  that  if  we  wish  to  consider  linear  combinations 
of  a,  6,  and  c  which  map  each  point  on  itself  [aa  +  66  +  cc  =  0]  then 


just  those  linear  combinations  for  which  each  of  the  vectors  a,  bf  and 
e*is  multiplied  by  the  same  real  number  Will  do  the  job. 
To  prove  (*)  let  s  suppose  th#t  1 

(a,  6)  is  linearly  independent  and  a  +  6>  c  =  0 

and  try  to  show  that  it  follows  that  • 

aa  +  bb  +  cc  =  0       a  =  6  =^t\ 

♦ 

[This  turag  out  to  bem^||  simple.  The  ke^  consists  in  noting_that, 
since  a  +  h  +  c  =  O^ppews  thai  c*=  Ha  +  6)  and,  so,  that  cc  -  a  •  -c 
+  6  •  -c.  From  this  iffoilows  that 

aa  +  bb  +  cc  =  aia  -  c)  +  6*(6  -  c). 

You  can  fill  in  the  details  now,  or  do  it  in  Exercise  1,  below.  Assuming 
that  this  has  been  done,  we  will  go  on  with  the  proof  of  .(*),]' 
Sincea  +  b  +  c  =  6  it  follows  that  aa  +Vb  +  cc  =~a(a  -  c)  +.6(6  -  c). 

So,   '  .    ;  "      •.  ,  ' 

co  +  66  +.  7c  =*0  «—*  cT(a  -  c)  +  6(6  -  c)  =P$ 
Sincfe  (a,  6)  is  linearly  independent  it  follows  that 

a(a  -  c)  +  6(6  4  c)  =  "0*<-*(a  -  «  =  0  and  b  -  c  «  0) 
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Finally, ' 

(a  -  c  =  0  and  6  -  c  =  0)  «— ♦  (a  =  c.and  6  =  c) 
[that  is,      (a  =  6  =  c)J.  So, 

aa  +  66  +  cc  -  0  «— ►  (a  =  6  =  c).  * 
Hence,,  we  have  proved:  \ 


Theorem  6-12 
(a,  6)  is  linearly  independent  afrid  a  +  b  +  c  =  0* 


[aa  +  66  +  cc  -  0  ^=>  a  =  6  -  c] 


Exercises 


1.  Complete  the  proof  of  Theorem  6-12. 

2.  Suppose  that  a,  6,  and  ,c  are  as  pictured  below; 


c 


(a)  Check  that  a  +  7  +  c*  = 

(b)  Draw  arrows  representing  the  translations       6&,  ~c&,  and 
check  that  1x3  4-  6*3  +  c3 .  =  ct 

(c)  Choose  any  number^  *  3.  Draw  arrows  representi&g  ok,  6&, 
and  cr.  Check  that  a3  +  6*3  +crV(T 

3.  Suppose  that  we  change  Theorem  6-12  "slightly"  by  eliminating 
the  hypothesis  that  (a,  V)  is  linearly  independent  Would  we  still 
have  a  theorem?  In  other  words,  we  are  asking  whether  or  not  the 
following  sentence  is  a  theorem:  _  _ 


If  a,  6^  and  e*  are  vectors  such  that  a%  IT +7- If, 
then  aa  4-  66  4  cc  =  7f  if  and  only  if  a  =  b  -  c. 

Actually  we  are  asking  whether  the  following  two  sentences  are 
theorems: 

(a)  If  a*,  bf  and  c  are  vectors  such  that  a*  +  %  +  fc* =  7  ✓ 
and  aa  4  66  -f  cc     o  then  a     6  =  c.  \, 

(b)  If  a,  6,  and  c  are  vectors  such  that  a  *f  6  +  c  =  0 
and  a'0«c  then  aa  4*  66 '+  cc  =  0. 

Prove,,  or  give  a  counter-example,  for  (a)  and  for  (b). 


An  a  we  r  a  f  o  r       e  r  c  i  ae  s 


I. 


"Completing  the  proof* 7 .  imounfs  merely  to  filling  in  some  alge^ 
braic  details,    Sin.ce  a*+  S  t,c?'  -  3  it^follows  that  *<z  -^-(?  +  b)  * 
^aud,   so,  that     .*:>.•       *  ,         "  „ 

.       '  ■•  cc  -    -(a  f  b)c 

•■ '     ^  •      „-  =   (a  ♦  6).  -c  ' 


Hence,  ,,     'aa  *  bb  t  cc 


a  *  -C'  +  b  •  — c  . 


(aa  t  bb)  t  (a  •  -cVc'*  -c) 
.   -         "       -  (.aa-^'a*  -c)i*-*(Sb  *■  fi.-c) 
..      <   '  *:=  a(a  f  -c)  f  5(b  +  -c) 

"       '  '  1   a(a     c)  +  £(V'~0  . 

2f     (a)    To. make  this  ch<^ck>  the*  students  might  tr.ace  the  arrows  for 

,     a,  b,  and  c  and  make  use  of  parallel  rulers  to  draw  the  result 

,  :v?  a*nt  translation  a,  *  b  f  c  4-r  [Hopefully,  the  drawing  errors  will 

npf'be  too  great,,]   Doing  so  they  wjil  have  pictures  something 
.     Ifke  this:    "  ' 


(b)    [The  picture  tor  this  part  should  be  of  a  triangle  whose  slides 
are  parallel  to  and  three  times  as  long  as  the*  cor  responding 
sides'of  the  triangle  pictured  in  part  (a).  ]  * 

%  (c)    Notice  Chat  anything  besides  c3  will  not  allow  the  figure  in 
(b)  to  "clpse"  .  .  , 

3,     (a)  is  not  a  theorem.    There  are  several  easily  given  counted- 
.  examples.  »  *  \ 

(i)   a   -5  -  c'      3.  and  any  choice  of  a,  b,  and  c  such  that 
not  (a*=  b  "=  c)  * 

(ii)*  £  -   -a,  c  -   6,  and  any  choice  of  a,  b,  and  c  such  that 

■a  -  -b      c,  *  .  — 

{iiU   Any  choice  of  a,  b\  a  and  b'such  that  a  and  b  are  not  both 
'  '  zero  ah<J  aa  +  bb  «  3,  anyyzhoice  of  c,  and  c  -  0, 

/   (b)  is  a  theorem.    Suppose  that  a  +  6  +  c  ~  0  and  a  =  b  =  c 
Then,. 

aa  +  bb  +  cc  %-  aa  +  bra  f  ca  =  (a  +  b  +  c)a  =  Pa  =  0, 
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The  purpose  of  the  exploration  exercises  is  to  point^out  that, 
swhiie  our  convention  for  using  "open  sentences",  to  express  universal 
gene  ralities  is  sufficient  to  allow  for  expressing  many  .generalities, 
something  more  is  needed.    This  need  —  and  how  to  meet  it  —  has" 
■  already  been  discussed  in  the  commentary  6*n  logic  at  the  end  af  ^ 
Chapter   1 .  .  .      •        ,  '  * 

Parts  A  and  B  of  the**  exercises  are,   roughly,  -parallel  to  one 
another,    Thetdiscoveries  students  should  make  while  cloing  them' are 
discussed  on  pages   236  -  239  of  the  text,    You  should  use  these  pages* 
yourself,  a*  basic  commentary  on  the  exercises. 

It  would  seem  best  to  do  Harts  A  and  B  in  class  discussion  rather 
than  to  assign  them  as  homework.  *  1 

At  the  beginning  of  Part  A,  the  emphasis  shoulH  be  on  what 
Theorem  2-2  "says  about*  an  arbitrary  point  A,  for  a  given  translation 
a  and  a  gitfen  translation  b.    [in  stating  Theorem  2-2  here*we  use. 
ordinary  functional  notation  to  facilitate  comparing  it  and  its  two  parts 
["if"  and  "only  if"]  with  sentence  (a)  of -Exercise   3  and  sentences 
(a)  and  (b)  of'Exercise  2,  ]   Preliminary  aiscus sion  should 'bring  out 
the  point -that  the  if-part  of  Theorem  2-2  tells  us  that  in  case  a  -  b 
then,  no  matter  wrVat  poiftt  A  we  rnay^choose,  we  can  be^sure  that 
this  point  has  the  saH^e^f mage  "under  a  as  *t  does  under  b.  Obviously, 
this  is  a  pretty  trivial  theorem  —  in  fact^  it  is  a  valid  sentence: 

•  ,     a  =  b        a(A)  =  a(A) 


a(A)  -  b(A) 


5  =  b         a(A)  -  5(A) 

and,  since  *A'   refers  only  to  arguments  of  the  mappings  to  which  'a1 
refers,  *a(A)  -  a( A)  is  a  valid  sentence.  N 

On  the  other  hand,  the  only  if-part  0/  Theorem  2-2  is  very*far 
from  trivial.    It  tells  us  that,  no  matter  what  point  A  we  may  choose, 
ii  this  point  has  the  same  image  under  both  a  and  $  then  a  "  B*  —  Kt 
and»  so*  each  point  is  bound  to  have  the  same  image  under  a  as  it  does 
under  b.    This  is  a  veny  special  property  of  the  set  of  translations  and 
its  proof  [for  which,  see  *TC  102(2),    answer  |or  Exercise  2  on  page 
102]  makes  use  of  Postulate  2(b),  • 
■        ■  4  it 

In  ordinary  9j*S§ch  one  might  state  the  if-part  more  explicitly  by 

•saying:  "  1 

[ \ ,;:  If  a       S*then  each  point  has  the 
^V"    same  imag«i\inder  a  as  under 

A  similar  statement  ol  tKf  only  if-part  is j  '  *  * 

e  1     If  sprne  point  has  the  same^im«ige 

under  a  as  under  ^  then  a  is  BV 

■  1 

If  you  have  already  accustomed  your  students  to  the  use  of  quantifiers, 
you  can  point  out  tfrat  the  if-part  says  just  what,  is  said  by:  1 

0)  %     a  V  *  a<5?)  *  S(X)'  . 

while  the  only  if-part !illl**jtRe.  s^rne  contend  as:  -  ^ 

[Note  that,  while^ga'ch  of  the  sentences  just  dismayed  has  the  sar^e  fc 
content  [*' s^ys  the **sam^  thing"  ]  a*  the  corresponding  p*art  of  *  % 

/  ■  " 

•  '  ■   ■  .    55i  'v  •. : 
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•  Exploration  Exercises 
Part  A  , 

If  we  use  ordinary  function  notation  to  refer  to  the  image  of  a  point 
under  a  translation,  we  can  rewrite  Theorem  2-2  as: 

•  \  .    uiA)  =  h\A)       a  = 

The  it-part  of  thus  biconditional  sentence  is: 

a     h  — *  a\A)  ~-  hi  A) 

*and  jta  only  lf-part  is: 

a[A)  =  tiiA)     •  a  =•  6 

-  The  if-part  is  rather  trivial;  the  only  if-part  says  something  about 
translations  which  is  not  true  of  all  mappings  of  #  onto  itself. 

1.  Explain  the  remarks  fn  the  ppeo#ding  sentence, 

2.  Suppose  that  'f^and  V  afe  variables  whose,  values  are  functions 
with  J  as  domain.  Here  are  two  sentences  about  such  functions: 

ia\  f  -  g  —J\a)  --=#\a)  (b)  f\a)  = 

Is  ta)  true?  How  about  fb)? 

3.  Here  are  two  biconditional  sentences  about  functions  of  the  kind 
^  referred  to  in  Exercise  2:         ,  ^ 

^tnhf    g      fia)  =  giai 

ib)  f  =  g       for  each  real  number    fix)  ^  gix) 
■  Ift  la)  tS-ue?  HoW  about  jb)? 

4.  Write  out  the  if-part  of  sentence  (b)  of  Exercise  3  and  compare 
what  it  means  to  you  with  the  meaning  of  sentence  (b)  of  Exer- 
cise 2.  [Suggest ton:  The  sentence  you  wrote  is  a  conditional  sen- 
tence, so,  in  reading  it  aloud,  the  first  word  yoi^say  is  'if.  Under- 
line the  antecedent  of  this  conditional  sentence.) 

5.  Compare  the  meaning,  of  sentence  (b)  of  Exercise  2  with  that  of 
the  false  sentence:'  ^ 

If  theVe  is  a  real  number  x  such  that  fix)  *  gix)  then  f=g. 

1.  Here  are  two  sentences  about  linearly  dependent  sequences  of 


Part  B 


vectors: 


(a) 


(b) 


0 

IC 


ioa  '+  Kb  =  6*  and  (o;V  0  or  b  *  0)) 

(a,  6)  is  linearly  dependent 
*  — » 

(a,  oUs  linearly  dependent 
(ok  +  66  ~  Tfand        0  Sr  b  *  0)) 
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Theorem  2-2  it  is  riot  equivalent  [in  the  tense  of  being  mutually  re- 
placeable with]  to  the  latter.    This  is  because  the  cor responding  parts 
of  Thedrem  2-2  have  the  same  content  ,£s?the  displayed  sentences  only 
*  if  these  parts  are  understood  as  assertions  about  all  values  of  *A* ,  ] 

Note  that,  although  the  if  and  only  if -parts  of  Theorem  ,2-2  ate  con- 
sequences of  one  another*  this  is  not  the  case  with  (1)  and  (2).    One  of 
the  great  advantages  of  using  variables  to  express  universal  generalities 
is  that  it  allows  us  to  say  what  is  said  by'two  sentences  liko  (1)  and  (2) 
by  asserting, a  biconditional  sentence  like  Theorem  2-2,    [This  paves 
the  wa?  for  applications  of  the  replacement  rule  for  biconditional  Sen- 
tences. ]    This  advantage  is  gained  at  the  cost  of  exposing  oneself  to  the 
♦-danger  of 'making  the  elementary  error  of  believing  that  Theorem  2-2 
4  has  the  same  content  as  *V     a(X)  =  d"(X)         a  =  E\    What  it  does 
have  the  same  consent  as  is:  ^ 

Vx  [a(X)      g(x)  <=>  54]  ' 

—  a  much  stronger  result. 

Answers  for  Part »  ' 

1,     [SeB  the  preceding  commentary.  ]  \        •  ,y 

I.      (a)  is  true;    (bT-is  false.     [Not  only  the  truth  bu^be  validity  of  (a)' 
is  established  just  as  is  that  of  the  if-part  of  Th^Prem  2-2. 
Counter-examples  of  <b)  are  rife.    For  example/  choose  for  f 
and  g  any  two  linear  functions  with  different  slopes,  and  for  a 
the  real  number  at  which  these  functions  have  the  same  value 4  1 
Or,  choose  the  squaring  and  cubing  functions,    These  have  the"  ( 

^       same  value  at  0'  and,  also,  at  1,  but  are  vei*y  different  functions. 

5?  It  may  be  well  to  be  very  explicit  at  this  point  as  to  the  effect  of 
such  a  counterexample.  Letting  *sq*  and  *cu^  be  names  for  the 
squaring  and  cubing  functions,  ont  instance  of  sentence  (b)  is: 

sq(I)  =  cu(l)  .5=>  |q  •-  -cu 

■  Sirrce  its  antecedent  is  true  [I2  ~   i3]  and  its  consequence  is* 
this  instance  of  (b)  is  false.  'Hence,  (b)  is  false.  ]       *  ^ 

3,     (a)  is  false;    it  has  as  one  of  its  consequences  the  fals^  sentence 
•'(£)  of  Exercise  2. 

-  i  * 

(b)  xb  true;    it  says  precisely  what  we  mean  by  saving  that  f  is 
the  same  function  as  ,  .  i 

4*     The  if-part  of  sentence  (b)  of  Exercise  3  is: 

for  each  real  number  x,  f(x)  =  g(x)         f  =  g 

This  means  that  I  can  show  that  f  is  g  by  showing  that,  at  each 
real  number,  f  has  tne  game' value  as  g  does.    5e ntenc e  (b )  of, 
X        Exercise  2  means  that  I  can  show  that  f  is  g  by  finding  some 
real  number  at  which  f  and  g  have  the  same  value. 

[In  dirfcussing  the  if-part  of  sentence  (b)  of  Exercise  *3,  distinguish 
between  this  conditional  sentence,  and  the  "universal  generalization 
sentence:  .  * 

for  each  real  number  x  [f(x)  »  g<x)  3^  f  =  g] 
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■  *  * 

This  latter  has  the  game  content  as  sentence  (b)  of  Exercise  2,  Tlhe 
brackets  in  the. latter  sentence  are  an'impo'rtant  clue.    They  tell  us  that 
the  quantifying  phrase  'for  each  real  number  x'   "belongs  to'i  the 
entire  sentence.    Since  this  point  frequently  confuses  students  we 
recommend  another  example  at  this  point.    Have  students  translate  * 
into  words  sentences  like: 

(1)  Vx  a(X)     b*(X)  =*  a  E„ 

(I)  Vx  [a(X)  =  b*(X)=o  a  ^6  ] 

(J)  3X  a(X).r-  S(X)=*  a  -  £ 

(4)  3X  [a(X)  =  S(X)  ==>a  =  K] 

The<  word  t  radiations  for  (1)  and  (3)  start  with  the  word  'if.  'This  is 
followed  by  a  quantifying  phrase. which  ''belongs  to"  the  antecedent. 
The  word  translations  ifor  (2)  and  (4)  both  begin  with  quantifying 
phrases,  followed  by  'if.    Again  notice  that  brackets  were  an  impor- 
tant'signai.    This  point  is  brought  out  again  in  section  6.CV7  when  we 
illustrate  tlu;  way  we  read  sentence  (b'5,  ] 

These  two  sentences  do  mean  the  same  thing. 


pimple  Quiz 

1,  Consider  the  sentence:  *  % 

,                                (m.mx.a)  is  linearly  dependent 
for  each  real  number  x*   . 

If  you  think  that  this  sentejice  is  a  theorem,  wr\£e  'Yes/  and 
prove  it.    If  you  think  that  it  is  not  a  theorem,  write  'No.1  and 
give  a  counterexample* 

2.  Assume  that  (a,  b*)  is  linearly  independent  arfd  that 

i(x-+y+  l)  +  S(2x-y+3)  =  J. 

If  it  is  possible  to  determine  values  for  *xr  arid  'y%  do  so,  If  not, 
explain.  t  ,  •  * 

Key  to  Sample  Quiz 

1.  Yes.    Either  x  =  0  or  x  #  0,    For  x  =  0(  the  given  «e  que  nee 
has  6  as,  its  second  term  and^so,  is  linearly  dependent,'  If 

x  *  0,  then  rnx  +  (rnx)-  - 1  +J£®  =  $  and,  .since   -1  *  o\  the 
,   #iven  sequence  is{*Hnearly  dependent*  .  Hencje*.  the  jiveri  seo^ie.nce 
is  linearly  dependent  for  each  x. 

2.  By  definition,  the  given  equation  holds  if  and  only  ifx  +  y+  I  =  0 
and  2x  -  y  f  3  -  0,  for  some  x  and  y.    And,  the  latter  is  the  case 
if  and  only  if  x  =  -4/3  and  y  =  1/3. 
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The  preceding  disenssidn  should  bring  out  the  need  for  quantifying 
phrases  [in  English]  and  prepare  the  way  for  the  discussion  of  jjuanti- 
fiers  in  section^  6 .07.    [Part  B    will,  then,  serve  as  a  check,  and  to 
point  out  the  relevance  of  the  discussion  to  the  present  chapter.  ]  If, 
however,  you  feel  in  need  of  another  example,  you  might  consider  the 
analogue  of  the  only  if-part  of  Theorem  l-l  for  linear  functions:  , 

If  f  and  g  are  lioear  functions    a  4  b,  and 
,  -f(a)  -   g{a)  and  f{b)  =  .^(b)  then  f  -  g. 

Compare  this  with:  '  ( 


and  Cith: 


*  If  f_and  g  are  linear  functions  with 
slope  1  and  ffa)  -  g(a)  then  f  -  g. 

If  f  and  g  are  functions  with  domain 
and,  for  each  x,  f(x)  =  gfx)  then  f  = 


It  is  possible  that  students 
<*)  V  f(x) 

and  where  a  similar  attempt 


[or  you] 
=  g(x)  =■? 


may  wonder  how  to  prove; 
o  f  -  g 

\  to  prove  (b)  of  Exercise  Z  breaks  down. 
To  prove  we  derive  its  consequent  from  its  antecedent  and,  since 

functions  are  sets  of  ordered  pairs,  we  can  infer  'f  -  g*  if  we  are  able 
to  assert:  * 

.  ,   '     ,  '  <a,b)T*f  «<a,b)€g  *  . 

We  need  to  know  that,  by  the*definitibn  of  function  notation, 

-V 

b  =  g(a)         (a,  b)  €  g    and    b  -  f(a)  <5=>' (a,  b)  €  f 

To  save  space,  we  shall  not  repeat  the, #e  below.    Instead,  we  use 
inferences  whose  validity  follows  from  the  validity  jof -these  bicondi- 
tionals  and  the  replacement  rule.      „  ,  m,  ■• 


.1 


By  k  similar  ' 
argument,  i 


(a,b)  €g 


(a,b)€f 


t  ■ 
l  

<a,b)£  f 


>  (a,b)  i  g 


(a,b)6f  «M>(a,  b)eg. 


f  - 


g 


►V^    f(x)  a  g(x) 


i  =  g 


Note  that  the  validity  of  the  next  -  to  -laat  *inf  e  renc  e  depends  on  treating 
its  premiss  as  an  assertion  about  all  values  oif  'a*  and  .all -values  of  'b*. 
Soj«*ffer  accepting  this  inference,  we  are  forbidden  by  the  deduction 
vrule,  to  discharge  an  assumption  in  which  eithfer  of^hese  -variables 
:curi,    This  is  no  actual  restriction  here  since  tffjfconly  such  pre- 
ii**$nf  '(a,b)  €  g'  and  '(a,  b)£f   [in  the  unwritteQ&rt  of  tbe  proof] 
ive  already  been  discharged.    It  explains,  howev^fif  why  we  needed 
fjx)  =  &xY  as  an  assumption  rather  than /r^i)^  g|a)f.    The  former 
vbfe  discharged  at  the  end  of  the  proof,  gince  it>ontains  neither  *a*- 
ib'#    The  latter  could  not  have  been.  6 

St  * 

"    \      •*  * 


558 


236      LINEAR  DEPENDENCE  AND  INDEPENDENCE 


la  (a)  true?  How  about  (b>?  [Hint:  If  ibiis  true  then  so  is  each  of  its 
instances.  Consider  the  instance  for  which  b  =  Vand  a  -  b:=  0.  Is 
the  antecedent  of  this  instance  true?  Is  its  consequent  true?)' 

2.  Write  new  sentences  (a')  and  (b  )  by  replacing  the  antecedent  of 
ta>  arid  the  consequent  of  lb)  by: 

there  are  real  numbers  x  and  y  such  that 
iax  +  6y  =  Oafld  ix  *  0  or  >>  0)1 

Compare  the  meanings  oHa)  and'(a'h  Of  (b)  and  (b  ). 

3.  Write  new  sentences  iaM)  and  <b")  by  replacing  the  antecedent  of 
(a)  and  the  consequent  of  ^b)  by:    k  s 

for  ail  real  numbers  x  and  y,  (cur  +  6y     0*and  (x  ^  0  ory  *  0>f 

Compare  the  meanings  of  (a)  and  la").  Of  (b)  and  (b"), 

4.  Complete: 

Of  the  two  sentences  la')  and  (a"),  only  says  precisely  what 

<a)#ays.         ^  .  % 

Of  the  two  sentences  (b')  and  (b"),  only  -  sayg  precisely  what 

ib)  says. 

^6.07  Quantifiers 

In  Chapter  2  you  learned  that,  because  we  adopted  the  substitution 
rule,  we  can  make  an  assertion  about  ail  points  [or  all  translations,  or 
all  real  numbers]  by  asserting  an  appropriate  sentence  which  contains 
a  variable  which  has  all  points  for* its  values  [or  all  translations,  or 
ail  real  numbers j.  Sin^e  thep,  and  up  to  the  beginning  of  this  chapter, 
we/ have  not  needed  any  other  way  of  making  "general  assertions".. 
The  preceding  exploration  exercises  may  have  shown, you,  first,  that 
there  is  novy  a  need  for  another  way  of  asserting  generalities  and, 
,  second,  how  this  need  is  taken  qare  of  in  English  grammar,  to  be  quite 
*  clear  as  to  what  is  involved  let  s  look  again  at  the  sentences: 

■    la)  / g  — +fta)  =  gia)   and:  '(b)  fia)  =  g(a)  — =  g 

in  Exercise  2  of  Part  A.      '  > •  "      -  %  J 

To  simplify  matters,  let's  suppose  that  each  of  the  letters  ?f  and  V 
'  in  (a)  and  (b)  is  a  name  of  some  particular  function  whose  domain 
is  9S.  By  the  substitution  rule,  each  of  ^and  (b)  implies  each  of  its  s 
instances.  For  examplev  * '  '. 

(a)  implies;  '       and  4bKimpliesl- 

f=9R  — ?/(0)  »  giO)    ,  f(Q)  -  g{0  — *  f  -  &  • 

'     f~j{^-  A3.5)  -  g(3.5V  f(3S)  -  g(3.5)—>  g* 

f  =  ft fin)  =  gin)  '  f(n\rg(7r)>*-+f=g    &  V 

etc*  -  ,    etc.  % 


■ERIC 


» 
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Answers  jor  Part  B 

1.  (a)  is  true..    This  sentence  is  comparable  vdth  the  only  if-part  qf 
Theorem  l-l.    It  asserts  that  (a,  b)  is  linearly  dependent  if  we 
can  find  numbers  a  ancT  b,  not  both  zero  such  that  aa  +  fib '  -  (J#  * 

(b)  is  false.    This  sentence  is  comparable  with  the  if-part  of 
Theorem  2-2.  <It  asserts  that  if  (a,*))  is  linearly  dependent  then, 
whatever  numbers  a  and-b  we  choose,  it  will  turn  out  that 
aa  +  bb  -    0  and  that  these  numbers  are  not  both  zero!  Any. 
choice  of  a  linearly  dependent  sequence  (a,  S)  gives  a  counter- 
example if  we  also  choose  a  £  0  and  b  -  0. 

2,  Sentences  (a)  and  (a')  have  the  same  meaning;   (b)  and  (b'>  do 

not.    In  fact,  (b)  is  false  and  (bf)  is  true -by-definition.  »       „  • 

3,  Sentences  (a)  and  {a")  do  not  have  the  same  meaning;   but  (b) 
and  (b")  do  [and  are  both,  false),    [(a")  is  trtfe  —  you  cannot  <> 
find  a  counter-example  —  but  this  is  because  the  antecedent  has 
no  true  instances.  ] 

4.  {a');  <b") 

The  next  two  sections,  6.Q7  and  6,08,  contain  important  discussions 
concerning  the  roles  of  unlve rsally  and  existentially  quantified  ^^tences 
in  our  formal  System'.    These  sections  are  the  last  which  are  cftcerned 
with  matters  of  logic.    Up  to  now  in  the  course,  it  was  important  that 
the  students  understood  how  to  use  open  sentences  to  make  assertions 
about  all  values  of  the  variables  in  those  sentences.    It  is  equarlly 
important  that  they  learn  how  to  make  use  of  universally  and  e<i  stent  ially 
quantified  sentences.  >  >  u 

"A  superficial  glance  at  the  material  in  these  sections  migh't  give 
one  the  impression  that  it  is  much  too  formal  for  thi^  level.  However, 
by  reading  the  text  in  class,  discussing  the  ideas  presented,  and  answer- 
ing questions  as  they  arise,  you  should  find  that  this  material  is  well 
within  the  grasp  of  the  students. 
* 

As  was  suggested  in  the"  commentary  for  page    235,  the  first  pages 
of  section  6.07  serve  as  commentary  for  the  exercises  on  pages  235 
and  236.    Used  as  such,  these  pages  can  be  covered  in  short  order, 
giving  you,  and  the  class/  a  "flying  start**  into  section  6,07, 
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What  ia)  says  can  Ik?  put  into  English  by  saying: 

For  any  real  number  a,  if /is  g  then  fia)  is  gia). 

What  <h>  says  can  "be  put  into  English  by  saying:  * 
*  *   .  ■ 

For  any  real  number  a,  if /*<«)  is  #ia>  then  /  is 

"  It  should  be  obvious  from  this  that  ia)  iuwe  and  that  lb)  is  false,  f  As 
to  the  latter,  the  identity  mapping  i  andTtfflf  squari remapping  \\x,  y): 
v     -V-}  have  the  same  value  at  0f  but/aremuite  different  functions.] 
.  There  is  another  way  of  putting  into  Engluji  whaj.  sentence  (a)  says: 
\\)  If  /'  is  g  then  /  and  g  have  the  same  value  a|  eacji  real  nutnber. 
Also,  there  is  another  way  of^aying  what  (b)  says: 

<2)  If /'and  g  have  the -same  value  at  some  real  number-then  /' is#. 
Of  course %  as  before,  the  finjt  of  these  sentences  is  true  and  the  second 
is  false.  If  we  wish  to  have  a  sentence  ^hich,  like  (b),  ends  with  'then 
/  is  g'  but  which,  unlike  ib),  is  true  then  we  must  say  something  like: 
<3)  If  /' and  g  have  the  same  value  at  each  real  number  then  /'is g. 
•This  sentence  is  the  converse  of  ll)  and,  combining  the  two  into  a  bi- 
conditional sentence  we  have: 

/is  g  if  and  only  if  /and  g  have  the  ^ame  value  at  each  real  number. 
Note  that  although  taland  (1)  convey  the  same  information,  their 
%  converses  <b)  and  (3) 'dp  not.  By  the  use  oft  the  word  'each',  English 
manages  to  express  ideas  which  we  cannot  express  with  our  variables 
.  and  substitution  rule.  Since  we  need  to  be  able  to  express  these  ideas 
we  shall  introduce  two  symbols  V  and  t3'  into  our  language.  You  have 
met  these  informally  before  now.  They  are  called  'quantifiers'.  The 
fifst  —  the  universal  quantifier  —  is  read  as  Tor  each',  an<i  the  second 
—  the  existential  quantifier —is  read  as  *there  exists  a\  Using  these 
we  can  writfe  sentences  like  (1)  and  (2): 

<a')  /  =  g  —yjix)  -  gtfy^.       IJix)  =  giiii       fy  =  g 

[Read  la')  as  'if  f  -•  g  then,  for  each  real  number  xf  fix)  ~  gixY;  read 
(b')  as  'if'there  exists  a  real  number  x  such  that  fix)  =  g(x)  then  f  =  g\] 
As  we  have  seen,  (a)  and  (a')  convey  tire  same  information  land  are 
both  true);  (b)  and  fb')  convey  the  same  information  [and  are  both' 
false].  Although  lb')  is  false,  the  converse  of  (a'):  1 

"      "  \fj(x)~g(x)  -&*f=g 

is  true.  [What  is  the  first  word  in  a  word  translation  of  this  sentence?] 
Since  (a ')^p  true  it  follows  that  the  biconditional  sentence: 


is  also  true.  [See  Exercise  3  of  Part  A.J 

v  •  .  , 
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Note  that  indices,  unlike  variables,  are  not  subject  to  the  Substitu- 
tion rule".    Their  "proper"   role  iB  that  of  linking  the  quantifiers,  'V* 
and  *3*  with  argument  places.    In  this  role* they  could  be  replaced  by 
a^bitrarUv  ehosien'rneaninglesa  marks  or  by  horizontal  brackets,  as  in:  \ 

^8  V    3      -  >         and:      V    3  > 

•   l  U-J  1  i  I=J  1 

The  otfwr  role  assigned  them  in  the  text  —  that  of  cueing  ox*e  as  to  bow 
to  read  a  quantifier  itself  —  might  be  better  served  by  a  separate  de-vice 
More  explicitly,  the  *x*   in  a  'Vx'   tells  one  that,  in  the  context  in  qu^s-. 
tiont  *V*  is  to  be-  read  as  *for  each  real  number*,  and  the  x  in  a  *Vj- 
tells  one  that,  in  that  context,  'V*   is  to  be  read  as  'for  each  translation* 
One  might,  with  advantage,   release  indices  fromjthis  duty  by  using  *V(V 
£nd  *VT'   as  different  universal  quantifiers  and^rn%fce'  no  distinction  asi 

to  the  indices  to  be  used  with  them.  * 

*    *    *  ■ 

Thfpreceding  brings  out  the  fact  t&at  reading  *VX'   as  *for  each 
real  number  x',   and  interpreting  the  latter  in  a  manner  analogous  to 
pne*'s  way  of  interpreting  'for  the  real  number  z*,  does  sorr^e  violence 
to  t|ie  'proper  meaning  of  'V*.    It  is  well  to  remember  that  our  formal 
language  is  a  written  one  which  is  intended  to  be  read  rather  than 
spoken.    What  sounds  one  makes  —  or  imagine  Si  himself  to  make  — 
when  reading  such  a  language  to  himself  is  a  matter  of  convention.  The 
meaning  of  the  sentences  themselves  is,  properly,  gartve red  frpm  the. 
rules  of  logic  which  apply  to  them.    Of  course,  suc'h  a  puristic  attitude 
is  not  justified  in  the  present  circumstances.    Here,  reading  a  formal 
sentence  aloud  amounts  to  translating  it  into  the  most^nearly  equivalent 
English  sentence.    But,  since  the  translation  is  seldom  quite  equivalent? 
to  the  original,  itlis  important  to  realize  that  the  rules  of  logic  adopted 
for  the  formal  language  are  the  final  authority  in  deciding  to"  what  extent 
customary  interpretations  of  the  English  translations  of  formal  sen- 
tences are  appropriate.^  "!■..■ 

* 

There  is  sometimes  a  question  conce rning*the  use  Q^the  word 
'g sacralization'.    To  some,  'universal  generalization'  is  a  reasonable 
phrase,  but  'existential  generalization     *is  not,    Point  out,  if  neces- 
sary, that  a  generalization  sentence  says  j ' '  something  general1*  about 
the  members  of  a  set.    A  universal  generalization  may  be  understood 
as  imputing  some  property  to  each  member  of  the  set.    The  correspond- 
ing exis£8ntial  generalization  may  be  understood  as  imputing  the  same 
property  to  some  member  of  the  set.    Both  are  equally  "generar*  state- 
merits.    The  meaning  of  'general'  here  is  the;  opposite  of  that  of  'par- 
ticular7,   'V    x  ,+  0  -  xf  and  *3    x  +  0  =  x*  are  general  statements} 

7  f  0  =  Z]  ?s*a  particular  statement, 
T  -■        •"  -  —  ....  .  .  _._ 

A  somewhat  similar  objection  is  sometimes  made  to  the  use  of 
'instance*  with  reference  to  existential  generalizations „    The  two 
objections  may  be  related,  and  e^ninating  the  first  may  get  rid  of  the 
second.    Another  approach  is  to  iay  that  'instance*  is  a  technical  word 
and ,  in  consequence,  it  means  fin  this  context  at  least]  what' the., 
autnors   say  it  mean! !    [But,  ybii  might  afld  that  it  is  verv  generally  0 
used  in  this  sense  ~~  th^s  is  not  merely  another  quire  oLche  author*,] 
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The  letter  Y  which  is  attacfllS  to  the  quantifier  in  the  preceding 
sentence  is  called  an  index  Just  as  we  have  agreed  to  use  letters  'a\ 
7>*,V,  etc.  from  thte  beginning  of  the  alphabet  as  real  number  variables,' 
we  shall  use  letters  V,  V, -x\  etc.  from  the  end  of  the  aJphahet  as  real 
number  indices.  So,  one  purpose  of* the  letter  V  in  (a  )  and  lb')  is  to 
telVus  that  the  quantifiers  refer  to  real  numbers.  [In  contrast,  V  : 
should  he  read  'for  each  translation  V,  and  %'  should  be  read  as  'there 
.exwts  a  point  X  such  that'.  I  The  only -.other  purpose  of  indices  is  to 
link  each  quantifier  with  the  proper  places  in  the  expression  which  fol- 
lows it.  To  see  the  need  for  suelf'linking",  compare  the  two  sentences: 

.  "*  Vr  3tf  v   -  x    and:  .  Vy  3x  y  >  x  > 

These  diffar  only  as  to  which  quantifier  is  linked  to  which  "side"  of 
'  •*.  The  first  sentence  tells  us  that,  no  matter  what  real  number  we 
choose,  there  is  a  greater  real  number  -  that  is,  it  tells  us  that  there 
is  no  greatest  real  number.  On  the  other  hand,  the  second  sentence 
tells  us,  that  there  i* no  least  real  number* 

Clearly,  it  makes  no-difference  what  index  we  choose  to  use  with  a 
given  quantifier;  the  Sentences  V(/  y  +  0  =  y  and  V,  x  f  0  =  *'  say  the 
same  thing  land  each  says  just  what  we  mean  to  say  when  we  assert 
either  'a  f  i)  V  a  or  'b  f  0  =  /»'). 

As  another  example  of  the  use  of  quantifiers,  consider  the  sentences 
in  Exercise  1  of  Part  B  on  page  235.  The  first  of  these: 


la)  • 


laa  +  b'b'  ~  (Tand  i a  *  0  or  A  *  0)) 
ia,  b)  is  linearly  dependent 


.  *  ■  * 

is  similar  to  the  sentence  <b>  of  Part  A.  it  tells  us  that  ia'ti)  is  linearly 
s^ependent  if  we  can  find  even  one  pair  (a,  b)  of  numbers  which  are  not 
pHbsO^ arid  are  such  that  aa  +  I'b  =  (£  We  can  say  the  same  thing  by 
using  a^tential  (juanti fiefs: 

(a' )  3,  3W  iax  +  by  *f  6*and  (x  #  0  or  y  *  0))  — *  (a,  V)  is  linearly 
-    '  dependent 
The  converse  of  (a  ) .is:    «■  '  '  . 

(b.  ).Ja.  b)  is  linearly  dependent  — •  3  3  lax  +  ~b$  =  0*and  (x  #  0 
or  y  *■  Q»  , .  • 

Both  (a')  and(b')  are  trjie.  In  fact,  they  are  the  if-part  and  only  if-part, 
respectively,  of.  the  definition  of  linear- dependence  for  2-termed  se- 
quences. On  the  other  hand,  the  converse  of  (a): 


(t» 


ia,  b)  is  linearly  dependent 

/     —  ,  - 

(aa  +  b'b  =  (f  and  (a  #  0  or  b  ^  0)) 
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is,  as  you  have  seen  in  Part-  B,  false.  What  it  asserts  can  be  sai 
using  quantifiers:      -  ' 

<b")  ia;  h)  i»"  linearly  dependent  — •  v,.V  iax  +  Vy  =  ~0  and  ix  *•  6 
or  y  *  0))  Comparison  of  fb')  with  lb")  should  make  quite  clear  the 
difference  in  meaning  between  the  converse  lb')  of  la')  and  the  con- 
verse (b)  of  fa):  >  , 

As  in  the  case  of  our  other  logical  symbols  J'  — *\ 'not',  etc.  ]' we  need 
rules  of  logic  for  dealing  with  sentences  which,  contain  V  and  '3'.  To 
discover  these  rules,  let's  begin  by  considering"  the  sentences: 

a  +  0  =  a    and;    V.  x  +  0  -  x 

We  shall  call  the  second  of  these  a  universal  generalization  sentence 
-specifically,  it  is  the  universal  generalization  of  the  first  sentence 
with  respect  to  V,  using  V  as  index.  We  shall  call  the  first  of  the  two 
sentences  a  general  instance  of  the  second.  Finally,  sentences  which, 
like  '2  +  0-2'  and  '(b  f  1)  +  0  =  b  +  V,  are  substitution-instances  of 
the  first  sentence  are  called  instances  of  the  second. 

We  shall  use  a  similar  terminology  ii^discussing  *3'.-Of  the  two 
sentences:  — .  '  ®-' 

2  +M||t:  $    and:    3,  2  +  x  =  2  *' 

the  second  is  the  existential  generalization  of  the  first  with  respect  to 
V,  using  V  as  index,  and  the  first  is  a  general  instance  of  the  second. 
Finally,  the  substitution-instances  of  the  first  sentence  are  called 
instances  of  the  second. 

Exercises 

1.  Consider  the  universal  generalization  sentenced  ■ 

<*)  •    V,  ix  -  5)2  +  lfo  =  x2  +  25 

(a)  Is  (*)  true?  ^ 

(b)  Give  a  general, instance  of  (*),  fUse  variable  V,  J 

(c)  Give  two  instances  of  (*). 

2.  Consider  the  sentence: 

-     (**)  (a  +  5)s  -  10(5  -:a)  =  a1  -  25 

(a)  Give  a  universal  generalization  of  {**)  with  respect  to  V* 
-  (b)  When  viewed  as  an  assertion  is  (**)  true?  Is  the  universal 
generalization  you  wrote  for  (a)  true?   _^  -  * 

(c)  Give  two  instances  of  the  universal  generalization  you  wrote 

in  (a), 

3.  (a>  Give  an  existential  generalization  of  (**)  with  respect  to  *a\ 
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<b)  Is  the  existential" generalization  written  in  ta)  true?  Explain' 
*  -  your  answer.  f 

i$)  In  Exercise  1(b)  you  wrote  a  general  instance  of  (*).  Give  an 
existential  generalization  {of  this  -general  instance!  with  re- 
spect to  V.  Is  it  true? 

\t  is  now  easy  to  give  two  of  the  rules  we  need  — one  for  V  arid  Qlje 
for  t3\  To  see  what  they  should  be,  consider  the  two  inferences^      •  ' 

and: 
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Answers  for  Exe_rciges_ 


(tj)    (a  -  5)2  +  10a  =  a2  +  lb 


(a)  Yes, 

(c)    (b  -  5)?  4s  10b  =  b2  +  25,   (7  -.5}*  =r  7»  +  "\ etc, 

"[Note  that  a22  +  10-7  =  7?  +  2^  for.  exanxjjle ,  is'not.an  instance 
-of  (it).    It  is  a  consequence  of  the  seefbnd  of  ?he  instances  given  in 

Anyone  wfyo  knows, 


answer  to  (c)  and  the  sentence  f7  -  5  =  2*, 

what  an  .instance  is,  and  knows  that '* 7*  is  a  name  Tor  a  real  num- 
ber, can  give  the  answer  to  (c);   and  he  should  accept  this  instance 
if  he  accepts  [it).    Such  a  person  may,  conceivably,  not  know  that 
7  -  5  -   2  and,  if  so,  he  will  not  see  any  connection  between 
•{7  -  5F  +  ,  .  .  «  and  *      +  .  .  .  \  ]  .  * 


2  +  0  =  2 


3,2+^  =  2 


[Note  that  the  conclusion  of  the  first  inference  is  an  instance  of  its 
premiss,  and  that  the  premiss  of  the  second  inference  is  an  instance 

of  its  conclusion.]  .  "* 

»  * 

Since  the  premiss  of  the  first  inference  says  thaUpacfr  number  satis- 
fies the  equation  a  +  0  ~  a  and  the  conclusion  says. that  H  satisfies  „ 
this  equation,  the  premiss  of  this  inference  implies  itk  Conclusion.  In 
ot^er  words,  the  first  inferenb&osJfalid-  *  ■  '  u 

/Since  the  conclusion  of  the  second  inference  says  t^sat  ihfcre  exists 
number  which  satisfies  the  equation  *2  ''+  a  -\  2,'        jtHp ! premiss  N 
says  that  0  satisfies  |hia,  equation',  the  premiss  of  thife  friferpnee^im- 
plies  its  conclusion.  Ip  other  words,  the  sewnd*i^nfere^bfc:is  valid. 
These  two  examples  sy£gest  the  rules:  >  ^      ^     .  ^  , 

(1)  A  universal  generalization  implies  any^oTij^  ifistances>         *  «C  , 

(2)  An  existential  general  izatipn  is  implied  by  ^ny  of  its^itist^nc^ 

■  Thes/?  are  two  of  the  four  rules  we  shall  adopt  for  d^alMg  &ith  general-  ' 
ization  sentences.  But,  before  adppting  them,  it  '^ViU  be  well  to  be  ■ 
quite  sure  that  what  they  say  is  intuitively  acceptable.  ^ * 

For  this  purpose -and  to  simplify  the  statement  of  these  and  other 
, rules- we  need  a  simpler  way  of  talking  "in  general  terms'^ about* 
generalisation  sentences  and  their  instances.  We  already  have  si^ch  a 
way  of  talking  abdlit  conditional  sentences,  denial  sentences,  etc. 
FQr/exampie,  here  is  a  not  very  simple  way  of  stating  one  of  our  rules:  \ 

'  ".y    Any  conditional  sentence,  together  with  the  denial  of  ,  V 
its  consequent,  implies  the  denial  /of  its  antecedent. 


2,     (a)    Using  [for  variety]  *y*   as  index: 

Vy  (y  +  5F  -  10(5  -  y)  =  y?  -25 
[Any  other  real  number  index  would  de  as  well,  ] 
No.  ;    No.  • 


(b) 
(c) 


(0  +  5)?  -  10(5  -  0)  -  0?  -  25,  ((a  +  *2)  +         -  10<5  -  {a  +  2)) 
-   (a  +  2)p  ,  -  25,  etc.    [Call  attention  to  the  fact  itt&t,  even 
thoughj  {itit)  —  ^s  an  assertion  —  is^alse,  {itit)  does  have 
some  true  instances,  ]  >  «  4 


(a)   3     (x  +  5)2  -  10(5  -  x)  =  X2  -  25 


Mb) 


(c) 
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Yes.  0  is  "such  a  number"  - 
4(0  +  5)2  -  10(5  -  0)  =?  Of  -  zy 

3    jx\-  5F  +  lOx  -*x2  +  25. 


■  that  is,  the  instance, 
is  true. 

This  sentence  is  true. 


\  ■■  "  ■ ; 


^;6f  ig^t^  its  . truth  follows  from  that  of  (it)  —  i^  ei>c-h^  „ 
,T    'number.  ,giv«^i  property  tlien  [since*  there  are .nurntess}  ?  > 

V;  ^feftf  ^tpii^^li^s  tfiat  property .  "      ^    r*-^ .  v- ..  •  „  [  ^ 


students  discuss         text  material,  we  suggest  c on^ t ruciing^ 
charts,  similar  tatW,^^<iwing  on  the  chali^oard^  \      v  ■ . 


J  Hers  is  another  way  Qf '^i^:|W^^r^^:'4 


*  * 


Universal 
Generalization 

Vx  Fx 

Vx  xb  =  c 

^  [X  4  3C  =  X  s=p*  X  a  0}  *  , 

General 
Instance 

Fa 

ab  =  o 

9'   111         1     1  uV1 

a  +  a  =  a  jg io-a  =  .0 - ■.•'.v-V,;;'' 

Existential 
'Generalization 

•  •  F2  - 
F5 

5b  =  c;'  . 
3X  2  +  x  =  .  2 

^x  1^  ^  ^  =^  =^  at  =  0] 

i  it,  %^,v ,  i,.  .iLlll.r;;;,l';j.n.^^-jl.ll..,M.,,^l,.M,f| 

General' 
Instance  , 

■  Fa,  '■  ;* 

a  +  a,"  a  =2=>.a  =  0 

■  '  -1    •  . 

Instance 

F0 

F? 

2  +  0-2 
2+7=2 

0+0  =10s=*  0=0 
7„+7  =  7  ^=5=>  7  =  0  \'  * 
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■  ■  ^  •  • 

is  vali4 


■,  of. 
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In  order  to  deal  equally  simply  with  rules  about  generalization  sen- 

•  tenant  we -need  some  notation,  analogous  to  the  letters  'p  and  '(/', 
which  will  enable  us  to  indicate  any. generalization  sentence,  any 
general  instance  of  th*  same  sentence,  and  any  instance  of  It'  what- 
ever'What  we  shall  do  is  use  expressions  like  'Fa,  'GV'/etc.  as  place- 
holders for  sentences  which'  contain  variables  which  we  wish  to  refer 
to,  and  V(  F.v\  *<§tf  C,y\  etc.  as  place  holders  for  corresjx)nding  general- 
izations with  respect  to  these  variables.  Fay  example,  if  V  Fx'  occurs 
in  the  statement  of  some  rule,  and  we  wish  to  obtain  an  example  of* 
the  rule  by  replacing  'Fa', by  'ah  c\  then  we**should  replace  V(.  Fx' 
hy-V,.  xh  <•'.  If  FT  appears  in  the  same  rule  then,  in  obtaining  the 
same  example,  we  should  replace  it  by  '2b  <\. 

As  another  example,  let's  consideV  the  pattern  sentence:  * 

F0  —  >  jeFx   •  >.  '  ^ 

'  To  obtain  an  example  of  a  sentence  of  this  form,  we  need  to  choose 
what  to  take  for  'Fa.  If  we*  choose,  say,  '2  f  a  -  2'  then  we  should  re- 
place 'F(Y  by  '2/0  -  2'  and  replace  1r  Fx'  by  \"2  f  x  2'.  Doing  so 
we  obtain  the  sentence: 

•  /    »  2  V  0  =  2  — -2  f  X  -  2  '  , 


Exercises 


1.  We  have  agreed  that  'Fa'  is  a  pjaee-holder  for  sentences  which 
contain  the  variable  V.  Choosing  '2q  ?  for  'Fa,  obtain  the  cor- 
responding sentence  of  the  form  'FX  — •  3   Fx'.  [Hint:  2-1  -  2 

—  i  -  .  .  ,!•     %  .  • 

2.  Repeat  Exercise  1.  choosing  '|1  -  3« }  -  2'  for  'Fa\ 

3.  In  each  of  the  following,  you 'are  given  a  choice  for  'Fa'  artda  form 
*        for  sentent.es.  Write  the  sentence  of  the  given  form  which  cor- 
responds wrth  the  given  choice  for  'Fa''. 

(a)  2a  -  10;  F5'                   ,  <b)  2a  =  10;  V,  Fa: 

(c)  10/a  -  2:  F5       3x  Ft  <d)  -a*  -  « -a;  3x  Fx 

<ey-rr'  -  a -a;  3T  F*  —  F2      '  (f )  -a2  -  a -a;  F0  — •  3,  Fx 

4.  Directions:  Replace  F«'  by  Xia  in  Exercise '3  and  do  these  prob- 
lems. 

(a)  /i  -  VI  »  r/;  (/£  (b)        A  -  a:  Gg  —>  i*Ux 

(c)  B      A  +  o;  W  —  *r.Gx  (d)  B  *  Vl  +  a;  3-b7— £  (58 

Now, •let's  cons ider.sentences  of  the  form:, 

^  V,  Fx  -—Fa      '     .  •* 
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The  example  is  chosen  to  illustrate  a  point  connected  with  the  new 
nqtation.     In  oxde r  to  construct  a  sentence  of  the  given  form,  one  must 
hej*ui_  by  choosing  a  sentence  of  the  form  4  Fa'  [or  '  Fb1 ,  etc,  ]  from 
which  to  obtain  n  replacement  for  4  F0'  by  substitution  and  a  replace- 
ment for  43x   Fx1   by  existential  gene ralizat i©n.     In  making  this  initial 
choice,  it  is  well  to  use  a  variable  which  does  not/ occur  in  the\iven 
"pattern  sentence".    For  example the  sentence:  • 


ts  of  the  form : 


a  4  0  =  a  3     x  +  0 

x 


Fa.         3.x  Fx 


To  show  this,   choose  4b  +  0  j,   a'   as  a  replacement  for  4  Fb\    Then  4  Fa' 
is  to  be  replaced  by  4a  f  0  -  a'   anc?  43x   Fx*  by  43x  x  4  0  ~   a1.  Uses 
'of  the  new  symbolism  like  that  just  illustrated  may  be  difficult  at  first 
for  sJJUdents,     It  is  probably  best  to  disregard  the  problerX  until  it  arises 
naturally  t —  say,  through  a  student's  saying  "P'don't  see  why  tffcy  think 
that  this  is  of  that  form,  " 
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Answers  for  Exercises 

1  .      2  •  1       I  =>  3X#  Zx  =  Z  .  ^ 

lm      |  1  -  3  -  "1  |    *  Z  =>  3X   |l  -  3x|   =  Z 

3/    (a)    Z  •  5  =    10  # (b)         Zx  -  10 

.      (c)    10/5  =   Z  3     10/x   -   Z  (ri).  3v  -  x.x 

>     (^)    3X  -x?  v=  x-x.  =o  -Z'n  =   Z  •  Z      (f)    -0^  ^  0  •  0        3x  -x2  =  x*x 

4.     (a)    B:  A,,J  ,  .    •        r  (b)    B  -  A  =  ^3.  B  - 

"(c)    B  -  A  +  3        3-*  B  =  A  t  x    ,        (d)    3  ♦  R  -  A  +  x        B  -  ^  f'ft 

x  x  * 

[Note  that,  taken  as  assertions,   (c)  is  true  and  (d)  is  faTse.  ] 


^42      LINEAR  DKI'KNDENCt*  AND  INDEPENDENCE 

<  s  s 

For  any  sentence  of  this  form  there  is  a  eorresjionding  Knglish  ser^ 

tt^nee  of  the  form: 

,         «  * 

»   >  For  any  a:  if,  for  each  .v.  /\v  then  /<V/\  

(Vrtamly,  no  matter  what  sentence  you  chose  to  replace  *Fu  by,  you/ 
*  Would  l^e  willing  to  accept  the  resulting  sentence  bf  the  form  i  ■■>).  Your 
willingness  to  do  so  would  have-  nothing  to  do  with  what  the  sentence 
you  chose  tor  F'a\  mi^ht  say.  You  would  accept  the  resulting  sentence 
just  because  it  had  tht*  form  k  ),  In  short,  any  sentence  of  the  form  i*>- 
is  nut  only*} rue  but  valid  Its  truth  folio  wsjrom  its  form,  independently 
of  }\  hat  sentences  replacing  'Fa  may  say. 

Precisely  the  same  remarks  may  be  made  about  Any  sentence  of 
the  form;  , 

'     >    .  For  any  (/;  if  Fa  then.  for-so//if  \\  Fx. 

'  Any  *entt*nee  of  tfhe  form  i  -■•'••)  is  valid,  no  matter  what  sentence  re- 
places Fa': 

Translating  «  >  and-*  1  ^nto  our  notation  we  obtain  the  rule:  - 
9  Any  sentence  of  either  of  the  forms: 

V   Fx  ">=*Fut      Fa  —*l/Fx 

is  valid/  ^ 

f  • 

Obviously,  in' this  and  similar  rules  we  eyyld  just  as' well  write  V 

^  instead  of  'r^.  or  Y  instead  of  V;  and  we  could  write  V  instead  of  V)' 
if  we  also  wrote  x  or  VJsay,  instead  of  V.  fa  shorten'  can  be  replaced 
by  iwiy  variable  and  Y  \by  any  index  whiqi  refers  to  the  domain  of 
that  variahltv    •  1        •      *  ' 

We  are  now  almost* ready  to  reformulate  the  two  rules  on  page  240 
about  generalization  sentences.  The  first  of  these  is:  -  J 

il'  A  universal  generalization  implies  any  of  its  instances. 
We  have  seen  thaj  a*iy  sentence  of  the  form  V;  Fx       Fa  is  valid  and 
i  using  this  and  iflodus  ponunsl,  it  is  easy  to  conclude  that  any  inference 
>  of  the  form: 

•  ,  *■ 

'         *'      r     V      FX  • 

Fa  m 

is  valid.  This  means,  precisely,  that  a  universal  generalization  implies  * 
any  of  its  general*  instances.  To  complete  our  task  we  must  get^rid  of 
'  the^estnetive  word  general',  and  state  the  resulting  rule  in  a  simple 
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way.  'To  do  so,  let's  agree  that  whwT^ve  are  given  expressions  'Fa' 
and  'Ft'  we  are  to  choose,  as  before,  a  sentence  as  a  replacement,  for 
'Fa\  to  cEftost?  a  term  as- a  replacement  for  7\  and  are  to  replace  9 Ft9 
by  the  sentence  which  results  from  the  chosen  one  when  tl^e  choseri' 
term  is  substituted  for'V.  What  this  amounts  to  is  that,  whatever 
sentence  replaces  Vr  Fx\  we  can  arrange  things  so  as 'to  replace  7*7* 
by  any  instance  of  this  generalization  we  wis^h  merely  by  making  the 
appropriaUfehoice  for  7\  |n  these  terms, ^the  rule  (1)  may  be  stated: 

Any  inference  of  the  form:  .  ' 

'V,Fx 
Ft 

is  valid, 

The  rule  can  b^  justified  by  the  following  scheme: 

*  Vr  Fx  =*Fa 

w'   u     w   r~     n  (Subst) 

  -  (Modus  ponens) 


   ;  ■  -  Ft 

Since  substitution-inferences  and  modus  ponens  inferences  are  valid 
it  follows  that^iny  inference  of  the  form: 

♦ 

V,.  Fx   Vr  Fx  =~>  Fa 
Ft 

is  valid,  So,  since  any  sentence  of  the  form  Vr  Fx  =**  Fa1  is- valid  it 
follows  that  any  inference  of  the  form: 

Vx  Fx  .        .  . 

Ft 

is  valid -that  is,  a  universal  generalization  implies  any  of  its  in- 
stances. 4  ^ 

Exercises  J  * 

1,  In  the  following,  you  aro  given  sentences  of  the  form  V,  Fx'.  In 
each  case,  write  the  instance  Fl. 

(a)  -  1  -  U  +  IX*  -  1)     *      (b)'  V,  x2  -  x  -  0 

r     (c)       (2x"-  1Y2  -  2x*  -  1    ■  (d)  V,  -  |±| 

%  In  the  following,  you  are  given  sentences  of  the  form  VyGje\ln 
each  cas£,  write  the  instance  G{B  -  A). 

(a)  V#-  [V  -  B  -  A  — +  A  +  x*  ~  B]  (b)  Vy  [A  +  /  -  A  — -  0] 
(c)  VrtC  -VW?  ^7— *C  -  fll  (d)  Vy^^V-0 
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X  We  have  restated  rule  1 1)  on  page  240  as  an  inference  rule  and, 
in  the  paragraph  just  preceding  the.se  exercises,  we  have  justified 
it  by  using  part  of  the  rule  on  page  242  and  other  rules  of  logic. 
*  i>o  the  same  for  rule  (2)  on  page  240. 

4.  The  if-part  and  the  only  I'f-part  of  Theorem  2~li,are: 


A  f  ti  - 


ia^  a     b  — +A  -  (/     ^  +  b    \h)  A  *  « 
Here  are  two  closely  related  sentences: 

</  - »yx  A"/  (/'     A'  *  ^ 

•h'>  1^  A*  *  «"    A  +  h        a'    b  *  * 

lfsmg  our  new  rules  for  generalization  sentences  land  our  rules 
fbrionditional  sentences  I  it  is  easy  to  show  that  sentence  (a')  im- 
plies sentence  la)  and  that  sentence  (b')  implies  sentenceMb). 
Do  so.  \Hmt:  fa)  and  \\»  are  conditional  sentences;  and  one  way  tp 
derive  a  conditional  sentence  from  given  premisses  is  to  use  its 
antecedent  as  an  extra  premfss  and  try  to  derive  its  consequent,) 
5.  Use  the  rfame.  pnx-edure  as  in  Exercise  4  to  show  that  any  inference 
of  either  of  the  forms: 


is  valid. 


p  — *  V ,  Fx      <  \  Fx  q 


* 


The  two  rules  for  generalization  .sentences  which  we  have  adopted 
may  be  stated  together  as: 


\ 


,Any  inference  of  either  of  the  forms; 


Fx 
Ft' 


Ft* 
3;  /-'.v 


is  valid. 


To  understand  the  remaining  two  j-ules  we  need  to  recall  the  dis- 
tinction between  using  a' sentence  as  an  assertion  and  using  it  as  an' 
assumption.- [Thi.<  distinction  was  brought  out  in  Part  B  on  pages  86 
and  87  and^as  was  pointed  out  on  pages  87  and  88,  is  essential  for 
our  statement  of  the  deduction  rule.}  Recognizing  this  distinction 
led  us  to  insert  the  underlm&i'words  in  the  statement  of  the  substitu- 
tion rule:    •  '       .  . . 

Any  sentence  which,  is  used  to  make  an  assertion  about  all 
values  of  some  variable  implies  each  of  its  substitution-instances 
with  respect  to  this  variable. 
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Answers  for  Fxereises 


I-        (a)      1-'   -    1    r     (T+  -    1)  (b)     1?  -    1  0 

u  )  (2-i  -  ir  ■•       -  i     (d)  vprp*  •  |-i | 

[In  connection  with  (d),  lead  students  to  recall  that  4V 
is  |'al  so.  J  (  x 

l,     (a)  B  -  A       B  -'A  =*»  A  MB  -  A)  -  B 

(b)  A*  (B  -  A)  *  A  ==*  B  -  A  3 

(c)  C  -  {B  -  A)  -   B  -  (B  -  A)  =*>  C.     B  j 

(d)  ( B  -  A)  -  ( B  -  A)  _=  0  r 

•  TC  244 

/3.  Fa  =±>  3     F*    -    valid  / 

Ft         Pt  =>  3 
*  £  *  _ 

3  Fx 
x 

»This  justifies  the  rule : 

Any  inference  of  the  form: 
Ft 


3  Fx 
x 


is  valid. 


4.      To  show  that  sentence   (a')  implies  sentence  *{a): 

a  *  %  a  -  b  =>  Vv  X-  f  a  X  +  S 
— ^  ,  *  

A  +  a       A  4-  b 


A  +  a   -*A  +  £ 


a  s;  b  J 

To  show  tflfat  sentence  (b')  Implies  sentence  (b): 


3X  X' t  a  -  X+b        3X  X  +  a  ^  X  +  S         a  =  S 


a  =  b 


A  *  a  =  A  +  b  =s»  a  ■  s  b 
p        p         Vx  Fx  Fa 


V    Fx  '       *         3v  Fx        3     Fx  q 

Fa  •  q 

♦  — — >   #  #  .  _   * 

•  p  =>  Fa  Fa  q 
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Incidentally,  w&  can  restate  this  rule  to-  advantage  in  terms  of  our 
tiefr  notation:        "  « 

« 

Any  inference  of  the  form: 

1  '^L       '  ■ 

•Ft 

is  valid,  provided  that  its  premiss 
is  used  as  an  assertion  abdiit  all  ; 
values  of  th£  indicated  variable. 

The  need  to  distinguish  between  assertions  and  assumptions  arose 
in  applying  the  deduction  rule.  Roughly,  what  learned  was  thal|_, 
inferences  (such  as  substitution)  whose  validity*  depends  on  their*, 
premisses  being  understood  as  assertions  about  all  values  of  some 
variable  should  not  be  used  in  deriving  consequences  of  assumptions 
in  which  this  variable  occurs.  (For  a  more  precise  statement,  see  (*) 
on  page  87.  J  the1*  two  kinds  of  inference  which  remain"  to  be  con- 
sidered are  of  this  kind.  , 

The  first  has  to  do  with  universal  generalizations  and  we  shall  again 
consider  the  sentences:  v 

a  +  0     a    and:   V/y  +  0  =  x 

When  we  use  the  first  of  these  as  an  assertion  we  mean  to  say  that,  no 
matter  what  number  we  choose,  the  result  of  adding  '0  to  it  is  tjie  num- 
ber itself.  But,  this  is,  precisely  what  the  second  Sentence  says.  So,  m 
u*hen  the  first  is  used  as  an  assertion  it  implies  the  second.  [On  the. 
otheV  hand,  if  we  started  a  proof  by  saying  'Suppose  that  a  +  0  =  a/ 
it  would  -certainly  not  be  reasonable  to  continue  with  'It  follows  that 
Vx  x  +  0  x.'  The  use  of  a  -f  0  a'  as  an  assumption  would  merely 
give  notice  that  we  intended  to  ignore  any  values  of 'a'  which  do  not 
satisfy  this  equation.)  So,  in  case  %a  +  0  -  a  is  used  as  an  assertion 
the  inference:  ^  ' 

'   a  ±  0  =  a 

AfTx  +  0  f  x  :  *\ 

is  valid.  Similar  considerations  apply  to  any  general  instance  of  any 
universal,  generalization:  I 

Any  sentence  which  is  used  to  make  ap  assertion  about  all 
values  of  some  variable  implies  any  universal  generalization 
of  itself  with  respect  to  this  variable. 
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More  simply  p\it: 


AND  INDEPENDENCE 

A    •  •  -  / 


Any  inference  of  the  form: 
V,Fx 

is  valid,  provided  that  its  premiss 
'is  used  as  an  assertion  about  all 
values  of  the  indicated  variable. 


I  As  remarked  on  page  .242,  in  applying  this  jrule,  V  can  be  replaced 
by  any  variable  and  V  by  any  index  which  refers  to  the  domain  of 
that  variable.] 

To  illustrate  the  use  of  this  new  rule  let's  c*o;isider  again  the  sen- 
tences: , 

(a)  a*  =  t>  — A  +  a  ^  A  +  b     (a')  a^6-**VvX+a-X  +  6 

of  Exercise  4  on  page  244.  In  tKat  exercise  you  used  our  first  rule  for 
universal  generalizations  tofderive  (a)  from  (a').  Now  we  can  use  our 
new  rule  to  derive  (a' J  from  (a).  Here's  how:  .  '  /  r 

a  =V  a  -=  b  a—- *  A  +  a  =  A  +  ~V 

^Tf  "  


+.  a  =  A  + 


a '  =  b  *****  Vy  X  4-  a     X  -f? 

We  need  the  new  rule;  to  tell  us  that  the  middle  one  of  the  three  infer- 
ences is  valid.  According  to  the  rule,  this  inference  is  valid  provided 
that  its  premiss  fA+a  A  ■+  bf  is  used  as  an  alkertion  about  all 
Values  of  '.4'.  To  see  whether  this  is^the  case^we  must  look  at  the  sen- 
tences from  which  we  derived  'A  +  a  -  A  +  k  These  sentences  are  the 
two  premisses  of  the  derivation  and,  of  these,  only  the  second  one  con- 
tains %A\  Since  we  have  not  used  this  premiss  as  an  assumption,, we 
are  using  it  to  make  an  assertion  about  all  values  of  *A$  and,  so,  the 
same  Is  "true  of  %A  +  a  ~  A  +1?.  Put  in  another  way,  since  the  first 
premiss  of  the  derivation  'a  =  6'  does  not  contain  the  variable  'A*  which 
has  been  "generalized  on"  in  the  second  inference,  we  are' justified  in 
treating  this  premiss  as  an  assumption  and  in  discharging  it  when,^ 
at  the  end  of  the  proof,jwe  us!  the^deduction  rule.  In  contrast,  since* 
the  second  premiss  *a  =  b  — ^.  A  +  a  =  A  +  6'  does  contain  the  variable 
A',  we  would  not  be  justified  to  treat  it  as  an  assumption,  and  to  dis- 
charge it,  once  the  variable  *Af  has  been  generalized  on. 


•  ■ 
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For  comparison,  let's  consider  the  derivation  of  (a)  form  (a' ):  | 
,a  =  6    a*  -  ft*— »Vt  A'  +  aV  A'  4  6* 


This  is  much  like  the  derivation  weliave  just  given  of  la' J  from  (a). 
The  difference  is  that  the  middle  inference  is  to  be  justified  by  our 
first  rule  for  universal  liberalizations,  rather  than  by  the  second. 
Since  this  first  rule  is  not  restricted  as  the  second  one  is,  the  justifica- 
tion of  the  inference  requires  us  only  to  note  that  its  conclusion  is, 
indeed,  an  instance  of  its  premiss. 

The  point  which  has  been  brought  out  in  connection  with  these  two- 
derivations  can  be  seen  very  simply  by  considering  the  following  two 
derivations;  ,  . 

V,  Fx  Fa  ' 

'  Fa       .  vTFx  I 

*  J-  _-     *    .  ■ 


Vx  Fx  — *  Fa         Fa  ■=-*  V  Fx 


Each  of  these  "claims"  that  its  conclusion  is  valid.  In  the  case  of  the 
-  first  derivation  the  claim  is  Wined;  in  the  ease  of  the  second  it  is-rwt^ 
For  the  first  inference  in  thejecond  derivation  to  be  valid;  its  premiss 
'Fa'  must  be  taken  as  an  assertion  about  all'values  of '-a'.  So,  it  cannot 
be  taken  as  an  assumption  and  discharged,  as  indicated,  on  the  author- 
t  ity  of  the  deduction  rule.  In  short  [in  the  second  derivation],  either  the 
first  in  ferine/  is  invalid  or  the  deduction  rule  has  been  improperly 
applied.  lit  either  case  the  derivation  is.  invalidAThia  is  fortunate.  For, 
if  derivations,  of  this  kind  were  valid,  we' could  prove,  for  example, 
>  'a  =  0  — *  V,  x  -  0'.  From  this  and  '0  =  ()'  we  could  deduce  Vx  x  =  0'!} 
If  you  study  the  discussion  on  page  244  of  the  derivation  of  fa')  from 
4  (a)  you  will  see  that  what  this  derivation  illustrates  is  that  any  in- 
ference of  the  form:  *  .  /> 

P  —>Fa 

p  —  V,  Fx  • 

is  valid  provided  that  its  premiss  is  taken  as  an  assertion  about  ail 
values  of  the  Indicated  variable  and  provided  that  this  variable  does 
J  not  occur  in  the  sentence  which  is  taken  for  y. "[Recall  that  in  the 
derivation  of  (a')  from  (a)'it  was  important  that.'^'  did  not  occur  in 
'a  =  b\] 
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Pages  2^  through  247  contain  some  of  our  basic  rules  concerning 
universally  and  existentially  quantified  sentences.    Students  probably 
should  not  be  left  to  their  own  devices  to  read  this  material.  Rather, 
reading  and  discussion  should  be  done  it)  class. 

*    *    *  '  \^ 

An  intuitive  test 'for  whether  a  valid  inference  does'c/r  k^es  not  ' 
block -a  variable  consists  in  substituting  for  the  variableTi« -question  in 
both  the  prerrV^sses  and  conclusion  of  the  inference.    If(  for  some  sub- 
stitution, the  resulting  inference  is  invalid  then  the  given  inference  is 
of  the  first  kind;   otherwise  it  is  of  the  secondJwndt    For  example,  .a 
typical  substitution  inference:       N  * 

*  arb  -bfa 


1  f  b  =  b  +  1 

is  of  the  first  kind  because,   for,  ^example ,  the  inference* 

Z  t  b  -  bU 

S  I  +  b  =  b  +  1 

obtained  by  substituting  'V   for  'a'  is  invalid,    On  the  gther  hand,  a 
modus  ponens  inference  such  as: 

a  *  0        a  #  0  =>  [aa  =  3  =>  a  6] 

•  %    '  •  aa  =  $         ?  ^  S      "~  , 

is  of  the  second  kind  since  the  result  of  any  Substitution  for  va*   or  for 
'af   is  again  a  modus  ponens  inference  and,  so,   is  valid,    [This  tc»t  is, 
of  course,  purely  intuitive,    Its  only  use  is  in  motivating  our  choice  as 
to  which  rules  must  be  encumbered  by  provisos  like  that  in  the  boxed 
statement  on  page  *245  of  the  substitution  rule.  ]  -  • 

*  As  noted  in  the  text,  the  distinction  discussed  in  the  preceding 
paragraph  is  vital  for  proper  usfe  of  the  deduction  rule. 

s 

Up  to  now,  the  only  basic  inferences  *>f^t he  first  kind  are  substitu- 
tion inferences^    These  together  with  the  two  new  kinds  of  inference 
about  to  be  introduced  are  the  only  inferences  of  the1  first  kind  which  will 
be  taken  as  basic  in  oui*.development  of  logic.    There  will,  however,  be 
'other  inferences  of  this  kind  among  those  whos^  justifying  schemes  con- 
tain basic  inferences  of  one  or  piore  of  the  three  types  just  mentioned. 
[For  ekamples,   see  Exercises  I  and  2  of  Part  C  on  page  251",]* 

The  most  immediate  effect  of  provisos  such  as  that  included  in4he  - 
substitution  rule  is  illustrated  by  the  fact  that  although,  for  example: 

a  +  b  2  b  +  a  * 
*      '  1  +  b .  =  b  +  1 

is  a  valid  inference,  it  does  not  [fortunately]  follow  that-  ■ 

a  +  b  =  b  +  a          1  +  b  =  b  +  1 

is  a  valid  sentence.    ["  Fortunately"  because. if  the  sentence  in  ques- 
tion were  valid  then  so  would  be  *b  +  b  =  bib  1  +      =  b  +  T  and, 
with  it,  *1  +  bf  b  +  1\    Although  I  rue,  f  the  last  is  certainly  not  valid/ 
The  validity  of  the  inference  shows  that  the  truth  of  *1  +  b*=  vb  +  V 
follows  from  that  of  the  com  mutative^  rinciple  for  addition;   but  the' 
truth  of  .  '1  +  b  -  b*  +  I'  is  evidently  not  merely  a  co'nsequesicji  of 
logical  principles,  ]   A  more  striking  ^xarpple  is  given  on  page  247:  { 


*         4  , 
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Exercises  * 

« 

*  ,  ■* 

1.  In  which  of  the  following  arguments  ts  the  conclusion  a  valid  one. 

Why '  .  .  .  * 

(i)  Suppose  that  for  earh  translation  .v*  A     a*    /I.  It  follows', 
;        in  particular,  that  .1  +  */     .1.  Mqjux*  if,  for  each  \\  A  +■  .v 
.  A  then  /I  4  u     A.  • 
(h)  Si^)jHwe  that      >  «'  #  A:  It  follows  that,  for  each  f^v 
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A.  Hence^if  A         -  .-\  then,  for  .each  .v.  ,4  f  x  ^-  A. 
2.  In  each  part,  you  are  giyen  an  inference  of  the  following  form; 

p  —  V ,  fx 

You  ai;e  to  divide,  in  each  case,  whether 'or  not  the  inference  is 
valid,  and  U>  give  a  reason 'for  your  decision. 

(a)  A  +■  «*-  :4  ^  h—*a-*h 

•  *  ■ '  '        '•'  ~  ■  ■  ■«  * 

.4  ♦  c  ■•■  .4  *b  ft  ™»  Vvi  --  ft 

(b)  a*  ■  ft'  —  .4  4  </    A  +  ft 

ci  -  ft*  — •      \  f  V  ----  X  f  ft' 
U-)  A     H        A  ♦  ft*    ft  +  /?' 
"  A  -  /$        v;-.4  'i,  ,v  -  /J  +  .t 

(d)    .4  ♦  ft*  -  ii  t  b-*+A_-_B  ■ 

A  t  ft'  -  /i  ♦  "ft*  —  Vv  X  =  Zi 

^  \  *  — 

To  arrive  at' our  final  rule,  let's  consider  as  an  example  the  two 
sentences:  '  . 

A  +  (/-  A  f  h  -—*u  =  ft    and:    3Y  X  f  a"  -  X  +  V"— *  a  ^  ft* 

The  first  ofnMese  is, the  only  if-pari of  Theorem  2-2  and  [when  used 
as  ariVBk'rtion]  is  true.  It  tells  us  that 


tirst  of 


for  finy  point  w4,  if  A  has  the  same 
image  under  both  a  and  ft  then  a  is  ft! 
In  other  words. 

if  the/e  is  any  point  which  has  the  same 

im$ge  Under  both  a  and  ft  then  a  is  ft.  \^  ^ 

This  last  is  precisely  what  the  second  of  the  two  sentences  says.  This 
being  so,  the  inference:  (  / 


A  +  a  ~  A  ■+  ft 


^  =  ft 


J,  Jf  +  o  -  AT  +  6  —♦a  =  6 


.577 
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Note  that  corresponding  sentences  yf  the  form  Ta'  and  *VX  Fx' 
furnish  an  example  of  sentences;  which  are  not  equivalent- but  —  when 
the  font  tut  is  asserted  — -have  the  same  content.     [This  distinction  is 
discussed  on  TC  \$b{Z).  } 

Note  also  that  the  subsfitution  rule>  as  stated  on  pa£.t£  24  S  ,  can  be. 
derived  from  the  two  rules  for  universal  ge  utilizations  which  are 
given  on  pages  14  \    and  244  .    So,  the  substitution  rule*  need  bV  ta4<en  as 
a  primitive  rule  only  in  languages  which,,  like  that  used  in'  Chapters, 
I  -  S,  contain  variables  but  do  not  matfe  use  of  quantifiers  . 

f  ■  )  '. 

Inference*}  of  the  form  displayed  near  the  toot  of  the  page  can  be  : 

justified  by-the  scheme;:  ;  v 

«     %  VP  ~>  I*  a  * 


x 


V     Fx  '  j 

The  validity  of  the  second  inference  requires  that  its  premiss  be  taken 
as  an  assertion  about  all  values  of  *a'.    For  this  to  be  the  case,  the 
premiss  *p  =^  Fa*   must  bt**ta,ken  as  such  an  assertion.    Also,  *p' 
must  be  taken  as  such  an  assertion  if  'a'    occurs  in  *'p\    In  this  case, 
however,  1  p1  could  not  be  dischar^d  as  indicated,    Hence,  for  the,.  * 
validity  of  the  "total* schjc me  we  mustNs^uire  tha{  fa'   not  occur  in  its 
first  premiss  [p]  ar>d  that  its  second  pr>miss  Ue 'taken  as  an  assertion- 
about  all  values  of  'a'.  \ 


Answers  fbr  Exercises 

—  "   .  "\ 

1.  '    Argument  (i)  isjvyalid,  and  its  conclusion  is  a  valid  sentence.  [Of 
course,  neither  Argument  (i)  nor  its  conclusion's  interesting, 


since  the  assumption  'V->  A  -J  x  -   A'   i^,  not  s~a.fls.fied  by  any  point.] 


Argument  '(ii)  is  invalid  sifrce  ^he  first  inference  preclude  s  the  us/ 
made  of  the  deduction  rule .    The  conclusion*  of  the 'argument  is 
falsg  since  it,  together  with  the  theorem  *A  4'  §      A'  implies  the 
false  statement  A  +  x  =  'A1. 


Z#      (a)    invalid  (b)   valid       ?  fc)   valid  (d)  invalid 

Each  of  the  four  inferences  is  of  the'required  form,#Dnt  the  pro^ 
viso  that the  variable  which  is  generalized  in  the  consequent 
must  not  occur  in  the  antecedent*'  is  satisfied  only  in  the  case  of 
(b)  and  (c).  '  .  *  * 
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fthbuld  certainly  be  reekpned  as  valid  r  at  least -when  its  premise  is 
used  as 'an  assertion.  Similar  considerat  ions  apply -to  .similar  pairs  of 
sentences:        ;   ,  '        ■„  4    '  ,  \  % 


*        ♦  •» 

._.U?«.'t'  M  =  0, and  ufc^  t)  of  6  >  0))  : 
*       +      .  *~    *  

,^*««  f-  Oand'ta  *  Obr  v  *  0)V 
3A,(fv  '  A>  "  <)#  and  ix  /  0  Dr  y  *  ())) 


(a4  o lis  linear.lv- dependent* 

..     ..  .  .  . — _  _  — '  — , — 

a,  b)  is  linearly  dependent 

:   — ^    .'   —  - 

4a,  »Hs  linearly  dependent 


mix 


are  all  valid  inferences  if-their  premisses  are  taken  as  assertions.  |The 
last  inference  is  valid  -  if  its  premiss  is  asserted  -\>ven  though  its 
premiss  and  conclusion  are  txith  false.  Anyone  Vho  does  assert  the 
premiss  should,  then,  be  billing  to  accept  the  "Conclusion.]  In  general,*- 
any  inference  of  the  form: 


Fa  - 
3.  Fx 


q  ^ 


is  valid  provided  that  its  premiss  is  taken  as  an  assertion  about  all 
values  of. the  indicated  variable  and  provided  that  this  variable  does 
not  occur  in  the  sentence  which  is  taken  for  V- 1  Compare  this  with  the 
rule  stated  in  the  text  on  page  247.] 

The  intuitive  justification  of  this  rule  may  be  seen  Ifapre  clearly  if 
we  sta^s  it  in  a  slightly  different  jbut  equivalent]  form: 

t 

Any  inference  of  the  form:  .  .  * 


is- valid  provided  that  its  conditional  premiss  be  taken 
as  an  assertion  about  ail  values  of  the  indicated  vari- 
able, and  provided  that  this' variable  does  not  occur  in 
the  sentence  which -is  taken  for  'q'. 

[This  second  rule  follows  from  the  one  first  given  and  modus  ponens. 
The  "second  rule,  together  wjth  the  deduction  rule,  justifies  the  first 
rule.  1  This  second  form  of  the  rule  can  be  stated  intuitively  as  follows: 

In  case  we  know  that,  whatever  a  may  .be,  if  Fa  then  q  ' 
i  -     it  follows,  tn  case  there  is  an  x  such  that  Fx,  that  q.  ' 


T-Re 


labl 


eness  of  the  proviso-concerning  inflrenc«§  of  the 


Fa 


x, — p  

X 


—  .and  the  validity  of  such  infe  rences  subject, to  this  proviso  —  may  be 
argued  in 'the  following"  way Let's  choose  sentences  by  which  to  re-  . 
place  4  Fa'  and  'q'-,  and  consider  the  inference: 


Fa 


Fa 


If  we  substitute. for  'a',  throughout  this  inference  (ftft).  any  mineral 
we  cKoose,  the  resulting  inference  will  be  valid.,  *  Moreover,  if*a' 
does  not  occur  in  the  sentence  chosen  for  'q\  the  conclusion  of  the 
resulting  inference  will  be  the  same  no  matter  wha^  nume rai  we  choose 
to  substitute- for  'a';;    Should  we.be  fortunate  enough  to  find  a  substitux 
tlon  such  £hat  both  premisses  of  the  resulting  inference  are  acceptable 
then  we  would  be  justified  in  accepting  the  conclusion.    In  working 
toward  this  end,  our  task  will  be  ligjttened'co'nside rably  if  our  choic 
of  replacements  for  'Fa'  and  'q1  has  been  such  that  we  can  accept  the 
requiting    Fa  ==^3  q'  when  this  is  taken  as  an  assertion  about  all  values 
of  *a\    For,  in  this  case,  we  need-  only  . search  for  numbers  which* 
satisfy  the  sentence  chosen  far  1  fa.' ,    L£  we  are  successful"  in  finding  *-r  - 
such  a  number,  we  shall  be  justified  in. Accepting  the  conclusion  of  .  •* 

Now,  4n  such  circumstances  as  these,  any  grounds  we  may  have 
for  belieying  that  the*e«i|  a  number  which  satisfies  the  sentence  chosen 
for  *  Fa'-  are  equally  strong  grounds  fo*  believing^he  sentence  chosen 
for  'q\    But,  this  is  sufficient  intuitive  ground  f6r  agreeing  that  the 
inference :  , 


3  Fx 
x 


Fa 


is.valj^;^;  presuming  of  course  that  its  second  premiss  is  taken  as  an 
assertion  ra^put  all  values  of  'a',  and  that  4 a'  does  noVorcUr  in  its 
conclusion.    Since  *ar  certainly  dpes  not  occur  in  the  ^strpremiss  of  ' 
this  inference,  we  can  now  apply  the  deduction  rule*  to  show  that  (#)  is 
valid  —  subject  of  course,  to  the  conditions  just  stated, 

-  It  is-ftot  strictly,  necessary  to  show  that  the  limitations  imposed  qn 
the  validity  of  infer  rences  of  the  form  (fc)  are  unavoidable.  £till,  doing 
Bo  has  a  certain  independent  interest.  If  'a'  is  allowed  to  occur  in  the 
replacement  for  'q*  then  inferences  of  the  form: 


•Fa 


Fa 


3  Fx 
x 


Fa 


come  into  question.  If  such  inferences  were  valid  then  so  would  be 
sentences  of  the  form:  ' 


3x  Fx  =>  Fa 


The  same  result  would  ensue  if  it  were  permissible  to' frreat  the  pre* 
miss  of  a  (& )-type  inference  as  an  assumption: 

1  .     .       ■ .  * 
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Fa 


.  3  Fx 


[Fa 


[3X  F* 


Fa 


Fa  - 


Fa 


[3  Fx 

1   x  > 


Fa] 


3  Fx 
x 

If*  now.  in  we*  choose  a 

sentence ; 


3  x 

x 


0 


>  Fa 

for  *  Fa' , 

>  a  ^  0' 


(Subst) 


it  would  follow  that  the 


is  valid,'    Since  the  antecedent  of  this  is  a  consequence  of  the  valid  sen- 
tence *0  =   0*   it  would  then  follow  that,  ka    ■  0'   is  valid.    So,  if  either 
part  of  the  proviso  concerning  (tV)  Were  deleted,  we  should  be  able  to 
prove.  —  by  "  logic1 '  alone  —  that  trie  re  are  no  nurfibers  other  than 
zero!    Such  a      logic"  would,,  of  course,  be  unacceptable.  * 

The  equivalence  of  the  boxe'd  rule  with  that  stated  previously  is 
easy  to  show: 


Fa.- 


Fx 


Fa 


Fx 


Fx 


q  3     Fx         q  *  »  - 

The  application  of  the  Reduction  rul*e  in  the  second  scheme  is  justified 
by  the  fact  that,   although  the  second  premiss  of  the  scheme  must  be 
taken  as  an  assertion  about  all  values  of  'a*,  *al  does  not  occur  in  the 
first  premiss  —  and  it  is  this  premiss  which  is  discharged,  by  the 
application  of  the  deduction  rule.  *  , 

With  the  four  rules  for  quantifiers,  wte  have  completed  the  list  of  , 
basic  rules  of  the  logic  of  sentence  connectives  and  quantifiers.    If,  as 
is  oft^n  done,   set-theory  is  taken  to  be  a  part  of  logic  then  there  are 
other  rules  of  logic.    Of  these  we  cite  only  two.    The  first  serves  as 
a  definition  of  brace  notation:  * 


Any  sentence  of  the  form: 

a  €  {x;    Fx}  <=>  Fa 
is  valid. 
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The  second. is  a?  form  of  the  principle  of  extensionaMty: 
»-  —  —  ^  *  - 


Any  inference  of  .the,  fo'rrh: 


a  C  S 


a  €  T 


is  valid  provided  that  its  premiss 
is  taken  as  an  assertion  about  all 
values  of  a\ 


Here,    'S'  and  1 T*  are  to  be  understood  as  variables  vhose  values  are 
subsets  of  the  domain  of  the  variable  'a'.    A  more  usual  and  clearly 
equivalent  [but  less  convenient]  form  of  the  principle  of  extensionality 


Any  sentence  of  the  form:- 
Vx  [x  €  S  <=>x  €  T]  =>  T 
is  valid. 
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Although  we  have,  in  our  discussion  of  generalization  sentences, 
arrived  at  a  nu'mber  of  different-appearing  rules,  all  follow  easily  from 
four  .of  them  by  using  modus  ponens  or  the  deduction  rule.  -Here  are 
the  four  rules  which  we  shall"  take  as  basic:  *  .    »  ^ 

An  inference  of  any\of4he  following  forAis'is  valid1  1 
V  Vx  '     '        ^  '  -  *  k 


_  X  _ 

.  ft " 

Fli 
V~Fx 
3'  Fx  Fa 


I1 
3.  Fx 


[Elimination  rule  for  V,  (EV)j 
[Introduction  rule  for  V,  (IV) j 
(Elimination  rule  for  lE3)1 
(Introduction  rule  for  V,  (.13) j 


In  the  (Iy)  and  (E3)  inferences  the  premiss  in  which  the  indi- 
cated variable  occurs  must  be  taken  as  an  assertion  about  all 
values  of  this  variable.  Also,  in  (E3)  this  variable  must  not 
occur  in  the  sentence  taken  for  '</'.  '  . 

Exercises  < 
Part  A  >> 

1.  Using  the  elimination  rule  for  V  and  the  deduction  rule  it  is  easy 
to  show  that  the  sentence  \t*A  +  V  -  B  f  x  — •  A  4-  c  -  B  +  P  is 


valid.  Do  so. 


V 


2.  Now,  show  that  any  sentence  of  the  form  V,  Fx  — •  F/'  is  valid. 
I  Your  derivation  in  Exercise  1  may  suggest  a  way  to  proceed.] 
•   3-  Using  the  result  of  Exercise  2  and  modus  ponens  it  is  easy  to  justify 
the  elimination  zule  far  V.  Do  so.  «  • 

f      4.  As  in  Exercises  2  $nd  3,  relate  the  introductior^rule  for  *$  to  the 
«y  validity  of. sentences  of  the  fonyi  7*7  — *  3  Fx'. 

-    /  _  ■  ' 

pai:tB 

1.  Making  u§e  of  mocfus  ponens,  the  elimination  rule  for  V,  and  the* 
.  *         '  deduction  rule,  show  that  the  inference: 

-t  — S-  =S  •  =s — 1  1  — r— 

C  +  a=  C  +  b~-*P  +  a^P  +  b 


.  V 


is  valid.  [Hint:  Since  the  conclusion  of  the  given  inference  is  a  con-' 
tiitional  sentence,  begin  'by 'adapting  the  antecedent  of  this  sen- 
tence as  an  assumption.] 
2.  Now,  show  that  any  inference  of  the. form: 


p  —*Ft 


5o^ 


Answers  for  Part  A 
1. 
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*   •  t 


V-  A  ,4  x  =         x  * 

X 


f 

2. 


.  A  +  a  ^   B  4-  a 


V 

x  (EV) 

Ft    -  , 


V-  ■  Fx 
x 


Ft 


[•      indicates  that,  •  assuming  the 
result  of  Exerei.se  Z,  the  indicated 
premiss  is  a  valid  sentence,  ] 


{Fxerc^s  Z  and   3  show  that,  given  the  deduction  rule  and  modus 
ponens,  it  makes  no  difference  whether  we  choose  to  consider  (EV) 
or  the  rule  justified  in^xercise.  Z        our  basic  elimination  rule  for 


4. 


Ft 


3*  Fx 

x 


(35 


Ft 


3  .  Fx 
x 


Ft  3  Fx 
 I  ■  x 

'.     .3 "*  -Fx 
x 


Answers  for  Part  B 


1 


C  +  a  =  C  4-  b 


O  +  a  =  C  f  S  ^r> 


X  f  a       X  it  £ 


Vx  X  +  a 


X  +  S 


P  +  a 


P  +  b 


(EV) 


P 


C  +  a  =   C  +  b 


V  Fx 
x 


P  +.  a  =  P  +  £ 


V  Fx 
x 

Ft 


;ev) 
-  # 
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Vx  Fx 


V  Fx 
x 


Ft 


[Ex.  2] 


4.  Ft 

—  r  (3) 

,  3„  Fx  3  Fx 


3    Fx  ^=>3„  Fx    [by  pre- 

2*  X  a  a 

—          —  —  ceding 

Ft        Ft         3x  Fx  scheme] 


Ft 


3x 


Si 


V 
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•  »  .       .  .  ^ 

;»     »  4  i*  valid.  |Ybfl£  derivation  in  Exercise  1  should  suggest.  a\vay  to 

.  '  proceed.)  1 

£  •  3.  The  elimination  rule  for  V\can  bt»  justified  if  one  assume&that  in- 

*     ferences  of  the  Wind  treaty  in  Exercise  2  ar^>  valid.^Show  how, 
r  *      [Hint:  In  Exercise  2,  replace  *p  hy  V  Fx  and  recall  Exercise  2  of 

Y    '  Part* A,  |.     ,  ?  ,  .  % 

/   f  A  As  mfKxer.eises  2  and  3,  rfclate  tfr'e  introduction  rule -for?  with  the 

validity  of*  inft»rences  of  the  form; 


Part  C 


1,  As  pointed  out  in  the  text,  the  elimination  rule  for  ?  can  be  re- 
stated by  saying  that  any  inference  of  the  form: 


is  valid  provided  that  its  premiss  is  taken  as  an  assertion  about  all 
values  <>f  the  indicated  variable  and  provided  that  this  variable 
does  not  occur  in  the  sentence  \yhich  is  taken  for  V/\  Show  that 
either  form  of  the  elimination  rule  for  fT  can  be  justified'  on  the 
basis  pf  the  other  and  either«modu&  ponens  or  the  deduction  rule. 

2.  The  introduction  rule  for  V  can  be  used  to  justify  the  rule: 

inference  of  the  form:  *  ■ 

p  — *  Fa 

p  »»  y  px 

r  *r 

is  valid  provided  that  its  premiss  is  taken  as  an  asser- 
tion about  all  values  of  the  indicated  variable  and  pro-, 
yided  that  this  variable  does  not  occur  in  the  sentence 
taken  for  '//. 

Do  this.  [Hmt:  Use  three  inferences-- friodus  ponens,  the  introduc- 
tion rule  for  V\  and  the  deduction  rule.  Explain  why  the  provisions 
stated  in  the  rule  are  needed.) 

3.  The  rule  you  justified  in  Exercise  2  can,  alternatively,  be  used  in 
justifying  the  introduction  rule  for  V\  Do  go.  [Hint:  In  preparation 
for  using  an  inference  of  the  kind  described  in  Exercise  2,  begin 
with  ^  conditionalising  inference: 

'  "',  * 

•      #     '  Fa       '  ■ 


•    •  p  — *  Fa 

Supposing  that  the  sentence  chosen  to  replace  !p*  does  not  corftain 
the  indicated  variable,  you  can  now  add  an  Werence  of  the  kind 


ERIC 
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f  .  *  * 

*  •  «. 

[Summary.    The  elimination  r^le  for    V'  can  be  stated  in  any  of  three 
equivalent  forms  depending  on  whe^he^&e  take  as  basic  the  validity  of; 

V    Fx  \  p         V    Fx  ^ 

.   =>  Ft,     or:   *   r 

F*\  \  #<P  — >  Ft  ^  . 

Similarly,  the  introduction  ruU1  tor  '3'   can  he  stated  in  terms  of  the 
validity  of:  2t  ■  . 

Ft  4  ^    "!Fx  =>  q    '  * 

.    '         ■  — ,      Ft  =*3   -Fx,     or:     —  :   '    '  - 

3X   Fx      *  X     '  Ft  =*q  * 

Note  that  none  of  these  six  rules  requires  any  restriction  as  to  pre- 
mffeseS  being  taken  as  assertions  or  to  the  occurrence  or  nonoccurence 
of  variables.  ] 


Answers  forVart  C 
1,  '  3     Fx  Fa 


3     Fx  =>  q 
x  ^ 


Fa  q 

(E3)    ,   ,(*) 

3V  Fx         3  Fx 

X  x 


p        p  =s>  Fa  Since^  ,for  the  second  inference  to  be  valid, 

,  : —  its  premiss  must  be  taken  as  an  assertion 

Fa  about  all  vajues  of  'a'  ,  the  second  premiss 

W)  of  the  derivation  must  also  be  taken  as  such 

Fx  an  assertion.    So,  by  the  proviso  to  the 

"7  *  deduction  rule,'  4 a'  may  not  occur  in  the 

P  Fx  first  premiss  of  the  derivation  if  this  is,  as 

V  indicated,  to  be  treated  as  an  assumption. 


^  This  scheme  justifies  inferences  of 
 *  form: 

"^-^  <Ex,  2}  /»  ^ 

>  =^  V    Fx  *f  w  -  "    -  ^ 
 x  V  Fx 


x 

^x  Fx       ^  supposing  that  *4a'  does  not  occur 

,  *  ,in'the  first  premiss  and  that  the 

second  premiss  is  taken  as  an  assertion  about  all  values  of  'a\ 

Choosing  for  'p'  the  sentence  1  Vx  x  -  x*  or  any  other  valid 

sentence  in  which  4  a'  does  not  occur,  we  obtain  a  justification 
of"  W).  \  - 

[Summary,  The  introduction  rule  for  'V*  can  be  stated  in  either  of  two 
equivalent  forms  depending  on  whether  we  take  as  basic  the  validity  of: 

, '         ,  Fa  p  =>  Fa        ':  i. 

 :     or:  1  * 

In  either  case,  the  premiss  must  be  taken  as  an  assertion  about  all 
values  of  "'a'  and,  in  the  second  case,  4 a4  rn^ust  not  occur  in \the  sen- 
tence, taken  for  4p'*]  .  \  , 


Son 
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described  in  Exercise -8.  Supposing  that  the  sentence  chosen  to 
replace      Ls  a  valid  sentence,  you  can  complete  the  jgb  of  showing 
that  V;.  Fx*  is  a  consequence  of  'Fa  -  provided,  of  cqurse,  that  'Fa* 
.  *  •        is  taken  as  an  assvrtiqri  about  all  values  of  la*.  I 

Part  D 

•  Consider  the  sentence  'a  -fh  ^  h  ¥  a.  ^inp  this  is  one  of  our  postu-" 

hites,  we  intend  to  use  it  as  an  assertion  about  all  values  of  V  and  *h\ 
This  being  so<  we  may  apply  the  introduction  rule  for  V  in  either  of 
two  ways,  depending  on  which  of  the  two  variables  we  choose  to  gen- 
eralize with  respect  ta'Eaeh  of  the  inferences:  > 

y»a  +  }[  ~  .v  +  a       Vx  x  f  h  -  h  +  x 

is  valid.  Clearly,  we  should  be  prepared  to  accept  the  conelusion'of  < 
either  of  these  inferences  as  an  assertion  about  all  ValiteS  of  the  vari-^ 
able  -V  or  7>'-  which  ixx'urs  iqjit.  So,  we  may  apply  the  introduction 
rule  for  V  again: 

vy  «  f     =  y  4  a         Vr  x  +  6  =v/>  +  a 

As  this  illustrates,  given  any  theorem  we  may  infer  from  it  a  sentence 
obtained  by  universally  generalizing  <vith  respect  to  each  of  as  many 
of  the  valuables  in  it  as  we  wish,  doing  so  in  any  order.  From  such  a  ' 
''multiple  universal  generalization"  we  may  get  back  to  the  given 
sentence  by  usinfc  the  elimination  rule  for  V  as  many  times  as  is 
needed  to  "strip  off"  the  universal  quantifiers. 

To  make  it  easy  to  discusl  situations  involving  several  quantifiers 
we  need  to  extend  our1  notation  by  agreeing  to  use  expressions  .like 
'Fah\  'Gabc\  etc.  as  place-holders  for  sentences  which  contain  two  or 
mare  variables  which  we -wish  to  take  note  of  For  example,  we  might 
In  apply i rig  a  rule,  replace  'Fab'  by 'd  +  h  =  b  +  a\  If  we  did  then  we 
V  ■  should  be  prepared  to  replac^  Vx  Fax'  by  a  +  x  =  x  +  a\  etc.  The 
inferences  displayed  abovtHllustrate  {when  tacked  together,  two- by 
two)  tRe  schemes:  (  *      .'"  „ 

i  .  '  ■  '  * 

m        \  V  v  Fay    ,and;     Vx  Fxh 

The  following  scheme,  which  involves  both  -basic  kinds  of  inference 
for  universal  generalization^  shows  that  the  order  in  whiqh  Vk  are 
"attached"  doesn't  matter.  ,  * 

ERjc  ■    '  -    ;  \. ;         vti.. .. 
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Answers  for  Part  D 
*1.     VV  Fxy 

V     FSy  , 

y  * 

2.  Fab  is  taken  as  an  assertion  about  ail  values  of  'a'   and  *b* 

3.  '    Fat  U 


3  Fay 
 Y.  

3     3  Fxy 

x      y  7 


Fab' 


3  Fay 


Fab 


or; 


3v3v  3  Fay 


3x3y^V      3x3v^Y=^  ^  ^  -<E3> 

q 


The  "preamble'/  to  the  preceding  exercises  can  be  expended 
slightly  to  show  that  any  sentence  of  the  form: 

VV    Fxy  V  V  Fxy 

Jf  x   y         7  y  x         1  • 

is  yafid.    Recalling  from  page  Z42  that  statements  about  validity  like 
the  preceding  one  are  to  be  interpreted  as  applying  for  any  choice  of 
indices  and  variables,  it  is  clear  that  the  converse  of  a  sentence  of  the 
form  in  question  is  a  sentence^  of  the  same  form-    So,  the  *'*=^  can 
immediate ly.be  replaced  by  a "<=>\    Similarly,  Exercise  4,  with 
'3y  =x  Fxy'  fQr  *q%*  can  be  extended  to  show  that  any  sentence  of  the 
form  •  ^ 

3x  3y  Fxy  3y  3^  Fxy 

ia  valfd.    And,  again,  the  •  may,  without  further  argument,  be 

replaced  by  a  — >\  t 


These  results  on  the  permutability  of  14like  quantifiers"  suggest 
making  comparisons  between  sentences  of  the  forms: 

3^  Vy  Fxy    and:    Vy  3x  Fxy  . 
As  examples,  consider  the  pair; 

U)   3X  V    y  +  x  =  y.«*.  (2)  '  V    3^  y  +  x  =  y 

*  •  •'  y     x  *  '  f 

and  the  paixj. 

(3)  3X  Vy  y-f  x  =,  0    .  W   V   3  y+x=0 

*  j  y '  x 

Sentence  (1)  is  a  consequence  of  'a  +  0  =  a'  [if  this  sentence  ia  taken 
as  an  assertion];  - 

a+0=a  ^ 


yv  +  0  =  y 


3X  Vy  y  +  x.  = 


(13) 


5SS 


0 
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v"~Fay  Elimination  rule  for  V 
V x  Fxh    Introduction  rule  for  V 


VyVT  Fxy 


\.  It  has  essentially  been  shown  in  the  preceding  discussion  that,  on 
the  basis  of  the  ruly*  collected  on  page  250,  any  inference  of  the 

^y_Fxy  / 
Fst 

is  valid.  To  test  your  understanding,  give  a  scheme  for  showing 
that  this  is  the  ease.  # 

&  One  of  the  schemes  given  above  shows  that  any  inference  of  the 
form: 

Fah 

V^>^y  C 

is  va^d  provided  that  ,  .  .  .  {Complete.] 

3.  Use  the  introduction  rule  for     to  show  that  any  inference  of  the 
form: 

I 

__Fsl 

is  valid;  \ 

4.  Show  th^t  any  inference  of  the  form: 

s       •  3^.  3y  Fxy   Fah     ♦  q  ■ 

 {  —  -• 


is  vali4  provided  that  its  conditional  premiss  is  taken' as  an  asser- 
tion about      values  of  both  the  indicated  variables  and  provided 
that  neither  of  these  variables  occurs  in  the  sentence  which  is 
A  .  taken  for  *q\  [Hint:  Begin  by  using  two  inferences  of  type  (*)  in 
•  Exercise  1  of  Part  C  J 

Exercises  1  through  4  may  be  summarized  by  saying  that  blocks  of 
quantifiers  of  the  same  kind  [all  Vs  or  all  *3's]  can  be  handled  just  like 
single  quantifiers.  For,  as  the  exercises  show,  such  blocks  satisfy  rules 
which  are  entirely  analogous  to  the  four  basic  rules  for  single 
quantifiers. 

.531) 


TC.  252,25?  (2) 


Sentence  (4)  is  a  cpnsequence  of  'a  +  -a  -  0'  [if*this  is  taken  as  an 
assertionji      *  * 

-  *  „         *a  +  -a  -  0    •  ■  *  . 

—  (13) 

■%  3  1  a  +  x  =  0   -  J 


V  B    y  +  x 

J  ,  ■     y     x  7,  .  . 

Sequences   (1)  and  (4)  are,  then,  theorems.    They  say  pretty  much 
what  is  said  by  the  PA0  and  the  IPO,  respectively,  when  the  latter  are 
[as  postulates  are]  taken  as  assertions.    The  only  difference  is  that 
(1)  does  not  make  available  to  us  the  numeral  '0*   and  (4)  does  not 
make  available  the  operator  *—  \    What  (1)  says  is  that-there  is  some 
"[unspecified]  number  which  may,  14 without  effect* \,  be  added  to  any 
number  one  chooses.    What  (I)  says  is  much  less  —  given  any  num- 
ber, the/e  is  some  [unspecified]  number  which  may,  again  without 
effeol^be  added  to  the  given  number.    The  difference  is  that,  as  far 
as  ^Hfcs  concerned,  different  numbers  may  1  *  have  different  zeros". 
The  difference  between  (3)  and  (4)  ife  similar.    According  to  (4), 
each  number  has  an  opposite  and  different  numbers  may  have  different 
opposites  —  as,- indeed,  they  do.    According  to  (3).  there  is  some 
number  which  will  do  equally  well  as  an  opposite  of  any  number.  Since 

(3)  is  false  and  (4)  is  true  it  follows  that  (3)  is  not  a  consequence  of 

(4)  .    So,  generally,   a  sentence  of  the  form; 

3     V  Fxy 

is  not  a  consequence  of  the  corresponding  sentence  of  the  form: 

■J  *y3x**Y 
More  succinctly,  not  all  sentences  of  the  fqrm: 

V    3     Fxy  =>  3     V  Fxy 

y     x       7  ,  x     y  7 

are  valid,    [As  is  usual  in  similar  cases,  only  1  'uninteresting' *  'sen- 
tences of  this  form  aj-e  valici.  ]   On  the  other  hand: 

Any  sentence  of  the  form; 

3    V    Fxy  ==>  V    3  Fxy 

x     y       7  y  •  x  7 

is  valid.  , 
This  rule  is  justified  by  the  scheme:         '  jv 


V  Fay 


EV) 


Fab 

't  m) 


3  .  Fxb 

(IV) 


V    3  Fxy 
V     *  •—  * 


S 


3     V    Fxy        V    Fay         V    3  Fxy 
3x  Fxy 


'.  ,599 
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£.08  Using  Quantifiers  in  Proofs 

You  Tiam. seen. that  in  order  to  explain  the  notions  of  linear  de- 
pendence anji  l#ear  independence  it  fs  necessary  to  use  the  ideas  ex- 
pressed by  tBe  words'  each;  and  there  exists'.  We  have  chosen  to  use 
the  quantifiers  V  and  *3'  to  express  these  ideas.  To  make  use  of  the. 
notions  of  linear  dependence  and  independence  one  needs  to  know  how 
to  deal  wjth  universal  and  existential  generalizations,  however  they 
may  be  expressed.  The  easiest  way*to  learn  this  is  to  discover  the  rules 
for  eliminating  and  introducing  quantifiers  and  theh  to  see  how  these 
rules  can  be  used,  in  proving  theorems.  As  in  the  case  of  other  tech-' 
niques  of  proof,  once  you  have  learned  how  to  use  the  rules  you  can 
usually  see  whay§  do  without  bothering  to  make  formal  use  of  them. 
If,  sometimes,  you  can't  then  you  still  have  the  rules  to  fall  back  on. 
[This  is  something^ike  learning  to  find  sums  of  whole  numbers.  Once, 
you  may  have  counted  on  your  fingers  to  find  that  3 '+  5  is  8,  You  prob- 
ably don't  do  this  now  but,  if  you  frrgot  the  sum  of  3  and  5,  you  still 
have  your  fingers  for  a  last  resort.]* 

As  a  first  illustration,  let's  consider  the  proof  of  the  only  if-part  of 
Theorem; &- 7.  To  simplify  matters  we  shall  consider  th^e  case  n  =  2: 

t 

*  --  -♦  -  —  * 

(a,  6)  is  not  linearly  dependent  ' 

1«  +  by     0 — ►  <x  =  0  and  y  =  0)J  • 

In  this  case  the  proof  given  on  page  227  goes  as  follows: 

Suppose  that  (a,  b)  is  not  linearly  dependent.  Suppose!  also,  that 
a  and  h  are  a.ny  nufnbers  such  that 

(1)  '  ■         aa  +  bb  =  b!     r."  ^ 

jit  follows  from^p  that  '*•'.'• 

'if  not  (a  =  0  and  7><^=  0)  then  {da  +  66  =  0*  and  not  {a  =  0 


and  6  -  0)). 


So  [by  the  introduction  rule  for  J] 

if  not  (a  =  0  and  6  =  0)  then  3^  ( ax .+  Ty  =  cf  and  not  ix  =*  0 
*  ;  .  andy  =  0)). 

By  Definition  6-2  it  follows  "that 

if  not  (a  =  0  and  6  =  0)  then  (a,  "6)  is  linearly  dependent. 


(     TC  252,253  (3). 

Note  that  the  use  of  the  deduction  rule  is  permissible' in  spi'te  of  the 
previous  use  of  (IV)  because  the  Variable  *'b*  does  not  occur  in  the 
discharged  premiss.    Any  attempt  to  justify  inferences  of  the  con- 
verse kind  will  fail.'.  For  examples  in:  1  , 

••  '      «•  '*  . 

•  m  .  Fab 

•  .  *  .     '   •  v     •  '  —  (IV) 


V  Fay 
_2  

"N 


V    3v   Fxy  *  <     4    3     V  Fxy 

X  -<EV)      ;  ■   S  x     V  -* 

3     Fay  *  Fab'  3     V  Fxy 


(13) 


(E3J 


Y    x  y 

3  VFxV 
x     y  y 

is  invalid  because?  the  premise  'Fab'   must  be  treated  as  an  assertion 
about  all  values  of  'b'  if  the  (XV }-infe rence  is  to  be  valid  but  must  be 
treated  as  an  assumption  about  values  of  'b'  [as  well  as  values'of  'a'] 
if  the  deduction  rule  is  to  be  applied  as  indicated,    Such  schizophrenic 
behavior  is  outlawed  by  the  proviso  to  the  deduction  rule. 

TC  254  Jk-« 

The  text  of  section  6.08  consists  of  an  analysis  of  the  rdles  played 
by_the  new  rules  for  jquarrtifie r s  in  the  proofs  previously  given  for  the 
two  parts  of  Theorem  6-7  and  for  Theorem  6-13.     Exe rcises^  in  which 
students  can  test  theif  understanding  of  the  use  of  tttEse  rules'begin  on 
page  260, 

At  the  beginning  of  the  section  we- reiterate  our  point  that  the  reason 
for  one's  learning  the  rules  of  logic  —  and  how  to  use  them  —  is  to 
enable  him  to  argue  easily  and  correctly  without  making  conscious  use 
of  them.  ■  We  wish  students  who  complete  this  course  to  bcable  to 
understand  and  apply^he  rules  of  reasoning  in  the  format^of  paragraph 
arguments.    We  are  not  necessarily  interested  in  turning  out  large 
numbers  of  students  w>o  are  expert  at  tree-form  derivations*,  especially 
if  in  achieving  this  goal  the  student  has  lost  interest  in  or  has  acquired 
a  poor  attitude  toward  mathematics  generally. 

Our  experience  has  been  that  detailed  studies  of  the  rules  of* 
reasoning  from  the  point  of  view  we  have  taken  here  are  best  presented 
by  the  teacher.    This  is  especially  true  when  analyzing  complicated  . 
tree-form  derivations.    Such  discussions  as  that  found  on  pages  254  - 
260  should' be^ understood  by  the  teacher  well  enough  for  him  to  develop 
the  ideas  within  the  framework  of  a  class  discussion/  A  goodjteacbing 
style  can  do  much  to  cover  the  ideas  in  the  text  in  a  nontecUous  fashion. 

The  first  step  in  the  argument  ["It  follows  from  (1)  thattvj  makes 
use  of  an  inference  of  the  form:  »  ! 


p  and  p) 


whose  validity  is  an  immediate  cbnsequence  of  the  introduction  rule  for 
*and*  and  the  deduction  rule. 

An  explanation  of  the  next  step  is  given  following  the  proof, 

The  step  indicated  by  MBy  Definition  6-2  it  follows  that"  jmakes 
use  of  the  replacement  rule  for  biconditional  sentences,  I* 

The  remaining  steps  illustrate  modus  tollens,  the  deduction  rule, 
the  introduction  rule  for  *V  [twice],  aid  the  deduction  rule.    '  4 


59. 


i 
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Since,  by  assumption,  la,  b)  is  not  linearly  dependent  it  follows  that 
a  =  0  dnd  ?>  -  ().' Hence  (discharging  (1)], 

if  aa  +  66  -  0*then  (a  =  Q  and  6  =  0). 

So  (by  the  introduction  rule  for  V], 

-     V^Vw  \ax  +  X?     0  • — Mx  =  O.andy  =  0)). 

Hence,  the  theorem.  •  ' 

Notice  that  in  order  to  follow  the  Natural"  way  of  writing,  we  have 
used  an  inference  of  the  form: 

p  — *  Fab 


3,3u  Fxy 


and  cited  the  introduction  rule  for  *3\  Such  inferences  are  easily  justi- 
fied by  this  rule: 


*  P    P  —*Fab  ' 

\  •  pr^  —  _  f 

™ — «  Exercise  3  of  Part  D 

*  P  —  3X  3^  Fxy 

As  our  second  illustration  we  shall  take  the  proof  of  the  if-part  of 
Theorem  6-7 -again  in  the  case  n  -  2: 

*  '  VxVy  [ojc  +  6y  -  0*  — >  (x  =  0  and  y  =  0)] 

(a, />)  is  not  linearly  dependent  *- 

The  proof  given  on  pages  227  and  228  goes  as  follows: 
Suppose  that  k . 

V,VU  [ci  '+  ■  6y'=  <?  — ►  U  =  0  and  y  =  0)]. 
•    .  ..  e    ■  >:"  *  - 

It  follows  [by  the  elimination  rule  for  V]  that,  for  any  numbers  a 
and  6, 

.  •  ,     ■•  *      U)        '.'  *    aa  +  66  =  0*— ►  (a  =  0  and  6  =  0). 
.  ,  Hence.  it  is  no/  the  case  —  for  any  a  and  6— that 

*    '  (»q         aa  +  6*6  =  ~0  and  not  (a  =  0  and  b  =  0). 


256    Linear  dependence  and  independence, 


It  follows  that  •  .  ' 

(3)      not  3  3  (ax  +  6y  -  ~0  and  fact  U  =  0  andy  =  0)), 
'        '  -#  •  . 

So,  by  Definition  6-2,  (a*  6) /is  not  linearly  dependent.  Hence,  the 
theorem.  *  p 

The  steps  from  (1)  to  (2)  and  from (2)  to  (3)  probably  seem  reasonable 
enough  but  both  depend  on  rules  of  logic  which  we  have  not  taken  Up 
explicitly.  The  step  from  (1)  to  (2)  is  an  inference  of  the  form; 


(*)  K         not  [p  and  not  q) 

[Assuming  that  if  p  then  q^you  can't  v£ry  welllaave  p  without  q.] 
The^step  from  (2)  to  (3)  is  an  inference  of  the  form: 


not  Fab 


X 


■  not  3,3,  Fay  N, 

[Assuming  that,  whatever  a  and  b  are,  it  is  not  the  case  that  Fab,  it 
follows  that  th6re  do  not  exist^  numbers  x  andy  such  that  Fxy.)  As  in 
Part  D,  it  is  clear  that  this  second  kind  of  inference  is  just  a  combi- 
nation of  two  inferences  of  the  Jorm:  ~ s 

'     x  *  not  Fa        *  ■  W  - 

{**)  -  • 


not  3r  Fx 


and  so  it  will  be  sufficient  to  discuss  inferences  of  this  kind.  As  we  shall 
see,  the  validity  of  such  inferences  [provided  that  their  premisses  ar§ 
taken  as  assertions  about  all  values  of  the  indicated  variable]  is 
equivalent  to  the  elimination  rule  for  *3\ 

"The  justification  of  inferences  of  the  form  (*)  can  be  based  on  the 
idea  that  the  denial  of  a  sentence  can  be  inferred  from  &xe  fact  that 
tthe  sentence  itself  implies  a  contradiction.  More  formalfy,  any  infer- 
ence of  the  form:  *  m  ' 

p       (q  and  not  q) 

*  *  not  p    '   "  '      .    .  I . 

•      * .    i'  .       .   <  • 

is  valid.  This  follows  easily  from  modus  tollens  and  the  law  of  non- 
contradiction [page  164]  according  to  which  any  sentence  of  the  form 
**not  (q  and  not  qf  i&  valid,  A  more  convenient  rule- which  cpmes  to, 
the  same  thing  -  is  that  any  inference  of  the  form; 

•  p       q   p       not  q  . 

K  .  ■  not  p  v 
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is  valid.  We  can  now  justify  inferences  of  type  (*)  by  showing  that  if  we 
assume  that  p  — *q  then  the  additional  assumption  that  \p  and'not  q) 
leads  to  a  fontradiction:  -  4  „ 

p  and  not  q  * 

P  P  ^*  H  p  and  not  q    *  , 

 '  *    J_ .  jI^TT  _  * 

and  not -(/^         (p  and  not  </)       not  </ 

not  <p  and  not  </) 

The  justification  of  inferences  of  type        is  like  the  answer  you 

may  have  given  for  Exc-rcise  3  of  Part  C  on  page  251.  To  see  how  it 

goes;  consider  the  following  scheme: 
i 

*  -  not  Fa          .  * 

p  — *  not  ~Fh 

Fa  — •  not  p 
^  Fjc*— *  not  p   p  ^ 
~  notlJfTr 

If  we  can  find  a  replacement  for  >'  such  that  each  of  the  four  inferences 
is  valid  then,  with  this  replacement, 

not  Fa   p  , 
>  .  "not  3X  Fx 

will  be  valid.  If,  at  the  same  time,  we  can  choose  as  a  replacement  for 
'p'  a  valid  sentence  then,  as  a  premiss,  this  sentence  can  be  ignored, 
and  we  shall  have  justified  ( **>.  Now,  of  the  four  inferences  in  question, 
the  first,  secondhand  fourth  will  be  valid  no  matter  what  choice  we 
make  for  'p\  The  third  wiil  be  valid  providing  that  its  premiss  [Fa  — • 
not  p  |  is  taken  as  an  assertion  about  all  values  of 'a'  and  that  V  does 
not  occur  in  the  chosen  replacement  for  'p\  It  follows  that,  for  '/>',  we 
need  a  valid  sentence  in  which  V  does  not  occur.  This  is  easy.  We 
might  choose  '0  *  0',  or  we  might  choose,  in  each  application,  ourtre- 
placement  for  \  Fx  — *  3,  Fx\  Any  number  of  other  choices  are  avail- 
able. There  still  remains  the  question  as  to  when  we  can  be  sure  that 
the  premiss  of  the  third  inference  is  taken  as  an  assertion.  Aglin 
the  answer  is  easy.  This  is  sure  to  be  the  case  if  the  premiss  [not  Fa] 
of  the  first,  inference  is  taken  as  an  assertion.  The  final  result,  then, 
is  that  any  inference  of  the  form: 


not  Fa 
not  3,  Fx 
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Here  are  three  schemes  referred  to  implicitly  on  these  pages: 

p  =>  (q  and  not  q)        not  (q  and  not  q) 

\     (A):   .  ■  :  

not  p 

p        p  q         p .     /  p  not  q 


not  q 


q  and  not  q 


7 


(q<and  not  q) 

  [by  (A)] 


not  p 


p        p  ^=s>  (q  and  not  q)        p        p  =>  (q  and  not  q) 


q  and  not  q  g  and  not  q 


not  q 


not  q 


*  not  p  , 

The  first  scheme  establishes  the  validity  of  the  first  of  two  displayed 
inferences.    The  other  two  schemes  shows  how  either  of  the  displayed 
inferences  can  be  used  to  justify  the  other,  " 

Note  that  by  using  the  abbreviation  introduced  on  page    88    in  con- 
nection with  the.  deduction  rule,  the  two  rules -.of  inference  whose 
equivalence  is  shown  above  could  be  stated:. 

Any  inference  of  either  of  the  forms: 

[p]  '        [p]     [P]      .  , 

q  and  not  q  q  not  q 


not  p  *     not  p 

is  valid. 

*  * 
The  advantage  to  doing  so  is  that,  for  example,  the  scheme' at  the  foot 
of  the  page  could  be  Abbreviated  to: 

*  9 
p  and  not  q  ^ 

,  P,  P         q        P  and  not  q 


Hot  q 

- — «—  * 


not  p  and  not  q 
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is  valid  provided  that  its  premiss  *is  taken  as  an  assertion  about  all 
values  of  the  indicated  variable.  * 
As  our  final  illustration  of  the  use  o^the  rules  for  *3'  let  s  consider 
the  proof  of: 

Theorem  6-13    *a,  />)  is  linearly  dependent  and  a*  *  0* 

■  Vela) 

This  is  a  theorem  for  which  we  shall  have  some  use  later  You  have 
already  studied  it  in  Hart  H  on  page  232.  In  fact,  by  solving  Exercise  4 
of  Part  H  you  have  already  done  most  of  the  work  required  to  prove 
Theorem  6-13. 

To  prove  this  theorem  it  is  natural  to  begin  by  assuming  that  ■ 

— +  - — »   ^    _  .'^ 

(1)  (a,  b)  is# linearly  dependent  and  a  *  0 

and  to  attempt  to  show  that  it  follows  from  this  assumption,  and. 
various  theorems  about  translations,  that 

If  we  can  do  this  then  we  can  show  £hat  Theorem  6-13  is  a  theorem 
by  using  the  deduction  rule.  [Explain.]  Our  problem,  then,  is  to  get 
from  ( 1)  to  <2>  with  the  help  of  whatever  theorems  prove  useful.  Among 
these  theorems  will  certainly  be  Definition  6-2  [of  linear  dependence] 
and  Definition  5-L<[of  [a]J.  Both  of  these  definitions  contain  *3'. 

A  good  way  to  begin  our  progress  from  (1)  toJ2)  is  to  note  that  it 
follows  from  the  first  part  of  (1)  and  Definition  6-2  that 

(*)       3^  3y  (cur  +  ~hy  -  0  and  not  (x  =  0  and  y  ~  0)). 

Now,  the  elimination  rule  for  "3'  tells  us  that  (2)  follows^ from  (*)  and. 

<**)  (aa  +  66  =■  (f  and  not  (a  =  0  and  b  Wo»  — ►  [oj 

provided  that  (**)  depends  on  no  special  assumptions  about  a  and  fy. 
[If  this  is  the  case  then  we  can  take  (**)  as  an  assertion  about  all  values 
of  V  and  'b\  This  assertion  may,  of  qourse,  be  subject  to  other  assump- 
tions which  do  not  concern  the  values  of  V  and  fbl  Presumably,  the 
only  assumption  we  shall  need  to  ma|ce  is  that  a  Since  (*■)  follows 
frtom  (1)  and  Definition  6-2,  we  can  show  that  (2)  follows  from  (I)  if 
we  can  show  that  (**)  follows  from  (1)  and  various  theorems  about 
translations.  Presumably  the  only  part  of  11)  we  .shall  need  is  *a 
*  «  .« 

i  •  ■ 
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At  this  point,  we  can  outline,  the  proof  of  Theorem  6-13  as  follows: 

-         (i)   -        (i)  ■  ■ 

— V  V  *  '    ^  •  f 

[Def.  6-2J    (a,  b)  is  linearly  dependent  a  ^  0   [various  theorems] 

(*)  (»»)  * 

te  [3 

[Theorem  6^13J 

Here,  the  last  inference  is  by  the  deduction  rule  and  the  one  just  pre- 
ceding it  is  by  the  elimination  rule  for'*3\  The  left  side  of  the  upper* 
part  of  the  scheme  is  clear.  In  fact,  it  is  an  example  of  the  valid  scheme: 

p  and  q 

p  «— ►  r      p  '      [Explain.  What  sentences  should  be 
~    r         ^   .  .    taken  for  >\  %q\  and  V?l 

All  that  is  left  to  do  is  to  complete  the  right  side  of  the  scheme  by  de- 
riving (**)  from  the  assumption  'a  0*  and  whatever  theorems  about 
translations  turn  out  to  be  helpful.  Since  you  have  already  done  this 
in  working  Exercise  4  of  Part  H  on  page  232,  we  shall  merely  sketch 
the  derivation,  leaving  the  details  for  you  tQ  fill  in.  Before  going  on  to 
this,  however,  it  is  worth  noticing  that  the  preceding  discussion  and 
outline  applies  to  proving  any  theorem  of  the  form: 

If(ap.  .  .)  is  linearly  dependent  and  then 


[Explain.  Will  a  similar  argument  work  ifjhe  'and  9  is  misfeing?] 

To  prove  (**)  under  the  assumption  that  a  ^  0  it  is  natural  to  start 
with  the  additional  assumption  that  < 

.    ■#    ^  * 

<3)      .    w +l*b  ^  if  rndnotia  =  Oandfr-  C). 

and  attempt  to  derive  (2),  As  you  may  recall,  the  first  step  in  deriving 
(2)  is  to  show  that,  under  these  two  assumptions,  b  ^  0,  The  next  step  is 
to  iise  this  resuU  together  With  the  first  part  of  (3)  to  show  that 

\  (2')      .  -{alb),  '" 

From  (2')  it  follows  [by  the  introduction  rule  for  *3'j  that 

(2'r  ixb=^x. 

r  .     *  .  ..... 

'     5QQ     .  ' 
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Finally,  (2)  follows  from  (2")  and  Definition  5-1.  Using  the  deduction 
rule  we  find  that  <**)  is  a  consequence  of  the  assumption  'aV  <?  and 
whatever  theorems  were  called  on  in  arriving  at  (2  ). 

The.  argument  outlined  in  the  preceding  paragraph  can  be  dia- 
grammed as  follows: 

*  » 

a  *  0    (3)    [various  theorems j 

,  b  *  Q   (3)    [various  theorems  1 

__ J.P.lf-..SrlJ  •  b'~  a  -  -(a/6) 

p€  \a\ *  3£  6  a  ox_^  3,  6  =,dx 

'     ',"  &{aj  „  '  / 

Once  the  role  of  the  rules  for  *3'  in  such  proofs  is  clear  it  is  not  difficult 
to  write- something  like  the  following  in  proof  of  Theorem  6-13: 
J      Suppose  that  .  a  * 

f     ■  ••••   •  1  ,..»_*       '  ' 

(1}  (a,  bl  is  linearly  dependent  and  that  a  *  0. 

Since  (a,  6)  is  linearly  dependent  it  follows,  by  definition,  that  there 
are  numbers -say,  a  atyd  6 -such  that 

(3)  aa  +  66*  =  0*and  not  (a  =  0  and  6  =  0). 

Suppose  that*A  =  0.  It  follows  that  ~aa  +  66  =  aa  +  60  =  "Si  +~Q* 
=  aa.  So,  since  aa  +  66  =  0,  aa  =  (f  and,  since  aV  ~Q,  a  =-0.  Hence,  if 
6  =  0  then  both  a  and  6  are  zero.  Since  a  and  6  are  not  both  zero  it 
■    '  follows  that  6  *  0.     *  ' 

1     Since  aa  -h  66  =  0  and  6  *  0  it  follows  that  6*  =  a  •  -(a/6)  and,  so, 
that  3^  h i  =  ax.  It  follows,  by  definition,  that  6*e  [cTj,  Since  this  is  the 
case  whatever  the  numbers  a  and  6  are,  assuming  only  that  they^ 
—     -  satisfy  (S>_^and  that  a  >  OK  and  since^byfl  >,  there  are  such  numbers 
[and  a  v*  0]  it  follows  from  (1)  that  6  e  [a].  Hence,  the  theorem. 
.  $ote  how,  in  this  form  of  proof,  the  use  of  the  elimination  rule  for 
*3'  is  referred,  to  implicitly  in  the  second  sentence  ["there  are  numbers 
r-say,a  and  6 -such  that  *]•  and  in  the  nefct-to-last  sentence  ["Since 
'  this  isnhe  case  whatever  the  numbers  "a  and  6  are,  assuming  only  that 
•  they  satisfy  (3),  and  since  there  are  such  numbers"]. 

*  •  -  * 

Exercises  ^ 

Prft  A  ' 

1.  Theorem  6-13  on  page  258  is  the  first  of  a  sequence  of  similar 
•«     theorems.  The 'second' is:  >  •  . 

irJc  ..    590  i 
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In  the  small  derivation  scheme  on  page  259  the  first  inference  is 
valid  by  the  eliminatipn  rule  for  iand*;   the  second  is  valid  by  the 
replacement  rule  for  biconditional  sentences.    For  *p\  take  '(a,  is 
linearly  dependent* ;   for  *q'  take  4  a  $  (5* ;   for  '  r  •  take  the  sentence 
(it)  on  page   258,    With  these  replacements  *p  and  q1  becomes  sen- 
tence (1)  and  4p  r'  becomes  an  instance  of  Definition  6-2. 


The  discussion  in  the  te'xt  so  f^r  sets  forth  a  scheme-'which  is 
likely  to  be  useful  in  proving  any  theorem  which  is  a  conditional  sen- 
tence' whose  antecedent  implies  a  sentence  of  the  form: 

^  ) 
alf   .  .  .  )  h&  linearly  dependent  * 

The  left  side  of  the  scheme  ,[the  part  analyzed  in  the  preceding  ^para- 
graph] leads  to  the  appropriate  conclusion  of  tjrje*  form; 

3x    ,  . ,  (axxx  +  . .  .   =;  3  and  not  (xx  =  0  and  ,  .  .  ))  , 


The  essential. part  of  the  proof  —  that  is,  the  only  part  which  requires 
ingenuity  on  the  part  of  tttie  prover  —  is  to  show  that  the  corresponding 

sentence: 

(<kir*)       (a1a    +  .  .  „   =   (5  and  not  (a,   =  0  and  *...))  =*>  r 

[where  'r'  is  to  be  replaced  by  the  consequent  of  the  conditional  sen- 
tence which  is>td  be  proved]  is  a  consequence  of  known  theorems  and 
the  antecedent  of  the  theorem^ to  be  proy^d.    The  conditions  for  the 
validity  of  the  (E3)-infe rence'with  (<r7)  and  as  premisses  will 

then  be  satisfied  if  one  has  had  the  forethought  to  choose  the  variables 
' a2* (  \  .  *  which  are  introduced  in  the  antecedent  of  (ftiV')  from  among 
those  which  do  nofoccur  in  its  consequent.    The  final  inference,  by  the 
deduction  rule  will  be  valid  unless,  in  deriving  one  hag  used  an 

inference  which  "blocks"  one  of  the  variables  —  'a^,  for  example  — 
in  the  antecedent  of  the  sentence  ne  now  wishes  to  discharge.    An  " 

:h  an  error, 
Such  errors 
sally  trying  to  make  them  — 
or  is  paying  no  attention  at  all  to  what  he  is  writing. 

As  illustrated  in  the  remainder  of  the  analysis,  in  the  text,  of  the 
proof  of  Theorem  6-13,  the  normal  procedure  for  showing  that  (<r*fr') 
is  p  consequence  of  known„theorems  and  the  antecedent  of  the  theorem 
to  be  proved  is  to  take  the  antecedent  of  as  an  additional  assump- 

tion and  attempt  to  derive  the  common  consequent  of  and  this  4 

theorem.    Again,  since  an?  application ^qf  the. deduction  rule  is  in^prosr .... 
pect,  one  must  be  careful  not  to  "block"  any  pf  the  variables  which 
occur  in  this  additional  assumption*    As  before,  once" one  has  recognized 
this  as  an  assumption,  such  care  $&  is  needed  is  likely" to  be  automatic. 

The  technique  "of  obtaining  l^^'}  described  in  the  preceding  para- 
graph is  built  into  the  Wnd  of  paragraph  proof  which  we  have  been  using 
previously  and  which  is  illustrated  in  the  proof  on  page  260,    How  this 
is  done  is  pointed  o*#  in  the  paragraph  following  that  proof* 

«  ■* 

'    TC  260  (?)  V 

■  Students  may  be  curious  as  to  the  inference: 

[Dei.  5-1] 

'         Ia]£=*3x  &=  ax. 


4 


6Q0 
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This  is  actually  an  example  of  the  replacement  rule  for  equations  in 
which  the  stc: oner  premiss  is  a  valid 'sentence   [see  TC  249(2)]: 

[a]  =  {x;    3           lx]         V>  £  {x;   3     x       ax)          3     b'  ax- 
s  x    x   X   

"       b#(€  [  a  J  <==>3     b.  -  ax 
♦  ■  x 

The  biconditional 
as  a  *  *  contextual 

definition'*  Definition  5-1.  It  is  almost  as  easy  to^infer  the  explicit 
definition  from  the  same  valid  sentence  and  the  contextual  definition: 

i?€.{x:  3v  x%   ?x}^=*3^  b*      ax       b e [ a ] 3    b*  ,  ax 


conclusion  of  this Jnfe  rence  might  have  been  adopted 
definition"  of  ■  [  a  |*   in  place  of  adopting  the  "explicit 


x  x 


h  e  [a]  C=>  S  £  {x:  3^ 


ax  i 


{x:    3    .J.'-  ax} 


x 


Here,  the  first  inference  is  valicl  by  the  replacement  rule  for  bicondi- 
tional sentences  and  the  second  is  valid  by/the  extens ionality  principle 
[see  TC  249(})].  *  /<  ,  . 

Since  corresponding  explicit  and  contextual  definitions  are  derivable 
from  one  another  and  valid  sentences,  we  shall  often  refer  to  either  one 
by  writing  'definition'.    This  practice  is  illustrated  in  the  third  para- 
graph of  the  paragraph  pi  oof  of  Theorem  6-13.  *  1  / 

The  discussion  on  pages,  "254  -  £60  presents  several  rather  involved 
matters  of  logic.    This  discussion  is'ineluded  to*clarify  some  of  the 
problems  that  arise  in  applying  such  properties  as  Definitions  6-1  and 
6-2.    Unfortunately,  this  discussion  tends  to  focus  one's  attention  on 
details  that  normalfy  are  not  apparent  in  practice.    It  is  sometimes 
difficult  to  motivate  students  to  consider  details  that  dp  no|  '^appear 
to  be  relevant*'  or  that  are  intended'to  11  promote  a  better  understand- 
ing" of  the  material.  . 

Our  most  important  goal  is  to  equip  students  to  understand  and 
present  paragraph-type  arguments  like  that  .at  the  Hot  torn  of  page  260. 
We  recommend  that  as  often  as  possible  you  arrange  the  activity  of  your 
class  so  that  c omp4 ic atecL  t  ree  - fo rm  derivations  are  done  as  a  class 
project.    We  also  recommend  that  exercises  for  individual  consideration 
be  those  that  provide  experience  with  paragraph-type  arguments  .involving 
existential  quantification.  .  . 

Stress  should  also  be  placed  on  the  proof  strategy  exhibited  in  the 
second  pa  rag  raph.^beg  inning  with  'Suppose  that  b  -  &\  }  on  page  ' 
This  strategy  will  be  very  valuable  in  subsequent  work  "both  in  this 
#cou*se  and  in  advanced  mathematics.    In  simple  terms,  one  wishes  to 
make  an  assertion  [*b  *  0'  in  thjs  caseJNeo  he,  in  effect,  does  so,  #nd 
quickly  adds  "because  ifnot\.%"  [in  thi»\ase,  the  'if  not"  is  the 
opening  sentences  of  the  second  pa  fig  raph  ]. /T=tevthen  proceeds  to  show 
that  based  upon  this  "if  not**  thece  are  *  'unfortunate  consequences" 
[in  this  case,  the  contradiction  that  "if  b  ~  0  then  both  a  and  buare  u 
s&ero,  but  a  and  b  cannot  both  be  0'*],    Too  much  stress  on  the  tree- 
form  versions  pf  such  arguments  may  obscure  this  important  strategy 
for  students  encountering  such  ideas  fog  the  first  time. 
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Parts  A  -  C  are  not  recommended  as' a  single  assignment.    One  * 
means  of  handling  these  exercises  is: 

first  day  '  * 

(a)  Part  A  as  an  in-class  demonstration  to  emphasize  the 
application  of  the  various  rules  introduced  in  this  section!! 

(b)  Part  B  an^  Exercises   1  -  3  of  Part  C  as  homework. 

Second  day  ^  j*  ' 

(a)  Discus.s  Exercipe  4  of  Part  C  in  class. ^    '  , 

(b)  Exercises  5  -  8  of  Part  C  arid  Part  D  as  homework. 

Third  day 

(a)  Discuss  Part   E  in  class.  i 

(b)  Part  -F  fp r  homework. 

Fourth  day  '  *  -  _  . 

(a)  Discuss  the  proof  of  Theorem  6-7  given  in  the  text, 

(b)  Part  G  for,  horhe work. 

Answers  for  Part  A  '  ' 

1 .     Suppose  that 

(a,  b,  c)^s  linearly  dependent  and 
that  (a,b)  is  linearly  independent. 

,vSihce  (a,  b\  c)  is  linearly  dependent  it  follows,  by  definition,  that 
there  are  numbers  —  say,  a,  b,  and  c      ^touch  that* 

»    <#)    aa  ¥  $h  4  cc  =  3  and  not  (a  -  0,  b  -  0,  and  ..c  =  oi 

,;  * 

^  Suppose ^that  c  =  _0.    It  follows  th%t  2a  4  Sb  4  cc  =  aa  4  Sb 
4  c0  ^  aa  4  bb  4  0  =  aa^Sb,    So,  since  aa  4  %  +  cc  =  "5, 
aa  +  bb  =  0  and,  since  (a,  S)  is  linearly  independent,  a  =  0  and 
b  -  0.    Hence,  if  c  =  0  then  a,  b,  and  c  are  ay.  aero.'   Since  a, 
b,  and  c  are  not  all  zero  it  follows  that  c  #  0.  /,< 

^  ^ince  aa  4  Sb  +  cc  =  (J  and  \c  *t  0  it  follows  that  c  =  a  •  ~{a/c) 
p  ■     +  b  -  -(b/c)  and,  so,  3    3     c  =  ax  4  by.    It  follows,  by  definition, 
that  cl{>rbjr  Since  this  i»  *he  cwti?^hatev^irtitr]«iniberf  ^  )md' 
b  are,  subject  only  to  the  assumption  (*}^and  since,  by  the  earlier' 
assumption,  there  a,re  such  numbers  it  follows,  subject  only*  to  the- 
earlier  assumption,  that  c  €  [a,  S).    Hence,  the  theorem. 

I.  _\{a)   (a/b,  c,3}  is  linearly  dependent  an^a^c)  is 'linearly  inde-* 
pendent 


3€[2.S,c]    r    ■     '  :  ;  '9- 

[Definition:   [a,S,c]  -  {x:   3%  3:  3^  x  =  3x  *  Sy  4  cx}]' 

{b)   Yes.    [A  student  who  has  anjswered  Exercise  I  after  the 
pattern  given  in  the  text  should  have  no  difficulty  —  other  *' 
than  writer's  cramp  —  in  giving  a  proof  of  the  theorem  in 
part.  |a).]  - 
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Ha,  />,  c)  is  linearly  dependent  and  u*.  6)  is  linearly  independent) 


v 

I*rove  this  theorem.  The  proof  should  be  very  easy  if  you 

use  the  paragraph  proof  on  page  260  as  a  model. I 

2.  (a)  Write  the  third  theorem  in  the  sequence,  which  begins  with 

Theorem  6-13  [Hint:  You  should  have  no  diffieul ty .doing  this, 
But.  to  make  sense  of  what  you  write  you  will  need  to  give  a 
definition  for       h.  r]\  If  you  need  a  hint,  look  at  Definitions 
5-1  and  5 -2. 1  v 
(b)  Do  you  sed  how  to  prove  the  theorem  you  wrote  for  part  (a)? 

3.  Complete  the  following  definition  and  theorem; 

(a)  |<  al\~  {x:l    .  .  ._!_} 

(b)  Mar        .  «*b  t)  is  linearly  dependent  and  ~  ) 


v 

I  In  later  chapters  we  shall  rtffer  to  this  definition  apd  theorem- 
a^  Definition  6-4'  aruj  Theorem- 6-1 3'v  respectively.) 

PartB  *  ^ 

1.  Complete  the  following  proof  of  the  theorem: 


t 


a«i6i  -*ia]  c  i si 


Suppose  that  a  ~  £*a  and  c  =  at*.  Since  .  '.  it  follows  that 

c     6<ar)  and,  so,  that  3^  Hence,  for  any  number  e» 


*    -  * 


c  -  ae       3^.  c  =  bx 
and  so 

In  other  words,  by  Definition  5-1, 


Since  this  is  the  ca*e  for  any  c  it  follows  that 

-  C  — . 

Hence,  for  any  number  a, s 


a  ~  ba  — * 


ERLC 


and  so  .  .  .      <  j 
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3.     (a)    3^  x      alXl  f  ...  +anxn 

(b)  an)  is  linearly  independent;    [ax,   ,        an]  / 

When  we  "have  adopted  dimensionality  postulates  the  sentence: 

(a,b,  c.Ujf  is  linearly  dependent 

will  become., a  theorem.    In  consequence,  the  case  n  >  3  of  Theorem 
6-13  will  be  completely  void  of  interest  [since  its  antecedent  can  never 
be  satisfied]  and^the  case  n  -   3  will  reduce  [in  view  of  the  fact  that, 
in  any  case,   [a,S,c]  C  T]  to:v,  f 

(a,S,c)  is  linearly  independent  =s*k  { a,  S\  c  ]  -  T 

The  converse  of  this  sentence  will  also  turn  out  to  be  a  theorem.  * 

4  t 

Answers  for  Part  B 

—   j 

I.      (ba)c'     SW);   c  *  bx;    c  e  [  a  J;    ?  €  [  b  ];    [a  J;    [5  J-    [a]  C  [b  ); 
[final  portion  of  proof:]    and  so 

3x    ?    :='bX    =*=>  [a  )    C    [f>  ]. 

Hence,  by  Definition  5-1, -if  a  6  [b  ]  then  [a]  C  [.5  J. 

[This  proof  illustrates  (twice)  the  use  cj/  the  i\ile  according  tb 
which  an  inference  of  the  form; 

Fc  q 


3     Fx  ==>  q 


is  valid  provided  that  its  premiss  is  treated  as  an  assertion  about 
all  values  of  'c'  and  that  'c*  does  not  occur  in  the  sentence  taken 
for  *q*  .    The  first  restriction  is  satisfied  in  the  first  of  the  two 
applications  of  the  rule  because  the  premiss,  which  is: 

^  t         c  -  ac         3^  c  =  £x 

depends  on  no  assumption  in  which  'c1  occurs.    (The  only  such 
assumption  has  jus^been  discharged.  )   The  second  restriction  is 
obviously  satisfied  (  A  later  step  depends  on  the  validity  of  the 
inference:  f 

•  -  •  -  ifiii^Liiiii      ■*   - 

provided  {hat  its  premiss  is  treated  as  an  assertion  about  all  values 
of  .'cV  JThis  restriction  is  satisfied  because  the  only  assumption  in 
which  'c*  occurs  has  already  been  discharged.    The  validity  of  the 
inference  is  a  consequence  of  the  usual  definition  of  *£f  —  in  this 
ease: 


■    •  S  C  T  ^>  V-  [x  €  S         J  E  tj 

with  'S*  and  lTf  ranging  ove*  Subsets  of  T  -  with  which  we  assume 
students-  to  be  familiar.  J 
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2,  f*rovtrthe,theorem; 

a  ^  16J       (a,  6)  is  Linearly  dependent 

[//in/:  Suppose  that  a  -  ia.  It  follows  that* 

— «.   . 


— ,+  __  «  O'and, 
J.)) -that  is, (a*  Mis 
iinearjy  dependent.  Hence,  for  arty  number  a,  .  ,  .  J 
3.  Prove  the  theorem; 


since  1  y  0,  3x  3y  (ai  +  6y  -  Oand  not  ( 


[hint 


[Hint.  Recall  how  to  "unahhreviate '  a  restricted  sentence.  Then, 
use  two  previously  proved  theorems.  (This  is  an  easy  one.)) 
4.  Prove  the  theorem: 


Part  C 


1.  (aj  Dravt^krows  to  describe  two  non-0*  translations  V  and  7such 

thrff  (6,  rVis  Hnearty  dependent  Mark  a  point  A  and  locate 
points  B  and  C  such  that  B  =  A  +  TTandC  «  i  +  c!  Draw  a 
line  /  through  £  and  C/ 

(b)  What  do  you  notice  about  the  points  A,  Bf  and  C? 

(c)  |s  the  sequence  (fl     A,  C  -  A)  linearly  dependent?  Explain/ 

(d)  Do  you  think  that  the  sequence  (C  -  B,  A  -  B)  is  linearly  de- 
'  pendent?  Explain. 

(©)  Do  you  ihink  that  anther  choice  oi'A9%  and  ^satisfying  the 
conditions  in  part  (a)  would  have  led  to  different  answers  for 
parts  <b>,  ic),  and  (d)? 

(f)*  Would  you  give  different  answers  for  (b)  -  (d)"if  either  {or  both] 
of  h  $hd  c  were  0?  -  ■        *       ..  -  1 

2.  Repeat  Exercise  1(a)  -  (e)  with  'linearly  dependent'  replaced  by 
'linearly  independent,  * 

*  3^1  Point  to  ponder  J  On  the  basis  of  what  you  have  noticed  in  Exer- 
cises 1  and  2  try  to  formulate  a  definition  which  describes,  in  terms 
of  Hfcear  dependence  or  independence,  when  an  arbitrary  triple  of 
points  is  coilineaa  * 
4.  From  Exercises  1  and'2  it  is  easy  to  guess  that; 

Theorem  6-14  (B  -  A,  C  -  A)  is  linearly  dependent 

K  '  iC  -  B,-A*-t  B)  is  linearly  dependent 

is  a  theorem,  In  fact,  Exercise  1  suggests  the_  -part  of  this 

biconditional  sentence  and  Exercise  2  suggests  the  -  .-part. 

[Complete,  and  explain.]  Below  Is  a  proof  of  the  only  if-part  of 
Theorem  6-14  in  which  some  of  the  algebra  has  been  taken  for 
'  granted.  In  studying  any  proof  you  should  do  three  things: 
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,2,     Suppose  that  2j  ^J|lt  follows  that  al  +  S*-a  =  3  and,  since 

L**.0'  3x        *ax  +  by  ^  0  anS  not  (at  -  0  and  y  =  0))  —  that  is, 
<a,b)  is  linearly  dependent*   Hence,  for  any  number  a, 

,     a  -  ba  «^  (a,  t>)  is  linearly  dependent 

and  so  •  •  „■  ■  '  A 

* 

3x  a  =  bx  =^  (a,  S)  is  linearly  dependent. 
Hence,  by  Definition  5-If  the  theorem. 

3,  Suppose  that  ac  [S].  It  follows  by  Exercise  2' that  (a,  S)  is 
linearly  dependent.  So',  by  Exercise  1  of  Part  A,  it  follows 
for  a  #  0.  that  b  €  [  a  ]m    Hfcnce,  for  a  *  ft,  if  ae[S]  then 

*.  b  6  [  a  ].  f 

4.  §uppgs'e  that  a  e  [b].    It  follows  by  Exercise  3  that,  for  a  3 

h€[%]*  ?iy#XCr"iiser^i  0]  5  [$];    and,  since 

-    fe^  a  tJj  ^^a],  \JS]  C  [a],    £ince  [a]  C,  [B]  and  ffor<2  4  tf] 
H>]  C  [a]  it  follows  that  [a]  -  [t]m    Hence,  for  a  *  0,  if 
a  C  [ b  ]  then  [a  ]       [S  ],  * 

The  first  two 'exercises  are  exploratory  for  Theorem  6-14.  This 
theorem  will  be  required  as  an  adjunct  to  the  definition: 

{A,  B,  C}  is  collinear  (B  -  A,'  C  -  A)  is  linearly  dependent 

Students  shduld  be  able  to  guess  this  definition  upon  pondering  Exercise 
3,    Make  an  effort  to  see  that  they  do. 

Answers  for  Part  C  '  ,  .  »  ^ 

»  •  ** 

1.     (a)    [Any  two  parallel  arrows  will  do.    If  the  arrows  drawn  describe 
,    the  same  translation  (i.e.;  if  S  =  c)  then  any  line  containing 
B  will  do  for  a  line  containing  B  and  C,  ]  Here  is  atypical 
pictuVe  for  the  given  Conditions.  y         "*  | 

^  'b    /  £    ,  ' 


B  A  C 


{b)    They  seem  collinear. 

(c)  Yes.    B  -  A  =  S,  C  -  A  =  c,  And  (S,  c)  L  linearly  dependenL 

(d)  Yes*.  Assuming  that  A,  B,  and  C  are  collinear,  1  believe  that 
(C  -  B,  A  "  B)  must  be  linearly  dependent. 

(e)  No.    •      *  "  ■. 

(f)  No.    [Except  that  if  t%  say,  were  ~6  then,  since  B  would  be 
the  same  point  as  A,  I'd  be  absolutely  certain  that  A,  B,  and 
C  were  collinear  and  that  (C  -  B,  A  -  fi)  was  linearly 
dependent.  ] 
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(c)  Yes.    Same  reason  as  before,    [With  '  independent'   in  place  of 
'dependent*  1 1  *  »  '  < 

(d)  Yes.    Since  A,%  B,  an*i  C  are  not  collinear,  1  don't  see  how 
4          (C  -  B,  A  -  B)  cogjd  be  linearly  dependent, 

(e)  No.  ■    T  ■ 

3.  [See  discussion  preceding  answers,  ] 

4.  only  if;    if;    That^  Exercise   1   suggests  the  only  if-part  is  clear. 
Exercise  I  suggests  that  if  (B  -  A,   C  ~  A)  is  linearly  independent 
then  so  is  (C  -  B,  A  -  B).    So,  by  contraposition,  it  suggest*  the 
if-part  "of  Theorem  6-14, 


TC  263(1) 


Answers  for  Part  C  [cont.j  « 

4*     Fir*t  explanation  of  detail  in  proof!   From  the  assumption  and 
Postulate  3  it  follow*  that 

(B  -  A)a  *  [(B  -  A)  +  (C  -  B)}b  -  3. 

So,  by  Postulate' 4  {and  Postulate  Mb)],  it  follows  that^ 

_    ■    (C  -  B)b  4  (B  -  A){a  t  b)  -  /  f 

Since  B  -  A  =  -(A  -  B)  and  -ac      a.  -c  it  follows  that 

t  iC  -  B)b  +  ( A  -  B) .  -{a  +  b)  =  3. 

Second  explanation:  Suppose  that  b  =  0  and  -(a  +  b)  =  0     It  \ 
follows  that  -<a  +  0)  =  0  and,  so,  thai  -a  =  0  and,  finally  " 
that  a  =  0#<  Hence,  if  b  ^  0  and  -{a  +  b)  =  0  then  a  =  0 
and  [of  course]  b  »  0^ 

Third  explanations    From  the  preceding  conditional  sentence  k 
follows,  by  contraposition,  that 

not  (a  =  0  and  b  =  0)         not  (b  =  p  and  -*(a  t  b)  s  0). 

Earlier  it  has  been  shown  that 

(B  -  A)a-+  (C  -  A)b  -  (J  ==>  (C  -  B)b  t  (A  -  B).-(a  +  bl=  3#  , 

1  The  required  conclusion  follows  from  these  since,  as  is  easily 

seen,  any  inference  of  the  form;  '  4 

P  r  q  =>  s 


<P  and  q)  *=>  {T  and  s) 

is  valid.    Here's  why: 

♦  $ 
,  p  and  q  p  and  q  . 


.0 


r  and  s 


(p  aid  q)  «f  (r  and  s) 

Fourth  explanation  t^To  save  writing,/ let*  *  take  the  conditional 
sentence  we've  juet  proved  for  *Fab         QbV ,  taking 
*-(a  +  b)'  for  t\   Now,  consider  the  scheme: 

Fab  Gbt 


Fab  as*  3-  3.  ^Qcy 
3x  3y  F*Y'"il*  3^  3y  fcxy.   ■'  V-       *      *  ;V 

The  first  inference^!*  valid  by  two  applications  of  a  rule  which 
i*  practically  (S),    [If  you  want  details,  the  first  inference  caa 
be  validated  by  modus  ponens,  two  (j3j»,  and  the  deduction 
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fi)  Read  through  tht»  proof,  taking  for  granted  details  which 
look  reasonable  and  can  be  checked  later.  Satisfy  yourself  f 
that,  if  tht-ne  details  check  out,  the  argument  is  a  proof  of 
the  theorem. 

(ii)  Check  the  details. 

(iii)  Try  to  identify  the  key  ideas  which  suggested  the  proof  to 
the  person  who  wrote  it. 
[The  last  is  the  really  important  point.  If  you  can  do  this  then  you 
will  have  greater  success  in  thinking  up  your  own  proofs  J  Study 
the  following  proof  from  these  three  points  of  view  -  understanding, 
checking,  and  "seeing  through'*.  The  details  you  should  check 
"hre  indicated  by  '(Explain,  |\  Write  ouf  your  explanations  and  then 
try  to  explain  the  key  idea. 

Suppose  that  u  and  h  are  any  real  numbers  such  th&t 

</i  -  <4)a  +  iC  -  A)b  =  Q. 

Since,  by  Postulate  3, 

'    ,  .     '        c  -  A  -=  \B  ~  A)  -h  iC  -  B) 

it  follows  that  •  * 

B)h  +■  iA  -  B)  ■  -H<j  +  6)  -a  (Explain.) 

Moreover,  .  .  , 

(h  -  0  and— (a  j^fe)  -  0)  — *  fa  --=  0  and  b  =  0).  lExplainJ  ' 

Hence,  for  any  a  and  h, 

i/i  -  AUi  +  i£-        -  (/and  not  (a  =  0  and  6^0) 

,  —  [Explain.]' 

*  *•  * 

(C  -  B>6  f  (A  -  B)  '  -ia  +  b)  =  '6' 
 and  not  lb  =  0  and  rrtii  *  63  =  Q).  .   

Consequently,  if  (fi  -  4,  C  -  i4)  is  fmearly  dependent  then  so  is 
-    iC  -      A  -  R).  (Explain.! 

5.  Prove  the  if-part  of  Theorerh>6- 14.  1 

6.  Here  is  an  instance  of  the  only  if-part  of  Theorem  6  - 14. 

 — tc^8,  A  -  B)  is  linearly  dependent 

(A  -  C,  B  -  C)  is  linearly  dependent 

(a)  Cheek  that  this  is  an  instance  of  the  only  if-part  of  Theo- 
rem 6-14,  .  . 
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Answers  f5r  Part  C   [cont.]  t 

rule The  see  ond  'Inference  *  is~vaH3  By~two  "appll'c  at  ion  a  of  the 
rule  you  get  from  (E3)  and  the  deduction  rule.    It  is  .all  right 
to  use  this  because  the  premiss  of  the  inference  is  a  conse- 
quence [by  the  first  inference]  of  the  sentence  we  started  with, 
and  that  sentence  is  a  theorem.    Also,  our  replacement  for 
'3X  3     Gxy'  certainly  doesn't  contain  either  'a*  or  *b\  Now 
that  that's  settled,  all  you  need  to  notice  is  that  the  only  if- 
,  part  of  Theorem  6-14  follows  from  the  last  sentence  we've 
proved  and  the  definition  of  linear  dependence.    To  see  that 
this  is  so,  all  you  need  to *know  is  the  replacement  rule  for 
biconditional  sentences,  * 


Key  idea:   This  was,  evidently,'  to  express  the  '  B  -  A*  and  'C  - 
in  +ke  assumption  in  terms  of  the  1 C  -  B*  and  'A  -  B'  that 
were  needed  in  the  conclusion.    Since  it  worked  here,  it  will 

probably  work  in  proving  the  other  part  of  the  theorem, 

o 

s 

Suppose  that  a  and  b  are  any  real  numbers  such  that 

(C  -  B)a  +  (A  -  B)b  3. 
Since,  by  Postulate  3,  , 

C  -  B t*   (A  -  B)  +  (C  -  A) 
it  follows  that  ' 

(B  -  A),  -(a  +  b)  +  (C  -  A)a  =  (J. 
Moreover ,  t  <  :  ' 

{   (-(a  +  b)  =  0  and  a  =  0>         (a  -  0  and  b  =  0). 
Hence,  for  any  'a  and  b,     '  m 

(C  -  B)a  *  (A  -  B)b  =  3  and  not  (a  ~*  0  and  b  -'  0) 


A' 


(B  -  A).  tr(a  +  b)  +  (C  -  A)a  ■=  ft  and  not  (-(a  +  b)  =  0  and  a  *  0). 

\.      Consequently,  if  (C  -  B, '  A  -  B)  is  linearly  dependent  then  so  is 
(B  r  A,  C  -  A).  #  *  ' 

6.     (a)    In  the  only  if-part  of  Theorem  6-14,  subsitute  [simultaneously] 
'C  for  * B* t  'B'  for  'A*,  and  'A'  'for  ,C\ 
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(b)  Show  that  the  impart  of  Theorem  6-  14  is  a  consequence  of  two 
instance»j>f  ite  only  if-part. 
4  7.  If,  in  Theorem  6-14,  you  replace  'linearly  dependent*  by  linearly 

independent',  is  the  result  a  theorem?  Explain. 
There  are  at  least  two  ways  of  guessing  what  sentences  may 
theorems.  One  way  is  illustrated  by  the  way  Exercises  1  and  2 
i  suggested  Theorem  6^14.  Another  way  which  sometimes  leads 

to  interesting  theorems  is  to  notice  that  the  key  idea  of  a  proof 
of  one  theorem  can  be  used  to  prove  another.  Either  of  these  ways 
might  lead  you  to  gue*&; 

iB  -  A,  C  -  A%  D  -  A)  is  linearly  dependent 

if  -  B,  D  -  8,  A  -  B)  is  linearly  dependent 

'  (a)  Use  the  ideas  in  the  proof  given  in  Exercise  4  to  prove  the  only 
if-part  of  this  theorem.        "  ( 

(b)  Use  the  method  of  Exercise  6, to  show  that  the  only  if-part  of 
this  theorem  implies  its  if-part. 

(c)  Make  up,  and  work,  exercises  like  Exercises  1-3^  discover 
what  the  theorem  means. 

-     I  You  may  prefer  to  do  part  ic?  before  doing  parts  (a)  and  lb).  That's 
fink )  . 

Part  I) 

An  existential  generalization  is  analogous  to  an  alternation  sen- 
tence. For,  intuitively,  any  sentence  of  the  following  form  seems 
"reasonable1:  ' 

3X  Fxdf  and  only  j£AF\  or  FO  or  F\\  or  Fn  or  ;  ,  .)  . 


6. 


nly  iQF 
tc^PP 


[Of  course,  there  are  ttS^Py.reai  numbers  for  it  to  be  possible  to 
complete  this  sentence  as  the  \  .  suggests.)  Similarly,  universal 
generalizations  appear  to  be  analogous  to  coiyunction  sentences: 

V,  Fx  if  and  only  if  [Fl  and  F0  and  FV2  and  Fit  and  .  .  .)  • 

If  we  think  of  "treating  Fa  as  an  assertion''  as  being  analogous  to 
using  all, of  the  instances  Fl,  FO,  FV2,  Ftt,  .  .  .  at, once  as  premisses, 
there  is  ai^  analogy  between  inferences  of  the  form:  " 


and  those  of  the  form: 


VxFx 


p  and  q 


ERIC 
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(b)    In  addition  to  the 'given  instance_we  need,  the  sentence;   

(A  -  C#  B  -  C)  is  linearly  dependent 

(B  -  A.  C  -  A)  is  linearly  dependent 

This  is  obtained  from  the  only  if-part  of  Theorem  6-14  by  the 
simultaneous  substitutions  of  'A'   for  '  B' ,  X'   for  'A',  and 
* IV   for.'C  .    [There  arc  other  ways  of  using  the  only  if-part 
of  this  theorem  in  proving  its  if-part.    For  example,  another 
fl  instance  of  the  only  if-part  is:  «  • 

(A  -  B,.C  -  B)  is  linearly  dependent 


(C  -?A,  B  -  A)  is  linearly^ependent 


The  if-part  follows  readily  from  this  and  two  instances  of  the 
theorem: 

(a,b)  is?. linearly  dependent 


(b,  a)  is  linearly  dependent  *  ] 

The  result  is  a  theorem.  This  is  because  of  the  fact  that  any  sen- 
tence of  the  form  'p<=>  q\ implies  the  corresponding  sentence  of 
the  form  'not  p  not  q\    [See  Exercise  4  of  Part  A  on  page 

(a)    Suppose  that  a,  b,  and  c  are  an$  real  numbers  such  that 
(B  -  A)a  +  (C  -  A)b'+  (D  -  A)c^  u\ 
Since,  by  Postulate  3,  1 

G  -  A  -  (B  -  A)  +  (C  -  B)        '  v 
and  D  -  A  -  (B  -  A)  +  (D  -,B) 

it  follows  tnat 

{C  -  B)b  +  (D  -  B)c  +  (A  -  B).  -{a  V  b  +  c)'  =  3. 
Moreover,  V  * 

(b  =  0,  c  =  0,  and  ~(a  +  b  +  c)  -  0) 


(a  -  0,  b  '=   0,  and  c  =  0). 
Hence,  ior  any  a,  b,  and  c, 

{B  -,A)a  +  (C  -.A]b  V"(D  ;  A)c  =  If  and 
not  (a  -  0,  b  =  0,  and  c  -  0) 


(C  -  B)b  +  (D  -  B)c  +  (A  -  B).  -(a  +  b  -f  c) 3  . 

and  not  {b  =  0,  c  -  0,  and  -(a  +  b  +  c)  =  0) 

Consequently,  if  (B  -  A,  C  -  A,  D  -  A)  is  linearly  dependent 
then  so  is  (C  -  B,  D  -  B,  A  -  B}# 
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By  the  theorem  just  proved, 


<c 

-  B, 

D  - 

A  - 

B) 

»i  s 
>  * 

linearly  dependent 
J 

(D 

-  C. 

A  - 

C, 

B  - 

C) 

1 

i  s 

linearly  dependent, 
• 

(D 

-  c,. 

A  - 

c, 

B  - 

C) 

i  s 

linearlv  dericnrlf^nt 

(A 

-  D, 

B  - 

d! 

c  - 

D) 

is 

^linearly  dependent, 

(A 

/ 

-  D, 

B  - 

D, 

c  - 

D) 

is 

linearly  dependent 

(B 

-  A, 

c  - 

A, 

5  - 

A) 

is 

linearly  dependent. 

\ 


The  if-part  of  the  theorem  of  part  (a)  is  a  consequence  of 
these  three  instances  of  the  only  if-par't. 

[Answers  will  be  various.  But  students  should  be  able  to 
guess  at  the  definition: 

{A,   B,  C,   D}  is  eoplanarw 
<==> 

(B  -  A,   C  -  A,  yD  -  A)  is  linearly  dependent  ]  . 


TC  264  (3) 


i 


Parts  D,  E„  and  F  explore  an  important  analogy  which  is  useful 
V*  suggesting  valid  inferences  involving  open  sentences  and  quantified 
sentences,  as  well  as  in  making- "such  inferences  seem  1 4  reasonable* *  , 
The  analogy  may  be  set  forth  as  follows: 

1  Fa' ,  when  used  as  a  premiss  asserting  something  about  all 
values  of  *a' , 

t  ,  i- 

is  analogous  to  a  set  of  * 4  representative' '  instances,  one  for 
N  -  each  value  of  *a', 


*VX  Fx*  is  analogous  to  a  "conjunction**  of  the  [infinitely 
many]  members  of  such  a  set,  and 

such  a  set  of  instances* 


Fx'   is  analogous  to  an  "alternation"  of  the  members  of 

.  .  ~  V.    „  a.    _  £    t  ^  


So,  for  example,  the  following  are  pairs  of  analogous  kinds  of  inference 

V  p  and  q  p  and  q  Fa        p  q 

[or:;  1 


P  t   q  Vx  Fx  '  p  and  q 

p  or  q         p  =4>  r  q 


3     Fx      .  Fa 
x 


*  Ft  p  q 

(or:   ] 


3^  Fx      p  or  q  p  or  q 

nd  ot 
relat 

„   p  and  3     Fx  '  p  and  (q  or  r) 


These  and  other  examples  of  the  analogy  are  discussed  in  the  exercises 
and  the  related  commentary.    Here  are  two  which  are  not: 


3x  (p  and  Fx)     {p  and  q)  or  (p  and  rf 

p  or  Fa         p  or  q        p  or  r 

-  —  -  1  *  f 

p  or  Vx  Fx        p  or  (q  and  r) 

There  are  also  analogies  between  valid  sentences.  A  very  important 
example  furnishes  motivation  for  Part  F.  Here  is  a  less  important 
but  still  notable  one: 

Vx  Fx  Fx;  tp  and  ql  «s>  (p  or  q)  V 

[The  easjLIy-established  fact  that  sentences  of  the  first  form  are  valid 
indicates  that  our  rules  of  logic  are  appropriate  only  in  case  the  domains 
of  our  variables  are  non-empty.    This,  of  course/  is  not  an  important 
restriction  —  we  shall  never  wish  to  discuss  nothing!   It  is,  however,* 
well  to  note  that  when  we  agree  to  quantify  over  points  we  are  tacitly  ' 
assuming  that  S  is  non-empty.    Note  that  none  of  the  foregoing  puts  ** 
any  restriction  on  the  discussion  of  the  empty  set.    The  set  0  exists 
and  is,  for  example,  a  subset  of  £,    The  only  restriction  is  against 
taking  the  domain  of  any  of  our. variables  to  be,  0*] 


611 


&08  Using  Quantifiers  in  Proofs  265 


L  To  the  same  extend  as  indicated  above,  each  of  our  other  three  * 
basic  rules  for  V  o9  ¥  is  analogous  to  a  previously  adopted  basic 
rule  for  'and'  or  'or1.  Pair  up  the  analogous  rules. 

%  What  kind  of  inferences  involving  generalization  sentences  are 
analogous  to  inferences  of  the  form: 


P 


p  — •  {q  and  r)< 

To  inferences  of  the  form: 


p  —*  r   q  — 

'(p  or  q)  — *  r 


[Note  that  the  analogues  of  these  two  kinds  of  inferences  require 
restrictions.  Similar  "restrictions"  are  implicit  in  the  forms  dis- 
played above.  Do  you  see  how?] 


Part  E 


•  In  the  following  exercises  we^shall  explore  further  the  analogy 
between  generalization  sentences  and  conjunction  and  alternation 
sentences.  As  a  starting  point,  you  have  already  seesHha^  eliiriinatitor 
inferences  for  *3'  are  analogous  to  fcliiniMtion  inferences  for  W: 


i'Fx  Fa— >r 


p  or  q  p 


The  requirement  on  the  firs?  of  these  that  the  sentence  used  for 
'Fa  — *  r9  must  be  treated  as  an  assertion  abput  all  values  of  V  cor- 
responds with  the  need;  in  the  second  kind  of  inference,  to  have  both 
conditional  premisses.  The  requirement  that,  in  inferences  of  the 
first  kind,  V  must  not  occur  in  the  conclusion  corresponds  with  the 
requirement  that  both  conditional  premisses  in  the  second  have  the 
same  consequent.  As  you  may  recall,  we  can  get  around  this  last  re- 
quirement, as  is  illustrated  in  the  following  derivation: 

p  p<  —  r         q    q  — •  s 


r  or  g      4        r  or  s 


—7  ~       -pwq-—p  1  'g-fr-pr  s)  g~ — ■Mr  org)  * 

^  r  or  s 

I.  Give  a  scheme  analogous  to  the  preceding;  to  show  that  an  infer- 
ence of  the  form: 


3,  Fx  Fa  — •  Ga 


3,Gx 


£15 
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)  ? 
Answers  for  Part  D' 

1.  [The  basic  rules  have  been  paired  up  in  the  preceding  discussion. 
The  question  as  to  which  of  the  two  parte  of  the  elimination  rule 
for  *and*  is  "the  analogue**  of  the,  elimination  rule  for  *V*  is  best 
answered  by  saying  'Both*  and  by  Minting  out  that  it  is  our  nota- 
tion which  suggests  that  one  kind  o^'V* -inference  corresponds 
with  two  kinds  of  *  and* -inference.    To  say,  for  a  given  replace- 

>     ment  for  'Fa',  that  any  inference  of  the  form  *VX  \Fx/Ft*  is  valid 
is  to  assert  the  validity  of  many  different  inferences  which  &re 
obtainable  by  making  many  different  choices  for  *t\    Op.  the  other 
hand,  the  elimination  rule  for  *and*  could  be  made  mole  like  that 
for  *V*  if  we  introduced  a  subscript  i  whose  domain  isl  {l,  2}  and 
made  the  claim  that  any  inference  of  the  form  *(px  and/p2)/p<*  is 
valid.    Similar  remarks  apply  to  the  introduction  rules  for  '3*  and 
'or'.]  ■'    .  / 

p         pa  pa         r  , 

2.  A  ■ — — ;   —  ;   The  restrictions  are  (i)  that  the 

,      'P^f  Vx  Fx     3x  Fx  =>  r   .  .  «* 

premisses  of  these  inferences  be  treated  as  assertions  about  all 
v*ues  of  *a*  and  {ii)  that  'a*  not  occur  in  <the  sentences  which 
replace  *p*  and  *  t\    In  the  analogous  *and*  ^and  'or*  inference, 
(i)  corresponds  to  the  fact  that  each  has  two  'premisses  —  one  for 
each  of  the  two  sentences  which  are  connected  by  'and*  or  'or*  in 

contusion.  rThe  restriction  (ii)  corresponds  tp  the  fact  that 
both  preYnisses  m  the  *  and*  inference  have  the  same  antecedent 
and  both  premisses  in  the  'or1  inference  have  the  same  consequent, 

[The  first  of  the  forms  of  inference  displayed  in  the  exercise  has  been 
treated  previously  in  Exercise  3  on  page  230.    Students  should  see  that 
the  second  follows  at  once  from  the  elimination  rule  for  *or*  and  the 
deduction  rule.    In  connection  with  this  exercise  you  might  give  students 
one  of  each  of  the  following  pairs  of  analogous  inferences,  and  ask  for 
the  other: 

p  =>  p  =>  (q  and  r)     3^  Fx         t     *(p  or  q)  n>  r 


p  =>  Ft  p         q  Ft         r  p  r 

Or,  abetter  Question  may  be  to  investigate  the  converses  of  the  infer  - 
ence*  discusied  in  this  exercise*]  > 

As  is  brought  out  in  Part  E,  the  analogy  between  the  basi^  rules  of 
logic  for  quantifiers  and  the  basic  rules  for  *and*  and  'or*  m&kes  it 
possible  to  transform  a  scheme  which  justifies  one  of  &  pair  of  analogous 
kinds  of  inference  into  a  scheme  which  justifies  the  other.    So,  if  either 
of  a  pair  is  a  valid  kind  of  inference  then  so  is  the  other.  ' 

Answers  for  Part  £  * 

~  ~  $  1  .  *  . 

1.  Fa        Fa  Ga 


Ga 


3  Gx 
x 


3^  Fx       Fa        3  Gx 
x   x 

3x  °« 


ili>  as  suggested  in  the  discussion  of  Exercise  1  bf  Part  D,  page 
265,  we  had  introduced  a  subscript  i  with  valuer  1  and*2,  the 
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Part  F 


is  valid  provided  that  its  conditional  premiss  is  taken  as  an  asser- 
tion about  all  values  of  the  indicated  variable.  [Hint:  What  kinti 
of  inference  is  analogous  to  the  'or- introduction  inferences  V/ 
<r  or  *>'  and  Vir  or  sY  used  in  the  given  scheme?) 
2.  Use  the  result  in  Exercise  1  to  show  that,  with  the  same  provision, 
any  inference  of  the  form: 


Fa  — •  C?a 


3,  Fx—*  l,Gx 

is  valid. 

3.  The  same  procedure  you  used  in  Exercise  2  will  suffice  to  show  that, 
with  the  same  provision,  aoy  inference  of  the  form: 

Fa  —  Gt 


3,Fx—l,Gx 

is  valid.  Show  this.  [This  kind  of  inference  was  used  (twice)  at  the 
end  of  the  proof  given  in  Exercise  4  of  Part  C.  j 
4.  Inferences  of  the  kind  referred  to  in  Exercise  2  are  analogous^ to 
inferences  of  the  form: 


ip  or  q)  — *  ir  or  s) 

(a)  Show  that  the  result  of  replacing  both  or's,  above,  by  'qncTs  is 
y      a  valid  form  of  inference. 

(b)  Devise  an  analogous  scheme  to  show  that,  any  inference  of  the 

form:  > 

■>  , 

Fa  — *  Ga 


V„  Fx  — V  Gx 


is  valid  provided  that  its  premiss  is  taken  as  an  assertion  about 
all  values. of  V. 


.1.  One  rule  which  we  have  found  to  be  very  useful  is  that  any  sen- 
tence of  the  form; 

/    •    ■  ....  1  

r      "    nbt(p  • 


is  valid.  State  an  analogous  rule  concerning  generalization  sen- 
tences. Do  you  think  that  this  analogous  rule  seems  reasonable? 
2«  Recall  that  in  the  proof  given  on  page  256  of  the  impart  of  Theo- 
rem 6-7  we  used  the  fact  that  any  inference  of  the  form; 
N 

not  Fa 


not  3,  Fx 


V 
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justification  of  the  "complex  dilernrrfe"  displayed  ib  the  text 
might  have  been  simplified  to  a  form  more  like  the  answer  given 
above :  * 

pi        ?i  ri 
ri 

Pi  or  Pp         Pi  (ra  or  rp) 


r1  or  rs 

However,  the  note  would  be  needed  to  warn  the  reader  that  both  ~ 
rather  than  a  Chosen  one  —  of  the  cases  must'be  dealt  with, 
Alternatively,  one  might  adopt  a  general  rule  that  an  'i'   in'a  pre- 
miss means  that  one  is  to  consider  both  such  premisses,  while  an 
*if  in  a  conclusion  means  that  one  may  consider  either  conclusion.] 


►   [for  i  ^  1  and 
for  i  =  Z] 
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I,     [All  that  is  necessary  is  to  add  to  the  answer  for  Exercise  Is 

 —  t  ,       .  ) 

•  3xFx=^3xGx 
and  place  a  *t*  over  the  premiss  '3     Fx\  ]  >  / 

3,     [Merely  repeat  the  answer  for  Exercise  2,  but  replace  the  two 

occurrences  of  'Ga'  (see  answer  for  Exercise  1,  above)  by  'Gt'*.] 

4d     (a)        p  and  q  p  and  q 


r  arid  s 


{p  and  q)         (r  and  s) 


Fa  Pa  mm>  Ga 


Ga 


Vx  Gx 


y    Fx  =*»V  Gx 

X  X 


[Note  that  the  Validity  of  the  WHnference  require*  that  its 
premiss  he  taken  as  an  assertion  about  all  values  of  'a*  and, 
so,  that  each  premiss  on  which  thi*  depend!  arid  whicfh  con* 
/£•       .  tains  *a*  must  be  mo  taken.    Since,  however,  *VX  Fxf  does 

contain  V,.  thie  premie*  mky  be  taken  a*  an  *Muinpti0n,J 


6*9 


6.08  Uning  Quantifiers  in  Proofs  267 


is  valid  provided  its  premiss  is  taken  as  an  assertion  about  all 
values  of  'a.  We  also  know  [how?)  that  any  inference  of  the  form: 

„  V,  not** 

not  FcT  ' 

is  valid.  Since  V  does  not  occur  in  the  premiss  of  this  inference, 
we  may  certainly  take  its  conclusion  as  an  assertion  about  all 
values  of  V.  Now,  show  that  the  impart  of  any  sentence  of  the  form 
•  you  gave  in  answering  Exercise  1  is  valid. 

3,  The  only  impart  of  a  sentence  of  the  form  you  gave  in  answering 
y         Exercise  1  is  analogous  to  a  sentence  of  the  form: 

not  \p  or  q)  — ♦  (not  p  and  not  q) 

Here  is  a  scheme  which  shows  that  any  sentence  of  this  form  is 
vtflid: 

p  ~—  [p  or  q)   ^  q  — »  j/j  or  q)  + 

™>t  \P  or  not  p   riot  (p  ov^T^'noiTq 

not  (p  or  q)  — *  (not  p  and  not  q)  ~ 

I  The  '*'«  are  meant  to  indicate  that  any  sentence  of  the  form  of 
either  premiss  is  valid.)  The  analogues  of  sentences  of  the  form' 
of  the  premisses  are  sentences  of  the  form: 

Fa— +\Fx 

and,  as  you  know/such  sentences  are  valid,  Now,  using  these 
hints,  show  that  any  sentence"  of  the  form; 

fit 

-    not  3,  Fx       tt,  not  Fx 

is  valid.  f 

* 

*  We  can  use  what  we  have  learned  in  Parts  E  and  F  in  giving  a  very 
simple  proof  of  Theorem  6 -7/ To  begin  with,  since  we  know  thatrany 
sentence  of  the  form: 

m 

f 

■  not  3,  Fx*-*  not 

is  valid,  and  since  we  know  from  Part  D  on  pages  252  and  253  that 
blocks  of  similar  quantifiers  can  be  handled  just  like  single  quantifiers, 
we  know  that  any  sentence  of  the  form:  ~  x 

not  3^  3y  Fxy      VTVy  not  Fxy  M 


TC  267 

Answers  for  Part  F 


1.     Any  "sentence  of  the  form  'not  3x  Fx  <=0  V    not  Fx'   is  valid. 

This  rule  seems  reasonable  since  to  say  that  nothing  exists  which 
behaves  in  a  certain  way  amounts  to  the  same  thing  as  saying  that 
each  thing  fails  to  behave  in' this  way. 


2*  Vx  not  Fx 

not  Fa 


not  3  Fx 
x 


V   mot  Fx  =S>  not  3  Fx 

X  X 


The  first  of  the  three  inferences  is  valid  by  the  elimination  rule 
for  lV,t  the  second  by  the  rule  referred  to  in  the  exercise.  {The 
latter  rule  is  justified,  on  page  257.    This  rule  is,  incidentally, 
analogous  to  a  rule  stating  the  validity  of  inferences  of  the  form: 

not  p        not  q 

] 


not  (p  or  q) 


3,  Fa  sa*  3  Fx 

x 


not  3     Fx  =o  not  Fa 


not  3     Fx  i=S>  V    not  Fx 
x  x 


<The  first  inference  is,  of  course,  by  contraposition.    The  second 
'  is  an  example  of  a  kind  referred  to  in  Exercise  I  of  Part  D  *  [See 
first  answer  for  thrs  Exercise  on  TC  265(1).]  '  t 


V 

1 
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*  '  ■        '  t  .'  '     ,  40 

*  is  valid.'  Evenr  more^  for  any  positive  integer  n,  any  sentence  of  the 
form:  uV  > 


(*)  noti,  .  .  .3^  Fx.  .  .  .xH >V 


;v.  notF*' 


.  is  valid.  .  .  « 

Now,  let  s  recall  the  definition  of  linear  dependence: 


(a, 


,  an)  is  linearly  dependent 


%  -  •  -  hn  {aixi.  +  •  •  •  +  «A  ^  0  and  not  (x,  =  0,  .  .  .  ,  and  xn  =-Q» 

From  this,  by  a  rule  about  biconditional  sentences,  it  follows  at  once 
that   ,  ,  ., 


not  3 


*(ap  .  .  .  ,  a^}  is  not  linearly  dependent 

i  i  m  « 

+        =  0  and  giot  U,  =  0^ 


3a.  (arr!  •+ 


r  ■  •  '  i  and  £s  =  0)). 

So,  using  t*)  and  biconditional  replacement,  iWollows  that 

— *  — *  « 
(a ^  .  .  .  ,  aR)  is  not  linearly  dependent 

v^  ■  •  •  Vxw'not  {G!^i  ■      +  4*«  ^  ^  3™*  notUj  =  0,  . ..  .  , 

1'  and  xR  <p  0)). 

,  With  thi^  we  have  almost  armed  at  Theorem  6-7f 

'      .  ** 

(ap  .  .  .  ,  a^)  is  linearly  independent 


.  Y,,"-  •  ■  v,„  G,*,  +  .  .  .  +  oA  -  0"      (x,  =  0  and  xn  =  0)J 

To  obtain  this  from  the  preceding  result  we  need  to  use  biconditional 
replacement  and  the  definition  of  linear  independence; 


/  (ap  .  .  .  ,  am)  is  linearly  independent 

$     (av  .  .  *  ,  att)  is  not  linearly  dependent 
ajid  we  need  to  use  the  fact  that  any  sentence  of  the  form: 

(**)  4?t  (p  and  not  q)  «—*  [p 

is  valid.  For.'^Vom  this  last  it  woufd  follow  that  the  sentence: 
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not  (a,a,  •'+  .  .  .  +  aHaH  =  7  and  not  .(a,  =  0, .".  .  ,  and  an  =  0})  . 
[(a,a,  +  !  .  .  +  "^a,  =  ~0  — *  (ar=  0, .  .  .  ,  and  a„  =  0)J 

is  valid.  So,  by  Exercise  4(b)  of  Part  E,  we  wouTcTknow  that  the 
sentence:  ,  *  .  • 


•  •  ■       not  (ai*i  +  •  ■  •  +  anxn  =  0  and  not  (*,  -  0,  . 


and  *.  -  0)) 


•  •  ■  v^  Gr«i     •  ■  =  0*  — ►  "Uj/f  °»  -  •  •  ,  and     =  0)3 

is  valid.  With  this,  we  could  complete  the  proof  of  Theorem  6-7  by 
using  biconditional  replacement.  .    •  * 


PartG 


All  that  remains  for  the  proof  of  Theorem  6-7  is  the  proof  that' 
any  sentence  of  the  form  (**)  on  page  268  is  valid.  We  have  carried 
out  half  of  this  proof  already,  on  page  256,  when  we  showed  that  any 
inference  of  the  form: 


not  (p  and  not  q) 


is  valid.  You  can  complete  the  job  by  showing  that  any  inference  of 
the  form:'  .  " 

not  (p  and  not  a)  ,.**<: 

 :   _  ^  is 

is^valid  [Hint:  Use  what  you  know  (page  171)  about  fnot\  'and'  and 
'or*  to  transform  the  premiss  into  an  alternation  sentence  Then,  re- 
call the  rule  for  denying  an  alternative  (page  172).]<  ■  .  ■ 
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6.09  Chapter  Summary 
Vocabulary  Summary 

linear  combination  %  universal  quantifier 

sequence;  existentiarquantifier 
linearly  dependent  index " 

*  linearly  independent  universal  generalization  ~ 

subsequence  existential  generalization 

permutation  *  •  instance;  general  instance 

Definition*  1 

9  •* 

6-1.  a  is  a  linear  combination  of  la*,  .  .  .  ,  a') 

O-^.  (a,,  ....  as)  is  linearly  dependent 

3J(  .    .  3^  (a,x,  +  .  .  .  +  ^  =  o  and  not  (x,  =  0,  .  . 

,   and  xn  =  0)) 

6-3.  A  sequence  is  linearly  independent  if  and  only  if  it  is  not  lin- 
early dependent. 

6-4.  [a,,  .  .  .  ,  a* J  m  {x'.  3^  .      3^V=  "a,*,  +  .  .  .  +  a„*s} 
0#Aer  Theorems 

6-1.  (al  is  linearly  dependent      a  =  0. 

6-2.  For  n  2^2,  (a|f  %,  dn)  is  linearly  dependent  «-+  one  of  the 
vectors  av  .  .  .  ,  an  is  a  linear  combination  of  the  others. 

6*3.  (a)  A  sequence  one  of  whose  terms  i£  0*  is  linearly  dependent, 
(b)  A  ^touence  two  of  whose  terms  are  equal  is  linearly  de- 

<M.   If  any  subsequence  of  a  given  sequence  is  linearly  dependent 

then  the  given  sequence  is  linearly  dependent. 
6-5.   If  any  term  of  a  given  sequ&nce  is  a  multiple  of  another  term 

then  the  giyen  sequence  is  linearly  dependent. 
&&.   A  permutation  of  a  given  sequence  is  linearly  dependent  if  and 
4         *f  ^e  given  sequence  is  linearly  dependent. 
_  6-7,   (ojf .  .  .  linearly  independent   .  .  t 

~v*»  *  •  +  •  •  .  +        -O^— =0,.  .  .v 

^  '  >  and*,  =*  0)] 

(av  .  .  v  aB)  i*  linearly  independent 
— •  iatat  +  .  .  .  +  a*^  »  o^fr,  +  .  .  .  + 
(dt  «  b%$ .  .  .  ,  and  an  «  6^)) 
6*9.   If  a  sequence  is  linearly  independent  then  any  of  its  suhse- 
^  quBQces  is  linearly  independent 

frlO.  Any  permutation  of  a  linearly  independent  sequence  is  linearly 
♦  .       ^  independent. 
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The  proof  given,  beginning  he're,  for  Theorem  6-7  is  simple  in 


not  P«Vx/...  [Fx,         x-    ^Gx,  ...  xj 


Gxx  .  .  .  xn    for    (xx  =  0  and  xn  =  6}\  such  a  pTrson  would 

argue  as  follows'    The  sentence: 

P  ^  3xx  ■  ■  '  3xn  ^1  ■  ■  ■  xn  f«d  not  Gx,  . .  .  xj 
i»  equivalent  to:  -4 

not'p^not  3Xj  ...  3^  (Fxx  ...  *„  and  not'oXj  ...  xj  »" 
which  is  "equivalent  to: 

not  P  <=^  Vx,  .  . .  not  {Fx,  .  .  :  xn  and  not  Gxx  .  .  .  x„) 

which  is  equivalent  to;  r  '     '  * 

Q.E.  D, 

r 

The  rules  used  are  that  a  sentence  of  the  form  'p<=>  q-  i, 
equivalent  to  one  of  the  form  'not  p  4-»  not  q\  one  of  the  form  'not 
=*x  . . .    to  one  of  *e  form  "V    nd\.         and  one  of  the  form  'not 
<p  and  not  q)    to  .one  of  the  form  'p  [Actually,  as  shown  on 

page  tbf,  the  final  transformation  uses  the  last  of  the  three  equiva- 
lences just  mentioned,  the  replacement  rule  for  biconditional  sen- 
tences and  the  kind  of  inference  discussed  in  Exercise  4(b)  of  Part 
Biconditional  replacement  does  not  of  itself  Justify  the  transfor- 
mation of  the  third  of,  the  sentences  displayed  above  into  the  fourth, 
for  the  expressions  being  abbreviated  by: 

.not  {Fxx  .  A  x^.and  not  Gx,  .  .  .  x^ 
and:  W 


,    Fxx  ...  x,i         Gxx  ...  ^ 

are  n,ot  sentences.  The  sentences  one  needs  to  deal  with  are  those 
obtained  from  .these  expressions  by  replacing  the  'x's  by  'a'e.] 
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Ajijwers  for  Part  G  * 

■  .       .  *  '   .    .  .       .  _       "   :  t 

not  (p  and  not  q)<==^(not  p  or  ndt  not  q)      not  (p  and  not  q)  -  p 

not  p  or  not  not  q  not  not  p 


not  not  q 
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*  f- 

6-11.  Any  linearly  independent  sequence  is  a  sequence  of  distinct, 
non-0,  terms.  ( 

6-12.  {(a\  6)  is  linearly  independent  and  a  r  V  r~c*  ~  (?) 
— (aa  +  hh  +  cc  ~  0      •  a  ~  h  c) 

fr-13.  li'o,,  .  .  .  ,  a,  „ ,)  is  linearly  dependent  and  (an  .  .  .  ,  aH) 
is  linearly  independent)—*  a*  .  ,  €  (a*,  .  .  .  ,  a*  ] 

6-14.  \B  -  .4,C  -  i4)  is  linearly  dependent  «-*  (C  -  /?,  A  ~  B)  is 
linearly  dependent 

4 

Other  Basic  Rules  of  Logic 

Dealing  with  generalization  sentences  [See  pages  240  and  241  for 
(  notation.)  4 

Any  inference  of  any  of  the  following  forms  is  valid: 
V  Fx  , 
-jy~  {Elimination  rule  for*V\  (EV)J 

Fa  ■  ' 

v-  pr  [Introduction  rule  for  V,  (IV)] 

(  3X  Fx    Fa  —q 
—  — — -  (Elimination  rule  for  *3\  (E3)j 

Ft 

j~p£  [Introduction  rule  for  *3'9  (13)1 

In  the  (IV)  and  <E3)  inferences  the  premiss  in  which  the  indicated  vari- 
able occurs  must  be  taken  as  an  assertion  about  all  values  of  this 
variable.  Also,  in  (E3)  this  variable  must  not  occur  in  the  sentence 
v  taken  for  *q\ 

Other  Rules  of  Logic 

An  inference  of  any  of  the  following  forms  is  valid: 

p  *■*  q         %  „ ,  not  p  «— *  not  q 

^Stp^htq   tp3ge  2251        • '  P  —  q         [p3ge  225] 

p       a   p       r  p       r   q  r 

.    p  — \  and  7)    fPage23^  V^rW  lP«ge  265] 

p  — *  q  p  — not  q  r 

ttotp  [pa£e  2561      .  ..... 

pmm^  q  '      ,       t  ,  not  (p  and  not  q)  r 

not  (p  and  not  q)  Ipage  2561  "    p— g        [^e  269] 

p  —  V  Fx  ,      .  3,  Fx  — •  q 

p  — 5^  1    tpage  2501  pt  ^  q     [page  251 J 

p       Fa  Fa  — *  g 

V,tt   EpaSe  251]  3,ftt-»<y    [page  ^9J 

provided,  in  each  of  these  last  two  cases,  that  the  premiss  be  taken 
as  an  assertion  about  all  values  of  V  and  that  'a*  occurs  only  as 
indicated; 
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0 

provided,  in  each  of  these  last  three  cases,  that  the  premiss  be  taken  , 

as  an  Assertion  about  all  values  of  V. 

A  sentence  of  any  of  the  following  forms  is  yalid: 
V,  Fx       Ft  {page  250]  *  ^  — >  3T      [page  250) 

V,Vy  Fry  — *  VyVT  F*y  [page  252]   3^  Fxy  +-+  3^  Fxy  [page  253] 
not  3x  Fat  ~  V*  not  Fx  [page  267  J 


Chapter  Test 


1.  At  the  right  are  arrows_which 
describe  a  and  6,  where  (a,^  is 
linearly  independent.  Use 
graph  paper  to  do  the  following. 

(a)  Draw  an  arrow  to  describe 
o2  +  b* 

(b)  Draw  an  arrow  to  describe  / 
a  +  62.    .      ^     v  ' 

(c)  Draw  an  arrow  to  describe 

a  +  7£  "* 

(d)  Given  the  sequence  (a2  +  6,  a  +  62)  whose  terras  you  de- 
scribed in  (a)  arid  <b),*tell  whether  this  sequence  is  linearly 
dependent  or  independent.  i 

<e)  Prove  that  your  answer  in  (d)  is  correct. 

2.  Suppose  that  a  is  a  linear  combination  of and  d/ Show  that  the 
sequence  (a,  6,  c^df)  is  linearly  dependent.  ^ 

3.  Assume  that  (fl  -  A,  C  -  fl)  is  linearly  independent ^&d  consider 
'    the  equation:     ~  ~  \ 

(*)  (B  -r  A)  -4a  -3)  +  (C  -  B)  •  (6  +  2)'+  (A^C)  u(c  +  1)  »  {f 
Find  three  ordered  triples  (a,  6,  c)  such  that  (*)  is  satisfied 

4.  Here  are  four  logical  inference  schemes:        '  ' 
P 


(I) 


(III) 


p     •  7   not  g 
not  p 


.  (II) 
(IV) 


not  »ot  p 

not  q  — not  p 


Which  of  the  given  inference  schemes  is:  ^ 

(a)  a  double  denial  ruj£?  (b)  modus  pdnens? 

(c)  a  rule  of  contrapMition?  (d)  modus  tollens? 


AO" 
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5.  Recall  that  la,  £|Js  the  set  of  all  linear  combinations  of 7 and" 7 

(a)  Prove  that  if  c  and  d  are  in  [a,  b)  then  c+  7  is  in  \a~b).  [Note: 
,  By  our  agreement,  to  say  thatTis  in  {7,  b)'is  to  say  that7is  a 

linear  combihation  of.a'and  b.\  -  '  ' 

(b)  Prove  tfiat  if  £*is  in  fa,  b)  then,  for  any  p,  c  ■  p  la  in  la*  b\ 

6.  The  diagram  at  the  right  de- 

scribes  translations  a,  h,  and  C  0   _  J_  A 

from  O  to  the  three  points  At  Z/ 


tf,  and  C,  respectively"  Al^o,  \c"  Jb7, 

from  the  diagram,  we  see  that  \  y{Jm*t 

ft  -  A  -  rn  and  C  -  A  =  nl  •  t,  <V  / 

where  t  *  0. 

(a)  Tell  whether  \a,  h\  c)  is  linearly  dependent  or  HWly  inde- 
pendent, . v^  

(b)  Prove  your  answer  in  ia).  * 


Background^Topic 


In  the  exercises  on  pages  173-175  you  reviewed, systems  of  two 
linear  equations: 


it) 


a,a  +  h%h  =  cf 


You  learned  that  whether  or  not  such  a  system  ha?a  unique  solution- 
pair  la,  h)  depends  on  whether  or  not  the  number  a,62s  -  c26,  is  differ- 
ent from  0.  This  number,  you  should  recall,"  is  called  the  determinant 
of  ((a,,  6,  ),  (a2,  b2))  {or,  sometimes,  the  determinant  of  the  system  (*)]: 


a,  6, 


o2  62 


\ 


The  system  f>)  has  4  unique  solution  if  and  only  if  the  determinant  of 
(*)  is  not  0.  [If  the  determinant  of  (*)  is  0  then  (*)  either  has  no  solu- 
tion or. h.as  infinitely  many  solutions.] 

Now,  let's  consider  the  following  problem.  Suppose  that  (77)  is 
linearly  independent  and  that,  for  given  numbers  a,,  6„  and.6„ 

.U)  a=7a,  +  7a  2  and  T  =  co,  +  7br 

What  we  wish  to  know  is  whether  or  not  (7,7)  is  linearly  independent 
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Answers  for  Chapter  Test 


(d) 

<e) 


Linearly  independent. 


Let  a  and  b  be  numbers  such  that  (a  •  2  +  Sj  •  a  +  (a  +  b  •  2)  *  b  --  (1 
ThenlNa.(2a  +  b)lg.  (a  +  2b)  =         Since  (a#  S)  is  linearly  inde- 
pendent ^2a  +  b^  =  JD  and  a  +  2b  =  0.  .  So,  a  =  0  and  b "  =  0. 
Hence  (a«Ji  S,  a  +  S  •  2)  is  linearly  independent. 

Since  a  is  a  linear  combination  of  b,  c,  and  d,  a  =.  S  •  b  +  c«  c  +  3-d, 
for  some  b,  c,  d.  So,  a .  1  +  g.  -b  +  c  •  -e  +  d •  -d'  =  0*.  Since  1  *  0,' 
this^last  result  means  that  (a,  b,  c,  3)  is  linearly  dependent. 

Notice  that  {B  -  A)  +  (C  -  B)  +  (A  -  C)  =  0*  and  (B  -  A,  C  -  B)  U 
linearly  independent.    So,  a,  b,  and  c  are  such  that  a  -  3  =.  b  +  2 
=  c  +  1.    In  other  words,  b  =  a  -  5  and,  c  =  a  -  4.    Hence,  for  any 
a,  the  triple  (a,  a  -  5,  a  -  4)  satisfies  (#).    Examples  of  such 
triples  are  (0,-5,-4),  {5,0,1),  (4,-1,0),  <3,  -2,  -1). 


(a) 
(a) 


II; 


<b)  I; 


(c)  IV; 


(d)  III 


i'Cj  +  b ■ 


Suppose  that  c  and  3  are  in  [a,S],    Then,  c 
and  d  =  a.di  +  g.dj,    for  some  cx,  cp,  d,,  d2.  So", 
c  f^d  *  (a^c,  +  b.c2)  +  (a.d    +  b.d2)  ■=  (f  .c,  +  a-d,) 
+  (b-c-  +  b-a2)  %  a.Jcj  +  d^  +  bV(ca  +  da).    Hence  ?  +  3  ' 
:       is  in  [5,  b  J,  for  c  +  d  is  a^linear  combination  of  2  and  b*. 
Thus,  if  c  and  d  are  in  [  a,  b  ]  then  3  +  3  is  in  [a.Hj. 

(b)    Suppose  that  3  is  in  [1,  B  J.    Then,  /  =  a.,  c  +  S-  d,  for  some  , 

 c.  _d.    So.  for_any      Cp  =  Ia.cy^.d)p  =  (ac)p*(Sd>p 

=  a(cp)  +  b(dp),    This  means  th^r'fo'r  any  p,  3-p  is  in  [&,%], 
c  •  p  is  a  linear  combination  of.  a  and  b,  . 

(a)  (a,  S,  c)  is  linearly  dependent,  .  * 

(b)  From  the  information  given,  m  =  B  -  A  =        a  and 

^ ' t?|bp         r  J=  "  a-    So^  (B  -  A).t  =  C--  A  so-that  —  *■ 

{b  -  aPft      c  -  a.    Thus,  a.  (1  -  t).4  b-t  +  c. -I  =  (3  artd;- 
since  -I  *  0,  it  follows  that  (a.  b,  c)  is  linearly  dependent. 


TC273 


This  Background  Topic  introduces  an  important  application  of 
second-or*der  determinants  to  the  investigation  of  linear  dependence^, 
and  independence  of  2-*termed  sequences  of  vectors.    In  brief,  if 
(c,  3)  is  linearly  independent  then 

jcaj  +  cfa^,  cb1  +  3br, )  is  linearly  independent 

•  ■  " . 

a.,  b2 

This  is  the  second  in  an  infinite  sequence  of  theorems.    The  first  is; 
*  (c)  is  linearly  independent 


[(ca)  is  linearly  independent 


*  0] 


We  mention  this  rather  trivial  theorem  in  order  to  point  out  t^hat  it  i» 
related  to  the  statement  that,  for  (c)  linearly  independent,  (c)  and  (c 
determine  the  same  dj rection  if  and  only  if  a  #  0,    More  precisely 
[snll  for  (c)  linearly  independent]  (c)  and  (ca)  determine  the  same 
sense  if  andvonly*  if  a   *  0  [and  determine  opposite  senses  if  and  only 
if  a,  <  fa]*.    The  two-dimensional  case  treated  in  these  exercises  can 
be  extended  and  refined  along  similar  lines.    Briefly,  a  linearly  inde- 
pendent sequence  (c,  3)  determines  a  bi direction  —  the  set  of  linear 
combinations  {c,.3](    This  is  related  to  the  common  " direction* '  of  a 
family  of*  parallel  plane*  in  £  in  the  same  way  as  a  direction  —  say, 
[c  )  —  is  related  to  the  common  direction  of  a  family  of  parallel  lines 
Just  as  a  line  can  be  oriented  in  either  of  two  ways  by  choosing  one  of 
the  two  senses  contained  in  its  directions,  so  a  plane  can  be  oriented 
by  choosing  one  of  the  two  senses  contained  in  its  bidirection,-  [These 
two  senses  correspond  with  the  two  possible  senses  of  rotation  — 
clockwise  or  counterclockwise  —  in  the  plane,  ]   Now,  as  we  shall 
prove  later,  for  (c ,  i)  linearly  independent,  (c »  3)  and  (ca1  +  3as 


cb 


3bn)  determine  th£  same  bidirection  if  and  only  if 


»2' 


7       x  '!#  0 

determine  the  samte  sense  if  and  only  if  this 


and,  in  this  bidirection, 
determinant  is  positive, 

Returning  to  rhore  mundane  matters,  your  students  are  likely  to 
discover  —  by  obtaining  correct  answers  by  incorrect  methods  — 
that:  '  *'         rt  - 


*  0 


is  as  good  a  criterion  as  V*e  one  given.  Whether  they  do  or  not,  you 
might  take  this  occasion  to  point  out  that 


*1  a2 


bv  *a 


9  axb2  -  b^ 


aXb2   "  a2bl  = 


*1  bl 


a2  b2 


That  is  "one  can  interchange  the  rows  and  the  columns  o£  a  deter- 
minant without  changing  its  value"  / 
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You  may  also  point  out  to  students  that,  for  any  n,  it  is  possible  to 
define  'ntb  order  determinant*'  and  apply  such  to  similar  independence 
problems  for  n-termed  sequences  [and  to  the  solution  of  systems  of  n 
linear  equations*  * 

Answers  for  Exercises 


1,     linearly  independent 
5  5 


1  -i 


-5  ~-  5  =  -10  *  0 


2,    linearly  Independent  s 
3  3 


0  -4 


-12  *  0 


3,     linearly  dependent 
2  1 


6  3 


6  =  0 


5,     linearly  independent 
0  4 


9  -1 


=  0  -  36  ^  -36  *  0 


7,     linearly  dependent 
5  -5 


7  -7 


=  -35/-  -35  -  0. 
t 


9,     linearly  dependent 
g  9 


11  11 


=  99  -  99  =  o 


4,    linearly  independent 

V  r 

=  0  -  1  =  -1  #  0 

I  0 

6,    linearly  independent 
1  1 

=  -1  -  1  =  -2  #  0 

1  -1 

8,    linearly  independent 
-2  -2 


-2 


=  -4  -  4  =  -8;  0 


10,    linearly  dependent 
0  61 


0  -125 


0-0=0 


J 


t 
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In  other  words,  what  we  wish  to  know  is  whether  or  not  the  equation: 


Uif  *  hh  -  0 

has  any  solution  other  than  (0,  0).  (Explain.]  In  view  of  tl)f  this 
amounts  to  asking  whether  or  not  the  equation: 

has  any  solution  other  than  (0,  0).  [Explain.)  Since  k\  dVis  linearly 
independent,  this  amounts^)  asking  whether  or  not  the  system: 

'  ■  '■  ■    .•     \axii  *■  hfi  -  0 

!«,«  +  ^  ^  o        /*  * 

has  a  anlytion  other  than  (0.  6),  Since  (0*  0)  is  (obviously  1  a  solution 
of  this  system,  what  we  wish  to  know  is  merely  whether  or  not  this 
system  has  a  unique  solution.  What  is  the  answer? 


i 

\ 


Kxercises 


Assuming  that  U\  </>  is  linearly  independent,  use  determinants  to 
determine  swhich  of  the  given  pairs  are  linearly  independent. 

„     Sample.     ft  1  +  c/2,  c3  +  i/4")  ' 


Solution,  j  1  3 

12-41 


-4-6  = -2*0 

Answer.    ?  {'linearly  independent'  or  'linearly  dependent'] 

1.  i.vh  +  </,  <*5  f  (7  •  -1)  ,2.  U<3,  r3  -  7/4) 

3.  ic2  ♦  f/6,  c  +  V/3)  '       4.  u£"3  [i.e.:  (ct)  +  ~Jl,'A  +.  «&)] 

5.  l/79,c-4  -  (7)'  6. 

7.  Irk  f  til. 7  ■  -5  -  tfl)  8.  (-c.-2  -  eft,  -72  +  rf2)  , 

9.  l<-9  +  t7ll,  c9  +  Jll)  io.  (Q/c  'ex  +  J",  -jag) 
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Chapter  Seven 


Lines  in  )S 

7.01  Coiiinear  Points  s 

So  far,  our  postulates  Rave  had  to  do,  in  the  main,  with  translations 
and  with  how  translations  act  on  points.  In  order  to  get  to  the  more 
familiar  notions  concerning  geometric  figures  in  we  need  postulates 
,  wh$h  link  geometric  •notions,  with  those  we  have  been  studying.  One 
such  notion  is  that  of  a  linte? 

In  our  intuitive  consideration  of  geometry  in  Chapter  1  it  was  con- 
venient to  describe  a  line  as  being  a  set  of  points  which  is  the  union 
qf  two  opposite  rays.  Now  we  wish  to  define  'line',  ?ray and  so  on,  in 
terms  of  !point*  and  'translation'.  Our  earlier  description  will  turn/out 
to  be  a  theorem,  ij^ will  the  other  results  which  we  reached  intuitively 
in  Chapter  1.  This  will  be  an  important  test  of  the  -adequacy  o^  our 
definitions.  If  it  turned  out  that  they  didn't  enable  us  to  reach  the 
conclusions  which  seem  intuitively  sound,  we  might  suspect  that 
something  was  wrong  with  them. 

Some  of  the  exercises  in  the  preceding  chapter  have  probably  given 
you  a  hint  as  to  how  we  shall  define  the  word  'line*.  To  begin  with, 
we, shall  decide  what  it  means,  in  terms  of  translations,  to  say  that 
three  points  "line  up"  or  are  coiiinear.  Then  we  can  say  that  a  line 
is  a  set  of  points  which  consists  of  all  the  points  which  line  up  with 
any  two  of  its  members. 

As  is  often  the  case^,  the  intuitive  line  of  thought  which  leads  us  to 
adopt  a  definition  is  reversed  once  fehe  definition  has  been  adopted. 
This  is  natural  enough,  since  we  wish  to  be  sure  . that,  starting  from 
the  definition,  we  can  recover  the  intuitive  notions  which  led  us  to  it 
In  the  present  case  we  have  an  intuitive  notion  of  what  a  line  is  and 
our  notion  of  collinearity  is  that  coiiinear  points  are  points  which 
belong  to  some  line.  We  also  have  intuitive  notions  as  to  how  transla- 
tions  affect  lines.  Jn  the  following  exercises  you  will  review  the  argu- 
ments, based  on  these  intuitions,  which  suggest  how  fA\  fl,  and  C  are 
coiiinear*  can  be  expressed  by  means  of  terms  which 'refer  to  trans- 
lations. 

•   275  .  ., 
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.Exercises 


1.  Suppose  thai,  as  shown  in  the  figure  below,  P,  Qt  and  /?  are  pointy 
which  belong  to  a  lio^e  /. 

_       '    .  \ 


(a)  What  can  you  say  about  the  translations  Q  -  /'  and  R  -  P? 
About  the  sequence  iQ  -  P9  R  -  PY! 

(b)  From  the  figure,  guess  nonzero  real  numbers  q  and  r  such  that 
iQ  -  P)q  +  iR  -  P)r  -  o! 

(c)  Is  the  sequence  i/?  -  Q,-/3  -  Q>  linearly  dependent? 

(d)  Suppose  that  S  is  any  point  such  that  {P,  Q,  S}  is  a  set  of 
collinear  points.  Where  must  £i  be,  and  what  can  you  s^gy  about 
iQ  -  f\  S  -  />)? 

ie)  Suppose  that  T  is  any  point  such  that  {P,  Q,  T)  is  a  set  of 
noncollinear  points.  Where  must  T  not  be,  and  what  can  you 
say  about  iQ  -  P%  T  -  P)?  About  the  sequence  (P  -  T,Q  -■  D? 
2.  Instead  of  saying  that  points  A,  fl,  and  C  are  collinear  we  shall 
sometimes  say  that  {A,  fl,  C}  is* a  set  of  collinear  points.  More 
often  we  shall  say  that  {At  Bt  C}  in  a  collinear  set  or  merely  that 
'{A,  B,  C}  is  coll^ear. 
'    '    (a)  If  V  =      can  {,4,     0}  be  noncollinear? 

(b)  Is  there  a  noncollinear  set  which  consists  of  just  two  points? 
*  Of  a  single  point?  •  > 

Thi>  preceding  exercises  suggest  that 'the  following  definition  agrees 
with  our  intuitive  notions  concerning  the  relationship  between  col- 
linearity of  points  and  linear  dependence  of  translations: 

Definition  7- 1    {A,  B\  C}  is  collinear 


(B  -  A/C  -A)  is  linearly  dependent 


-4-   


Fig.  7-1 


to)  As  we  have  pointed  out  in  thei  past,  it  is  only  by  choice  that  we  call 
this  a  definition  rpther  than  a  postulate.  In^eneral,  we  choose  to  list 
as  definitions  those  postulates  which  introduce  new  terms  into  our 
system.  .  Of  course,  since  a  definition  is  a  postulate,  it  naturally  plays 

,  <  the  samelkind  of  role  in  proving  theorems  as  does  any  postulate, 


ERLC 


633 


TC276 


Answers  for  Exercises 


1, 


(a) 
(b) 

(c) 


Each  is  a 


ultiple  of  the  q£ber;;    It  is  linearly  dependent. 

[Any  choice  of  q  and  r  such  that 


Choose  q  =   7  and  r  =   -  3 , 
q/r      ^?/3  is  correct,  ] 

Yes.    [There  are  various  ways  to  establish  this.   Jor  one 
thing,  the  linear  dependence  of  (R  -  Q,  P  -  Q)  follows  from 
that  of  (Q  -  P,   R  -  P)  by  Theorem  6-14.    Students  should  be 
reminded,  if  necessary,  of  this  theorem  which  will  be  referred 
to  again  on  page  277.    On  the  other  hand,  the  linear  dependence 
of  (R  %Q,  P  -  O)  can  be  established  "by  inspection**  as  was 
that  of  (Q  -  P,  R  -  P):(R  -  Q)3  +  (P  -  Q)4  =  0  and  3  *  0,  J 

S  must  be  a  point  of  f,  and  (Q  -  P,  S  -  P)  is  linearly 
dependent,  * 

/ 

T  must  not  be  a  point  of  I,  and  (Q  -  P,  T  -  P)  is  linearly  * 
independent.    (P  -  T,   Q  -  T)  is  linearly  independent.  [The 
latter  follows,  by  Theorem  6-14,  from  the  linear  independence 
ol  (Q  -  P,  T  -  P).  ]  , 

N< 

B, 


.     [For,  then,  any  line  containing  A  and  E  also  contains  At 
and  C.  ] 

Nol;    No.    [For  any  two  points,  and  any  single  point,  are  con- 
tained in  some  line.  ]  * 

The  connection  between  collinearity  and  linear  dependence  which  is 
explored  in  Exercise  1,  and  the  explanations  giv^n  for  the  answers  for 
Exercise  2,  are  based  on  an  intuitive  notion  of  what  a  line  is  and  a  notion 
Df  collinearity  according  tohvhich  given  points,  are  collinear  if  and.  only 
If  all  are  contained  in  one  line.    As  indicated  on  page  27  5,  we  now  take 
;he  intuitive  connection  between  collinearity  and  linear  dependence  as 
:he  basis  for  ..a  formal  definition  of  the  word  'collinear'  in  contexts  of 
<he  form  *{A?  B,  C}   is  collinear*.    The  word  'line'   is  defined  on  page 
i!79  ,    In  Exercises  3  and  4  on  page  280  we  investigate  the  questio'n  as 
to  whether,  under  these  definitions,  it  can  be  proved  that  {A,   B,  C}  is 
collinear  if  and  only  if  it  is  a  subset  of  some  line.    The  fact  that  this 
can  be  proved  shows  that  our  definitions  are  not  inappropriate. 

*       Definition  7-1  defines  'collinear*.  in  a  rather  special  context.  It 
could  be  extended  by  agreeing  that  an  arbitrary  set  of  points  is  collinear 
if  and  only  if  each  of  its  3-point  subsets  is  collinear.    However,  pnee 
*iine'  has  been  defined  we  shall  revert  to  the  ordinary  use  of  *  collinear1 
ording  to  which  a  set  is  collinear  if  and  only  if  it  is  a,  subset  of  a. 


7.01  Collinear  Point*  277 


#  There  is  one  point  which  needs  to  he  noted* before' adopting  a  defini- 
tion like  Definition  7^  As  you  know, 

{A,Q,C}  =  '{B,t,A)  =  {C,a;B}  ■ 
~{A,CtB).=  {B,A,C}  =  {C,B,A}. 

Sot  adopting  Definition  7-1  would  get  Us  into  trouhle  if  it  were  not  the 
case  that,  for  Example,  \ 


a>>  .  . 

-  (C 

-  A)  is  linearly  dependent 

-  s,  4 

-  Zi)  is  linearly  dependent 

and 

•IB 

(?) 

-  a,c 

-'A)  is  linearly  dependent 

>'•  .  ((' 

-  4"  is  liheariy  dependent. 

I  Explain  why  Definition  J  -  1  would  cause  trouble  if  (1)  or  (2)  were  not* 
true.  Xre  ul)  '  and  (2)  true^jr^&nee  we  have  already  proved  Theo- 
rem 6  -  l^G^Thcorem  6  -6,  we  can  W,  sure  of  (1)  and  (2  ).  But,  there 
are  other  sifr'iilar 'statements  whichfKve  heed  to  be  sure  qf.  Do  we  need 
other  theorems  a$  a  check  on  these  statements?        *  " 


Exercise* 


1.  l)raw  a  picture  shriwing  three  cqftinear  points- tf,  Lt  and  M. " 

(a)  ,What  chn  you  say  abouf  the  sequence  (V'  -  Ky  ,M  -  K)l  * 

(b)  Watrje  five  other  2-temied  sequences  of  non-6*  translations 
*        about  \vhich  you  can  say  the  same  thing. 

(c)  Add  to  youp  picture  two  arrows  to  represent  L  -  K  and  M  -  K 
and  estimate  vaiups  of  'a'  and  7>'  such*  that  {L  -  K)a  Am  -  ti)b 

-  a  '       '  .  -  ,  *  , 

i2.  Draw  a:  picture  showing  two  points—/?  and  S. 

(a)  Mark  a  point >  auch  that  S,  P}  is  collinear  and  a  poini 
Q  *  P  such  thfit  \R,  8*Q}  is  collinear.  Is  it  the  case  that 
{P,  -Q//?^itt;co!lineftj?ti  v„ 

(b)  According  to  Definition  7-t^  what  jnu.st  you  show  in  orcier  to 
f  establish  that  |/\  Q,  #}  is  collinear?  If.you  were'gqmg  to  shpw 
this,  wtiat  does  part  (a)  give  you  to  work  with? 

(d  Since        S,  P\  is  collinear  you  *khow,  by  definition^  that 
AS        {&  -  RtP  -  R )  i$  linearly  dependent.  Sisee  R     S  you  know 
q$  that  S  -  R  *  Q.  So,  -by  a  'previous  theorem  you  know  that 

P  -  R  e  ^  [State  the  theorem  J  r  ,  * 

>,  Prove^hat  Q*-  R*\S  -  R).      *    1  •  , 

You  now  have  shewn  th^t  there  are  numbers  —  say,  p.and1  q 
7suqh,  tfiai'  P        =*  (S  -  R)p  *  and         /?  -  (S  -  tf)^ 
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By  Definition  7-1  we  have  both:  * 
{A,  fi,   C}  is  collinear  (B  -  A,   C  -  A)  is  linearly  dependent 

and: '  '  ■     ,  - 

("B,  C,  A) /IB  collinear  <=>  <C  -  B,  A  -  B)  is  linearly  dependent 
So,  since  {A/  B,  C}  =  {B,  Cf  A)  it  follows  from  Definition  7-1  that 
i  (B  -  A,   C  -  A)  is  linearly  dependent 

(C  -  B,^  A  -  B)  is  linearly  plependent.  .  < 

IJ  there  wertN  a  counter-example  to  this-generalization  then  the  adoption 
of  Definition  7-1  would  make  our  theory  contradictory.  ,4By  the  rule  of 
contradiction*(see  page  156)  each  sentence*W£uld  then  be  a  theorem.  ] 
Fortunately,   (1)  is  already  a  theorem  —  Theorem  6-14  —  amkso  are 
the  other  theorems  which  follow  in  a  similar  manner  from  Defltiition 
7-1.    Hence,  at  this  stage  of  our  development,   Definition  7-1  is  not 
''creative"   and  may  safety  he  adopted. 

As  to  what  theorems  are  needed  to  justify  the  adoption  of  Definition 
7-1,  note  that  th%e  instance  j  1 )  of  Theorem  6-14  "takes  care  of1  the 
fact  that  '{A,   B,  C}  '=   {B,  C^A}  and  that  the  instance  of  (1)  obtained 
by  substituting  •  B'  for  lA'l  \Cn  for  \B\  and  *  A1  for  'C^'ta^es  care  of 
the  fact  that  {B,  C,  A^   -   {C,  A,   B).    The  instance  \l)  of  Theorem  - 
6-6  takes  care  of  the  fact  tHat  {A,   B,   C}   ~-  {A,  C,   B}  and  two  similar 
instances  take  care  of  the  facts  that  { B>  C,  A}  =  { B,  A,  C}  and 
{C,  A.  B}  *   {C,   B,  A};    The  preceding,  together  with  a  <i transitivity 
argument*1,  takes  care  of  all  c^ses.    So,  Theorems  6-6  and  6-14  a*re 
sufficient  to  the  purpose.     -  ■  » 

The  necessity  for  justifying  a  definition  like  Definition  7-1  may  be 
brought  out  by  considering  the  a<i  hoc  "definition": 

•'(■*)■  {A,  B,  C}  is  coterminal  A  =■  C  *  B 

lFrom         and  its  instance:  .   ,  ,:  '    '  \ 

(  {A,  C,   B}  is  coterminal  <=>  A  =  B  ^  C. 

together  with  '{A,  B,  C)  --■   {A,  C,  B}\  we  can  infer; 

/    ..     .         x    ;  j|j      .A      C  4  P  <t=>  A  =  -B  *  Q 

and,  substituting  #A'  for  1  C ,  arrive  at  the  conclusion: 

A  B 

jTp  do  so,  note  that  4nbt  {A  =  B  ^  A)'   and  §A  =  A'  are  valid  sen-' 
tences.J   Obviously,  in' arjy  npnt-tivial  theory,  (*)  is  sp  creative  as  to 
•be  ajlmost  totally  destructive!  -  *  •*  *"  ^ 

Finally,  note  that,  instead  of  .Definition  ,7-1,  we  rhight  h^ve  adopted 

a  definition  of  collinearity  for  3-termed  sequSnces  of  points* 

?  -    ,  ,  ■ — ,  •  j 

'  '    (**)    (A,  B,  G)  iStcd^ihear  <«>  (B  -  A/  C  *■  A)  is  linearly  dependent 

In- this  case  hq^  justification  like  that  giveji  fo^  Definition  7-1  woyld  be 
required.    However,  *«>a  matter  of  convenience  we  would  wish  to  make 
sure' that,  for  example  f       \t    Jp^  , 

\At  B,  C)  is  Collinear  <===>  (B,  C,  A)  is  collinear  :# 

is  a  theorem,*.  And,  in  view  of  (**K  this  amounts  to  proving  {1 ). 
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8wc  rs  tor  Kxercises 


Linearly  depende.nt. 
M. v  K  -  M).  (M 


(a) 


(b) 


U 

(K  %  L;  M  -  L), 
I  tested  t  ht?  re'  a  re 
the i  r  opposite  s  , 


1„   K  -  L),  t  M  -  K,     h  -  K), 
and  (K  -  M,    L  -  M).     [For  each  of  the  pairs 
3  others  obtainable  by  replacing  terms  by 
Others,  which  students  are  unlikely  to  sug- 


gest-,  may  be  obtained  by  replacing  each  term  of  a  listed 
sequence  bv  a  non-jJ  linear  combination  of  its  terms,  For, 
tts  is  tasy  to  show,  it  (c  ,  el)  is  Unearly  dependent  then  so  is 


d*a,. 


[Here  i  s  a  spot  where  various  students  can  be  asked  to  demon- 
strate their. own  solutions  to  the  class.    On  the  other  hand,  you 
may  Wish  to  save  yourself  paper -work  by  giving  students  work 
sheets  on  which  the  points  in  question  are  marked.     If  so,  note 
that  there  are  two  "essentially  different'. *   cases  —  that  in 


which  K  i  sH>e  twe  e  n  "  L 
not   (ah     '   0).  J 


and  M  (ab  "v»    0)  and  that  in  which  it  is 


Yes.     [This  answer  should  seem  intuitively  correct.  The 
remaining  parts  of  this  t?xercis#e  show  how  to  justify  it  on  the 
basis  of  Definition  7-1.     The  result  to  be  proved  may  be 
thought  of  as  a  start  toward  a  proof  that  the  line'through  R 
and   S  is  determined  b-y  any  two  of  its  points.,    Due -to  the  defi- 
nition uf-'lme'  which  we  shall  adopt  the  argument  will  not  be 
used  in  this  way,   hut  the  techniques  illustrated  in  the  solutions 
Will  be  of  value.  I 


It  must  be  established  that  (Q  -  P,   R      P)  is  linearly  depend- 
ent.    From  part  (a),  we 'know  that  (S  -  R,    P  -  R)'  is  Hnearly. 
dependent,   that  Q  4    H,   and  that  (S  -  R,   Q  -  R)  is  linearly 
dependent.      '  ,  y 

It;)    [S  -  R(.     The  theorem  is:    If  (a,b)Ais  linearly  .dependent  and 

a  *   6  then  h  €  [a  J.     (This  —  Theorem   b  -  H  —  will  be  of  % 
much  use,  and  it  may  hi*  well  to  review  its  proof:  Assuming 
(a.b)'to  be  linearly  depen^^nt  there  are  numbers  —  say,  a 


b  —  such  that  aa  I  bb  and  a  and  b  are  not  both  0, 

0  then  aa    -   6  and,  assurs^n^  that  a  ^  3,  a   ■■  0,  So. 


3  .  B 

x 


ax  and,  by  definition, 


md 
'It  t 

-     -b  i  0  and  b    ■   a(a/b).  Hence 
.   b#€  [a|,  |    .  '  .. 

(d)    Since  {  R.  S.   Q}   is  collinear  and  R  4  S  it  follows  f*hat 

(S  -  R.  is  linearly  dependent  and  S  -  R  *  (J.    So,  as 

part   (c),   Q  -  R  6  {S  -t  Rj)     [Students  should  realize*  that  the 
results  obtained  in  (c)  arid  (d)  are  instances  of  the  or&y  if- 
part  of  a  potentially  useful  lemma: 

{A,  B. C)  is  collinear  <=^>         A  €  [B  -  A]   [A  *  B] 

The  if-part  is  easily  established.]     ,  <> 


in 


6'?; 
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Answers  for  Exercises    [cont.]  ** 

(e)  Q  -  P  =  -<S  -  KUSq  -  p)  and  R  -  P       (S  -  R)  -  -p_ 

(f)  By  (e),  (Q  -  p).p  +  (R  -  P)  •  (q  -  p)  ;  3.    Since  Q  *  P, 

Q  -  P  *  0  and,   again  by  (e),  q  -  p  *  0.    So,  by  definition, 
-         (Q  -  P,   R  -  P)  is  linearly  dependent.     [Students  may  find  it 
more  natural  to  solve  the  first  equation  in  (e)  for  'S  -  R* 
and  substitute  into  the  second.    This  is  a  perfectly  satisfactory 
way  of  finding  numbers   r  and  s  such  that  <q  -  p)r  +  ,-ps  -  0, 
but  it  is  much  more  elegant  to  note  that  p  and  q  -  p  are  such 
numbers.    The  realization  of  this  —  i.e.   recognition  that 

f4  ar  f  bs  -   0'  has  a  solution  given  by  *(r,  s)  -  (-b,  a)*  —  is 
he  basis  for  name  rous  short  cuts.    Students  may  recall 
^  Exercise  7(b)  on  page   221   according  to  which 

(b  t  {  a  j  and  c  €  [  a  ])  ==>  fb\  c )  is  linearly  dependent. 

From  this  and  the  results  in  part  (e)  it  follows  at  once  that 
(Q  -  P,    R  -  P)  is  linearly  dependent.  ] 

i.    .(a^    Infinitely  many .  ;   Infinitely  many.  ;    [Exactly]  one. 

(b)    By  definition,  {C,   H,  HKis  collinear  if  and  only  sif  (H  -%G, 
II  -  C)    is  1  inearly  dependent.    Since  (H  -  G,   H  *  G)  is 
linearly  dependent  by  Theorem   6-3{b),   it  follows  that 
{G,   H,  H}   is  collinear.    But,  :{G,  H,  H}   -  {G,  H}.  So, 
{G,   H}   is  collinear. 

4,      (a)    Collinear.  (b)    S  ie  point  of  I. 

'   -     Condition  (ii)  is,  intuitively,  satisfied  by  a  set  I  if  and  only  if  I 
is  a  subset  of  soma  line.    Intuitively ,«  a  sejt  I  satisfies  condition  *{iii)  if 
and  only  if  it  contains  each  line  which  contains  two  of  its  points.  For 
example,  any  line,  V^ny  plane,  and  S  itself  are  examples  of  sets  of 
points  which  satisfy  <iii).    So  are  0  and  any  set  which  consists  of  a 
single  point.    The  purpose  of  (i)  is  to  get  rid  of  such  de  jbnerate  sets. 
[By  definition,  a  set  is  degenerate  if  and  only  if  it  has  fewfcr  Chan  two 
members.  ]   It  follows  that  a  set  /  which  satisfies  (i),  (ii)/Wd  (iii)  is 
a  subset  of  a  line  and,  also,   contains  a  line.    Since,  intuitively,  no 
line  contains  another  line,  it  follows  that  a  set  which  satisfies  (i)-{iii) 
is  aline.    This' suggests  Definition  7-2.    Note  that  Definition  7-2 
might  be  reformulated: 

*  m 
I  is  a  line 

(a)  t  is  a  subset  o£  6  which  contains  at  least  two  points,  and 

(b)  VxVy  {({X.  Y}  C  i  and  X  4  Y)<=>  i  =   {Zr  {X,  Yf  Z} 

is  collinear }}  *    "  ' 

'         *    *    *  w' 


6 


On 
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Complete:                                                           •    v  . 
Q  ~  l>     '*»'  -  fi)   _  and  R  -  P     uS  -  R)  ■   ■_._!  * 

<f)  Use  your^esult  from  part  le)  and  the  fact  that  Q  *  P  to  prove 
{Q  -  P.  R  -  P\  is  linearly  dependent. 

3.  Let  11  and  //  be  two  points. 
la)  How.niany  lines  contain  G?  Contain  H?  Contain  both  G  and  H'> 
(b)  Prove  that  G  and  H  are  collinear.  [Use  Definition  7-1 

..;{(;,//>  {(;,//,//}.( 

4.  ..Suppose  that  /  is  a  line,  and  that  /  Contains  two  ,points  P  and 
/  <a|  Given  that  «  is  ,a  point  of  line  /,'  what  can  be  said  about 

\p,Q.!<y>  v 

(b)  Given  that  »S  is  a  point  such  that  {P%Q,  S}  rs  collinear,  what 
S  ran  be  said  about  .S  and  the  line  /? 

7.02  Lines  * 

Now  that  we  have  a -formalized  notion  of  collinear  points,  we  are  in 
a  position  to  make  use  of  this  notion,  together  with  our  intuitive  ideas 
about  what  lines  are  lor,  ought  to  be),  in  formufating  a  definition  of 
the  term  line. 

In  order  to  agree  with  our  intuitive  notions,  we  want  to  be  sure  that, 
among  other  things,  any  line  /  is  such  that 

(i)    /  is"  a  subset  ofV  and  /  contains  at  least  two  points. 

Certainly,  this  condition  (i>  is  not  enough  to  pin  down  exactly  what  we 
mean  by  line,  for  we  .expect  a  line  to  contain  many  more  than  two 
points.  And,  furthermore,  you  probably  can  think  of  many  sets  of  more  4 
than  two  points  that  aren't  anything  like  \vhat  you  think  of  as  a  line. 

The  results  in  the  previous  set  of  exercises  suggest  that  the  potion 
of  collinear  points  can  be  used  to  help  us  define  the  term  line.  One 
way  to  use  this  notion  is  as  follows:  *  *  V 

...    .      ..<»>.  Given  that  P,  Q,  and  R  are  poi|»t»  of  I, 

.    then  P,  Q,  and  H  are  collinear. 

'We  saw  that  (i)  wasn't  enough  to  fully  describe  what  is  generally 
thought  of  as  a 'line.  So,  a  natural  question  to  ask  at  this  stage  is: 

s  *  * 

Are  properties  (j)  and  (ii)  enough  to  fully  ^ 

describe  what  we  think  of  as  a  line? 

,  Describe,  and  draw  pictures  of,  at  least'three  sets  of  points  each  of 
.which  satisfies  the  conditions  (i)  and  (ii)  but  which  are  not  what  vou 
consumer  to  be  lines.  ,  '  r  • 

ERIC  t>3Q 
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There  are  two  basic  theorems  about  lines:  s 

(1)  Any  two  points  are  contained  in  at  least  one  line. 

(2)  Any  two  points  are  contained  in  at  most  one  line. 

The  second  of  the  se  follows  readily  from  Definition  7-2,    For,  if  I  is 
a  line  which  contains  two  given  points  A  and  B  it -follows,  using  part 
(b-) 'of  the  definition,  that  I  -    {Z:    {A,   R,   Z}   is  collinear } .    [Thi-s  % 
result  is  established  in  a  slightly  different  way  in  Exercise   1  of  Part 
R  on  page   289.  J    In  view  of  this,  proving  (1)  amounts  to  showing  that, 
for  A  4  R,   {Z:  ,{A,  .  B,   Z.}   is  collinear)   is  a  line  which  c ontains  A 
and   B.     The  proof,  in  section  7,03,  of  Theorem  7-1   amounts  to  a 
proof  of  this.    The  proof  of  (1)  is  more  complicated  than  the  proof  of 
(2)  because  Definition  7-2  requires  a  good  deal  of  a  set  if  it  is  to  be 
considered  a  line. 

One  can  give  an  alternative  definition  which  requires  less: 

*  -       ■  I  is  a  line 

,      (3)     '       sv     •      '  , 

3X  3y  (X  *  Y  and  I  =   {Z:    {X,  Y,  Z}   is  collinear}) 

If  we  were  to  adopt  this  definition,  it  would  be  easy  to  prove*  (1).  For, 
according  to  {3\  for  A  *  B,   {Z:    {A,   B,   Z)   is  collinear}   is  a  line , 
and  it  is  easy  to  show  that  this  line  contains  A  and  B.    With  (3)  as 
definition,  however,  the  proof  of  (2)  becomes  complicated. 

Whether  one  chooses  Definition  7-2  or  (3)  as  definition  for  'line', 
essentially  the  same  complications  occur  —r  either  in  the  proof  of  (1) 
or  in  the  proof  of  (2),-  " 

For  completeness  [and  to  justify  the  preceding  remark]  we  shall 
now  sketch  a  derivation  of  (I)  from  (3).    Precisely,  we  shall  show  that 
if  (  is  a  Hn<|t  according  to  definition  (3).  which  contains  two  given 
points   P  and  Q,  then  i  =   {Z:    { P,  Q.  f }  is  collinear}. 

Suppose  that  I  is  such  a  line.    By  (3)  there  are  "two  points  —  say, 
R  arid  S  —  such  that  I  -'  {Zt    {R,  S,   Z}  is  collinear}.   -So,  since  P 
and  Q  belong  to  t,  both  {R#  S,  p}  and  {S,  S,  Q}  are  collinear.  It 
follows,  as  in  Exercise  2  on  pag*  277,  that  { P.  Q.  R}   is  collinear 
and,  similarly,  that  { P,  Q,  S}  is  collinear.    More  conveniently  [see 
the,  remark  concerning  the^  solution  for  EttercHse  2(d)], 

(*)  .  R  -  PC  [Q  -  P]  and  5  AP€  [Q  ~  P]. 

Since  S,-V  =  (S  -  P)  -  (R  -  P)  it  follows  that*  S  -  R  €  [Q  -  4]  and,  so, 
that  [S.-.R]  c  [Q  -  Pj.   Suppose,  now,  that  {R,  S,  T}  is  collinear  — 
that  is,  that  T  $  R  i  [S  -  R].    We  shall  show  that  {P,  Q,  T}  is  also 
collinear.    To  do  so,  note  that  T  -  P  -  (R  -"P)'+  (T  -  R).    Since,  "by 
(*),   R  -  P  €  [Q  -  P]  and,  by^ssumption,  T  -  *R  €  [S  -  R]  C  [Q  -  P]  it 
follows  that  T  -  P  l  [Q  -  PJ  and,  so,  {P,  Q,  T}  is  collinear.  Hence, 
if  {R,  S,  T}  is  collinear  then  {P,  Q,  T}  is  collinear.    The  converse 
follows  bv  a  siinilar4  argument.    [Since,  by  assumption,  {R,  S,  P}  and 
{R,  S,  Q}  are  collinear  it  follows  that 

{**)  P  -  R  €  [S  -  R]  and  Q     R  C  [8  -  Rj. 

Proceeding  from  here  just  as  we  did  from  (*)  leadtf'to  the  result  that 

if  {P,  Q,  T}  is  collinear  then,  so  is  {  R,  'S,  T}  .  ]  -  "  ' 

* 

It  has  been  shown  that,  if  P  and  Q  ^are  two  points  which  belong  to 
{Z:   {R.  S,  Z)  is  collinear}  ^thera^this  latter  set  is  {Z>:   {p,  Q,  Z}  .i*  ' 
collihear}.    Consequently,'  if  I  is  a  line  according  to  definition  (3) 
which  contains  the  two  points  P  and  Q.then  I  -  {Zt   {P,  Q,  Z)  is 
collinear).    There  cannot,  then,  be  two  such  lineal. 
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Here  is  another  insight  into  the  relationship  between  collinearity 
and  being  a  line:  *  ' 

„     -  (iii)     Given  that  P  and  Q  ate  two  points  of  /  and  that 
{P,  Q,  R}.i&  collinear,  then  R  is  a  point  of/. 

Recalling  the  direct  link  between  coiiinear  points  and  linearly  de- 
pendent translations  and  between  linearly  dependent  translations 
and  multiples  of  a  translation  should  suggest  at  least  one  way  to 
determine  a  point  (in  fact,  many  points)  R  such  that  R  and  tfvo  given 
points  /■*  and  Q  of  /  are  col  linear.  [The  diagram  below  illustrates  this.] 


Q  P 


p^  r  (or  any  r 


Fig.  7-2 


This  discussion  suggests  the  following  definition; 


Definition  7-2  I  is  a  line  if  and  only  if 

(a)  /  is  a  subset  of  '£  which  contains  at  least  two  points, 

and 

(b)  vvv,  |i  {X,  Y\  C  /  and  X  /  Y) 

— *  V|  [Z  €  /       {k,Y,  Z)  is  collinearj] 


At  B  * 

A  w     jC  is  a  poigLpf  /  ' 


cS\{A  8,  C)  is  coiiinear 


(  Fig,  7-3 

\  ;  *  ' 

Notice  that  <a)  of  this  definition  says  what  (i)  says,  and  that  part  (b) 
of  this  definition  says  what  Hi)  and  (iii)  say4.  (In  words,  part  (b)  says: 
For  each  two  poinS  of  /,  each  third  point  belongs  to  /  if  and  only  if  it 
and  the  two  given  points  are  collinearj 

From  now  on,  we  shall  use  7\  *m\  and  V,  with  or  without  subscripts, 
as  variables  whose  domain  is  the  set  of  lines  of#.  [Since,  otherwise,  we 
should  soon  run  out  of  letters,  we  shall  also  use  T,  Vn\  and  V*as 
indices  an  quantifiers.  Read  V/  as  Tor  each  line     etc.]  s 
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Looked  at  from  another  point  of  view,  it  is  not  difficult  to  see  that 
the  preceding  argument  shows  that,   for   R  #  Sf  {Z:    {R,  S,  Z}  is 
coiiinear}   satisfies  condition  (b)  of  Definition  7-2,    Since  it  is  easily 
seen  that  the  set  in  question  contains  the  two  points   R  and  S,  it  follows 
that  it  is  a  line  according  to  Definition  7-2,    Consequently,  any  s^t 
which  ia  a  line  according  to  (3)  is  a  line  according  to  Definition  7-2. 
The  converse  being  obvious,  (3)  and  Definition  7-2  are  equally  satis- 
factory as  definitions  of  'line*. 

From  still  a  ^h^rd  point  of  view,  the  argument  in  question  shows 
that,  for  R  *  Sj  RS  [see  Definition  7-3  on  page  281]  is  a  line.  That 
this  is  the  case  is  also  shown  in  the  proof,  in  section  7,03,  of 
Theorem  7-1.    The  argument  given  there  might  be  replaced  by  the 
one  presented  above  [with  '  Rl  and  'S*    replaced  by  'A*  and  *B']. 
Actually,  the  two  arguments  are  essentially  one. 
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To  be  sure  that  students  understand  the  application  of  Definition 
7-1,  we  recommend  Part  A,  as  in-class  exercises. 

Answers  for  Part  A  t 

1.     (ir)  is  equivalent  to  Definition  7-2  because,  by  Definition  7-1,^ 
{A,   B,  C}  is  coiiinear  if  and  only  if  (B  -  A.  C  -  A)  is  linearly 
dependent,    [lf?follows  from  this  and  various  rules  of  logic  that 
the  following  are  pairs  of  equivalent  sentences: 

f C  €  I  k=>{A,  B,  C}  is  coiiinear 

I C  €  I  <=>  (B  -  A,  C  *  A)  is  linearly  dependent 


{ 


Vz   [Z  €  i  «=>{A,   B,  Z}   is  coiiinear] 


V?   [Z  e  <  <=>  (B  -  A,   Z  -  A)  is  linearly  dependent] 

({ A,  B}  Qi  and  A*B)=>VZ  [Z£i<C=HA,  B,   Z}  is  coiiinear] 
{A,B}  Ci  and        B)*=^>V2  [2eic=><B  -  A,  Z  -  A)  is  linearly  dependent] 

{[Sen/ence  (h)  of  Definition  7*2] 
t  \ 
[Sentence  (b)  of  (6)] 

For  * 'logic  buffs"   [only]  it  is  noteworthy  that  the  equivalence  of 
the  sentences  of  the  first  pair  follows,  by  the  replacement  rule  for 
biconditional  sentences,  from  Definition  7-1  and  that  the  equiva- 
lence of  Definition  7-2  and         follows,  by  a  second  application _of  . 
the  same  rule,  from  the  equivalence  of  the  sentences  of  the  fourth 
pair,    [in  all.  there  are  three|applications  of  the  replacement  rule 
♦and  one  application  of  a  rule  for  universal  quantifiers,  ]   The  process 
cannot  be  reduced  to  the  mere  replacement  of  *{X,  Y,  Z }  is 
coiiinear*  by  MY,  -  X,  Z  -  X)  is  linearly  dependent*  because  thete 
are  not  sentences  and,  so,  not  directly  subject  to  the  replacement 
rulef  ] 

2.     Yes.  ;   No.    [Both  answers  can  be  justified  formally-,   For  the 
latter,  let  P  =  K  ML  -  K)2  arid  Q  -  K  +  <L  -  K}3.    Since,  by 
hypothesis-,  K  #  L,  it  follows  that  P  *  4}  and  that  neither  of  them 
is  either  L  or  K.    Certainly  at  least  one  of  P  and  Q  is  not  M. 
-     Finally,  by  definition,  both  {K,  L,  P}  and  {K,  L,  Q}  are  cpllinear.] 
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ExercUen 


Part  A 


1.  Notice  that  we  might  just  as  well  have  defined  a  line  /  as  follows: 

Ms  a  line  if  and  only  if  (a)  /  is  a  subset  of  <*  which  contains  at 
(*i    least  two  points,  and  <b>  VAVV  |<  {X,  Y)  C  /  and  A'  /  Y)  —  Vx 

•  |Z  e  /       i  Y  -  X,  Z  -  X)  is  linearly  dependent!! 
Explain  why  i*>  is  equivalent  to  Definition  7-2. 

2.  Consider  a  set  [K,  L<  M)  where  (/>  -  A',  M  -  K)  is  a  linearly  de- 
pendent sequence  of  distinct,  non-0*  translations.  Is  it  the  case  that 
for  any  point  C  of  this  set,  {A\  /„  C}  is  collinear?  Is  it  the  case  that, 
for  any^point  C  such  that  {A\      C\  is  collinear,       {A,  MK? 

3.  Now  that  we  have  defined  both  line  and  'collinear'  it  is  only  com- 
mon  decency  to  check  to  see  whether,  according  to  these  defini- 

■  tions,  if  M.  B,  C)  is  a  subset  of  a  line  /  then  {A,  fl,  C}  is  collinear, 
Dp  this.  [Hint.  Consider  two  cases,  according  as  A  =  B  or  A  ¥  B.\ 

4.  We  should  also  check  to  see  that  if  \A,  B,  C\ is  collinear  then  there 
is  a  line  /  such  that  {A,  B,  C)  C  /.  In  case  A  *  B  this  is  easy  to  do 
once  we  have  proved: 


\ 


Part  B 


A  *•  B  — •  3,  {A.B}  C  / 

We  shall  prove  this  theorem  in  the  ne£t  section. 

(a)  Explain  how  this  theorem  wpuld  enable  us  to  deal  with  the 
case  /Tw  B.  With  the  case  A  *  (\  v 

(b)  Oddly  enough,  our  postulates  do  not  say  enough  to  make  it 
possible  to  prove,  now,  that  given  any  point,  there  is  a  line 
which  contains  it  Try  to  guess  why. 


1.  Suppose  that  .4  *  B  and  that  both  A  and  B  do  belong  to  some  fine? 
-say,  /.  [From  our  work  in  Chapter  1  we  know,  intuitively,  that 
there  is  exactly  one  line  which  contains  both  A  and  B;  but,  our 
t     problem  now  is  whether  this  follows  from  our  definition  of  line' 
and  pur  other  postulates,  f 
(a)  ^rom  our  definition  of  'li^e'  we  know  that 

Ce  t  if  and  only  \T  ! 


<b)  From  our  definition  of  'col linear  we  know  that 

Mi     C\  is  collinear  if  $rid\onIy  if   

(c)  We  also  know  that 


Ifl  -  A,C  -  A)  is 
C  -  AilB  -  Al  I 


linearly  dependent  if 
Explain.] 


(d)  Sincefl  -  A     6*|Why?j  we  also  know  that 

C  -  A  t  \B  -  A\  if  ,  [By  what  theorem?] 

  / 
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3.     Suppobe  that  {A,  B,  C}\JJ.    For  *A      B,  (B  -  A.  C  /  A)  in 
(0,   C  -  A)  and,  so  is  lint- a  fly  dependent.    F  or  A  ^  B,  since 
{A,   B}   C  I  and  C  €  I  it  follows^  by  (ft)  that  (B  -  A,       -  A)  is 
linearly  dependent.    Hence,   in  either  case,   {A,  B,  C}'is,  by 
Definition  collinear.   'Hence,  if  {A,-B,  C}  C  i  then4# 

{A,   B,  C}   is  collinear.  W 

Suppose  that  A  $  B,     It  follows  frorrvlhe  assumed  theorem 
that  there  is  a  line  —  say  I  —  such  that  {A,   B}   C  f. 
Assuming  that  {A,   B,  C)   is  collinear  it  follows  from 
Definit  ion   i  ■  2  that  C  €  t,  also.     Hence,  for  A  t£   B  if 
{A,   B,   C}   is  collinear  then  3j  {A,   B,   C}   C  l„  [Substituting 
'  C   for  '  B'   in  the  preceding  one  obtains  the  same  conclusion 
under  the  restriction  'A  *  C\  ]    The  theorem  is  of  no  help  in 
the  remaining  case,   in  which  A  -   B  and  A  -  C 

(b)    Using  the  theorem  vouched  for  in  part  (a)  we  couloVprove 

"3 1  A  €  t   if  we  could  prove  ^  Our  problem  seems, 

then,  to  be  that  of  proving     that,  given, any  point  A,\here  is 
another  point.    This  would  be  solved  if  we  could  prove  thab  £ 
contains  at  least  two  points.    [Then,  one  of  them  at  least 
woulcj  be  different  from  the  given  point.  ]    A  check  of  our\ 

Answers  fpr  Part  A    [cont,]  \/ 


t  postulates  suggests  no  way  of  proving  that  there  are  any 
points  at  all  —  let  alone  that  there  are  at  least  two  J    If,  as  \ 
seems  consistent  with  our  postulate st  -there  were  exactly  one 
point  th(*n  there  would,  by  Definition  7-£{a),  be  no  lines. 
[This  question  is  taken  up  again  in  Exercise  3  on  page  287. 
As  pointed  out  in  the  commentary  on  that  exercise,  we  can  at 
this  stage  prove  that  £  ^  0  but  not  that  K  is  nondeg'enerate . 
In  fact,  it  is  almost  obv-ious  that  all  out  postulates  are  satis- 
fied if  c!  contains  a  single  point  and  T  contains  the  single 
translation  0,  ] 

Answers  for  Part  B 
 ^  — 

1.     (a)    {A,  B,  C)   is  coHinea? 

>  (b)    (B  -  Af  C  -  A)  is  linearly  dependent 

(c)   *In  general,  if  c  €  [b*  j  then,  by  definition/  there  is  a  number  — 
say,   c  —  suchthat  c    •  Sc.^It  follows    that  Sc.  +  c  -  -1  =  ^ 
and,  since  —1.^0^ that  {b*,  c )  is  linearly  dependent.  Hencje^ 
if  c  efb]  then  (ht7)  is  linearly  dependent.    In  particular, 


(B  -  A,  C  -  A)%s  linearly  dependent  if  C  -  A  €  [B  -  A]. 

ByA  *  0  because  A  ^  B,  \So,   C  -  A  €  [B  -  A]  if 
(-Sr-  A,  C  -  A)  is  linearly  dependent.    [Theorem  6-141 
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'<  i 

(e)  By  definition. 

C  -  A  «  IB  -  A  \  if  and  only  if  _   

<f )  From  *a>  through  ie)  it  follows  that 

C*/*-»3f  C  =  A  f  Hi  -  A)x.  {Explain.! 

2,  In  Exercise  ave  seen  that  if  ^4  /  /i,  and  if 7  is  ^  line  which 

\contain*,4  and  /i,  then 

1     ■    '•  /  =  {X;  3,  X  -  A  +  IB  -  4>*}.    ,  - 

t 

(a)  '  Does  it  follow  that,  given  two  points,  there  is  a  line  which 

contains  them? 

(b)  Does  it  follow  that  there  are  not  two  lines,  each  of  which  con- 
tains two  given  points? 

J 

Although  we  have  riot  yet  shown  that  the  set  described  inlExercise  2 
of  PaH 'B  is  a  line,  we  are  optimistic  enough  to  adopt  a  definition: 

l\\  Definition  7-3  M  =  {X:  1,  X  =  A  +  (B  -  A)x}  , 

I  Read  *A&  as  'double  arrow  A  B\]  Notice  that  Definition  7  -  3  is  not  re- 
stricted to  the  case  A  *  B,  [Restricted  definitions  are  a  nuisance,  and 
we  shajl  avoid  them  unless  we  have  very  good  reasons  not  to.)  Our 
intuitions  tell  us  that,  for  A  *  Bt  *A$  is  a  line  which  contains  both  A 
*»nd  B.  We  shall  check  on  this  shortly;  also,  in  the  next  section,  we 
shall  see  that  we  can  prove  a  theorem  to  this  effect.  It  is  not  really 
important  what  A&  is  when  A  «  fl.  But,  to  get  the  question  out  of  the 
way,  what  is  aA'}  Is  it  a  line?  j. 

1.  (a)  Draw  a  jftcture  to  show  two  points  P  and  Q  and  the  translation 
•    Q  -  P. 

(b)  In  your  picture,  locate  the  points  C,  D,  Ef  F,  G,  H,  J  and  J  such 
that  T 

D~P  +  {Q  -P$t 
E  -  P  +.{Q  -  F  -  P  4  (Q  -  P)2, 

(;  *  P  +  (#  -  P)3,      ■//  =  />+($-/>)• 
/  «  P  +  iQ  -  P)      1,   J .«  P  +  (Q  -  P)  —  2. 

(c)  Why  is  each  point  described  in  part  (h)  a  point  in  P§? 

id)  Draw  a  line  /  through  the  points  P  and  Q:  Do  you  expect  that 
each  point  of  P$  is  also  a  pint  of  /?  Do  you  expect  that  each 
point  of  I  is  also  a  pqint  of  r($? 

2,  Prove  each  of  the  following. 

(a)       5f  C  TB  (b)  4  -  X#  -  {A} 

(c)  >Q?  &a  line       A  *  B  [Hint  Can  you  us£  (b)?) 

(d)  C*T$  ~C  -A*[B  -  A} 


(el 


3x         A  , 


SB  ^A)x 
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<f)    From  (a)  and  <fc), 

C  €  /  c==>  (B  -  A,  C  *  A)  is  linearly  dependent 


and,  from  (c)  and  (d), 
(B  -  A,  C  -  A)  is  linearly  dependent 

m 

So,  from  these  results  and  (e), 

C  €  t<=>  3     C  -  A  =  (B  -  A)x 
x 

itquivalently  [by  Theorem  2-1], 
!  C  €  i 


C  -  A  €  [B  -  A]. 


(a) 


3     C  %  Ai(B  -  A)x. 
x 

sio.    [That  there  is  such  a  line  remains  to  be  proved.  See 
Theorem  7-1,    However,   intuitively,  your  students  may  argue 
dhat  given  two  points  A  and  B,  there  is  a  line  containing  them  . 
Lnd  it,  in  fact,  is  the  line  consisting  oTlhe  images  of  A  under 
ill  multiples  of  B  -  A.    Don't  stifle  this  conviction.  ] 

(b)    Yes,    For  if  tx  and        are  lines  containing  the  two  points  A 
aind  B,  then  i1  =   {X;  3x  X  ~-  A  +  (B  -  A)x}  =  t>. 

,Note ■  tihat  Definition  7-3  is  equivalent  to: 

AB^  {X:   X  -  A  e  [B  -  A]}     [see  Exercise  2<d)  of  Part  C] 

and  that  injease  A  #  B  [but  only  in  this  case] 

1  AB  =  {X:    {"A,\B,  X}  iscollinear}, 

[The  alternative  to  Definition  7-2  which  is  discussed  in  the  commen- 
tary^fqr  page  278   is  equivalent  to  'i  is  a  line  <=>  3     3  ^  (X  ^  _,Yy  and 
i  -  XY)' .  ]  In  view  of  Theorem  7-1,  it  is  appropriate  to  read  'AB'  as 
'line  AB*  incase  A  #  B.    AA  is  {A}  and,  of  course,  is  not  a  line. 

Answers  for  Part  C 

Answer  to  questions;   AA  is  the  singleton  {A}#    AA  is  not  a  line,  for 
it  doesn't  contain  two  points/ 


1, 


(a),  (b) 


J  I        H  D   E  F  *  G 

.  •  ,/ 

(c)    Let  S  be  any  of  the  points  described  in  (b).    Then,  from  the 
datagiven  in  (bj,  it  follows  that  3     S  =  P  +  (Q  -  P)x,  Sp, 


(d)    Yes.;  Yes. 


em 
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^.03, The  Line  CmO^ining  Two  Given  Points 

From  Part  B  of  the  preceding  exercises  we  know  that  there  is  at 
most  one  line  containing  two  given  points.  Also,  if  there  is  such  a  line', 
we  know  what  it  is.  In  fact,  we  can  go  a  step  further  and  make  a  shrewd 
l?lgu«»sa^ 

I  Theorem  7-1  For  A*  B, 

I  AB  is  the  line  which  contains  A  and  B. 

This  theorem  is  a  short  way  of  paying  that,  for  A  *  B, 

(1)  ^  AB  is  a  line  and  {A,  B}  Q  AB; 

<2)      i  .{A,B}  c  /— •/  =  Xfi,  for  any  line/. 

Since  you  have  already  proved  (2)  and  the  second  part  of  (1),  all  that 
remains  to  be  proved  is: 

(*)  >i  #  # — *AB  is  a  line 

To  prove  <*),  the  natural  procedure  is  to  assume  that  4-^5  and  show 
that,  under  this  assumption,  AB  satisfies  our  definition  of  'line'.  To  do 

this  we  must  show  that  * 

«*  -  * 

(a)  AB  is  a  subset  of    which  contains  at  least  two  points,  and 
lb)  V,Vy  |<  {X.  Y  f_Q  KB  and  X  *  Y ) 

~  V/lZf  (V  -  X,  Z  -  X)  is  linearly  dependent] J. 

As  to  (a),  AB  is  certainly  a  subset  of    and  you  have  already  proved  a 
theorem  which,  under  our  assumption  about  A  and  /?,  implies  that 
<4/?  contains  at  least  two  points.  [Exolain.]  So,  all  that  we  need  to 
consider  is  (b).  Jfljar 
We  can  establish  (b)  ifVlassuml|»?hat 

(*>  {P*Q}  Q  AB  and  P  *  Q> 

we  can  show  that  , 

V,  [Z  e  AB  *-+{Q  +  Pt  Z  ~  P)  is  linearly  dependent], 

[Explain.  J  Finally,  to  show  this,  it  will  be  sufficient  to  show  that 

(i)  (Q  -  P,C  ^  P)  is  linearly  dependent  —>  C  eZS 

, and  *  ' 

■  * 

(ii)  CtTB  —*(Q  -P,C  -  his  lineafiy  dependent. 

eric       v  srr 
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2.  Ma)  Since  A  =  A  +  (B  -  A}0  and  B  -  A  +  (B  -  A}1  it  follows  that 
3X  A  =  A  +  (B  -  A)x  and  3  B  =  A  ♦  (B  *  Ajx.  So,  A  £  AB 
and  B  €  AB.    By  definition,  then,  {A,   B}    Q  AS. 

(b)  Suppose  that  A  =  B.    Then  Xb  =  AA  =  {X;  3X  X  s  A  +  (A  -  A)x} , 
Since  A  -  A  *-  (J,  3a  -  ($,  and  A  +  (J  =  A  it  follows'that 

AA  =  {X:  X  =  A}  =  {A}. 

(c)  By  Definition  7-2,  if  AB  is  a  line  then  AB  contains  at  least 
two  points  and,  so,  is  not  { A}.    By  (b),  if  XB  is  not  {A} 
then  A  ^  B.    Hence,  if         is  a  line  then  A  #  B.  \ 

'    (d)    By  Definition  7-3. 

C  €  AB^>3v  C  =  A  t  (B  -  A)x. 
Since,  by  Theorem  2-1, 

C  =  A  +  (B  -  A)c<=>  C  -  A  -  (B  -  Afc 
it  follows  that 

3x  C  =  A  +  {B  -  A)x  <==>  3x  c  -  A  =  (B  -  A)x. 
By  definition, 

3X  C  -  A  -  (B  *-  A)x<*=>  C-A{[B-A], 
Hence,  c  frsAB         C  -  A  €  [B  -  A],  ' 

/ 
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The  proof  of  (2)  is  accomplished  in  solving  Exercise  1   of  Part  B 
on  page  280  —  at  least,  all  that  remains  is  to  transform  the  result,  as 
stated  in  Exercise  2,  by  applying  Definition  7-3.    [The  phrase  *for  any 
line  f  which  follows  (2)  is  redundant  in  view  of  the  convention  adopted 
at  the  foot  of  page  279.  ]   The  second  part  of  (1 )  is  Exercise  2(a)  of 
Part  C.  * 

By  definition,  AB  is  a  set  of  points  [  ABft  ~   {X:    .  .  .  ].  Since 
{A,  B}  C  AB  it  follows  that,  for  A  *  B,  AB  contains  at  least  two 
points.    This  takes  care  of  Definition  7-2(a). 

First  explanation:   Use  the  deduction  rule  to  discharge  { #  );  apply 
introduction  rule  for  *  V'  to  the  resulting  conditional  sentence  to,  infer 
<b). 

Second  Explanation;    From  (i)  and  (ii)  we  can  infer: 

C  £  AB         (Q  -  P*  C  -  Pi^is  linearly  dependent  * 
and  from  this  we  can  infer: 

V7  [Z  £  AB<=^  {Q  -  P,  Z  -  P)  is  linearly  dependent] 

,  r 

Doing  so  will  not  preclude  the  use  of  the  deduction  rule  mentioned  pre- 
viously because  1 C  does  not  occur  in.  (jfe  ).  \ 

*  /  ? 


\ 

\ 
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I  Explain.  I  ■  •  M  ^' 

.  IK  we  are  to  use  the' assumption  f*)  in  establishing  ti)  arid  (ii),  we 
nc^ed  to  bt^sure  whpt  it  means.  Jo  iay  that  {P,  Q)  cCAB  means;  of 
cour^Sfew  ely  that  Pe  XB  t&d  Q  e  Xli  and  so,  by  Definition  7-3,  that 


•  *  ■  P     A  +  Hi  -  A)x  arid  3,  Q  —A  +  l/i  -  4)*. 

.  .  .  \  .     ,  •  .  - 

&  So,  we  carfreplace      by  the  assumption  thfeit 

I.  V*  . 

\  '  \      P  ■-■••A  t  i/?  -  .<*)/>,  ty  -  M  +  ifi  -  A)q  andP*  Q. 

Since,  in  t'ii  and  lii).  we  are  interested  ix^jQ  -  P,  we  note  that,  bjM**),, 

Q  -'P  -  i B  -  A)(q  -  p)  and  q  -  p  +  0. 

"(Explain.  |  We  are  now- ready  to  'tackle  (i)and  (ii).  Before  reading 
further,  try  to  derive'  fi).  It  njaybp  a  help  to  recall  that,  as  you  have 
pnWed  earlier,  C  €*/CB  *=*  C  -  A  t\B  -  A\.  Then, ,  try  to,  derive  (ii). 

Derivation  dfiir.  Suppose  that  (Q  -  P,  C  J-  P)  is  linearly  dependent. 
Since        Q  it  followssth'at  C  -  /MQ  -  PL  [Why?)  Since  Q  -  P« 
[#  -  A|  |Why?f  if  follows -that  [Q  -  PI  C  |jB  -  A).  So.'C  -  Pe  IB  -  AJ. 
.*  Since  P'-  A,e[B  -  .4)  (Why?)  and  C  -  A  =  iR,  -  A)  +  iC  ~  P)  it  fol- 
lows that  if  -  Afi[B  ~  4ifWhy?U  So/C  e  ffi'  Hence,  (i). 
.  Derivation  of' 'Lii.  Suppose  that  (7  e  /IB.  By  definition,  there  is  a  nura- 
s  ber-say,  c-such  that  C  =  A  '+  ifl  -  A )<•,  Since X1  =  ^  +  (/?  — vUp  it 
4  follow8<thatC  -  P     tfl  -  A)if  -  ph Since Q  -  P  -  (B  -  A)iq  -  />)  It 
follows  that  i  ■  ' 

•  *  *»  ,  • 

-         -  r)  +  *t#  -  P)Uj  -  p)  =  0*.  [Explain.! 

*  Since  </  1  p  ■/  0  it  follows  that  iQ  -  P,  C  -  P)  is  linearly  dependent. 
Hence,  iii).  * 

£roofof(hL  It  follows  from*(i)  and  (ii&that,  for  any  C, 

•  V       rf  ^€^5^(9  -  />,  C  -  P)  U  linearly  dependent. 
HeneeM discharging  the  assumption  (    )i,  % 

.    if  ^  -  A\+  lB  -  A)/;,^'=  i4  +  (B  -  A)$,  and  P/ 

•  ►    "  *  then  C  e  AB  «— (Q  -  P,  C'-j  P)  is  linearly  dependent.  •  - 

. ,  ,\        • .  -    *  * 

•   ■      ........        .J  .     "  •  .  . 

Cdnsequenily^  ^  :  .  ,  ,• 

i%  P  *  'A >  (fl  -  A)x,\  Q  =  A  +  (B  4sJ)*,:and  P^      "  .  , 
A       .  thfen  Vz  [Je*SB*—      T  P,  2  -  P)%  lineSfly  dependent].,  \  , 
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Th<?  *Why?1s  sprirtkled  through  the  jde  rivation  of  MO.  are  tiasily 
1  Answered.     P'or  the  first,  •  Theorcrri  6*14';    for  the  ^econd,  ^ 

-  (ri>-  A)(q  -  p);;4  for  the  third^'P  -  A  -   (fi A)p,  by  (*]e$  V; 
■fir  thethrrd,  '  [  B%  A)  is  a  vector  space\  [  Part  A  on  page   19Z]  and,  * 
so?  is  olpsc'd  with  respect  to  addition,',   r  f       \  ^ 

•  The  explanation  asked  tor  in  the  derivation  of  lii)' toils*  down  to  the 
fact  that  '      .  \  y 

f  v  - 

1     •  (q  -  pKp  -  c)'+  (c.^4>)(q  -  p)  =  0 

i         '  "    ■  ■ 

[and  (B  -  A50  ~   (5j.     This.js  a  third  illustration  of  the  trick  previously 
exemplified  in  the  solution  of  Exercise  Hi)  on  page  ;278  ,'and  of  Exercise 
7(b)  on  page*  221  ,    We  en-iphasize  this  trick  because  it  is  a  handy  one 
and  seems  not,  readily  nfastered.  >x  1 

It  should  perhaps  be  pointed  out  that,  while  the  assumption  that^ 
P  4  .Q  is  used  in  horfh  de  r  ivattons ,  this  assumption  is  essential  only  in  . 
the  ca«se  of  (l).    Its  use  — ^in  the  guise   'q  -  p       fl'  —  in  the  derivation 
of  (ii)  merely  simplifies  the  derivation.  '"  ,  •  m 

Be  sure  that  your  students  unde  rstand  the  transition  fyom: 

3X  P  ^.  A  +  lBr  A)x  and  3    6=  A  +'<B  -  A)x  ' 

to  the  sentence:  J  , 

H.=  A'+  (B  -  A)p  and.  Q  =^  A  +  (B  -  A)q  and  P  4  Q,  '  —   "  ♦ 

The  use  of  'x'  as  an  index  in  bath  existential  generalizations  in  no 
way  implies  any  connection  between  the  values  of  the  Corresponding 
variables,    This  is  seen  more  clearly  by  our  use  of  'p'  -and  *q'  "in  the 
second0 sentence .     *   .  \>     ,  -..'»/ 

,  '  1 

The  '  Proof  of  (b)'  merely  reiterates  the  explanation^  asked  for  on 
page   28  Z  and  already  given  in  the.  corresponding  .commentary.  The 
*  Proof  of  Theoreiri  , 7  *  1 1    reiterates  remarks  previously  made  on  page  s 
282.  %n  a  very  reasonable  sense,  the  p r pof  of  Theorem  7-l  is  com- 
pleted at  the  foot  of  page   283,    This  gives  occasion  for  repeating  and 
extending  earlier  remarks  we  have  made  on  the  function  of  proof.  * 

•U  )    The  purpose  of  studying  formal  rules  of  logic  and  formal' 
organizations  for  proofs  is  to  teac'h  ,one  to  dispense  with 
formality  while  maintaining  logical  coherence. 

,  (2)    There  are  many  ways  of  giving  a^logically  coherent  argumerit. 
One  is  illustrated  on  pagefij.  282  and'  283. ,  This  amounts  to    ■  * 
showing  that  you  could\?6au2h  fb£  desired  conclusion  if  you1 
j,      j        could  establish  c er.tain  ^e suit s t  and*theri  going  on  to  establish 
these  Results.    Recapitulation,  a4  on  pitge   284,  is  unnecessary, 
-^ime-co^vsu'min^  ^aiKl^^ften  bar4f*$v   r-  -  ,    —   -   -  ■- 

(3)    Insistence  on'formal  proofs  whenever  proofs  are  asked  for  ♦ 
^orue  of  thte  better  w^ys  to  kill  student  interest  in  the  eContent  of 
the  course.    Be  happy  —  and  show  it       when  students  succeed 
in  exposing  the  main  lines  of  an  argument  in  a  short  paragraph, 
One  painless  way  to  checjc.cm  the  ability  to  fill  in  details  is  to  ask 
one  student  tp  present  hir*argurn<5nt  and  to  ask  other  students 
questions  like  'How'  do  yo^fiuppo^e  he  knew  that?'.  s 
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* 

Hence,  if  Pe'AB,  Q  t  AB,  and  P  *  Q, 

•    then  V,  \Z  c  AB,~  (0.  -  P,  Z  -JM  is  linearly  dependent]. 
Consequently, 

V,Vt  1({  A',  K}  C  ^tfand  X  /  V)  .     '  v 

—  V^,  !  Z  €  AB* «—» ( V  -  X,  Z  -  X)  is  linearly  dependent |J 

Prtmf  of  Theorem  7-1.  Since  we  have  established  <a)"nnd  (b)  unde* 
the  assumption  that  A*  B,  and  since \A,B)  C  Afi,  it  follows  that,  for 
A  *  B,      •  •    '  ■ 

*  -  # 

.  is  a  line  whit-h  contains  A  and  B. 

Theorem  7-  1  follows  from  this  and  the  fact  tfeat,  for  A  -A  B, 

if  I  is  a  line  which  contains  A  and  fl  then  /  ~  *AB 

-that  is,  nothing  other  than  AiJ  is  a  line  which  chains  A  and  fl. 
[You  proved  this  in  Part  B  on  page  3*80.] 

A  .  f 
As  a  corollary  to  Theorem  7-1  we  have:  #  & 

There  is  one  and  only  one  line  which  contains  two  give^  points. 

[Instead  of  'contains'  one  sometimes  says  'passes  through'..}  Here  is 
another  way  in  which  this  corollary  is  sometimes  stated: 

oTwo  points  determine  a  [uoiquej  line. 
•  * 

■> 

Exercises  j  , 

PortA 

After  h&ving  proved  that,  for  A  *  B,  Atf  is  a  Jine  which  contaihs 
A  and  B.  we  could  have  completed  the  proof  of  TheorejgB  7-1  by" 
proving  that  * 


<*>  .    there  ai'e  not  two  lines  which*xontain  two  given  points. 

Instead  of  this,  we  used  tfce  previously  proved  theorem: 

U)  M  *  /?  and  M.fljt  /)  — *  /  =  Xtf/ 

•     Show  that  (*)  follows  from  (I).  [Hint:  Given  two  points,  A  and  B, 
such  that  both  ^elorig  to-  a  line  /"and  both  belong  to  a  line  m  it 

follows  from  \1)  th^t  /  »        and  that  _  i  So,  Z  -  Vn. 

Hence,  if     *  B  then  there  do  not  exist  .  .  .  A 
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Answers  for  Part  A 

1.     Suppose  that  A  Und  .  B  are  twq  points  which  belong  to  a  line  I  and 
to  a  line  m.    Th£n,  by  <1  )> .  I  =   Xb  and  rn  -\XS.^So,  t  -  m. 
Hence,  if  A  *   B  there  are  not  two  lines  which  contain  both  A 
and  B. 
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2.  A  *  B  nc?t  3.3      (i  f  m  and  {A,   B}  C  (  rs  m)  [Students 

may  have  '{A,   B}  Q  I  and  {A,   B}   C  nV   rather  than 

'{A,   B}  C  *  r\  m\  but  the  latter  has  the  advantage  of  brevity.) 

3.  -    3f  3^  [ft  m  and  {A,  *}  £  I  ^  m)         A  -  B 


4.      From  our  work  on  page   24^  we  know  that  inferences  of  the  form: 

Fa  q  • 

- — —  u — -  [*a*  not  in  the  consequent] 

3       Fx    ■  '>  >  Q 

are  valid,    So,   [b^  two  applications  of  this  rule]  the  sentence  of 
Exercise   3  follows  from:  * 


<l  #  m  and  ^A,  B}  *C  I  ^  m) 


The  sentence  of  Exercise  4  is  actually  equivalent  with  (2).  [For 
proof,  see  Exercise  8,  below.  J  Suppose  that  A  #  B  and 
{A,  B}  C  l^m,    Since  {A,   B}   ('  i  o  m  it  follows  that 
(A,  B}  C  1  and  that  {A,  B}   C  m.    So,  by  hypothesis ,  A  *  B 
and  {Af^}  C  i,  and  A  ^  B  and  {A,  B}  C  m.    Hence^*,  by  (1) 
[and  an  iSltance  ofit  obtained  by  substituting  'm*  for  *tm  ],^it  - 
follows  that  i      AB  and  that  m'  =  AB.    So,  [by  t^e  replacement 
rule  for  equations]  i  =  m.    Hence^.  * 

(A  *  B  and  {Af  B}  C  I  r>  m)  L  -  rr^  ' 

[Taking  for  granted  the  validity  of  sentences  of  the  forms 

'  (p  and  q)<=>  (q  and  p)*  and  *  [not  p  =*=>  qj  <=>.[not  q  ==>  p]1 

the  de rivation,  can  be  abbreviated  to: 

(A  *  B  and  {A,  B}  Q  i  r>  m)         I  =  m 


{'a, 

B} 

C  i  r>  m  =>"(  A  #  B         i  -■ 

m) 

* 

{A, 

B} 

C  i  o  m  =^  (r*  m          A  ^ 

B) 

(i  * 

m 

and  {A,  B}  C  in  m)         A  ~ 

B 

Sentertce  (1)  is  a  previously  proved  theorem.    By  Exercise  5,  (1) 
implies  (2).    By  Exercise  6,  (2)  implies  (3).    By  Exercise  4,  (3) 
implies  tne  sentence  of  Exercise  3  which,  in  turn,  implies  its  . 
contrapositive.    The  latter  is  a.formal  restatement  of  (<r). 


* 
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2.  Although  a  paragraph  proof  of  (*)  iike  that  suggested  in  the  hint 
for  Exercise  1  is  perfectly  adequate,  it  will  be  a  help  in  construct* 
mg  similar  proofs  if  we  put  this  paragraph  proof  more  formally, 
To  begin  wjth,  translate  I*)  into  "formal  language".  [HintM  *  B 
—  not  ljm  <.  .*.).] 

3.  Your  answer  for  Exercise  2  is  a  conditional  sentence  of  the  form 
'not  (/  7-*  not  p\  and  this  suggests  that  it  might  be  easi^>  to  prove 
the, sentence  of  which  it  is  the  contrapositive.  Write  this  sentence. 

4.  Your  answer  for  Exercise  3  is  of  the  form  %3m  Flm  — ♦  q\  As  you 
^now,  you  can  derive  this  from  a  sentence  which  does  not  contain 

quantifiers.  Explain  how,  and  write  this  sentence. 

5.  From  your  previous  work  with  the  logic  of 'not*,  'and*,  and  '  *\ 
you  should  see  that  the  sentence  you  wrote  in  answer  to  Exercise  4 
is  a  consequence  of; 


i2> 


<A  *  fi  and  {yl,  B\  Q  I  n  m)       t  = 


rn 


Derive  (2)  from  (1), 

6.  From  (2),  derive:  *  ~~ 

v  m 

<3>       il  f  m  and  {ArB}  Q  l$f)  m)  — *  A  '=  B 

7.  By  retracing  your  steps  in  Exercises  4  .and  3,  complete  the  proof 
of-'*).  *  V 

8.  Your  work  in  deriving  (3)  from  (2)  can  be  generalized  to  show  that 
any  inference  of  the  form: 

*  1         (not  p  and  q)  — ►  r  I 

•    „  *        (not  r  and  q)  — ■*  p 

is  valid.  Give  a  scheme  which  shows  tfcus. 

Your  work  in  Exercise  8  of  Part  A  shows  that  the  sentences  (2) 
and  (3)  say.  the  same  thing.  Your  work  in  Exercise  7  showed  thaf, 
because  (3)  is  a  theorem,  so  is:  * 

<4)    A  *  &       not  3jC  (I  *  m  and  {A,  B)  Q  I  D  m) 

This  is  a  formal  statement  of  what  (*)  says,  and  can  also  be  translated 

m-.  ■ 

CA\      Two  points  are  contained  ^n  at  most  one  line. 

Hefe  is  another  theorem  which  appears  to  say  'something  <jui£e 
different:  s> 

(B)'      Two  lines  have  at  most  one  point  in  common. 
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There  are  many  possible  schemed.  We  give  one  which  goes  back 
to  first  principles: 


not  r  and  q 


not  p 


not  p  and  q 


(not  p  and  q) 


not  p 


•  U 

not  r  ajbd  q 
not  r 


not  not  p 


(nof  r  and  q)  =>  p 

A  shorter,  but  rriore  sophisticated,  scheme  makes  use  of  expor- 
tation, an  inference  scheme  given  on  page   188,  and  importation: 

(not  p  and  q)  ==>  r 


i         v   not  p  [q 


not  r 


[fl  =>  Pi 


(not  r  and  q) 


Here  is  a  third  scheme  to  the  same  purpose:  * 

>  (not  p  a^nd  q)  5s5^*r, 


not  (not  p  and  q)  <=>  [q  =>  p]      not  r  not  (npt  p  !and  q') 

—  .  l  ...  —  T  *-  *  "  

(not  r>and  q)  j) 
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1.  (a)  Mark  two  points,  A  and  B,  so  that  you  can  draw  a'line  /  which 

contains  both  points.  Draw  another  line','  m,  through  -A.  The 
preceding  instructions  leave  you  considerable  freedom  in 
choosing  A^B,  and  m.  Can  you  follow  these  instructions  and 
y       choose  .4,  /?,  and  m  so  that  B  €  m? 

]b>  Draw  two  lines,  /  and  m,  so  that  you  can  mark  a  point  A  con- 
tained in  both.  Mark  another  point,  fi,  on  /.  The  preceding 
m  instructions  leave  you  considerable  freedptn  in  choosing  /,  m, 
and  A.  Can  you' follow  these  instructions  and  choose  /,  m,  and 
A  so  that  fi  €  m? 

2.  Exercise  1  may  have  suggested  to  you  that  the  claims  made,  in 
sentences  (A)  and  iB)  are  not  as  different  as  they  appear  to  be/ This 
is  the  case.  Just  as  I  A1  is  a  translation  of  (4)  which  you  derived 
from  (3),  (B)  is  a  translation  of"  a  sentence: 

(5)  /     m  — *  not  3V  .  .  . 

which  you  can  deriv^from  (2).  Complete  (5)  and  derive  it  from  (2). 

3.  Tidy  things  up  by  showing  that  is  a  consequence  of  {5)  and  tKbt. 
(3)  is  a  consequence  of  (4).  Wh&t  is  your  final  conclusion  about  (2),' 
(3),  14),  (SUA),  and  (B>?  # 

4.  Notice  that  (A)  does  not  say  that  any  two  points  are  contained  in 
iUine;  and  (B)  doesjwt  say  that  any  two  lines  have  a  common  point. 

(a)  Are  there  two  points  which  are  not  contained  in  any  line? 

(b)  Are  there  Jwo  lines  which  do  not  have  a  common  poir^t?  N 

(c)  If  your  KnswerAo  either  (a)  or  (b)  is  fYes.\  draw  a  picture  to 
•  justify  your  answer.  ' .  * 

'  I 

1.  In  Exercise  3  of  Part  B  you  probably  concluded  that  the  six  sen- 
tences (2),  (3),  (4),  (5),  (A),  and  (3)  are  different  ways  ofsaying'the 
same  thing.  Write  a  seventh  sentence  (**)  which  is  related  to  (B) 
a^  f*)  is  related  to  (A).  «  «. 

2.  In  Exercise  5  of  Part  A  you  showed  that  the  sentence 

(2)       (A  *  B  and  {A^B}  Q  I  n  m) .  — •  /  -  m 

is  a  theorem  by  deriving  it  from. the  previously  prayed  theorem  (1). 
There  is  another  way  of  proving  (2f  wliich  shows  rather  clearly* % 
wi^t  part  (b)  of  Definition  7  -2  [of  linel  "rqally  means".  To  begin 
with,  note  that  it  would  be  easy  to  prove  (2)  if      cosld  prove: 

'  12')  (A  #  #  and  {A,B}  Q  ^  n  l2)  £      [Explain.}  * 

.  Derive  (2')  from  Definition  7-2.  [Hint  Suppose  that  /t; land  l2 
v    are  lines  such  that  4  ^  fi  and  {AnB}  Q  /,  n  lr  It  follows  that 
{A,  B)  Q  /f-#nd  that  {A9  fi}  _  ^  „  Suppose,  now  that 
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Anawerg  for  Part  B 
1.  .-(a) 


;  No. 


;  No. 


2. 


(5)    I  *  m  ==>  not  3^  3y  (X  #  V  and'  {X,  Y}   Q  I  r>  m) 

As  in  Exercise  4  of  Part  A,  (2)  implies:  , 

■(*)    3X  3y  (X       Y  and  {X,  Y}  Ci^*)aB»'=  m 

,  and  this  implies  its  contrapositive,  So,  (2)  implies  <5).  [Note 

that  this  is  the  same  form  of  argument  by  which  it  was  shown  that 
(3)  implies  (4).  ] 


3. 


'<  5)  , implies  (#),  above,  and  {*)  implies  (2)  [by  the  rule  given  on 
page  250  ];   precisely  similarly,  (4)  implies  a  sentence  similar  to 
(*),  and  .this  implies  (3),    So,  each  of  (2),  (3),  (4),  and  <5)  implies 
any  of  them,  and  since  (A)  and  (B)  arc  com^entional  ^ays  of  saying 
what  (4)  and  (5)  say,   respectively,  all  six  sentences  are  just 
different  ways  of  saying  the  same  thing, 

4,     (a)  ,No.    [Theorem  7-1] 

(b)  Yes,  ;   but  we  are  not  yet  in  a  position  to  prove  this , 

*  * 

(c)  [Students  may  draw  two  parallel  lines  or  two  skew  lines  as 
intuitive  justification  for  the  answer  for  part  (b).  ] 

Answers  for  Part  C 

1.  There  are  not  two  points  which  are  contained  in  two  given 
lines.  .  . 

2.  .  [(2)  follows  from  {i'h   Suppose  that"* A  #  B  and  {A,  B}  Q  *o  m. 

It  follows  from  (2') "that  t  Q  m.    Also,  since  I  r\  m  =  m  rs  it 
follows  that  m  C  I.    Since  I  C  m  and  m  Q  i,  I  =  m,  '  Hence*  if^ 
A  $  B  and  {A,  B}  C  M  m  then  /  ='  rn.  ]         ,  « 

[Prpoffbf  (2'}  is  completed  by  fill -ins:     Q  t ?\  A,  B,  C}  is 

collinear;    A,  B,  CY  is  collinear;     Definition  7-2  that  C  €  L>\ 

Similarly,  if  G  £  iL  then  C  ejt^.    So,  1,  =  lP.  Hence,  if  A  #  B 
and  {A.  Bfr-'C.^          then  V*..^.]             ,  . 


\ 
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G  t  lv  Since  {A.  B]  Q  l{  and  A  *  B  it  follows  from  Definition  7-2 

that '{_  Since  [A.B]  Q  L  A  *  B%  and  U  

it  follows  from  .  .  .  ,  Hence,  if  Cc/,  then  CtL,  .  .  .  .] 
3,  (a)  Reread  Exercise  4  of  P&rt  A  on  page  280.  We  have;now  proved 
that  any  two  points  are  contained  in  a  line.  So,  as  suggested 
in  Exereist?  4(a),  we  con  prove; 

M,  B,  C)  is  coilinear  —  3,  {A,  Bf  C)  Q  I 

under  the  assumption  that  {Af  B,  C\  contains  at  least  two 
points.  To  get  rid  of  this  assuniption  we  need  to  take  care  of 
the  case  A  =-  B  =•■  C.  TJiat  is,  we  need  to  prove  that  any  point  A 
is  contained  in  some  line.  Th*?  obvious  argument  for  this  is: 
I-et  B  be  any  point  such  .that  B  *  A.  Then,  by  Theorem  7- 1, 
AB  is  a  line  and  A  e  AB.  ,  \ 

This  is  a  rather  short  argument  and  you/should  be  able  to 
figure  out  what  its  weak  point  is.  Do  this, 
(b)  Later  in  the  course  we  shaLl  adopt  a  postulate  which  will 
.»  furnish  a  foundation  for  the  weak  step  in  the  preceding  argu- 
ment. Suggest  a  postulate  about  translations  which  would  do 
the  job  needed  here.  {Hint:  Do  our  postulates  guarantee  that 
there  are  any  translations?  If  so,  how  many?] 


'art  D 


Prove: 


Theorem  7-2  ({Cf  D}  q  Kb  and  C  *  D) 


\Hint:  If  AB  contains  two  points,  can  it  be  the  case  that  A  -  B?\ 

Suppose  tnat  A,  B,  C,  and  D  are  points  of  a  line  /  and  that  A  ^  Ett 
andC*D.^  * 

1.  What  kind  of  a  sequence  is  (B  -  A%C  -  A)?  What  kind  of  a  trans- 
lation  is  B  -  A?  What  can  you  say,  in  cons^qug^be,  about  C  —  A? 
[Hint:  You've  done  all  this  before  in  Exercise  2(c)  on  page  277.] 

2.  Prove  that  P  -  AtlB  -  Ah 

3.  Prove  that  D  -  Ce[B  -  A],  {Hint:  Can  you  express  *D  -  C  in' 
■»f  terai^ef  'D  -  A  and  V  -  A?)     -         *  ^ 

4.  Prove  that  [B  -  A )  «  [D  -  CI  [Hint:  What  more  do  you  need  after 
Exercise  3?'  When  you  have  figured  this  out,  look  again  at  the 
hypothesis  pr^eding  these  exercises.  If,  in  this,  you  interchanged 

*  VT  and  *C  an^^nterchaixged  'B1  and  fD\  would  you  be  saying  any- 
thing different?} 

r  ■ 
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Answers  for  Part  C  {cont.] 

3,     (a)  :  The  weak  point  is  the  assumption.    To  '^discharge"  it  we  need 
the  premise  .J3y  Y  *  A'   and  this  we  have  no  way  of  proving, 

(b)    3-j  (f;  iSlpen  this  and  the  easily  proved  theorem 

*  &  ♦  a-  =,  A    ■  >  a.  -  (5'  we  c^n  derive,  in  succession 
•a  ±J$         A'+  a  *'A\  'a      ZT  =*3y  Y  #  A* . 
•3j  x  4      =>  3y  Y  *  A4,  and  *3y  V  #  A\    [The  suggested 
postulate  can  be  reformulated  as  'There  exists  a  linearly 
independent  1 -termed  sequence.'.    This  is  the  first  of  a 
sequence  of  sentences  of  the  form:  * 

There  exists  a  linearly  independent  n-termed  sequetoce. 

Any  such  sentence  is,  by  definition,  equivalent  to  the  corre- 
sponding  sentence  of  the  form; 
* 

^  The  dimension  of  T  is  at  least  ni 

It  should 'perhaps  be  noted  that,  given  that  *3y  Y      A1  is  4 
theorem,  it  follows  immediately  that  *3X,3Y  Y  #  X*  is  a 
theorem  —  in  short,  it  follows  that  £  is  nondegenerate . 
Similarly,  we  can  prove  that  £  #  0  without  any  addition  to  our 
postulates.    For,  *3^  X  €       is  a-consequence  of  the  postulate 
*A  +  a  €  The  moral  is  that  in  adopting  our  rules  for       ^  . 

quantification  we  have  implicitly  assumed  that  the  domains  of 
our  variables  are  nonempty.    This  may  seem  sneaky;  but  it 
allows  for  simpler  rules  than  would  otherwise  be  require^, 
and  foregoing  the  privilege  of  talking  about  nothing  is  ni 
great  price  to  pay  for  simplicity.  J  \ 

Answer  for  Part  P  f  :  * 

Suppose  that  {G,   Dj  C  AB  and  C  £  D,    Since  AB  contains  two  # 
points  it  follows  that  AB  4  {A}  and,  so  [by  Exercise  2(b)  on  page 
281  ]f  A  #  B,    Hence,  by  Theorem  7-1,  AB  is  a  ling.^  Since  C  #  t>,  V 
CD  is  the  line  wMehj^pnta|n£  C  and  D.    So,  since  AB  is  a  line  and 
contains  C  and  D,  AB  =  CP. 


The  exercises  of  Part  E  should  bear  an  air  of  familiarity.  Bring- 
ing them  up  again  at  this  point  is  intended  to  prepare  students  for  the 
section  which  follows • 

Answers  for.  Part  E  -~ 
•   1  " — — ?  i 

1.  A  linearly  dependent  sequence  [since  {A,   B,  C}  is  coilinear].; 
A  non-3  translation  [since  A  #  B],  ;    That  C  -  A  €  [B  -  A]  by 

Theorem  6-14  _  s 

.  _  --       n  -         -  -      .    -   --    -  -  •; 

2,  Since  {A,  B}  Q  I,  A  $  B,  and  D  6  i,  it  follows,  by  *Def inition  7-2, 
t^a't  ^A    B,  D}  is  coilinear  and  so,  by  Definition  7-*l(  that 

(B  -  *A,  D  -  A)  is  linearly  dependent.    So,*ince  B  -  A  #  ($,  it 
follows  that  D  -  A  £  [B  ~  A],    [A  lazy  ma^i  answer  —  with  which 
you  should  be  more  than  satisfied  —  is;.  Everything  assumed  about 
A,  B*  and  C  has  kl$o  been  assumed  about  A,  B,  andy^r^ince, 
by  Exercise  i ,  C  -  A  £  [B  -  A],  it  is  also  the  case  that 
D  -  A  €  [B  -  A]r] 


ami  P     C       (D  -  A}  -  |C  -  A),   it  follows  that  D  -'  C  €  [B  -  A  J.. 

By  Kxercise    *  [and  the  fa*?t  that  [B  -  X]  is  a«vector  space], 
[D  -  tf]  c;   [r>  :>A).    So,  to/show  that  [B  -  AM   [D  -  C]  it  is 
sufficient  to  show  that  [B  -  A  J       [D  1  C).     Since,  the  assumptions 
conctj  rningj  A,   B,   C ,   and   D  which  justified  the  first  inclusion    >*  ■ 
also  apply  to  C,   D,  A,  and  B  [in  that  order],  the  second  inclusion 
is  likewise  justified.     [An  alternative  answer  is  as  follows:  We 
proved  somewhere  that  if  b  #  6  and  b  6  [  a  J  then  [a  J  -    [  S  ]. 
Sine*  ^:  *  D,   D  -  C  *  d  and  so,  by  Exercise   3,  [B  -  A]  -   [D  -  *C  ] 
(The  result  referred  to  wa*  proved  in  Exercise  4(g),  page  216  and 
in  Exercise  4,  page.  2b2.     In  brief,   if  tf  *  b       ab  then  b  #  0, 
a       b./b,  and  ale  (b  ].    So.   if  (T  #  5  £  [  a  J  then  [  b#  ]  i.     [a]  and 
M  ..   lb  M! 


The  results  of  Exercises  1  and  2  might  be  obtained  in  a  different 
way;  Under  the  as  sumptions 'made  on  A,  B  C,  and  D  it  follows  fejthe 
by  Theorems  7-1  ttnd  7-2  or  by  (2)  on  page  282]  that  AB  -  Iff).  So, 
by  Def  init  ion  7  -  i . 


Since  C  -  C  and  D  -  C  belong  ta  [D  -  C.J  it  follows  that  C  -  A  and 
D  -  A  belong  to   [R  -  A]. 


P  -  A  €'(B  -  A  J  P  -  C  €  (D  -  C). 


#  - 
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7.04  Directions  of  Lines  and  of  Translations 


Intuitively,  a  translation  als  "in  the  direction  of"  a  given  line  /  just 
if  a  -  B  -  Adhere  A  and  B  are  two  points  of  /.  This  suggests  defining 


J...-  -  ^ 

Fig.  7-4 

the  direction  of  /  to  be  the  set  of  all  such  translations.  [This  is  a  pun  on 
the  word  'in\j  It  turns  out  to  be  somewhat  simpler  if  we  include  0*  in 
this  set  and,  so,  define  the  direction  of  /  to  be 

{x\l^Y€l  and  Zci  and  x  =  Z  -  Y)}. 

Before  adopting  a  formal  definition,  let's  explore  this  notion  further. 

Suppose  that  A  and  B  are  two  points  of  /.'It  follows  by  Exercise  3  of 
Part  E  that  if  C  and  D  are  any  two  points  of  /  then  D  -  C  *  [B  -  A}. 
Since,  also,  0e[B  -  A]  it  follows  that  if  we  adopt  the  proposed  defini- 
tion for  the  direction  of  /  then  each  translation  which  belongs  to  the 
direction  of  /  also  belongs  to  [B  -  A].  On  the  other  hand,  suppose  that 
ae  [B  -  *A).  Since  A  /  B  it  follows  from  Theorem  7-1  that  /  ~  KM. 
So,  by  Definition  7-3,  si$ce  cTe{B  A],  A  +~ael.  Since  ^  ^  (A  +  a! 
-  4  it  follows -using  the  proposed  definition- that  a  belongs  to  the 
direction  of  /.  Hence,  each  translation  in  [B  -  A]  belongs  to  the  direc- 
tion of  /.  Cqmbining  our  two  results  we  see  that,  under  the  proposed 
definition, 

the  direction  of  I  is  [B.  -  *A]9  for  any  two  points  A  and  B  of  /, 

This  results  suggests*  using  the  notation  '[/]'  as^an  abbreviation  for 
'the  direction  of  /V  Doing  so;  otHuigfinitkm  takes  the  form: 

II  Definition  7-4    *  * 
'    •  J]     [/]  -  {x:^z  (Vc/am^Y/  andV-  Z  -  Y)} 

where  we  agree  to  read  W  as  'the  direction  of  V .  In  words,  Definition 
7-4  says  that  the  direction  of  a  line  /  is  the  set  of  all  translations  de- 
termined by  points  of  I  Our  main  result  is:  • 

'B  Theorem  7 -3  ({A,B}  Q  I  and  A  *  B)  — *  [/]  -  [B  -  A] 
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In  deciding  what  to  mean  by  4the  direction  of  £  we  need  to  choose 
something  which  is  determined  when  4  is  specified,  and  is  such  that  the 
direction  of  i  is  the  direction  of  m  if  and  only  if  I  and  m  are  parallel. 
In  the  context  of  current  mathematical  thought  and,  in  particular,  of 
this  course,  it  is  also  natural  to  choose  this   thing   to  be  a  set!    If  we 
had,  at  this  point,  a  definition  of  parallel*,  it  would  be  appropriate  to 
take  the  direction  of  a  line  to  be  the  set  of  all  lines  parallel  to  it 
[including  the  line  itself].    Lacking  such  a  definition  We  take,  as  the 
direction  of  4,  the  set  of  all  translations  which  map  4  into  itself.  More 
simply  described  —  ^d  motivated  by  a  pun  —  this  is 

(ir)  {£;   3y  3Z  (?€  1  and  Z~€  4  and  x  =   Z  -  Y)}. 

Having  defined  directions  for  lines  we  are  able  to  define  parallel*. 
Parallel  lines  are  lines  which  have  the  same  direction.    That  two  lines 
are  parallel  if  and  only  if  they  are  coplanar  and  disjoint  is  a  theorem 
which  will  be  proved  in  a  later  chapter.    The  existence  of  a  unique  line 
through  a  given  point  and  parallel  to  a  given  line  is  established  in 
section  7,05, 

Students  should  be  prepared  to  understand  (ft )  by  their  experience 
with  existential  quantifiers  anji  with  Definition  7-3.    However,  you  may 
encounter  gome  who  feel  that  the  set  consisting  of  al^  the  point-differ- 
ences in  question  should  be  described  by  using  universal  quantifiers. 
If  so,  point  out  tha^a  translation  a  belongs  to  the  set  described  by  (<r) 
if  and  only  if  there  are  points  of  4  whose  difference  is  a  [which  is  what 
we  wished  to  be  the  case];   and  that  there  is  no  translation  which  is  the 
difference  of  each  pair  of  points  of  £  \a6  that  (ft)  w;th  *3's  replaced  by 
*V*s  describes  the  empty  set]. 

The  exploration  begun  on  page  288  motivates  the  introduction  of  the 
^breviation  *  [/]'  for  (ft)  by  establishing  Theorem  7-3. 

Recapitulation  of  the  proof  of  Theorem  7-3: 
Suppose  that  {A,   B)   C  4  and  B. 

Suppose  that  a  6  [£].    By  Definition  7-4  there  are  points 
of  4  —  say,  C  and  D,  such  that'  a  -   D  -  C.    From  Exercise 

3  of  Part  E  it  follows  that  if  C       D  then  D  -  C  E  [B  -  A], 
Also.^if  C  =  D  then  D  -  C  =  t  €  {B  -  A],    Hence,  if  a  €  [4] 
then  a  £  [B  -  A],  -» 

Suppose,  on  the  other  hand,  that  a  €  [B  -  A].  Since 
A  *  B^  and  {A,  B}  Q  i  it  follows  from  Theorem  7-1  th^t 

4  ~  AB.  _Since  e  6  [B  -  A)  it  follows  from  Definition  7-3 
that  A  +  a  €  i.    Since,  by  Postulate  2(b),  a  =  (A  +  a)  -  A  itj^ 
follows  that  there  'exist  points  Y  and  Z  of  4  such  that  3" 
a  =  Z  -  Y,    So,  by  Definition  7-4,  sa  €  £4].    Hence,  if  W' 
a  £  £B  -  A]  then  a  €  [4],  \  • 

Since,  as  has  been  shown,  a  €  [S\-  A]  if  and  only  if 
a  £  [i]  it  follows,  that  [t]  =  {B  -  A].  /  Hence,  if  {A,  B}  C  4 
and  A  *  B  then  [4]  =  [B  -  AJ. 
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losing  this  and  reusing  the  second  part  of  the  preceding  argument,  we 
have:       '"  .  .  < 

ft  Theorem  7  -4  \A  t  /  and  ut  |/|)  — •  A  +  «'«  / 
J  Explain.  |  , 

When«  x  '<)  it  is  natural  to  say  that  the  direction  of  n'is  the  direction 
of  the  lino  through  some  given  point  A  and  the  point  4  f  a'  By  The- 
orem 7  ~3,  the  direction  of  this  line  is  UA  ♦  a)  -  /I  I;  hy  Postulate  2(h), 
this  is  |  a  |.  So,  for  a  *  6  it  is  natural  to  say  that  the  direction  of  a  is  la). 
This  being  the  case,  we  shall  treat '!«]'  as  though  it  were  an  abhrovia- 
^  tion  for  'the  direction  of  a.  To  avoid  having  to  make  restrictions,  we 
'  shall'  read  '\u\'  as  [the  direction  of  a  even  in  case  a  '  '()*  |  What,  then,  is 
.  the  direction  of  0?|  Sometimes  when  we  wisfTto  imply  that  aV  O'we 
shall  refer  to  |u|  afes  a  proper  direction.  So, 

if  b  e  \a\,  we  shall  say  that  h  is  in  the  direction  of  «; 
if  1«]  -  \h\,  we  shall  say  that  a'and  6  are'in  the'same  direction,  or 
'  that  they  have  the  same  direction; 

if  l/l  =  («•!,  we  shall  say  that  the  direction  of  /  is  that  of  a*  that  / 
has  the  direction  of  a,  or  (somewhat  improperly!  that  /  is  in  the" 
direction  of  a. 

(Of  course  „thtvlast  case  can  occur  only  if  [a]  is  a  proper  direction.]  For 
pt'xample,  Theorem  7-3  can  be  paraphrased  its: 

if  A  and  8  a«p  two  points  of  /  then  /  has  the  direction  of  B  -  A 

t.  *  'i 

Exercises 

*  * 

1.  <ai,  Prove;  A  *  /?  — *  [AR]  =.-.  \B  -  A]  '  ^ 

s        Jb)  ^tate  the  theorem  of  part  (a)  using  words  [/direction',  etc.], 
instead  of  brackets.  *  l« 

2.  Restate  each  of  the  following  theorems  in  terms  of  direction1: 
ta>  aeffri  — *  {a,  f))  is  linearly  dependent  m  ' 
(b)  yi(c,  */?)  as  linearly  dependent  and  a  /  0*)  =— *  6*€  [a} 

.     (c)  (.aj  lb)  and  — «*  fa}  -  [jfl 

(d)  ((a,  6^  is  linearly  dependent  and  a        *  h)  — * fa)  =  [h) 

3.  Prove  part  \d)  of  Exercise  2.  [Hint:  (a),  (b),  and  (c)  have  already 
been  proved  in  Chapter  8  ]  '  . 

•     4-  (a)  ^state  the  result  of  Exercise  4  of  Part,E  on  page  287  in  terms , 
of 'direction'  *  ■ 

(b)  If  you  omit  9 A  *  B  andC  /  if  from  your  answer  for  part  (a) 
is  the  resulting  sentence  a  theorem?  [Prove  or  give  a* counter^ 
example.! 

'  Jf/ou  replace  VI,  B,Cf  hnd  Z?  are  points  of  a  line'f  by'JA.fl.'c} 
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Prdof  of  Theorem  7-4: 


Suppose  that  A  €  $  and  a  e  [*).    Since  .1  is  a  line  it  follows 
,    that  $  contains  at  least  two  points  and,  so,  contains  a  point  — 
say,   R  —.other  than  A.     By^fheorem  7**3,  it  follows  That 
[*1    «  LB  -  A)  and,  so,  that  a  €  [  B     A].^  By  Theorem  7-1, 
f      An,    So,  -by  Definition  7-3,   since  a'e  f R  -  A],   A  +■  a  e  I. 
Hence,   if  A  £  I  and  a  e  [t]  then  A  ♦  a  e  2*. 

Another  proof  for  Theorem  7-4:  ' 

Suppose  that  A  e  £  and  a  E  [£].    It  follows  by  Definition 
7-4  that  there  art*  points  of  $  —  say,    B  and  C  —  such  that 
a  *    C  -  B.     What  needs  to  he  sjiown,   then,   is  that  if        .  'i 
{A,   B,   c;}        I  then   A  +  (C/-  R)  €  I.  . 

Suppose,  theny/that  {A,   B,  C}  C    I.    If^\   f^then  . 
*  A  f  (C  -  B)  -•   A  f  0  ='Acf,     If  B  *  C  then  t  -   B€  and, 
sinew  A  €  t,   A  -  B  €  [C  -  BJ.    We  wish  to  show  that 
A  MC  -  B)  e  <  —  that. is,  that  {.A/+  (CI  -  B))  -  B  €  [C  -*B). 
But,  (A  f  (c:  -  B))  -  B   "   (A  -  B>  *  (C  -  B)  €  [C  -  Bj  sipec 
A  -  B  €  [C  -  B], 

Theorem  7-4  rrLay  be  interpreted  as  sayipg  that  any  translation 
which  beJongs  to  the  direction  of  I  maps  i  into  itself.    Th«  ionv.erse  is 
oW.ious  since,  if  a*. -maps  I  into  itself  then,  for  a$y  A  €  $,   A  4  a  el  a/id 
a  -    (A  >  a)^-"A  €  [J J  by  Definition  7-4.    Thus,   as  mentioned  earlier  in  t 
this  commentary,  the  direction  of  i  tpnsists  of  those  translations  which 
map  I  'into  ifself.  n  . 

Theorem  7-4  and  Postulate   2(b)  imply: 

(<rft)        (A  e  I  and  a  £  [I])  =^>  3y   (Z  €  i  and  - a  -   Z  -  A) 

As  to  the  question  concerning  the  dirs^ctiori  of        this  is,  by 
definition,   [  0  ]f  .wftich  is   {5}.  ■  , 

/     .  ^  .  * 

'Somewhat  later  in  the  chapter  we  shall  note,  in^passing,  that  it  i§  1 
convenient  to  abbreviate  a  sentence  of  the  form:  * 

3^  (x  €  S  and  Fx)' 

^to  a  corresponding  sentence  df1  the  form: 

.      '  .  3x£tS  >  .  , 

[Hete.  as  in  Chapter  6,  although  4x,*  ia  a  real  number  index,,,  our 
remarks  should  be  undjiurstodd  ,as  applying  to  point  indices  —  like  'X'  — 
and  translation  indices  —  like  'x1    —  as  well.  ]   informally,  this  is 
justified  by  remarking  that  'there  exists  an  x  such  that  x  belongs  to 
S<  and  .         should  me  an  «£he  ^ame  as  *there  exists  an  x  in  S  such  1 
that  .  .  .  *,    Tlus  informal  justification  motivates  adopting  as  a  rule  of 
logic  the  Tirst  part  of:  *  -  , 

Any  sentence  of  either  of  the  formfe: 
■  v  ' 

3    _  Fx  <^=>  3     fx  £  S  and  Fx] 
>  x  €  S  f  .    x  L  1  • 

-      "  "  VK€S  '^«V.   [x€S  „ 

is  valid. 
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it  one  adopts  this  rul*'  as  a  basic  rule  of  logic  then  it  is  not  difficult  to* 
show  that  inferences  rather  similar  to  those  which  are  ^validated  by  the 
introduction  and  elimination  rules  for  '3^,  and  'V1  are  valid.  Specifi- 
cally,  infe  renc  es  of  any  of  the  following  forms  are  valid.    [They  should  * 
be  compared  vs.  it h  the  basic  rules  as  given  on  page  271,    and  are  subject 
to  the  conditions  given  there]: 


♦ 

t  €  S        V  ,  c  Fx 
.   xes 

Ft 
•  « 

a  6  5  Fa 


V  cC  Fx* 


3  Fx        a  €  S  fFa 


t  €  5 


3    £Q  Fx 

X  €  S 
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Conversely,  if  one  adopts  as  basic  rules  according  to  which  inferences 
of  any  of  these  four  k|mds  are  valid  then  it  is  not  difficult  to  justify  the 
rule  just  given  concerning  the  validity  of  two  kinds  of  biconditionals. 

By  using  such  "  restricted  quantifiers",   Definition  7-4  can  be 
simplified  to:  « 

W     {*:  3Yef  3zef  *      7  '  Y} 

Also.  {-hit),  above,  can  be  transformed,  successively,  into: 
,     a  e[<]=*[A«/«*3?    .a  =   7.  -  A] 

Although  we  shall  say  very  little  concerning  restricted  quantifiers 
in^the  text,  you  may  wish  to  anticipate  the  little  we  shall  say  by  sug- 
gesting *t  he  abbreviations  just  mentioned  for  Definition  7-4  and  . 

*  Sample  Quiz 

On  your  paper,  draw  a  picture  of  three  points  — ■  say,  A,  B,  and" 
C  —  such.thaf   A,    B,  and  C  are  noncollinear, 

i,  .   In  your  picture^  locate  points  P,  Q,  and  R  such  that 

P  -   A  f  (B  -  A) j,  Q  -  A  +  (C  -  A)i  and  R  =  B  +  (C  -  B)«  -i. 

l\     Is   P.  on  AB?    Explain  your  answer. 

5.      h   Q  on  AB2    Explain  your  anawer, 

%    ■  .        »  m 

4.     Expre.ss  each  of  the  translations  Q  -  P  and  R  -  P  as  a  linear 

combination  of  translations  B  -  A,   C  -  B,  and  \A  -  C. 

.  *>.     Tell  what  you  must  find'  out  about  the  translations  Q  -  P  and  R  -  F 
in  order  to  dete  rrn  ine>  that  the  points  P%~ Q,   and  R  are  coilinear. 

■6,      Determine  whether  or  not  P,  Q,  and  R  are  cpllinear. 
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Hey  to  Sample  Quiz 

1,  (Students  should  have  a  picture 
jsome'thing  like  the  one  on  the 
right.  1 

2.  Yes.     There  is  a  nurriBer  x   such  g 
that  P  ■■   A  f  (B  -  A)x,  '  #  4 

1.  No,  'There  is  no  number  x  sue  h  tHat  Q  ^A  \  (B  -„  A)x,  [To 
prove  this,  assume  that  there  is  a  nuiaibe  r  —  say;  'q  —  such  that  , 

■     Q  ■    A  +  (B  -  A)<£  #Then  (B  -  A)q  +  (C  -  A)  -        =  3.     This  last 
result  implies  fhat  A,    B.  and  C  are  gollinear,  a,cont radiction.  ] 

4.     Q  -  P-  -  (B  -  A).  -2  f  (C  -  6)0  +  (A  -  C).  -  £  ' 

[or;    (B  -  A),  -i  *  (A  -  C )  •  —J] 

R  -  P      (B  -  A)i  f  (C  -  B)-  -1  MA  -  C)0 

[or:    (B  -  A}}  f  (C  -  B)«  -1  ] 

That  Q  -  P  and  R  -  P  are  linearly,  dependent. 

6.  From  4,  *(Q  -  P)a  +  (R  -  P)b  (B  -  A){h/l  -,a/<>)  +  fC  -  B)  •  -b 
+  (A  -  C)-  -a/3.  So,  (O  -  P)a  +  (R  -  »P)b  ■=  0  if  and  only  if 
(B  -  A)(b/Z  -  a/Z)  +  (C  -  B)  •  -b  +  { A  -  C)»-a/"3  *  3.  Since  the 
latter  is  the  case  if  and  only  if  b/l  -  a/z  -  — b  =  -a/3,  and  that 
this  equation  is  true  for  any  pair  of  numbers  a  and  b  such  that 
a  -  3b,  Q  -kP  and  R  -  P  a  re  linearly  dependent  and  the  points 
a  re  collinear .  1  t 

Answers  for  Exercises 

l!     (a)    Suppose  that  A       B.    Then,  AB  i^s^  line,  and  AB  contains 

"the  two  point^  A  and  B.    So,  by  Theorem  7-3,   [/XI3  ]  -    [B  -  A] 
Hence,  if  A  4  B  then  [XS  ]  -   [B  -  A].  Y 

(b).  If  A  4  B  then  the  direction  of  A§  is  the  direction  of  B  -  A. 

2.  (a)    if  a  is  in  the  direction  of  b  then  *ia\       is  linearly  dependent, 

(b)  If  (a,  Id)  is  linearly  dependent  and  a  is  a'  proper  translation 
then  b  is  in  the  direction  of  a. 

(c)  If  a  is'in  the  direction  of  bt  and  b  is  in  the  direction  of  a, 
then  the  direction  of  a  is  the  direction  of  b  [or:  'then  a  and 
,b  have  the  same  direction]. 

^d)    If  {a;  b)  is  linearly  dependent  and  both  a  and  bt  are  proper 
translations,  then  the  direction  pf  a  is  the  direction  of  cT 
1  [oru  then  a  ancl  b  have  the  same  direction],       f   '  V  * 


Suppose  that  (a,  S)  is  linearly  dependent  and  that  a  4  ft  4-  S.  By 
2(b),  it  follows  that  b6  [a]  and  that  a  6  [j>JL    So,- [a]  and 
[a]  C  [bj.    So,  [a]  =  f  b  ].    Hence,  if  (a#b)  is  linearly  dependent  a 
a  ^1  ib  then  [a  ]  -   [t]m  ' 

(a)  If  A,   B,  C,  D  are  points  of  a  line^  i  and  A  4  B  and  C  4  D 
then  the  direction  of  B  -  A, is  the  direction  of  D  -  C.  ♦ 

(b)  No.    For  if  B  4  A  and  D  =  C  then  [D  *  C]  ^  (6)  4  [B  -  .A]. 

■    *  -  ■  -  » 
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is  eollinear  and  \  fi,  (\  D}  is  colli  near*  is  the  resulting  sentence 
a  theorem?  I  f  *rove  or  give  a  counter-example.  | 

5.  (a)  Suppose  that  a  *  o!  Describe  {X:  3,  iXtl  and  [/]  -  \a\)}. 

th)  Is,  there  a  line  whose  direction  is  10*)? 

(c)  Does  0  belong  to  the  direction  of  any*  line? 

6.  Draw  a  picture  showing  a  point  /\  and  a  proper  translation  a.  De- 
scribe, and  picture, 

(a)  {X:  l;.i.tt1«J  and  X  -  A  t  x))       \  } 
(hi  {X:  X  -  A  t  f  a\  \ 
ic)  (X:  9r  X     4  *  „Vi 

7.  Prove:  All 
page  281.  |  . 

8.  Draw  a  line  ?  and  mark  a  point  Ail.  Describe,  and  picture, 
IX:  X  -  .4  *  |/|}..   '  •      .  \. 


A  ♦  ax  ; 
{X;X  -  ,4e[/J  -  /I] 


[Hint:  See  Exercise  2(d)  on 


7.05  Lines  in  a  Given  Direction 

The  preceding  Exercise  6  suggests  that,  for  any  point  A  and  any 
proper  direction  \  a\  there  is  a  unique  line  through  A  whSfee  direction  is 
[a].  Exercise  8  suggests  much  the  same  thing.  To  investigate  this 
likelihtxxi  we  adopt:  f 


Definition  7-5 


(a)  A[a]  -  {X:  X  ~  Ac  [a]} 

(b)  All)  =  {X:  X  -  A  ell)} 


Ala] 
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*  f 

♦  — ■  -»  »  ■  '  4  ~* 

What  is  AIO)?  Exercise  6  suggests  that,  for  a  ^  0, 54[a]as  the  [unique] 
Hnelfh  rough  4  "in  the  direction  5f  a*\  Exercise  8  suggests  that  Amis 
the  [unique), line  through  A  which  hps  the  sarpe  direction  as  /  does, 
These  suggestions  sound  rather  like  Theorem  7-1  which  says  that, 

for  A  ^  B,  AS  is  the  [unique]  line  through  A  and  B. 

Comparing\he  definitions  of  %A\d\  and        it  is  easy  to  sec-  that 


9 
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A(o\  -  A(A  +  al 
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[Explain^ 
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(cV*  Nov    For  if  A,   B,  and  C  are  distinct,  and  D      C,  it  is  still 
the  case  that  {A,  B,  C}  is  collinear  and  {B,  C,   D}  is 
collinear  and,  yet,   [B  -  A]  *  {3}   -   [D  -  C]. 

(a)  £,  the  set  of  all  points,    [Given  that  a  ^  3  and  A  'is  any  point, 
A  +*a  *  A  so  that  is  a  line  in  the  direction  of  a. 

(b)  fto.  ;    airlines  have  proper  directions. 

(c)  Yes,  6  belongs  to  the  direction  of  each  Vine.    (This  answer 
assumes  that  there  are  lines  —  a  $?ct  which  we  are  riot  yet  in 
a  position  to  establish  formally.  ] 


Ir?  each  case,  the  set  which  is  pictured  is  the  fine  through  A 
in  the  direction  of  a. 


*By  the  exercise  rejerred  to,   C  €  Ag  >if  and  only  if  C  -  A  €  [B  -  A], 
So  [immediately!, ,AB  -   {X:    X  6  AB)       {X:-X  -  A  €'[B  -  A)}. 
[Without  the  exercise,  proceed  as  foHows: 

c  €  AB  3    -C   -  A  +  ( B  -  A)x    [Def.  7-3] 

•  x 

f  €  {X:   X  -  A  €  [B  -  A]>*=>  C  -  A  €  [B  -  A]  ■ 

C  -  A  C  [B  -  A]  <=>  3^  C  -  A  =  (B  -  A)x. 
So,  what  needs  to  .be  proved  is  that 


3x  C 


A  f  (B  -  A)x 
But  this  follows  at  once  fr^>m: 
C  =   A  +  (B  -  A)c 


A  -   (B  -  A)x. 


C  *"  A  ~   (B  ~  A)c     [Theorem  l-l 

{x:x-A«[i]} 


The  set  in  question  is  the  line  containing  A  and  in  the  direction 
of  Kl.    Alternately,  it  is  the  line  through  A  parallel^to  t 


A[3]  =  {A}  t 

By  the  result  proved  in  Exercise  7 \   above,  ' 

A(A  +  a)  =  {X:   X  -  A  €  [(A  +1)  -  A]}. 

But,  (A  +  a)  -  A  =  a;  < 

Just  as  AB  (for  Ay  B)  corresponds  to  "the  line  through  two 

given  points**  of  traditional  high  school  geometry,  so  A[l]  will  corre- 
spond to  '*the  line  through  a  point  parallel  to  a  line  V ' .    Thip  result  is  . 
Theorem  7-6. 
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So,  wy  <:an '.verify  the  suggestion  of  Exercise  6  by  showing  that,  for 
a  *  0,t  a  line  through  .4  has  the  direction  of  a  if  and  only  if  it  contains 
A  t  a.  (Explain.)  Since  this  is  an  easy  consequence  of  previous  theo- 
rems | Which  theorems?)  we, have  proved  part  (a)  of  ' 

|  Theorem  7  -5  . 

'  4    •  v  '  -  .   •  \ 

.    <af  AjaJ  Ls  the  line  through  4  in  the  direction  of  a  [a  /  0*]. 

•(b)  All)  ks  the  line  through  A  in  ttfe  direction  of/. 

*Part  uii  can  now  he  used  to  prove  part  Ah),  (liven  a  point  A  and  a  line  /, 
/there  are  points    say,  C  and  ZJ-such  that  { C,  D }  C  /  and  C     D.  By 
theorem  7-3,  |/|  -  \D  -  CI  From  this  and  Definition  7-5  it  follows 
that 

5*|/(     {X:  X  ;-  ,\  c  |/|}      {X;'  X  -  A  e  [D  -  CI}     A|7T-  C|! 

Since  *C  ^  D,  I)  -  C  *  o'and  so,  by  part  (a),  A\f)'-'.C\  is   the  line 
through*  4  whose  direction  is  1/;  -  C).  So,        is  the  line  through  A 
whose  direction  is.jD  -  C]  and,  since. 1Z)  -  C]     |/],  it  is  the  line 
.  through  A  whose  direction  is 

As, in  the  case  of  Theorem  7'vl,  each  part  of  Theorem  7-5  is  a  short 
way  of  saying  two  things.  Part  (a)  says  that*  for  'a  *  6)> 
*    »  •*-  •  {  «■    ♦  , 

'(la)  /l(a|  is  a  line,  4  €j4|aJ,#md'|AIa|] '-  JaJ;,' 

(2a>  (i4  t  m  and  |ro|     faj)  — ►  m  ~-  A[a],  for  any  line  m,  , 
Part  (b)  says  that  '    ,  '  - 

( lb)    .       All)  is  a  line,  AeAH),  and  $7/1 1  l/J;' 
. '  (2b)  [A  e  m  and  [m]  ~  m   ■  Af/1,  for  any  line.m. 

A  useful  corollary  of  (2b)  re:      '  ^ 

A  e  /  — *  /  X[f\ 
Using  this  it  is  easy  to  prove:  "  * 

(*)  Two  lines  with 'the  same  direction  have  no  common  point. 

[Compare  (*)  with  sentence  (B)  in  Part  B  on  page  285.  Write  a  sentence 
like  (5)  on  page  286  which  has  (*)  as  one  of  its  "English  translations"! 
Do  you  see  how  to  transform  the  sentence  you  have  written  into  one 
which  follows  easily  from  the  corollary?  If  you  need  3-hint,  the  pro- 
cedure is  about  the#,same<  as  that  which  you  used  in  Part  A  on  page  284.]' 


_  -TC291 

Suppose  that  a  *  Q.    If,  under  this  assumption,  we  can  show  that 

.  (*>  jA  £  *  and  [£]  ;    [  a  ])  (A.  e  i  and  A  +  a  €  i) 

then,   since  A{ A  ♦  ^)  is  the'  unique  line  which  contains  both  A  and  A  +' a, 
it  will  follow  that  A(A  f  a)  is  the  unique  line  winch  containsA  and  has 
the  direction  [a  ].    But,  as  noted  previously,  A( A  +  a)  -   A[a].    So,  It 
is  enough  to  prove         [assuming  a  i  (5  j  in  order  to  be  justified  in' 
asserting  Theorem  7-5(a). 

The  if -part  of  {*}  follows  by  theorem   7'-3j    the  only  if -part  follows  ♦ 
fcy  Theorem  7-4. 

If -part:    Suppose  that  A  e  I  and  %A  ,+  a  e  t.    Since,  for  a  *  3, 
*  A  ^  A  +  a  it  follows^fronvTheortim  7-3  that  [t]       [(A  4  a)'- A] 

■:  I  a  ].  .Hence  [for  a  ^  5),  if  AU  and  A  +  a  €  i  then  A  el  and 
W  -  [a]..' 

Onl^if-part:    Suppose  that  AEf  and  [I]  -*[aj.  .Since  ac[a]  it 
follows  that  a  e  [i]  and  so,  by  Theorem  7-4,  that  A  4  a  6  L 
'Hence,   if  A.^6  t  and  [Ij  =   [a]  then  A  6  #  and  A  I  a  €  I, 

Proof  of  (^):    Suppose  that  -   [lp }.    If  the  re  is  a  point  —  say, 

A  —  such  that  A  e  ix  ^  i2  then  -4  A[Tj  and  ts  -  a[XJ  and,  since 
L*i]  "  OpL  *i  "  ^p.  So,  if  £2  #  Ig,  then  there  is  no  point  commqn  to 
i.   and  £0.  Hence, 

-      /  *  v 

(tx  *        and  -    (jfpJ)  =^  not  3X  X  €  ix  ^  1, 

— *  that  is,  two  lines  with  the  same  direction  have  no  common  point,  . 

The  hint  suggests  that  such  a  proof  can  be  discovered  by  translating  - 
(ir)  into  the  sentence  displayed  above,  noting  that  this  sentence  is  equiva- 
lent to;  .  ' 

3tf  X  £  l2  ^  l2  =>  not  (i1  #  ip   and  [JJ  ^  [l2])   ■  1 

and  that,  by  the  introduction  ru4e  for  '3',  the  latter  is  a  theorem  if:  \ 

A  €  l2  ^  i2  — *  rfot         ^  i2  and  (IJ  ~  • 

is  a  theorem.    This  last  can,  in  many  ways,  be  shown  equivalent  to: 

(A  €  ix  ^  tp  and  [/J  -   [lfl  ])  ^  ^  ^  ^ 

[The  simplest  is  to  recall  that  'not  (i,  *  |    and  fi,  ]  =,  [l^])1   is  equiva- 
lent to  ; [i, ],  [f2 ]=>  ia  a  v'  (see        fj lh  j    1  q 

As  has  been  repeatedly  emphasized, 'the  ability  to  give  paragraph 
proofs  should  be  ratecl  much  higher  than  that  of  giving  formal  logical 
analyses  of  reasoning.    The  only  reason  £or  "developing  the  latter  ability 
is  to  foster  the  former.    A  student  who  proves  (it)  byJsajpLng  i4By 
Theorem  7-5,  there  is  at  most  one  line  through  a  given  point  in  a  given 
direction.    So,  two  lines  with  the  same  direction  can't  pass  through  the 
same  point.  M    is  doing  fine.    Another  student  who  doesn't  see  why  the 
first  can  say  'So'  with  such  confidence  may,  if  hd? (is . acquainted  with 
formal  rules  of  logic ,  profit  from  an  analysis.  * 

A  restatement  of         using  'parallel'  is: 

T^o  parallel  lines  have  no  common  point. 

Naturally,  you  will  ask  whether  two  lines 'with  no  common  point  n$ed  be% 
parallel.  %  As  remarked  earlier,  the  proof  that  two  coplanar*  lines  with 
no  common  point -are  parallel  —  that  is1,  have  tiie  same  direction  —  will 
be  given  after  we  define  'plane*. 
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'  Finally,  let's  recall  the  notion  of  parallel  lines.  Intuitively,  parallel 
lines  are  lines  which  have  the  same  direction.  As  pointed  out  in  Chap- 
ter 1,  it  is  convenient  to  a^ree  that  any  line  is  parallel  to'itself.  So, 
we  shall  adopt:  ' 


II  Definition  7-6   /  j;  w-^_»J/| 


m 


I  Head  J  as  'is  parallel  to'.ftB^ate  (*)  using  'parallel'.  Restate  Theo- 
rem 7 -5(b)  using 'parallel'.       >   4 

Since  Theorem  7 -5(b)  tells  Us  that  X\lh»  the  fine  thfough  A  which 
is  parallel  to  /  it  follows  from  this  theorem  that 

t  *  ' 

|  Theorem  7  -  6  There  is  one  and  only  one  line  through  a  given 

I      point  and  parallel  to  a  given  line. 
Exercises 
Part  A 

1.  Complete  the  detanVof  the  proof  of  Theorem  7 -5(a)  by  proving: 

(a)  A\a]  -  AiA  ♦  a)  ' 

(b)  |/|     |o1  *—»  A*+  at  I    \d  *  0*  A  el] 

'2.  (a)  Prove:  ^  e/— •  /     All)        *  .  „ 

<b)  If,  ils  Suggested,  you  wrote  a  sentence  having  (*)  as  one  of  its 
"English  translations",  your  sentence  was  probably  much  like 
this  one:    t  . 

.    '     (1>     (/,  ✓  tfandW.J  =  fA~not  \X*L  n  L  ,  '< 

Show  that  |  lj  is  a  theorem  if  and  only  if  the  sentence: 
.'    (2)      </,  *  //and  |/,|  \U)—>A£l^ni2 

is  a  theorem.  '  - 

(c)  Prove  sentence  (2). 


Part  B 


1.  n^aw  an  arrow  to  describe  a  proper  translation  p  ar^d  mark  a 
point  P.  Draw  the  line  through  P  in  the  direction  of    Locate  points 
^•fc^nd  R  such  that  Q  *  P,QeP[p)  and  i?  i  Pfp). 
•  2.  Write  a^rare.notatign  name  for  §&.  Show  that       ^       That  is, 

show  that  ^/f  and'PQ are  different  lines/ 

3.  £o  you  think  that  |Q  -  R]  «.  |/>  -^Q]  or  not?  Explain  your  answer. 

4.  Add  to  your  diagram  a  picture  of  R[p],  Are  the  lines  P$>)  and  R~fpl 
parallel  or  not?  Do  they  intersect  or  not?  ExplainVnr  answers, 

■  j  5.  Show  that  ^has  the  same  direction  as  does  the  iine  through  Q  +  p 

•    and    +  p..What,  then,  can  be  said  of  lines  §Ii  and  (Q  +         +  p)? 

ERjc  .  • .    ,       6;.')  ■ 


4 
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Parts  A  -  F  are  more  than  can  be  reasonably  covered  in  one 
homework  assignment..    Here  i*  one  means  for  handling  these  exercises 
"^      Fi  rst  day 

(a)  Part  A  as  in -class  exercises. 

(b)  .Parts   13  and  C  as  hom'ev^rk.. 
Second  day 

U*'  Part  D  as"  in-class  exercises  using  a  stick  model  to 

\    illustrate  the  various  lines  in  Exercise   1,    Also  discuss 
«      Ueiinition  7-7. 

(b)%  Parts  E  and  F  as  hornewori 
"Answt-  rs^  for  Part  A       *  • 
1.      (a)    A[  a  J       {X:    X  -  A  €  [a  ]}  . 


v   =   {X:   X  -  A  6  [(A  +  a)  -  A]}       A( A  +  a) 

f  (b)    For  a  ^  (5,   A  #  A  +  a\    So,   for   A  6  f,  it  follows  by  Theorem 
.    ?-3  that  \i  A  f  a  €  I  then  [*]^   [(A  +  2)  -  A]  =   [2  ].  ■  Hence, 
lor  ajs*  0  and  A  £  t.   if  A  *  a  e  I  then  [f]  -i   [a]#    If  [i]  -  [a] 
then^a  €  [f]  and,   for  A  €  I,  it  follows  by  TBeorcm  7-4  that 
A  +  a  e  £.    Hence/  fpr  A  €  I.   if  [f]  =   [£]  then  A  +  a  e  t. 

(a)  Suppose  that  A  e  L    Since  [i]  it  follows  by  (2b)  that  * 
i  -■   A[l].    Hence,  if  A        fhen  £  A[7]. 

On  the  other  hand,   suppose  that  I  -   A[i],    Since,  by  <ib),  ' 
A  €  A[t]  it  follows  that  A  €  t.     Hence,   if  i  -   A[g]  then  A  6  L 

(b)  Sentence  (1)  is  of  the  form  'p  not  3%   FX'  and  (Z)  is  qP 
the  form  -R  ==>  not   FA*.    Since  either  (1)  or  (I)  is  a  theorem 
if  and  only  if  its  cont rapositive  is  a  theorem,  we  may  consider 
the  corresponding  sentences  of  the  forms /3V    FX  not  p' 

*  i 
-'.?f\  not  P'-    T*11'  second, is  a  consequence  of  jhe  firfit 

^0,  if  (1 )  is  a  theorem  then  fZ)-  ii  a  theorem.    The  first  is  a  ' 
consequence  of  the  second  in  case  the  letter  is  treated  as  an' 
assertion.    So,  if  (2)  is  a  theorem  then  it  implies  U)  '  and  (U  » 
is  also  a  theorem.  • 

(c)  Suppose  that  A  e  llt  ^  |g  ^  It  follows  from  part  (?)  that  " 

fi    :  *A^il  a"d  J2  »•  A(lj,J.    So,  if  [i  ]  e  [i^]  thertl'  =  I- 
Hence,  i?  A  £  /r  r>  |p  then  not  both        y  i^^and  [i,]  =   ft  ],- 
Taking  the  contrapositive,  we  obtain  (I).  2 
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An«wt-fs  tor   P.irt  B 


Rip) 


l  p  j  r.^i_  — — ;  % 

 pm 


QR  •     {X:    3x  X       b  MK  -  Q)xf.  1 

I'o  sho^  that   QR   *    PQ,   it  is .  enough  to^ho^  th.it  OR  contains  a 
point  not  inPQ,     Since   Q  4    P  and   {Q,    P}         p[  p  ],    P[  p  ]       PQ , 
Since   H  e  P[  p  |  it  follows  that   K  ^  PQ.     Butj   R  £  QR, 
No.     For  il   |Q  -  R]       [        Q|  then   PQ  and  QR  have  the  same 
direction  and,   since  both  contain         PQ       C}R.  .  But,   PQ  *  QR, 
Yes.    tor  each  |'ias  the  (ii ruction  of  p. 

No,    (or  it   P(  p  j  and    R[  p  ]  have  a  point  in  common  then,  by 
Theorem    /-t>,   fhev  would  contnin  exactly  the  same  points  («for 

thev  would  be  the  same  line).     But,   we  know  that  R  {  P[  p  J. 

|OK  I       |«  "  Uf       [( K  *  p)  -^Q  t  p)|   ■    f(Q  *  p)(R  +  pf). 

The  lines  art-  oar  a  He  I.  ' 
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No,  for  Jij,.  is  the  only  line  containing  P  and  Q  and   R  ^  P<5.  ; 
.  Linearity  independent.  ;    Equals  (5. 

«•  *  .  * 

(a)  .  «et-  Theorem  6-  12.  ' 

(b)  Q  -*  P       (O  -  R)a,  4  (  R  -  P)b  <5£=>  (Q  -  P)l  f  (R  -  Q)a+  ( P  -  R)b.-  3  ? 

b 


Ov 

Answers  for  Part  C 


T" 

i.      fa)     By  Definition  7-b,   <  ||  '  U]<    Since   [t]  -    [*),  it 


follows  that  i  i. 


(b)    Suppose  that  $  ||  m.    Then  [X]  -   [m].    So,   [m  ]  -   [l]m  By 
Definition  7-6,  m  1 1  I.    Hence,  if  i  1 1  m  then  m  fl  i. 


n.  Then  [f]  -  *[yn]  and  [m]  '  |n] 
n.    Hence,  if  m  and  m  ||  n) 


-*  (c)    Suppose  that  i  \\  m  and  m 
so  that    [I]  =   [n].     Thus,  £ 
j   then  I  ]«f  n. 

t  {d)    Suppose  that  i  ||  n;  and  n  j|  m.    By  lb)  m  ||  n  so  tfcat,  by 
,  •         (c),  I  ||-  n.    Hence,  jf  (I  ||  m  and  n  ||  m)  then  i  |j  n. 

(e)    Suppose  that  ^  |i  Ip/TPSttwr  lx  ^  t,  =  0  or  fx  ^       *  0. 
Assume  the  former.    It  follows  that  lx  --■   L}  or  l1  ^  lP  =0 
[inferring  an  alternation/).    Assume",  then,  'that       ^       ^  0. 
In  this  case,        and        have  ^'common  point  and,  since 
lx  \\.  t>t  1,  by  Theorem-  "?-6.    It  follows  that,   in  this  case,  " 

f3     '  I2  or  *1  ^  I,  =  0.    Vnce,  in  either  case,  lx  =  la  or 
£a  o  i?      0  it  follows  that  if  l1   ||  l?  therr1^  =  t2  or,.^  r>  £2  ^'0, 

Z.      (a)    No,  for  A  and  B  may  be  the'-same'-point,   in  which  case  ' 
"C  -  D. 

y  (h)    Yes,  f*r  then  B  -  A  4  6  and  since   B->A  -   C  ~  D,  C-D-^^ 

and  C  #  D.    It  follows  that  [i]  ~   [B  -  ^  -  [C  -  D]  =  [rn].    *  - 
yence,  I  \\  m,  , 

3.  Since  (B  -  A,   D.r  C)  is  lirfearly  indejJe"n3'e?^;  it  follows  that 

B  r  A      6,   Dt-  C  ^  (5,  and  fB  -  A]  ^  [D  -  i].';  [if  [a]  =  [$}  then 
a  £  [b  j  and  (a\  Id)  is%linearly  dependent.  ]Jn,hce  B  -  A  ^  0 ,   A  ^  B, 
So,   since  {A,   B}   C  f.  [1]  =   [B  -  A].  •  S#rnilarly/'fyn ]'  =   f D "-  C]. 
Since   [B  -  A]  ^  [D  -  C]  it  follows  that  [i]  *  [m]  and,   so,  that 
I  |4  m.    '  . 

4,  For  any  twd  points  A  and  B  of  i,  [I]  j  A],    ff  (B  -  A,  a)  is 
linearly  dependent  then^  since  B  -  A  #  0,  a  €  [B  -  Aj  -  ^Jt].    Hence,  f 
if              then  (B  -  A,  a)  is  linearly  ^dependent. 

[Exercises  3  and  4  have  as  a  consequence  that  linjBfl  AB  *and  CD  are" 
'parallel  if  a^nd  only  if  (B  -  At  t)  -  C)  is  ^nearly  dependent.  ] 

k 
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*    -  4  "  *    "  "    %<  \ 

6,  U  U\  Q*  H }  culhnear  or  not?  How  Mo  you  know?  Wfcrt  can  be  said 

at\Q     P;H  -  <^>?  Of  (Q  -  P)  +  VR  -  Q)  +.  </>  -  •  , 

•  ^7.  (liven  that  {/\  Q,  (?},is  noneoliinear,  prove  each  of  the  Vol  lowing. 

,  IHtnL  There.!*  a  theorem  in  Chapter  6  w£i«h  will  help. |        "  " 
fa>  (^  -  T«  *  Q\r  +  hP  -  H)p '^VifWiaonlv  if</  -  r 

"       -       (b)  Q  -  P  ~<<Q  -  R)n  +  i/T -        if  and  (*nly  if  a  * .  ft  - 

•y^w>rJ  '<     -8*  Draw  figures  to  illustrate  (the  theorem  in  Exercise  7(5)  for  <j  -  2 
J  *  .    and  for  q  -  J  '  ..      -  ■  "  "  , 

Parte  f      •  , '  "  %       -     -  *       "  /  * 

^   -       1.  Prove*  eqph  of  the  following  |(a>,  lb),  and  ic)  qn?  parts  of  Th$ 
orem  7   7.\     '■    -  *  ' 

<a)  /  117.      .  .  (   ,  (b)  /  II  m  —  m  \\l  '  * 

•  .        U0     !!  w  i*nd  w  .|  n>        /  |j  «       *  (d)  (/  [|  w  and  ;i  ||  m)^  I  ||  a 

(e>^  /,  ||  /,  — *  V,  4  /,  or  /,  n  /.,  -  0)  Since./,  n  L  Cy\  you 

can  show  that  /,  n  / ,  -  0*by  showing  that  thfcre  does  rjot  exist 
any  /w/n/  in  /(  'D  7,.|  •  .  - 

.2.  Suppose  that  /  and  rn  are  lines  and  [A?B}  C  /  and  {t\  /J}'  C  m. 
"Also  suppose  th<it  /*  -  4  -  C  -  D.  '  ,  • 

>  ■  *  %  From  the 'above  conditions  does  it  follow  that  /  ||       If  not, 

explain  why.  If  so,  give  a  proof.  * 
Suppose  we  also  assume  that  A  ¥  B,  With  this  added  condition 
*1  <  .  does.  i,t  follow  that  /  ||  m?  If  not,  explain  why.  If  so,  give  a  proof. 

*    B,  Suppose  that  /  and  m  are  lines  and  {A,  B)  C  /  and  {C,  £>}  C  ;« 
and  I /?  -  4,  £  -       is  linearly  independent.  Prove  that  /  is  not 
t    parallel  to  m.  * 
.      ^  .  4.  Suppose  that  /  is  a  line  and  that  at \l  |.  Prove  that  for  any  two  points 
A  t\pd  B  of/,  \B  -  .4,  a')  is  linearly  independent. 

-pPartD 

•  1*  Consider  the  rectangular  box 

:g  ABCD-EFUH,  shown  at  the 

*  right.  Answer  each  of  the  fol- 

lowing by  referring  to  the  points 
A  through  H  which  are  the 
;  *  comers- of  the  given  box. 

:".    .    -  ,['■<*'■'■■■  '  / 

(a)  Give  three  Jines  each  of  which  has  the  same  direction  as  XU.  As 

tfd  . 

(b)  Give  at  least  one  iin#  whidh  has  a  direction  different  from 
X B  and  which  intersects  XS.  In  how  many  points  dQes  tliis  line 

*  .  intersect  AI$f  How  do  you  know? 

(e)  Give  at  least  one-line  which  has  a  direction  different  from  *A& 
■     t  ^nd  which         ^intersect        Is  this  line  parallel  to  5fiV 

How  do  ygu  know?  ^ 
.  2.  In  Exercise  1  of  Part  C,  you  proved: 

n  /,  |J/,  —  (/,  «  /.or/,  n  i  =  0)       .  ' 
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Answers  for  Part  D      .  w      ,  " 

'J  .     (a)    CJ>,   EF,   GHr   AE.  BF,  DHP 

V(b)'  Any  of  the  lines   AX  whort*  ^  €  {C,   D,    F,   F,  G,   H}   will  do.  ; 

.  ^     One,  ;    if  it  had  two  points;  in  common  with  AB,   it  would  the 

same  line  and,  s«,  would  have  the  direction  of  AB.' 
*         '  *  ■*  «#  *  * 

*    ,  !   (c)    KH    [There  are  lots  of  others.  J;,  No,  for  if  has  a  different 
*  '  *  «  ^ y  . 

direction  from  fhat  of  AB,  ' 
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(a)  Write  the  converse  of  <-; )  and  thd  contrapositive  of  (  l  Which 
of  these  two  statements 'is  equivalent  to  (*.)? 

(b)  (Hve  a  counter-example  to  show  that  one  o^the  two  state- 
'  mt»nts  written  in  la)  is  not  a  theorejn.  / 

From  th£  results  in  Exercise  2,  above,  it  should  he  clear  that  the 
converse  of  <  )  is  not  a  theorem.  This  means  that  there  are  lines  i$ 
space  which  do  not  intersect  and  which  are  not  parallel  "Such  lines  are 
called  skvw  lines. 

«  » 

Part  E  *  ^ 

In  Chapters  2  and  3  you  proved  various  theorems  about  points  and 
translations.  Some  of  thsse  are  collected  in  the  summary  on  pages 
141  and  142.  Before  reading  further,  turn  to  this  page  and  read  over 
Theorems  2-1  through  2-13. 

One  of  the  main  conclusions  we  reached  in  Chapter  2  was,  roughly, 
that  sentences  about  addition  and  subtraction  of  points  and  transla- 
tions which  look  as  though  they  should  be  true  are  actually  the- 
orems. Now,  read  the  correct  statement  of  this  conclusion  on  page  136 
and  check  your  understanding  of  it  by  writing  the  real  number  sen- 
tenet' corresponding,  to: 

<  1 >  iB  f  c)  -  iA  +  c)  -  B  ~  A^Sl  .  „ 

.    1.  Draw  a  picture  illustrating  (1).  Do  you  think  that  ( 1)  is  a  theorqm? 

2.  Prove  1 1 )  usingonly  postulates  and  theorems  on  pages  141  and  142, 
|  Hint:  In  Chapter  2  you  learned  tfrat  a  promising  attack  on  proving 
a  theorem  of  the  form  'a  -  i>  is  to  use  Theorem  2-2,  making  a  help- 
ful choice  for  'A'. I  , 

3*  Draw  an  illustrative  picture,  and  prove:  * 

12")  A  +  a*  -  B  +  V«-»  {A  -  B)  +  a  -  V 
'    .  [Hint:  Try  Theorem  2-3.] 

<3)      -      '   (B  -a)  -  A  -  B  -  (A  +  a}  .   ■  *  ; "  . 

4.  Prove;     "  *.  -  * 

■k  ■  (a)  {A,  fl,  C}  is  collinear     •  {A  +  a\  B  +  a,  C  +  a)  is  collinear 

'  '       (b)  c  c  at/1,  ^  c  +  v«  wToST/i 

5.  (a)  Draw  a  line  /  and  mark  on  it  three  points,  A,  B;  and  C.  Draw 

an  arrow  to  represent  a  translation  a* such  that  [/).  Locate 
the  images  of  A,  B,  and  C  under  the  mapping  a.  Are  the  points 
A  +  a,  B  +  a\  and  C  +  a  collinear? 

(b)  Mark  a  point  D  such  that  D  i  L  Are  the  images  under  a  of  A,  B, 
and  D  collinear?  , 

(c)  Would  ^our  answers  for  the  questions  in  (a)  and*(b)  be  differ- 
V  .  <^         ent  if  a  were  chosen  in  (/]?  < 
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(a)    Converse  6(  (*):    (i1  =  i;  or  ft  -  0) 


Contrapositive  oi  (*):   not  (1^""  £r  or  ^       1,   -*0)  ==S>  i1  \ 

The  contrapositive  of  (>*)  is*  equivalent  to  {*). 

Let'  ^   -    AB  and  I,,  "  -   EH.    Then       r>        :  0  but  lx   ^  1, 
So,   the  converse  of  (#)  is,  not  a  theorem.  *  ' 


Answers  for  Part-E  ,  * 

The  real  number  sentence  core's  ponding  to  CI)  is: 
,    '  (b  t  c )  -  (a  f  ,t: }  '     b  -  a 


Here  is  a  picturQ  illustrating  (1): 


A+ c 


JB*c)-  (A*c) 
B  +  c 


{A  +  c)+  [(B-KcV  (A  f  c)J-  B+c  :%     '  [Post.  2(a)] 

-  [A+JB- A)]fc   [Post.  2(a)] 

=  (A*c)MB-A)   [Th.  2-5(a),  Post. 

Th. 


44. 

2-5{b)] 


So,  by  Theorem  2-2,  (B  +  cf)  -  (A  +  c)  =   B  -  A, 

[Motivation:    A  trans Jation  is  determined  by  its  effect  on  any  one 
point.    The  "simplest  point,,  to  which  tOfapply(  (B  +  c)  -  (A  +  c)  is 
A  f  c.     Let4s  try  to  show  that  the  image  of  this  point  under  this 
translation  is  Jhe  same  as  its  image  under  B  -  A.  * 

-» *  • 
*  The  choice  of  A  +  c   as  the  point  to  work  on  is  reasonable  because 

Postulate,  2{a)  can  be. applied  at  once  for  a  fast  start.    It  is  possi- 
ble, however,  to  "reduce"  '  A  ¥  [(B  +  c)  -  (A  V  c)T   to  4  Bf  vby 
using  Theorems    3-9,  3-5(b),    2-5^),   Postulate  43,  and  Theorem 
3- 1(a),    One  can  then  obtain  the  desired  conclusion  from  Theorem 
2-1,1  -  • 


Picture  for  (2): 


Picture  for  (3): 


Proof  of  (Z):    A  +  a  -  B  +  b 


.{B-a>- 


B~o 

(A+ a),-  B  =  (B  +  S). 
■  (A-B)fa  -  (B+  S)  ■ 
(A  -  B)+a  =  S.  "  \ 
Proof  .of  (3);  A  +  [<B  -  aj  -  A]  =  B  -  a  . 

"    '  ' =  -a" 

=  B  +  [A  -  (A  +  a)] 
=  A  +  [B  -  (A  4-  a}] 
So,  by  Theorem  2-2,  (B  -  a)  -  Ar  -  B  -  (A  +  Z). 


A  +  a 


B       [Th.  *2-3] 
B       [Th,  3-3] 
%       [Po&t,  2(b)] 
[Post.  2(a*)j# 
[Def.  3-l(a)] 
[Th#  3-5(b)j 
^Th.  3-9] 
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[Anothe  r  proof  proceeds  hy  transforming  1  (B  -  a)     A'   by  using 
Definition  3-1U),   Theorem   3-8,  'Theorem  3-10,  Definition  3-l(a), 
and  * — at  ~   a'."  A  third  proof  t ransforme  '(A  f  a)  4  [(B  -  a)  f-  A]"* 
into,  *(B  -  a)  f  a'   by  use  of  Theorem  3  "9  and  Postulate  2(b)*  The 
latter  term  reduces  to  *  B' ,  ahd  Theorem  "2-1  can  be  applied.  ) 

.   ^    Student  response  tq  Exercises  2  and  3  rnfay  suggetff  the  desira- 
hility  of^a  brief  review  of  parts  of  (Chapter  3,    What  is  most  important* 
however,  'is  that  students,  be  convinced  of  the  validity  of  the  criterion 
on  page   M6  and  be  able  .to  use  it  as  a  source. for  the-prems  of  this  kind, 

4,      (a).    {A,   B,   C}   is  cqllinear  «==s>  {B  -  A,   C*  -  A)  is  linearly 

dependent4 

<==>  ( ( B  t  a)  -  fA  *  a),  (C  +  a)  -  (A'+  a)) 
*  '  is  linearly  dependent  * 

{A  +  a,   B  '+  a,  C  +  -a}  is  collinear 

(b)    C  e  A\f\ 


(aj 
i 


Yes. 


(b)  No. 

(c)  No. 


c:  -  A  e  {#) 
(c;  +.a)  -  (A  +  a)  e  [IJ 
C  *■  a  £  (A  +  a)[l] 
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4  ' 

Sample  Quiz  ^  *• 

^  *  -+ 

1.     Suppose  that  I  is  a  line  and  that  a  and  b  are  linearly,  independent 

translations.    Eac^i  of^  I  +  a  and7  t  f  b  is  a  line.    Are  these  lines  # 

•i     paj^llel  or  not1?    Explain  your  answer.  * 

Z.  "Suppose  that  {-p,  q)  is  linearly  independent.    Consider  any  point  — 
f  say,  A.     •    # ,  * 

(a)  <.Draw  an  appropriate'picture  for  these  conditions  and  locate  the 
'  1    points  B  . and  C,  wJiere  B  -  A  +  p  •  — f  and  X  =   A  +  q  •  —j4  .  t 

(b*)    What  in  the  direction  of  the  line  thro^gHBand  A*  +  q? 

(c)  The  line/  through  A  +  p  'an^  parallel  to  B(A  4  q)  intersects  AC 
in  a  point       say,   D.     Finely  the  number  d  such  that  D  -  A  +  qd. 

(d)  Is  *BD  parallel  to  the  line:  through  A  t  p  and  A  +  q?  Explain 
your  answer,  \ 

Key  for  Sample  Quiz  ^  , 

1.     i  +  a  J  |  i  4  S,  Jbec^use  each  is  A  ^ 

parallel  to  L  ^  ^ 

2?    {a)    [Students  should  have  a  •      v  ^*  « 

picture  something  like  *  ' — 1  — «,        ,  ,  _ 

the  one  at  the  right.  ]  .  D  \      ^  A  *  <J 

(c)    d  =   -Z   [Since  (A  +  p)IVf |  (A  +•  q)B,  it  follows  that,  for  some1 
a,  (qd  -  pia  =  ,<f  +  p{-.    P^pm  this,  it  follows  that  a  =  £  and 

3  -z-f  /  " 


d 


(d)    tfo.    The  direction  6f  BD  is  [p|  -  qEj  and  that  of  (A  4  p)(A  +  q) 
is  [p  *  q  ).    Since  there  is  no  number,  a  such  that«(pjr  *■  qZ)a 
-   p  -  q,  the  conclusiop  follbws. 


6.  In  (Chapter  1  discovered  a  nuniber  of  important  properties 
of  translations  by  using  tracing  sheets  ancf  parallel  rulers.  Ten 
of  these  properties  are  described  in  U)-(IO)  on  pa|je  47.  Up  to 

.  now  we  have  foeen  able*  to  show  that,  on  the  ba>sis  of  our  postu- 
lates, <l)-f7>  are  th«>rems..Nuw  you  pan  shuw  that  (8)  is  also  a 
theorem.      •«  „    :  ' 

-  (a)  -(liven  aline  /  and  a  translation*^  find  a  line.ro  which  is  parallel  ^ 
to  /  and  contains  the  image  under  a  of  each  point  of  /.  " 
(b)  Is  each  point  of  the  line  rn  of  part  (a)  the  image  of  some  point 
•  of/?  Kxpiain.  N     1  %    '  . 

7.  In  Kxent'ise  6  you  will  have  proved  somewhat  more  than  is  stated 
in  i8>  on  page  47. 


Theorem  7-8    A  translation  maps  any  line  onto  a 
parallel  line. 


To  deal  with  similar  thebrems  it  is  convenient  to  introduce  sdme 
notation.  Recall  that,  by  definition  [Chapter  1),  the  image  under 
a  mapping  /'of  a  subset  X  of  Df  is  the  set  of  all  images  under  /'of 
members  of  X.  It  is  customary  to  denote  the  image  of  X  under  f 
by  'fiXY.  So,  since  we  are  using/A  +■  a  instead  of  *aiA)\  it  is  natO 
ural  to  us^  9X  +  aKfot  the  irnage\)f  a  subset  X  of  ft  under  the  map- 
ping  a.  So,  we  adopt: 

Definition  7-7  Forces', 
.V  *■  a  =  {X:.  3V  (Ft  X  and  X  -  Y  +  a) } .  ' 

[Read  'X  +  a  as  khe  image  of  X  under  a\|  Alternatively  [Explain.] 

C«./T  4  a*«— •  3-  (re>  and  C  rt  y  + 

(a)  Use  the  new  notation  to  refop»trh*te  Theorem  7-8.  {Note  thatv 
the  theorem  makes  two-ctalms;  the  image  of  /  under  a  is  a  line, 
and i  this  tine  is  parallel  to  /.]  ^ 

(b)  Prove:  CeX  +  a  '«— ►  C  -"'aeX  [X  C  *TJ.  [Hint:  Suppose  thai. 
BtX  and  C  -  B  +  a.  Does  it  follow  that  C  -  aeJT?  If  C 
-  a* e  X,  does  there  exist  a  Y  such  that  y  c  X  and  C  =  y  +■  a?] 


(b) 


J)  Theorem  7-9  For.r  c  / , .T  +  f 

8.  Prove,  for  X  £  if: 

(a)  C  e  C  J-  +  a  _  * 

(b)  (X  +  a)  4-  6*=  X  +  (a  +  6) 

9.  Prove:  * 

(a)  X\l\  +  a  =  04  +  aM/]   [Theorem  7-10] 


{X:X  -  ae.r}. 


,  Arrswets  for  Part  E    [contj  ^ 

6,     (a)    Let  A  bF  a  point  of  I*  •  Then  i  -   A[i]  and  if  m  -   (  A  f  a)[i] 

■     then  St* follows  by  Exercise  4(b)  that  C  6  i  <=^  C  A ifTm,  So, 
m  contains  the  image  undef  a,  of  each  point  of  I,  * 

Since^D  --a)  +  a  -  :D  it  iqIIchv^  D  -  a  €  i  <=£  D  €  m,  !£o,  each 
point  of  m  is  the  image  und^r  a  of  some  point  of  -lw    \l  1 

.[Since  [m]'  =  [t]  it  follows  from   (a)  and  (b)  tjkat  a  translation 
Ynaps  any  line  onto  a  parallel  .line,,    [By.  (a)M"a  rhaps  i  into  m; 
„  by  ,(b)f>  the  mapping  is  onto. ]s  In  other  words,  tne  image  of  a 
linf  under  a  translation  is  a  parallel  line.    You  might ^sk:  , 
Wh.at  is  the  image  of  i  under  a  in  case  a  6  ID  ?  1 


7, 


(a) 
(b) 


image 

€'+  a  is  a  line  and  I  +  a 


i 


la) 


Suppose  that  B  € "K  and  C  -    B  +  a.    Since    C  =   D  +  a, 
B  -   C  -  a.    So,   since   B  €  K,   C  -  a  €  X.    ilence,  if  B  e  X.and 
C  -   B  +  a  theh  C  "  a  £  X,    Consequently,  if  there  exists  a  Y 
such  that.  Y  €  X  and  CV-   Y  +  a  then  C  -  aeX    In  short,  if 

C  e  X  +  a  then  C  -  a  €  X.  , 

■  ' 

:i  Suppose,  on  the  other  hand,  that  C  -  a  €  K.  Since 
C  -  (C  -  a)  +  .a  it  follows  that  there  exists  a  Y  such  that 
Y  £X  and  C  -  Y  +  a.  '  Jlence,  if  C  -  a  €  X  it  follows  that 
C;^        a.    .  ,  ,'\  %N 

[Tb©  solutioii  for  Exercise  7(b)  LsVo£  course,  a  proof  for 
Theorem  7-9,  ]  v  »  %  \) 

By.  Exercise  l(h\,  C  +  aeK+a  (C  +  a)  -  a  €  X,  But, 

+  a)  -  a  =  G     Hence,  C+  a  €  X*'^  a  C  €  X  —  that  is  ^ 

<  q  €  X         C  +  a  C  X  +  a. 


(b)    C  €  (X+  a)  +  b 


C  -  b  e  X  +  a 
(C  -  b)  -  a  €  X. 


<t  V     •  .  ^         (C-bl-acX.1  % 

^.r^ince  (C  -       -  a  r  c  -  (a  >  fct)  it  fojjows  that 
V  .  ,  '       '    1  (C  -  S)  -  a  €  X'<=>  C  -  (a  +  b)  €'  X 


Hence,   C  €  (X+  a)  +  b 
■<X+  a)'+  S'*         (a  +  Sj, 


9.     (a)  /C  £  A[l]  +  a 


C  -»  €  A[|]  ■ 
<^>(C  -  a)  4  a  £  (A  i  a)(i} 


f  e  X+  (a  + 
C  e  X  +  (a  +  b)*—  in  shorti 

[Exel^is^  7{b)J 
(Exercise  4<b)} 
t'fc  -  a) :+  a  =  C] 


Hence,  A[|]  +  a  =  (A  +  a)[f].  [This  is,  of  course,  a 
re-working  of  Exercise  6.  ]  / 


6si 
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(b)  / 1|  rn  +  x  =  m  [//m/;  How  can  you  describe  a  lot  of 
translations,  each  of  which  maps  /  onto  m?] 

(c)  /  f  a  «  o*  l/|  •  r  4 


Pafrtp 


1%  Suppose  that  /  is  a  line  and  that  ai  [I] .'Let  4  and    be  two  points 
of/.    '  '  r 


(a)  Show  that  A  +■  £#"fi  +  a&  * 

..  •  (b)  Let  m  (i4  +  a)(B  t  t&).  Find  a  point  which  belongs  to/  n  m, 
If/in/:  Since  /  -Ji£*  C  e  /  «—»  3X  C  -4  A  4  iB  r  A)x.  A  similar 
statement  can  he  made'about  rn.  So,  finding  A  point  C  which  be- 
longs to  both*/  and  m  amounts  to  finding Jb  pair  (cp  c2)  of  numbers 
which  satisfies:      |  / 

4  +      -  vifc,  =  lA  +  «)  +  L  -  ]c2 

t Complete,  and  explain.)  Transform  this  equation  into  one  of  the 

form  \B  **A)  f  a"          =  (f  and,  by  inspection,  find  a 

,  .solution.  | 

(c)  Since  /  and  m  are  two  lines  [ Why?]  and  you  have  found  one 
point  in  /  D  m,  you  kr^tfw  that  /  0  w  consists  of  4 single  point. 
;  It  is,  however,  important  to  realize  that  you  can  dedijfce  this 

*  from  your  final  equation  in  part  Cb)  and  a  property  ofB-A 

and  a.  Explain;  *  m  , 

2.  Repeat  Exercise  1  with  'i'  replaced  by  *a\  [Warning.  You  may  need 
to  add  a  restriction.] 

7,06  Some  Theorems  about  Parallel  Lines 

>i  . 

The  techniques  you  needed  to  solve  the  exercises  of  Part  F  will  be 
useful  throughout  this  coiirse.  In  consequence,  it  will  be  worthwhile 
to  illustrate  their  use  rioSv  in  a  few  more  exercises.  While  we  are  about 
ft,  we  shall  prove  some  useful  theorems  about  ^parallel  lines. 

Suppose  that  /  an4  m  are  two    ,  /  * — 1 

^nes  through  a  point  C  and  that  "'"^"^""^"■?'™^? 
A  e  l  and  B  e  mCA  natural  question  /  '/IS? 

to  ask  is  whether  4 1  ml  and  Mfi        •   /  '  %        /  m  N 
have  a  common  point.  The  interest*  7^  / 

ing  case  is  that  in  which  A  *  C  and  Fig.  7-6 
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(b)    Let  A  €  i,  Bern.    Sincfc'l  =  A[l],  I  +'>B  -  A)  =  A[ij  +  (B  -  A) 

'a  (A  +  (JB  -  A))fl]  =  fifi].    If  I  ||  m  then  [l]  =  }m]  and 
B[7|  "   B[m]  =  m.    Hence,  if  i  jj  m  then  i  MB  -  A)  = 


x  =  m.  * 


Consequently,  if.-l  ||,m  then  3^  I  + 

•(c)    Suppose  tha^  i  +  a      1.  Let  £  €  I.    It  follows  4hat  P  +  a  f  I  f  a 
and,   since  i  +  a      I,  that  P  f  a  £  i.    Since  Pet  ana  Puel 
it  follows  that  ( P ■+  5)  —  F£€  [!].    But,^P  +a);P  =  a.  Hence, 
if  I  +  a  =  I -then  a  e  [i]s  .      .  .  "  , 

Suppose  that  a  6  [#].    It  follows  [by 'Theorem  7-4]  that  if 
A  €  I  then  A  *  a  €  I.    Suppose,  then,  .that  A  €  I.  Since 

i  4  a  =  (A  4  a)[f]  it  fellows  that^A  +  a  belongs  to*both  I  and  . 
I  4  a.    So,  since  1-+  a  )|  1.  i  +  a  =  i.    Hence,  if  a  €  [I]  then 
i  +  a  -  i. 

The  exercises  of  Part   F  may  prove  difficult  and  it  may  be  well  to 
treat  Exercise  1   in  class  before  assigning  Exercise  2  and  some  of 
, section  7.06  as  homework.    The  technique"  introduced  in  these  exer- 
cises and  developed  further  in  section  7.06  will  be  of  frequent  use  in 
Chapter  .8  and  later.  - 

Answers  for  Part  F 

1.     (a)    Note  that         a|  -  A  +  a  <==>  (B  -  A)Z  -  a 


■a  €  [B  -  A]  =  [i] 
Since  a  4  [i]t  it  follows  that  A  +  a  #  B  +  a|# 

(b)    As  indicated  in  the  hint,  C  €  i  r\  na  if  and  only  if  r 

C  =  A  +  {B  -  A}cx   [or,  equivalently ,  C  -  (A  +  a) .  +  ((B  +  a|) 
-  (A  +  a)]c2 ]  where  (clf  c2)  is  a  solution  of  the  equation: 

A  +  (B  -  A)cx  *  "(A  +  a}  +  {(B  +  a|)  -  {A  +  a)]CjJ. 

Using  Theorem  2^ 5(b)  and  Theorem  Z -Z  this  equation  is* seen 
to  be  equivalent  to: 

<B  -  A)c.   =  a4[(Bf  a|)  -  (A  +  a)]c,  « 

Using  other  theorems  —  or  mere  comjaion  sense  —  this 
reduces  successively  to: 

;  <B  -  A)cx  =  a  +  [(B  -  A)  -  a|]c2 

(B  -  A)(Cl  -  c2) .+  Zfif-  1)  -  0  * 

This  latter  equation  is  satiated  if  c^  =  c1  and  cB  -         And.  . 
since  (B  -  A,  a)  is  linearly  independent  it  is  satisfied  only  in 
this  c£se.    Hence,  r 

C  €  t  Am  <=*C  =  A  +  (B  -  A)l. 

So,  the  only  point-asked  (pr  is  A  i  (,B  ■  A)Z# 
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B  *  C.  [Why?]  So,  we  shall  consider  this  case-^tha*  is,  the  case  in 
which  {A,  B,  C)  is  noneoilinear.  In  this  case  1/]  =  [A  -  C]  and  \m) 
=  \B  -  CI.  So,  our  problem  is  that  of  determining,  ~ 

'  When^^jB,  Q}  is  noneoilinear,  do  A[B  -  C) 
and  B~[A  -  c]  have  a  common,  points* 

If  it  turns  out  that  AlB~^.C]  n  B[A  -  C)  *  0,  the  next  problem  will 
be  to  describe  the  pointjor  points  1  which  belong_io  this  intersection 
Before  reading  further  try,  now,  to  find  a  point  in  X[B  -  C) 
H  B[A  -  C]  [or  to  show  that  there  is.no  such  point].  If  you  fail,  con- 
tinue reading  until  you  reach  a  place  from  which  you  can  make  an- 
other attempt. 

Repeating  the  reasoning  which  led  to  the  solution  of  Exercise  1  of 
Part  F,  we  note  that  a  point  P  belongs  to  A[B  -  C]  if  and  only  4f  3,  P 
=  .A  +'  (ZJ  -  Ox,  and  that  it  belongs  to  B~[A  -  C]  if  and  only  if  3*  P 
=  B  +  (A  -  Ox.  So,  there  will  be  a  point  in  X[B  -  C]  D  k[A  -C] 
corresponding  to  any  ordered  pair  (a,  6)  which  satisfies  the  equation: 

(1)  ,  A  +  {B  -  C)a  =  b'+  (A  -  Ob  ^ 

In  fact,  for  any  such  solution,  the  point  A  +  (B  -  Oct  [or,  equivalently: 
the  point  B*+  (A  -  C)6J  will  belong-to  the  intersection.  Our  problem,  - 
then,  is  to  see  whether  (1)  has  a  solution  and,  if  it  does,  to  find  all 
solutions  of  (1).  (You  may  be  able  to  find'a  solution  of  (1)  by  inspection. 
If  so,  that's  fine.  You've  solved  the  first  part  of  the. problem.] 

Simplifying  equations  like  (1)  is  not  difficult  if  you  remember  that 
you  Q&n  deal  with  expressions  for  points  and  translations  in  the  same 
way  you  have  learned  to  treat  real  number  expressions  as  long  as  the 
results  of  your  dealings  make  sense.  [Recall  the  discussion  preceding 
the  exercises  ofcPart  E  on  page  294.  j  Following  this  lead  it  is  easy  to 
see  that  (1)  is  equivalent  to:  t 

[A  +  (B  -  Oa]  -  B  =  (A  -  Ob; 
that  this  is 'equivalent  to: 

(A  -  B)  +  (5  -  Oa  =  (A  -  Ob; 
and  that  this  is  equivalent  to: 

(2)  '    *      \a  -  B)  +  (B  -  C)a  +  (C  -  A)b  ="D* 

In  fact,  with  very  Irttle  practice,  you  will  be  able  to  go  immediately 
from  (1)  to  (2).  Equation  (2)  may  be  simplified  still  further  by  using 
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(a)  A  +  a  =  B  +  aa  <=>  B'-  A  =  a(l  -  af.t  So,  if  a  #  1  then 
A  +  a  *  B  +  aa.  because  a  /[B  -  A]  =  [I].  And,  if  a  -  I 
then  A  +  |  4  B  +  aa  because  A  #  B. 

(b)  As  before/  C  €  i  r\  m  if  and  only  if  C  =  'A  +  (B  -  AJc^  where, 

•   At(B  -  A)cx  =  (A  +  a)  +  [<B  +  Ka)  -  (A  +  a)]c2    *  .  ' 
—  that  is, 

•  A)Cl  =  a  +  [<B  -  A)  -  a(i  -  a)]c2, 

(B  -  A)(Cl  -  c2)  +  a[(l  -  a)c2  -  1]  -  5. 

Since  <B8-  A,  .a)  is  linearly  independent,  this  is  the^case  if 
and  only  if  ^ 

cx  =  c2  ajjd  (1  -  a)c2  *  1. 

For  .a  =  1  there  is  no  solution  [as  one  should  have  suspected 
since,  in  this  case,  i  and  m  are  parallel].    For  a  #  1  the 
only  solution  is  cx  =  c2'  =  1/(1  -  a).    Hence,  in  this  case,  the 
sole  point  common  to  I  and  rn  is 

A  +  (B  -  Aj-r-i — .  ^ 
l  -  a 

[Note  that  this  checks  with  the  anjswer  for  Exercise  1,  where 
a  =  1/2.] 


Answer/ to  question.  If  either  A  =  C  or  £  ~  C  then  the  lines  in 
question  have  C  in  common. 
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The  proof  that 

(P  =  A  +  (B  -  C)a  and  P  =  B  +  (A  -~C)b) 


{?  =  Af(B  -  C)a  and  A  +  (B  -  C)a  *  B  +  (A  -  C)b) 

involves  mairiiy  the  rules  for  'and'  and  the  replacement  rule  for*equa- 
tions.    Using  tHese  [as  shown  below]  we  can  derive/each  of  the  displayed 
conjunctions  from  the  other.    The,  biconditional  follows,  once  the  dedtifcf 
tion  rule  his^Been  applied  to  eacli  of  the  giverj  derivations.    To  simplify" 
[and  generalize]  the  derivations  we  use  48a*  and  *tb*  to  stand  for  point- 
terms  such, as  *A  +  (B  -  C)a'  and  *B  4  {A  -  C)b*  in  which  the  real 
number  variables  'a*  and  *b'  occur.    [This  is  an  extension  of  the  nota- 
tion used  in  Chapter  6,  where  *Fa%  far  example,  stood  for  a  sentence 
containing  'a*.;]  <  ' 


P  =  sa  and  P  2  tb      P  =  ea  and  P  -  tb 


sa  and  P  =  tb 


sa 


P  =  tb 


P  =  sa 


sa  =  tb 


P  ~  aa  and  sa 


tb 
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sa  and  sa  ~  tb  ,  P  -  sa  and  sa  =  tb 
— »  *  *   ii  


and  sa  ±  tj>  sa  -  tb  p  -  tta 


tb 


#   *  '  ~  ~ 

P  -    sa  and  P  -  tb 


So  [for  any  replacement  of  'sa*  and  'tb?  by  bo int 'terms'),  we  have 
the  theorem:  ^      f  1 

•  t. 

(P      *a  and   P  -   tb)<=>(P  ,    sa  and  sa-   tb)  ' 

From  the  only  if-part  of  this  theorem  we  can  infer: 

^       (P  -   sa  and  P  =   tb)  sa  tb 

from  which  foj/ows,  successively: 

(P*--   sa  and   P      tb)  3     3     sx       tv  . 

x  y 

The  convene  of  this  last  follows  from  the  If-part-of  the  biconditional:- 
(  P     sa  and  sa  -  tb)  =>  (  P  -  sa  and   P  -  tb) 


|  ['  sa  s  sa' 


(P  -  sa  and  sa      tb)  =>^x  Ox  X  -  sx  and  3x  X  =,  tx) 
(sa  --  sa  and  sa  =  tb)  =^3X  (3x  X  =  sx  and  3x  X  =  tx) 

sa  -  tb    =^3X  (3    X  =  sx  and  3*  X  ,  tx)     iS  a  vali* 
a    -,  _,     ,_,  _  sentence 

So,  for  example,  equation  (Si  has  a^solutiqp  if  and  .only  if  there 
exists  a  point  common  to  A[B  -  c]  and  B[A  -  C],  * 

*  -  <* 

Students  who  recall  that  A  +  (  B.  -  C)  -    B  +  (A'-  C)  will  see,  "by 
inspection",  that  jl)  is  satisfied  if  a       1   and  b  -    1  and  be  able  to  ' 

conclude  that  A  ♦  *B  -  C)  belongs  to  both  A[m"]  and  B[fJ.    They  can. 
•then  argue  that  these  lines  contain  no  other  common  point.  For,  if  they 
did,,  it  would  follow  that  A[m)  -   B[f],   B  6  A[m],  A[rr7j  =   BH  -  m, 

and.  finally.  A  6  m   :    BC  -  contradicting  the  assumption  that 
1  A,   B,  Ca^is  noncollinear .  ' 

''  As  l»Ve  case  of  students  who  are  learning  to  solve  ordinary      — ■ 
^lgebraMBtoations.  the  ability  to  solve  equations  like  (1)  by  inspec- 
tion !s  a  ^Mririe  one.     For  one  thing,* a  student  who  displays  this 
ability  proT^y  understands  what  is  meant  bv  "solving  an  equation" 
On  the  other  hand,  the  more  formal  algebraic  techniques  of  solving 
such  equations  must  be  ma««<4,  for  no  student  can  solve  all  such 
*  equations  by  inspection. 

({A  -  B)  +  (B  -  C)>  +  (C  -  A)V<A  -  C)+  <C  -  A)  -  C  -  C  =  3, 
By  Theorem  6-U,  if  (A  -  B    B  -  C)  is  linearly  independent  and 
A  -  B)  +  {B  -  C)  ♦  (C  -  A)  =  3  then  {A  -  Bj!  +  (B  -  C)a  +  (C  -  A)b  3 
if  and  only  if  I  -■   a   •  b. 

Since  P  -  A  +  (B  -  C)a,'  and  a  -    1,  p  -  A  +  (Q  -  C)l.  f 

.v.  »  o*  HT  ^°WV^at  A  *<B  '  C)l  =   B  +  (A  -  C)l.    Suppose,  then, 
th^t  P  -  A  +  ( B  -  C)l.    It  follows  that  (P  =  -  A  +  (B  -  CJi  and 
P  *  'B  +  (A  -  C)l)  and.^so,  that  (3*  P  =  A  i  (B  ■  C)x  and 

3X  P  s  B  +  (A  -  C)x)  —  that  is,  that  P  6  A[B  -  C]  r>  B[A  -  c), 

Hence,  if  P      A  +  (B  -  C)i  then  .p  e  A[B  -  C]  r>  B[A  -  C]. 
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On  the  other  hand,   suppose  that  P      A  +  (B  -  C)a  and  - 
.    P  =   B  MA  -  C)lv    It  follows  that  A  +  (B  -  C)a  =   B  +  (A  -  C)b  and  so, 
as  we  have  shown,  that  a  =   1.    Hence,  if  (P  -•   A  +  {B  -  C)a  and 
P  *   B  +  (A  -  C)b)  then  P  -  A  +  (B  -  C)l.    Consequently,  if 
<3X  P  =  A  t  (B  -  G)x  and^a^  P  =   B  +  (A  -  C)x)  then  P     A+jJB .-  C)l. 
„Jj>-*mort,   if  P  £  A[B  -  C]^  B[A  -  Cj.  then  P  -  A  ♦  (B  -  C)l;  *  *V    •  s 

On  TC  297(1)    we  showed  that  any  sentence  of  the  form: 
{*)         (P  =  sa  and  P  =  tb)  <*=>  (p  .-   sa  and  sa  -   tb)      •  » 
is  valid.  '  Equation  (1)  is  of  the  form:  *  ) 

sa  -  tb 

and  we  have  proved  a  corresponding  biconditional  sentence  of  the  form: 

(**)  j         sa^--  tb  <=>(a  =  c  and  b  -  d) 

So,  for  the  particular  choice  of  the  terms  'sa'  and  'tb'  made  here,  we 
have  the  theorem: 

(P  =  sa  and  P      tb)<^>  (P  =  sa  and  a  ^  c  and  b  -  d) 

In  particular,  we  have  [since  *  P  -  sa  and  a  -  cv  implies  ^J?  -  scM 
that  '  r        •T*  j 

(P  =   sa  and  P  -   tb)  =f=>  P  -  sct 
from  which  ^follows  that 

<3     P  -   sx  and  3     P  =   tx)  P  ~~  qq 

3S  X 

On  the  other  hand,  suppose  that  P  =  sc.    Since  we  have  proved  that 
sc  .-  td,  it  follows  that  (P  ^  sc  and  P  ^  td)  and.  so,  that 
(3X  P     .sx  and  3x  P  ^  tx).  Hence, 

P  =  ^  sc  (3     p  =   sx  and  3     P  -  tx) 

In  summary,  since  any  sentence  of  the  form  (*)  is  valid,  any  sen- 
tence of  the  form1  <$*)  has  as  a  consequence: 

(3     P  =    sx  and  3     P  =?  tx)  <=>  P  =  Sc 

A        «  X 
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Postulate-  3.  l^\nd  this  is  a  point  at  which  you  might,  if  you  have  not 
already  ck>ne  so,  start  off  on  your  own.]  Another  way  to  continue  is  to 
note  that  , 

« 

-  lA  -  'H)  .+  iH  -  C)  +  [C  -I  A)  -  0*  [Explain.] 

> 

and  b#  reminded  by  this  of  an  earlier  theorem.  ,Try  to  recall  this  the- 
orem.] Since  w$  are  considering  the  case  in  which  {4,  B,  0}  is  non- 
collinear  this  theorem  tells  us  that  equation  (2  Us  equivalent  to: . 

I  =  a  -  b  ■  [Explain.] 

Somali  at  once]  we  have  discovered  that,  for  {A,  B,  C]  noncollinear, 

P'«  A\B "I  C]  n  b[T^~C]  «-*  P  =  A  +  (B  -  C)l. 

1  Explain. pin  other  wards"      ,  ■  * 

IM,  B,  C}  noncollinear], 

Of  course,  we  might  replace  the  right  side  of  this  equation  by  '{B 
+  (A  -  C)}';  but  we  don't  jieedjthe  work  we  have  done  here  to  tell  us 
that.  [Do  you  see  why  not?  And,  do«you  see  how  you  might  have  showjn 
that  A  +  (B  -  C)  is  a  point  of  the  intellection  as  soon  as  you  had 
written  down  equation  (1)?  How  could  you  have  shown,  then,  that 
there  is  no  other  point  in  the  intersection?]  The  sentence  (*)  is  useful 
enough  to  rate  a  number.  We  shall  call  it  Theorem  7/- IT, 

• 

Exercises 
Part  A 

1.  Use  equation  (2)  on/ page  297  and  Postulate  3  to  prove  Theorem 

•  .  7-11. 

2.  Suppose  that  CclPi  m,  f/J  =  [at  and  f  m]  -  [hi  Show  that  5[7| 

•  '  "f    fl  m  *  0  if  and  only  if'D  -  Ce  la,  b).  [Hint  First  find  out  what 

this  theorem,  means  by  drawing afigure.  Then,  writevan  equation 
which  is  solvable  if  and  onjy  if  u\d  Q  m  f  0.J 

3.  Prove: 

I  Theorerh  7-12       '  '  • 

I     flifl  n  m  *  0  ~<b[m)  0  I  *  0  AI  n  m*  0]  . 

[Hi^it  For  /  D  m  ^  0,  there  is  a  point  -  say  C  —  such  that  C  e  I  D*m. 
,  -  .  And,  for  any  lines  i  and  m  there  are  non-0  translations  -  say  a  and!) 

.  .  -«uch  that  [l]  =  (a)  and  [m]  =  lb).) 

"       6Q'l       *  ■ 


TC  298 


Answers  for  Part  A 


1. 


(A  -  Q)  +  (B  -  A);     Using  this  and  equation,  (2). 


Note  that  B  -  C 
we  obtain,  in  turn:  V  * 

(A  -  B)  +  [(A  -  C)  +  ( B  -  A)]a  +  (C  *  A)b  =  .B~ 

(B  -  A)(-l  +  a]  f  (C  -  Afl*a  f  b]  -  3^ 

Since  (B  -  A,  C  -c  A)  is  linearly  independent  it  follows  from  the 
latter' that 


- 1  fa    -  0  and   -a  '+  b 


■0. 


That' is,  a  =    1  and  bt  -    1 . 

Hence,  the  only  point  in  A[B  -  C]  ^  B[A  -  C]  is  A  f  (B  -  C). 
This  proves  Theorem  7-11. 

Here  is  a  figure  that  illustrates 
the  meaning  of  the  theorem, 
[However,  it  is  not  assumed  in 
the  theorem  that  *(af  b)  is  linearly  £ 
independent.  ] 

♦ 

Tfre_£heorem  says  that  the 
lines  D[i]  and  m  have  a  point  in* 

common  if  arid  only  if  D  -  C  is  a  linear  combination  ©f  a  and  b. 

(  Since  P  €  D[i]  if  and  only  if  3X  P  =  D  +  ax,  and  P6m  if  and  onl^ 
"  ~*     ~       C  +  bx,  it  follows  that 


if  3x  P 


D[t]  r\  m  *  ^  <=> 
Sine  e 

D  +  aa  =  C  +  Sb 
t  ;|'   it  follows  that'  (> 

D[i]  r>  m  *  0  < 


3V  3     D  +  ax 
X  y 


C  +  by. 


D  -  q 


-aa  +  bb 


3v  3     D  -  '-'ax  +  by, 

X     y  \ 

D  -  C  £  [-a,  Sp  ' 
D  -  C  €  [a,  £].  ^ 

&t     As  suggested  in  the  hint,  we  can  —  fof  a  properrly  chosen  point  C 
use  the  result  of  Exercise  2: 


D[i]  rs  m  *  0 


D  -  C  €  fa,  S  ] 


Since  m  ^>  i 
that 


i  n  m  we  can  also  —  for  the  same  point  C  infe 


D[m]  r\  )  ^  0  D  -  C  €  [ b,  a  ]. 

Since  [g,  a]>  J         ]T  it  follows  that 

VD[I]  O  m  ^  0  <=>  p[m]  r>  i  ^  0/ 

[Of  course,  the  Existence  of  a  point  iuch  as  (|  depends  on  the 
as  sumption  that  i  ^  m      0.  ]  :  ,         «j  t 
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4,  Show  that  .41  a  1  n  Bib)  *  0  if  and  only  if  B>  -  Ae(a,  b). 

5.  (liven  that  '[A,  B,C]  is  noncpUinear,  show  that 

(a)  Ak)  0  hi*  *  0  — » t'ct  \B  -  A,  C  -  B]  and  cj  |C  -  Bp 

(b)  te't\H  -JA,  C  #-  fi|  and  cdlC  -  fi)>  —  Me)  D  0 

'  /or  4ft;:  On  assuming  the  antecedent  of  (b)  we  may  Sup-' 
pose  that  there  are  real'numbers-say  c,  and  c,  — such  that 
f  — u   and          *  0.  |  i 

1.  Suppose  that  /  is  a  line,  that  v4  and  B  belong  to  /,  and  that  U)  =  I  a"}. 
Suppose,  ateo  *hat  //and  r"are  translations  such  that  cJ|a**T* 
(a)  Show  that 


IB  i  6)  -  [A  f  cl^fa,  61 

(//in/:  Why  does  B*-  A  e  \a)  b)?].  1 
(b)  Use  hie  result  of  part  (a)  to 

show  that  ( 

♦   ....... .- i 


PartC 


(i)  14  +  cNfl  f  6)*  is  a  line;" 

4   *    ...  N 

(ii)  (A ,  *■  cHB  +  "ftj  is  not  parallel  to  /; 

(iii)  ft**  [/I  — •  <i4  +  c1(B  +  b)  D  /  =  0.  ' 

2.  Suppose  that  /  and  m  are  two  lines  through  C,  that  P  e  /  and  P  #*C, 
and  that  (/)  -  [af,  [w]  =  [ftf,  and  c>  O.'fDraw  a  picture!] 

(a)  Under  what  conditions  would  you  expect  Pie?  to  intersect  m? 

(b)  Show  that  ♦ 

Plcl  n  m  *  0  ~  (7!e  [a,  #  and  {£]). 

1.  In  each  of  the  following  exercises  you  are  given  tw6  non-0  vectors 
a  and  h  such  that  [ft]  =  la*|.  In  each  exercise  estimate  the  value  of 
'6'  such  that  b  -  aft\ 

(b)  v 


(a) 


/ 


s 


/.  b 


(c) 


(d) 


'  4. 


2.  Jn  Exercise  1,  list  the -parts  for  which  the  value  of 'ft'* such  that 
ft  -  oft  is  greater  than  0.  Also  list  the  parts  for  which  ft  <  0. 


0 
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4.  [The  proof  is  that  of  Exercise  2:]    _  * 

,A{|3  Q.  B[b  j  4  0<=O  3X  3y  B  f  Sx  =  A  ♦  ay 

3X  3y  B  -  A  =  ay^jj'x      *  - 
C=*B  -  Ae[a,  b'] 
[It  is  perhaps  worth  noting  that  it  has  vot  been  assumed  that  either 
a  or  b  is  non-5.    So,  since  A[  g  ]  =   {a}   and  [3,  b  j  =   [Sj/the  , 

theorem  tells  us  that  A  e  B[  b  ]  B  -  A  6  [  S  ].    Since   Jftfj  =  {b] 

and  [0  ]  -  {0}  the  ^heor^m  also  tells  us 'that  A  -   B  B  -  A  =  0. 

,  ^      Neither  of  these  res*ultssis  new,  but  it  is  interesting  to  see  how  *„ 
-  apparently  unrelated  results  are,  in  fact,  connected  with  one 
another.    It  will  be  seen  that  one  6t  the  advantages  of  the  present 
approach  to  geometry  is  that  it  shows  unexpected  connections  among 
seemingly  unrelated  theorems,    (The  preceding  is,  admittedly,  a 
.  very  trivial  example.  )] 

5.  (a)    Suppose  that  A[c  ]^  BC  4  0,  wheJre  {A,   Bt  C}  is  noncollinear # 

It  follows  that  there  are  numbers  —  say    p  and  q  —  such  that 
A  +  cp  -   B  +  (C  -  B)q  and,  since  A^BC,  p  #  0.    So\  • 
cp^    (B  -  A)  *  (C  -  B)q  and;  since  p  ^0,  c  €  [B  -  A,   C  -  B). 
If  c  6  [C  -  B]  then  so  does  cp  and  it  follows  tliat  for  some 
number  —  say,   r  —  (C.-  B)r  =  cp  =   (B  -  A)  T  (C  ~  B)q, 
contrary  to  the  linear  independence  of  (B  -  A,  C  -  B),  So, 
«  ~  B^    Hence,  for  {A,   B,  C}  noncollinear,  if 

A[c  ]  rs  BC  *  0  then  c  €  [B  -  AH  C  -  bJ  and  c  ff{c  -  B].. 

1         (b)    Suppose  that  c  6  [B  -  A,   C  -  B]  and  c  ff  [C  -  B].    It  follows 
?     that  there  are  numbers  —  say,  c  x  and  cp  —  such  that 

c  =   (B  -  A)c1  +  (C  -  B)cP  and  cx  4  0.    So  Br  A  =■  c-'/c,  ■ 
+  (C  -  B)*  -(c2/c.),  from  which  it  follows  that  B  +  (C  -  B) 
(c2/c1)  =  A  +  c*-/c1#    So,  there  is  a  point  {the  point  j 

Ate  •  /c1]  which  belongs  both  to  A[c  }  and  to  BC,  Hence, 

if.  c  e'[B  -  A,  B]  end  c  4  [Q  -  B]  -then  Afc]  r>  BC  4  0. 

■  i  *    *  ^ 

Kxercise  5  can  also  be  solved  by  relating  it  to  Exercise  4,  Doing 
so  will  bring  to  light  a  resulj  which  we  shall  coma  upon  later  when 
dealing  with  planes.    Since  BC  =  B[C  -  TS j  it  follows  from  Exercise  4 
that  v 

A[c]  a  BC  ^  0  <=>  B  -  A  €  [c,  C  -  B). 

So,  for  (a)  and  (b),  respectively,  it  is  auificient  to  establish  the  if-part 
and  the  only  -..If -part  oft 

(*)■  (?<{B  -  A,  C  -  B]  and  c  |f[C-  B])»B  -  Ac  [cf  C  *  B], 

for*  {A,  B*  C}  noncollinear.    These  are  easily  established  by  argu- 
ments similar  to  those  given  above  for  (a)  and  (b),    Inspectioikof  {*) 
suggests,  however,  that  it  is  merely  an  instance*of  a  theorem  which 
has  nothing,  explicitly,  to  do  with  points: 

(**)    ice  [SrS]  and  c^[K])<«>  %  6  [     S  ]  [(a,S)  linearly  independent} 

This  is  the  case,  and  a  merejy  notations!  modification  of  the  arguments 
which  would  establish  (*)  will  :  serve  tc?  prove  {*^;    As  it  will  turn  out, 
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the.  only  if -part  of  —  which  doe^s  not  reqUirethe  linear  independent: 

of  (a,  h)  —  is  the  more  interesting.    Its  proof  is  essentially  that  given 
for  part  (b): 

Suppose  that  c  6  [  a,  S  ]  and  c  4  [  b*  J.    It  follows  that  the  re  are     f  / 
numbers  —  say,  c\   and  c,  —  such  that  c  -  ac ,  f  bcn  and  Ci  ^0. 
So  a  -   c«/cj  +  b*-(c2/c1),   frpm -which  it  fallows  that  a  6  [c,  b  J, 
Hence, 

(c  €%[a,/b  ]r  and  c  ^  [  b*  ])  ==>  a£[c,f],  , 

'From  this  result  it  follows  easily  that  \  t  • 

(***)..    -      (c  €  [aYK]  and  c*  ^[S])  [  c,  b*  j  -  Va,  5  ]. 

For.  if  ?€(a^S]  then,   since  S  ^  {  a,  b  ]^  f  c ,  b  ]  C  ia.bj.  And, 
similarly,  if  a  ^  [  c  ,  S  ]  then  [  a,  h  ]  C~  [  c  ,  b  ].  % 

The  importance  of  ■(***)  is  that  it  shows  one  way  of  choosing  a  new 
•'basis"   in  a  given  bidirection  [a,b]  —  equivalently ,  of  marking  a 
"change  of '  coordinates"    in  a  given  plane-.    Moreover,   it  iea'ds,  as  we 
shall  see,  to  more  general  theorems  of  this  nature*    As  a  first  step, 
note  that,  by  two  application^  of  (***)  we  obtain: 

f{c\  3}   C    [a.S]  and  ?^[S]  and  3V[c])  —>  I?f3]  = 

For^  assuming  the  antecedent,  we  have  -r  directly  from  —  that 

[c,  bj  s   [a,  bj.  ^Since,  by  assumption,  3  €  [a,  b-j  it  now  follows  that 
a€[c,C]  -   [b,  c  ].    So,  ^since  d  tf{  c  ]  Jt  follows  —  from  an  instance  of 
(***)  —  that  [3,?]   :*[S,>c].    Since  [c,  3]  =   [3,?]  it  follows  that 
[c.3]  -   £S.  B  J.  * 

Finally,  wr  obtain  the  very  important  result: 

({c.cO  c    [a,b*]  and  (c.3)  is  linearly  independent) 

,  [c,3]  =  [2,5]  • 

For,  assuming  the  antecedent,  since  (c ,  3)  is  linearly  independent  it 
.  follows  that  3  /{c  ].    So  the  desired  conclusion  will  follow  from  the 
preceding  result  unless       belongs  both  to  [  b  ]  and  to  [  a  j#    [if  c^f  a  ] 
then  the  conclusion  follows  from  the  instance  obtained  by  inte^rcrnanging 
'a'  and  *b\  together  with  the  fact  that  [ K,  a"]  -  [  a,  b  ],  ]  Now,  since 
(c^,  a)  is  linearly  independent,  c  #Jfi.    So,  if  c  belongs  to  both  [a  ]  and 
[b]^it  follows  that  [a]  =   [c  ]  -   fb  ]  and-it  follows  from  this  that 
[a,b]  -   [c  J,    But,  since  d  €  [  a,  b  ],  this  implies  that  3  €[  3  1,  ^con- 
tradicting the  assumed  linear  independence  of  (c,d)/   So,  cf[a]A[S] 
and,  as  remarked  above,  the  desired  conclusion  follows, 

Our  final  result  can  be  stated  as  "Any  two  linearly  independent 
members  of  a  bidirection  form  a  basis  for  the  bidirection".    It  will  be 
of  use  in  proving  a  theorem  for  planes  analogous -to  Theorem  7-1  for 
lines.    In  particular/  It  has  as  one  consequence  the  fact  that  three  non- 

collinear  points  [or:  two  intersecting  lines]  determine  a  unique  plane. 

•  /      .  # 
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Answers  for  Part  B 

1.  (a^)    Since  (B  4  S)  -  ^A  t  c)  -  (B  ~  A)  4  b  -  c  and  since 

B.  -  AjE  [I]  =  f  a  ]  it  follows  that^if  (B_+  b)  -  (A^4  c)      a\_b  ] 
then  c  €  [a,  oj.  .Hence,  since  c  ^  [  a,  S  ],  (B  +  S)  -  (A  +  c) 

(b)     (i)  Since^  6  £  [  a*,  b j  it  follows  from  part  (a)  that 

(B  4  S)  -  (A  4  c)  *  <?,    Hence,  A  4  c  and  B  +  S  are, 

two  points  and,  so,   (A  4  c)(B  +  b)  is  a  line, 

(ii)  [(A  4  c*)(B  4  S)]  .  [( B  +  t)  -  (A  4  3)]  and,  by  part  (a), 
this^direction  is  not  a  subset«of  [a,^].    But,  [i]  =  [a] 
C  [a,  b.].    Hence,  the  two  lines  have  different  directions, 
and,  So,  are  not  parallel.  >f 

(iii)  Suppose  that  (A  4  c)(B  4  S)  r>  i  0.  It  follows  that  there 
*       are  numbers  —  say,  p  and  q       such  that  H 

(A  +  3)  +  ((B  +  S)  -  (A  +  3))p  =  A  4  aq, 

3  \  m  -  A)  +  (b  -  3))p  =^aa^ 

3(1  -  p)  =  aq  -  bp  -  (B  -  A)p. 

Since  B  -  A  6  [a  1  it  follows  that  c  €  [a,  S  ]  unless  p*  =  i4 
So,  since  c  ^  [  a,  b  ],  p  =  1  and  [from  the*  last  equation] 

%  K  -S  =  aq  -  <B  -  A). 

So,  since  B  -  A  €  [  a  ],         [a]  ^  [I].    Hence,  if 

(A  +  3)(B  4  b)  o  1^  0  then  6  e  [i]  —  that  is,  if  S 

then  (A- 4  c)(B  +  b)  r\Jl  =  0.    [Note  that  the  converse 
also  holds/  For,  if  d"  €  [i]  then,  since  B  €  i,   B  +  b  ci,  ] 

2.  t 


.    (a)    When  c€  and  c^[S]. 

(b)  Since  P  and  any  two  points  of  rn  are  noncollinear,  this 
follows  directly  from  parts  (a)  and  (b)  of  Exercise  5, 
Part  A,  page  299. 

Answers  far  Payt  C  4  ;  -  -  , 

1.  (a)    2  ib)  {about)  ~f 

(c)  i  (d)  -1  ,  ■ 

2.  In  (a)  and  (c),  b  >  0;  in' (b)  and  (d),  b)  <  0/ 

r     \         TC3C0  0) 

In  section  7,04  and  iti  commentary  we  gave  reasons  for  interpret- 
ing 'the  direction  of  a'  as  referring  to  [a].    The  somewhat  a,ybitrary 
choice  of  including  5  in  the  direction  of  every  vector  [and  of;every  line] 
hat  paid  off  in  added  simplicity.    -For  example,  with  the  cTioien  defini- 
tion we  can  say  that,  for  a  *  0,  the  line  through  A  in.  the  direction  of 
a  is  the  set  .of  all  points  X  such  that  X  -  A  is  in  the  direction  of 
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We  have  already  agreed  that  the  direction  of  a  vector  a  is  the  set  [a] 
of  all  multiples, of  a.  As  Part  C  on,  page  299  reminds  us,  proper  trans- 
lations which  have  'the  sa'me  direction  may  have  either  the  same  sense 
or  opposite  senses.  For  example,  the  vectors  a  ancuTin  all  four  parts  of 

■  of  Exercise  1  have  the  sacu?  direction,  but  those  in  part  (a)  have  the 
vSajne  sense  while  those  in  part  (b)  have  opposite  senses.  Intuitively, 

non-0  vectors  have  the  same  sense  if  and  on#  if  each  is  a  multiple^f 
the  other  by  some  positive  number.  So,  as  in  the  case  of  'direction',  it 
seems  reasonable  to  define  the  sense  Qf  a  non-0  vector  to  be  the  set  of 
•all  multiples  of  this  vector  by  positive  numbers.  To  avoid  restrictions, 
we  need  also  to  define  the  sense  of  tfand,  again  as  in  the  case  of 'direc- 
tion', the  choice  of  this  definition  is  dictated  by  convenience.  As  it 
turns  out,  it  is  most  convenient  to  define  'sense'  so  that  the  sense  of 
0  is  the  empty  set.  These  considerations  lead  to: 

||  Def  in  it  ion  7-8   I  a)  •     (7  7  J  6  and*  3^  .  „  7  7  Ik } 

•  * 

an&  U)  reading  *(aV'  as  'the  sense  of  "a1.  [Read  %  „'  as  'there  exists  a 
real  number  x  greater  than  0  such  that'.  More  formally,  a  sentence  of 

the  form  \   V^.'  is  equivalent  to  one  of  the  form  ^  (x  >  0 

__j»hd  _  )'.)  in  words,  Definition  7-8  says  thatj'oV  is  the  set  of  all 

non-0  translations  that  are  positive  multiples  of  'a. 

The  somewhat  complicated  _form  of  Definition  7  -8'  yields,  the  de- 
sired resulta\m  senses  of  non-0*  vectors  and  of  0* 

|  Theorem  7-13   (ar  [of*.  =  {7'^  g  7=  ax}  [a%*  of 
,     I  tb)  [61;  --0 

Translations  a  and  6 'have  the  same  sense  if  and  only  if  faf-  ^  [ftf* 
-  otherwise,  a  and  b  have  different  senses.  For  a  and  b  to  have  oppo- 
site sens.es,  each  -  or,  either  -  must  have  the  same  sense  as  the  opposite 

■  ofthe  other.  •'  .  - 

As  an  example,  let's  consider  a  proof  of  Theorem  7 -13(a).  Since  it  is 
clearly  the  case  that,  for  any  a,  [a>  C  (7.  3^  >07=  <z2}  IWhy?],  what 

need  to  show  is  that,  for  a  *  o\  if  3f  >  0  T>  =  axSthenV  *  0>  [Explain.] 
^or.this  we  need  to  show  that,' for  uV  0,  if  M>  0  and "£=  ah  then 
6*  *  6*  More  simply,  we  must  show  that  if aV  Oand  b  >  0  then  ab  ^  0. 
This  last  follows  from  an  earlier  theorem  and  the  fact  that  if  b  >  0 
then  6^0.  • 

v  An  analysis  like  the  preceding  is  as  good  as  a,proof-  assuming  that 
-  you  can  give  the  required  explanations -and  is  often  easier  to  under* 
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[Theorern  7-6(a)].    If  the  direction  of  a  had  been  specified  as  consisting 
of  the  proper  translations  in  [  a  )  then  the  same  line  would  have  to  be 
described  [in  terms  of  'direction']  as  the  set  of'all  points  X  such  that  ( 
gifoer  x       A;  jiL'  x  "  A  is  in  the  direction  of  a.    Complications  of  this 
nature  would  have  occurred  throughout  and,  in>  addition,  we  would  have 
needed  a  new  notation^—  say,  'd(a)*   or  *[a  ]c/  —  to  use  in  referring  to 
direction^  of  vectors.    Were  it  not  for  these  two  objections,  a  good  case 
could  have  been  mage  —  on  the  grounds  of  the  intuitive  connotation  of 
'direction*  —  for  excluding  (5  from  all  directions.  » 

Objections  of  the  kind  just  brought  up  do  not  apply  to  limit 'our 
choice  of  a  definition  of  'sense1/    Wc  shall,  in  any  case,   need  to  adopt  ' 
a  new  notation.     Furthermore,  the  sense  of  a  vector  will  be'referred  to 
in  describing  both  rays  [which  contain  their  vertices]  and  half-lines 
[which  do  not].    So(  we  can  expect  that,  whether  we  exclude  "6  from 
senses  or  include  it  in  them,  we  shall  encounter  the  same  complications, 
in  describing  either  rays  or  half-lines,  which  we  avoided  in  the  case  of 
lines  by  including  #0  in  all  directions.    These  considerations  set  us  free 
to  follow  intuition  more  closely  and  to  exclude  (J  from  the  senses  of,  at 
best,  non-0  vectors.    Intuition  would  probably  utge  that  ,40  l^as  no 
sense".     But  to  leave  the  phrase  'the  sense  of        undefined  wo^ld  lead 
to  further  complications.    Applying  to  0  the  same  definition  offense' 
which  seems  satisfactory  for  nan-0  vectors  leads  us  to  take  tire  sense 
of '  0  to  be  0, 

The  notation  '[a]*'  seems  a  natural  one,  bht  it  has  one  formal 
disadvantage.    It  suggests  that  the  sense  of  a  vector  results  from 
carrying  out  some  operation  on  its  direction.    This  is,  of  course,  not' 
the  case     If  a^0  then,  even,though  [a]  ■■■   [-a],  it  is  not  the  case 
that  [a]    -  £-a  ]\    This  apparent  exception  to  the  usual  rules  of  logic 
for  equations  can  be  explained  by  noting  that  the  '      in  '[ap   is  not  an 
operator.    Rather,  one  should  think  of  the  compete  symbol  4[  as 
an  operator. 

The  captions  *  Definition  7-8;  and  'Theorem  7-13'  could  perfectly 
well  be  interchanged.    We  shall,  in  fact,  make  most  use  of  Theorem 
7-13.    The  only  reason  for  not  adopting  it  as  a  definition  is  that  we  have 
a  prejudice  against  what  might  be  called  "definition  by  cases"  in  con- 
trast to  "rnonolithic  definitions". 

See  TC  289(2)  for  remarks  on  restricted  quantifier  s'like  '3X  >  q' 

Answer  for  'Why?;:*  If  c  *      and   3x  >  Q  c   ^  ax  .then 

3x  >  0  *  In  other  words,  if  c  £  [a]*  then  c'<£  {x:  3%>  q  x  ~  ax}. 

Analyses  like  that  referred  to  here  have  been  discussed  in  the 
commentary  in  connection  with  the  ]*roof  of  Theorem  7-1,    As  an  indi- 
cation qf  an  understanding  of  what  is  goirfg  on,  such  analjvfs  are  often 
better  than  more  formal  proofs.    Unless  you  have  good  reasons  to  the 
contrary,  allow  stvidefits  to  present  such  analyses  when  proof*  are 
asked  |or .  >    *  \ 

.    Proof  of  Theorem  7-13(b);    By  definition,  if  c  £[Cf]*  then  c  *  <$ 
and  there  is  a  number  —  say,  a  —  such  that  a  >  0  and  ?  -  ua.  Since 
0a  «  3  it  follows  that  if  c  €  [  0  ]f  then  c  *  $  and  o  =  3,    Since  it  is  not 
the  case  that  c  *  (J  and  c  =  0,it  follows  that  [far  any  c  I  c  ^f^f 
Since  [Of  C  T,  [0]*  =  00  '  J' 
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stand.  It  is  easily  turned  into  a  more  conventional  proof;  by  merely 

turning  it  around; 
(  Suppose  that  a  *  0  and  that  h  >  (X  Since  0  >  0  ft  follows  that 
6  *  0  and  so,  *by  Theorem  5-5,  that  ah  *  0.  So,  for  a  *  0*  if  h  >  0 
ancl  ft  -  aft  then  h  *  0-that  is,  if  3,   M  6 '=  a!v  then  b  *  6.  Hence, 
for  a  /  0,  .  ■ 

\b *  ^  0 *^nd  3^  ,.u  6*  =  or)  Ml     -  a*-  * 

Consequently,  Theorem  7  -  13( a). 

Exercises 

* 

Part  A 

Draw  an  arrow  describing  a  proper  translation  6  and  mark  four 
points  i4,0,t\  and  I). 

1.  Draw  the  set  of  all  images  of  A  under  translations  which  belong  to 
[h]m  and  the  set  of  all  images  of  B  under  translations  which  belong 
to  J^SV .  Hoes  ^4  belong  to  the  first  set?  Does  B  belong  to  the  sec- 
ond set?  t  * 

2.  <a)  Choose  a  translation  a.         and  draw  an  arrow  to  locate" the 

image  of  C  under  a, . 

(b)  Similarly,  locate  the.  image  of  I)  under  a  chosen  translation 
a,«h-"6V. 

(c)  In  the  same  way,  locate  the  images  of  B  under  a  translation 
«.,«(— 61'  and  under  a  translation  a,  e  [61*. 

3.  Referring  to  the  translations  ar  a.,,  and  a,  of  Exercise  2,  tell 
which  of  the  following  have  the  same  sense  as  6  and  which  have  the 
sense  opposite  to  that  of  6, 

(a)  a,  (b)  a,  (e)  a,  #  (d)  a, 

(e)  a,  +  6*       (f)  a*  -  -3  (g)  a*  •  5         (h)  a*  •  -5 

*    fi)  a,  +  a?  .  <j)  f^+U>'~2      (k)"a,  +"34      (1)  fa,  +"$4)0 

4.  Which  of  the  vectors  of  Exercise  3  have  the  same  direction  as  6V 

Part  B 

1.  Show  that  ' 

.    (a)0*|fa>,  •    (b)  aV  0*— *at[a)\ 

(c)  ia}'  =  :0-— •  a-  OlHint:  Use  Part  (b).J, 

(d)  6ifaV  —  aV5^ 
(Afirtf:  Complete:  (a*  =  6' and  6*=  ab)  —  ], 

(e)  (0)'  =  0{Hint:  Use  part  (d). J, 

(f )  fa/'  n  [-al*  ~-  0. 

2.  Prove:  . 
(a)  b'e  faV  —  a«  [61*  Lffiii*:  Use  the  fact  that  if  b  >  0  then  6  s*  0 

and  /6  >  0.J 
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Parts  A  and  B  represent  a  reasonable^iomework  assignment.  ■ 
Part«  C  is  recommended  as  an  in -class  activity,,    Parts  D  and  E  make 
another  reasonable  homework  assignment.  >' 

Answers  for  Part  A 


I. 


.C 


4. 


D  +  oa 


B  *  (T4 


•  13 


C  *  o. 


-5>:  (a3  *  )  •  -2,  aa  +  a4  have  same  sense  as  5. 
2  -  5,  a3  +  aL,  have  the  sense  opposite  to  that  of  b\ 


3'  4 

All  but  {a1  f  a4  )0  have  the  ^same  direction  as  1? 


Answers  for  Part  B 


1.  (a) 
(b> 


(d) 

(6) 
(f) 


Suppose  that  p  €  [a  ]*.    Then,  p  £  (J  and  3^  ^     p  =  ax.  So, 

p  £  3.    Thus,  if  p  =   (5  then  p/[a]\    That  is,  3.^[a')*# 

Suppose^that  a  #  3.  ^Since  a  =  al  and^  i  %>  0,  it  follows  that 
3^        a  -  ax.    So,  a  #  d  and  3^     ^  a  =  ax.    By  definition, 

then,  a  €  [a  )+,    Hence,  if  a  ^  3  then  a  €  [^a  ]\ 

Suppose  that  a  £  tf.    Then,  by  (b),  a  €  [a]+  so  that  (a]  4  0. 
Hence,  if  a  4  S  then  [a  ]+  ^  0.    By  contraposition,  if 
[a  ]*  =  0  then  a  =  15.  , . 

If  a  =  (J  and  b  ^  ab  then  b  ^  ^.    So,  if  a  -  (J  ancj  S  €  fa  ]* 
then  b  =   0,    But,  if  b  6  [a]    then  b  #  0,    Hence,  it  is  not  the 
case  that  a  -  (5  and  b  6 


a 

a]* 


In  other  words,  if  b  6  [a']+  then 


By  part  {d)t  if  a  ■  =  ^  then  S  ^[a]^       that  is,  S  ^  [  ^  ]*.  Since 
[0  ]*  C  T  it  follows  that  ( 3  ]+  =  0.  ■ 

Suppose  that  b  e  [a]+  /^  [""2]*-    By  definition,  S  #  ^  and  there 
are  numbers^"  saY/  P  and  q  —  such  that  p  >  0,  q  >  0,  -.^f 
b  =  ap,  and  b  =  -aq^    It  follows  that  ap  ='  -aq  and,  so,  thaF  - 
a(p  +  q)  -  ~6.    Since  p  >  0  and  q   >  0,  p  +  q  ^  0  and,  so, 
a  s  3.    Since  b  C  Ja  ]*  r>  [-^f  it.  follows  that  b  e  [  (J 
-  fdf.   Since,  by  part  (e),  b  ^[5f  it  follows  tfrat 
Zj[*Y  r>  [-ty  -  that  is,  |?J*  ^  *  0. 
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U).  Suppose  that  be  [a  )\    It  fo  flows',  by  definition,   that  6  *  3, 
and  that  there  is  a  number  -  say,   b  —  such  that  b    V  "0  and 
b       ah.    Since  b    •  0,  b  *  0  and  it  follows  that  a  --.   g  • /b 
Since  b    *  0,   /b       0*t*d  it  follows  that  3     ,  Q  a  -  Bx. 
Moreover,   a  *  jj  [either  bv  Kxercise    l'fd)  or  because 
a       h«/h,   b  #  0,  and   /b  *  0].    So.  bv  definition,  a  e  [b#  ]f. 
Hence,  .tf  b  6  (  a  f  then  a  €  [  I>  .  * 

(b)  \Suppose  that  h  £  Suppose,   also,  that  c  €,[  S  )\     It 'follows 

that  c   *  0  and  that  five  re  is  «  number  —  say,  c  —  such  that 


c  •  0-  and  c  be , 
b  —  such  that  b.  > 
a(ho)  and,  since 
it  follow  a  that  c  €  ( 
that,  is,   f  b  ]V   "  (  a 


Since  b  g  [  a  )' 
0  and  b  sah'm 
b  •  0  and  c  : 
a  l\     Hence;,  if 


there  is  a  number  —  say, 
it  follows  that  c    -  (ab)c 
0,  be        0.    Since  c  *  '6 
c  €  {b  J*  then  c  €  [a  V  — 


It  follows  that  if  h  £ 
a  £  [  b  |*  then   [  a  f  [ 
th  ' 


n  a  e*[b  )f.  ,  Hence,    if  b  €  [  a  J*  then  [a 


f  then  [g  )♦  '.  [a  ]\  'So,  if 
But,  by  part  (a),   if  b  e  f  a  T 


b 
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Answers  for  Part  B  [cont.] 

3.  Yes.  [it  is  even  an  instance  <of  Exercise  2(a)]  -    No  f  f  I?  I*  -  f  ft  1* 

but  5<[3n,  <  1   J  ' 

4.  (a)    Suppose  that  c  €  [-a  ]\     It  follows  that  c   ^  (5  and  that,  for 

some  number  —  say,  c  —  c    >  0  and  c  -   -ac.  Since 
-*ac  -    ~(ac)  jt  follows  that   -c  =  ac,  where  c   >  0.  Since 
c  *  0\   -c  *  6.    So,   -c.cla]*.    Hence,  if  c6[4f  then 
-c  6[ar, 

lb)    After  (a),  what  remains  to  be  shown  is  that  if  -c  £  [a  J*  then 
c€[-a]#,     But,  by- (a),   if  -?  €  [  —  a      then  -~c  e  [-a 
Hencc4  since  -  -a  -  a  and   --c  =  c,  if  *-ce[a]*  then 

c  e  [-a  y. 


only  if  -c  €  f  a  ]*  and '  -c  €  [  $  ]*  if  and 
■  t  if  [a>  =  [b  *  then  c  €  [-2]*  if  and 
lb.  if  [,2]*  -   [BJ*  then  [-If  =  [-Sj*. 


(cj    By  (b),  c  €  [raj*  if  ^nd 
only  if  c  £  [~b  ]  >  r^ence 
only  if  c  €  —  that  is, 

(d)    By  (c),  if  [aj\  =  [-£]♦  then  [~a*]v  -   [--5]*.'  Since   --b  =  b 
it  follows  that  if  [ty  -    [«bf  tJien.fSr  =  {-al\     From  this 
it  follows  fby  instantiation]  that  if  [Ef  =   [-a  ]    then  [a  ]*  -  [~b  ] 
Hence,  .  [a  J*  =   [ ~5  ]*  if  and  only  if    ^  ^       *  ^' 


-a]\ 


*>.      No.    If  a  and  b  have  different  directions  then  they  will  have  differ- 
ent senses  but  will  not  have  opposite  senses,     [if,   however,  a  and 
b  have  the  same  .direction  then  either  they  have  the  same. sense  or' 
they  have  opposite' senses.  ]    '  *  • 

6,     No.    If;  a   -   0*  «^  S  then  a  and  b  have  the  same  sense  and,  since 

b  -  -a,  they  also  have  opposite  senses.  [But,  proper  translations  1 
whiqh  have  the*  same  sense  do  not  have  opposite  serises,  ]  * 

Ans we  fg  for  Pa  rt  C  " 

~         ~  *  _ 

^p        p  =>  q 

s         .  f  *  •  ' 

p  and  q  p  q 


p  and  q 


(R  %nd  q)  =>  p        p  =o  (p  and  q) 


{p  and  q) 


q  p  or  q 


/*  p  or  q  *  q 

/  —  _  f  ^  ,  

q         (p  or  q)  (p  or  q)  q 

(p  or  q)  q 


  — * — 

p  — o  q  q  ==^  P 


(p  -or  q)         q  .      q  <?=*>(q  and  p)  . 

"  (p  or  q)<=>^(q  and  p)       '  '  &9fJ 
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9  * 

\ 

-  r3.  Is  the,converse  of  Exercise  2^a)  a  theorem?  How  about  the  converse 
pf  Exercise  2(h)? 
4r  Prove; 

(a)  rtl—aV  ~ *-ce[aV 

(b1)  r«[-aV         r€|aV  [Hmf;  Recall  that  oppositing  is  i^s  own 

inverse,)  j 
"(c)  [a\\=  I6V  —  HaV  r  Hfr 

(d)  f«I\-  h£k~J7>V  -  HaV  1  ■ 

"    5.  Suppose  that  a  and  6  do  not  have  the  same  sense.  Does  it  follow  that 
a  and    l^i ve  opposite  senses?  Explain.  / 
6,  Suppose  that  a  and  //have  the  same  sense.  Does  it  follow  that  they 
§         ,     do  nat  have  opposite  senses?  Explain. 

% 

PartC  .  . 

Show  that  inferences  of  any  of  the  following  forms  are  valid: 

 P.rTJl   P'Tv 

p  «— ►  ip  and  q)      (p  or  g)     •  <? 


(p  or  g)       (</  and  p) 


fAn<  inference  of  the  first  kind  was  used  in  proving  Theorem  7^13; 
an  infereofce  of  the  third  kind- With  Exercfse  4(d)  of  Part  B  as  a 
premiss -justifies  the  phrase  each -or  either'  in,,  the  paragraph  fol- 
lowing Theorem  7  - 13.  on  page  300.  ] 

Part  D  K      „  ^  >  t 

1.  Consider  ^  prpper  translate  a  and  suppose  that^is  in  the  direc- 
tion of  a.  *  * 

(a)  Can  6#  -  0V  •  / 

(b)  If  b     6  does  it  follow  that  b  has  the  same  sense  as  a? 

(c)  If  your  an*\yer  to  Cb)  is  rNo.\  what  can  you  say  about  the  sense 
of  any  non-0. %<e«tor  in  the  direction  of  a*? 

*  2.  Prove;  <  J/'"."" 

*  il  Theorem  7-14   [a]  =  [aV  U  {$}  u  Ha]*  ^ 

f//i/tf:  In  proving  w£tt,  consider  two  cases,  a* ^  0* and  aV  0J 

3.  What  is  tn|e  of  (at  V}  if  a* and  6*have  the  same  sense?  If  a*and  6*have 
opposite  senses?  .  4  « 

4.  Show  that  (a,l>)  is  Hneariy  dependent  if  and  only  if  a*=  (for  £  =15 
^    or  a  and  6  have  the  same  sense  or  opposite  senses.  {Hint.  If  (a*,  V)  is 

linearly  dependent  then  a  =  0*  or  .  .  .  .] 

5.  Show  that  a  and  h  have,  the  same  direction  if  and  only  if  they  have 
the  same  sense  or  opposite  senses. ;       *  .  * 


IKK: 


*  *    -  *  a 
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Answers  for  Part  D 

1.  (a)    Yes.  <b)  No.  .  : 

(c)    Any  non-(5  vector  in  the  direction  of  a  has  the  same  sense  as 
a  or  has  the  sense  opposite  to  that  of  a.    t^or^  if  ft  ^  S  €  (  a  ] 
then  there  is  a  number  —  say,  b  —  such  that  b  -   ab  and 
b  4  0.    Since^  b  #  0^  either  b  >  0  or  -b   >k0.    In  the  first 
case,  since  b  #  ft,  S  €  [a]*.    In  the  second  case,  since  b  #  ft 
and  since  ab  -    -a  •  — b,«  b  £  [  —  a  )*.  ]  s 

2.  Suppose'  that  a       0*    Since  [ft]  =   {ft},  [ft]*  -  0,   and   -ft  =  ^  it 
follows  that  [a]  =  [  a  ]*  w  {o}  ^  [-a  ]\ 

.  * 

Suppose  that  a  #  ft.    Suppose  that  Seja],    By  definition, 
there  is  a  rmrnjaer  —  gay,  b  —  such  that  b  =  ab.    U  S  jjt  ft  then 
[as  in  the  explanation,  above,  for  Exercise   1(c)],  be  [  a  ]*  or 
.b  €  I-a  ]\    If  5  =  3  then  S  €  {ft}.    Hence,  if  E  €  [  a  ]  then 
S  €  [a  ]^  0}  w  [-a  ]*.    On  J  he  other' hand,  if  $  €  [3  ]*  then  , 
3^  >^q  b      ax  afad,  so,  3^  b  -  ax  —  that  is,  b  €  [a].    Also,  if 

S  €  [-a  1*  then;  S  C  [-a  ]  =  [a].    Since,  finally,  3  €  [  a  ]  it  folldV>s 
that  f  a  r  ^  {$}  v^,[-a  ]*  C  [a^    Hence,  the  theorem..  [For 
a  #  0,  this  theotfenV  will  tell  us  that  if  A  €  I  then  4  is  the  pinion  of 
two  opposite  rays  whose  common  vertex  is  A^    See  pag«  IS  and 
Exercise  Z  of  Part  C  on  page  307.    Since  [  a  ]*  r\  [-a]*  -  0,  it 
also  will  tell  us  that  a  point. divides  a  line  into  two  disjoint  half- 
lines.  ]  '  «  ;  f 

3.  If  a  and  b  have  the  same  sense  [or  have  opposite  senses]  then 
(a,  b)  is  linearly  dependent,   '  .  " 

4.  If  (a,  bj  is  linearly^dependent  .theri^  -  0  or  b  €  [a  ],  [Theorem 
6-14]  So,  ^by  Theorem  7 - L4,  if  Ja,  b)  #is  linearly  dependent  then 
a  -   0*  or  b  €  [a  Y  or  S  =  0  or  S  €  [-a  ]*  —  that  is,  a  -  0  or 

-  b  -  0  or  a  and  b  have  the^  same  sense  or  opposite  senses. 

5«     Suppose  that  a  and  b  have  the  same  sense.    It  follows  th^jt 

[a]*  =  and,  by  Exercise  4(c)  of  Part  B,  Jhaf  [-a  ]*  =  [-Sj*. 

So,  by  Theorem  7-14,  [a]  =   [bj.    Hence,  if  a*.and  b  have  the 
same  sense  then  they  have  the  same  direction.    A  similar  argu-  * 
ment  using  Exercise  4(d)  shows  that  if  a  and  b  have  opposite 
senses  then  they  have,, the  same  direction, 

'Suppose,  now,  _that  a  and  S  have  the  same  direction.  It 
follows  that  either  a  =  5  =  S  or  a  ^  0  #  b,    In  the  first  case 
both  a  and  b  have  the  sense  0.    [The  second  case  has  been 
treated  previously.    See  explanation  for  Exercise  Mc},  }  ;  .  - 
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P&rtE  • 

•      Givto  three  noncollinear  points  <4,       and  C,  let  a     5  -v  ^t 
'  6  -  C  -  B,  7  »  C  -  A,  M  -  ^  +      AT  -  £  +"S  •  -J,     «  4 
andS  =  £  + 

1.  Draw  an  appropriate  picture  for  these  conditions. 

2.  (a)  Find  nui^bers  m  and  n  such  that  AT  -  AT  ~~  am  +  fck 

(b)  Find  numbers  r  and  *  such  that  S  -  R  -  or  4-  6k.  " 

(c)  Use  the  results  of  (a)  arid  (b;  to  express  S  -  fl  as  a  linear 
combination  of  N  -  M.     '  ' 

3.  Show  the  following. 

(*)m\\iiif^  (b)M\\k? 

{c)  N  -  M  and  v  are  oppositely  sensed.  ^ 

(d)  S  -  R  and  c  have  the  same  sense.  * 

4.  Suppose  that  P  and  Q  are  points  such  that,  for  some  p  and  </, 
P  -  /I  +  ap  and  Q  =      +  6*9, 

(a)  For  what  values  of  >'  and  V  is  it  the  ca$e  that  P  Q? 

(b)  Express  Q     P  as  a  .linear  combination  of  "a  and  6* 

*(c)  Show  that  Q  -  P  is  in  the  direction  of  C  -  A  if  and 'only  if 
p  +  q  -  1 '.,  f  //m£  Note  that*C  -  A  =  "a  +  fanS  that  Q  -  Pis 
in  the  direction  of  T  +  T  if  and  only  if  Q  -  P  -  (a  +  V)t,  for 

for  some  /.)  A 
»  * 


7.08  Subsets  of  Lines 

In  Chapter  1  we  developed  intuitive'  notions  of  rays,  half-Jines, 

■  B *       §  * 

*"•       '   ,  \.  fl   \segment  A8 

Fig.  7-7 

.intervalsr  and  segments,  &^isSeetk>n_We^ 


for  these  kinds  o|  subsets  of  lines., Perhaps  you  can  guess  what,  will  be 
our  definition  of,  say,  'AB\  Try  to  do  so.  *  , 


Exercises, 

Suppose  that  P  *  Q.  As  you  know,  there  is  a  unique  line;  P^which 
contains  P  and  Q,  and  , 

-  {XlX-PtiQ-P}}.  i 


\ 


■  i 
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Answers  for  Part  E  s  t. 

—  ■  ■ 
1.     Here  is  an  appropriate  picture  for  the  given  conditions. 

A 


(a)  From  the  diagram  [or  the  given  information]  it  follows  that 
N  -  M  =  a  -  -£+  S.  -i.    so,  m  =         and  n  = 

(b)  From  the  diagram,  S  -  R'.=  3|  +  Sf.    So,  r  =  |  '*= 

(c)  s-r  =  (a  +  S)§,  6+S).-A.-|=  £.  -i+^.^i.,.^ 

{a)    [MN]  =  [N  -  M]  =  [?.+  b*]\=  [S  -  Rj  =  .[RS],    So,  MN  ||'|s. 

(b)  [RS]  =  [S  -  R].  =  [a  +  S"j  .=  [C  -  A]  =  [AC],    So?  RS  ||  tS. 

(c)  From  the  given  information  and  Postulate  3,  c  =  a  +  U  and 
N  -  M  =  (a  +  S).  So.  3x<  Q  N  -  M  =  ?x.    Hence  N  -  M 
M't  are  oppositely  sensed. 

(d)  *  From  the  given  information,  S  -  R.=  (a  +  S|t  J|.  So, 

x  >0  ^  "  cx'    ^ence  S  -  R  and  «  have^the  same  sense.  , 

U)    1  ^for  ».p']  and  0  [for  'q'].    [A  +  ap  .=  B  +  S*q  if  and  only  if  , 
'*  A  +  (B  -  A)p  =  B  +.(C  -  B)q  -  that  is,  if  and  only  if 
(A  -  B)0  -  p)  +  (C  -  B)q  =  C.   Since  {A.  B,  C}  i»  non- 
collinear, (A  -  B,  C  -  B)  is  linparly  independent  and,  "so, 

1      the  preceding  equation  is  satisfied  if  and  only  if  1  ~'p  =  0 =*q.  ] 

(b)  Q  -  P  =  (B  +  Sq)  -  (  A  +  ap)  =  |B  -  A)  +  (Sq*.  -  ap)  =  2(1  -  p)  +  Bq 

(c)  Q  -  P  €  [C  -  A]  if  and  only  if  a(l  -  p)  +  Sq  £'[?].'  Since 
c  =  a  +  b  it  follows  that  Q  -  P  c  [C  -  A]  if  and  only  if 

"  *tH  pi  cj  t  5(q  1)  ^  Q,  fiyr^ms^,^Sm^^&^)^^-^^  : 

linearly  independent,  this-  is  the  case  if  and  only  if 

1  -  P  =  q.         .      >  ■ 


We  shall  define  'AB'  so  that 

AB  =  {X:  X  -  A  6  [B  •  A]*}. 
(See  Definition  7-9  on  page  305,  }    *  * 
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In  these  exercises  we  shall  consider  seteplfp2,p;|f  p4»p&l  andpH,  where 
•p,  ^  {X:3,.;X----P  +  «Q-Pbr}, 
p,  -  {X;3x/oX  *P  +       -P>*},  - 
pt  -  {X:3XmBX  -  P  +  IQ  -  P)x}\ 
•    -  P,  -:  |X:3/t|X  =■  P  +  (Q  -P>*}, 

ft  =  p  +  <q  -P)*h 

and  ,  pw  -  {X;  3, .  ,  X     Q  V  (P  -  Q)x\. 

1.  Are  hny  of  these  seta  rco/  subsets  of  f*(fi  ,      ,  * 

2*  Graph  each  of  the  sets,  {This  calls  for  six  pictures.  It  will  help  if 
you  line  up  the  six  marks  you  make  for  P  vertically  and  do  the 
same  with  your  marks  for     I  ' 

3.  How  many  sets  have  you  pictured?  Explain. 

4.  Each  of  the  sets  we  are  considering  is  one  of  the  kinds  illustrated 
preceding  these  exercises.  Which  are  rays?  Which  are  half-lines? 
'  Whicli  are  intervals?  Segments?  ^ 

a,  Intuitively,  p,  -  PQ\  and  this  will  turn  out  to  be  so,  formally^  once 
we  have  adopted  the  appropriate  definition  for  'half-line'.  Write 
an  equation  like  that  in  fthe  preceding  sentence  for  each  of  the 
other  sets  we  are  considering.  [In  one  case  use  an  oppositing  sign.] 

6.  Use  your  answers  for  Exercise  2  to  aid  you  in  graphing  each  of 
the  following  sets. 

(a)  p,  n  pt        (b)  p,  U  p,        (O  p,  n  p4         (d)  p}  U-p4 

(e)  p,  n>3       (f)  p,  u  p,       eg)  p2  n  p5       (h)  p2  u  p5 

7.  For  each  of  the  sets  listed  in  Exercise  6,  tell  what  kind  &f  set  it  is 
and  give  a  simple  name  for  it.  [When  possible  use  the  kind  of 
notation  illustrated  preceding  the  exercises.  1 

8.  As  you  discover^  from  your  graphs,  it  appears  that  ptJ  -  pr 
Si^ow  that  this  is  the  case  by  completing  the  following  argument: 

.   P  +  l§  -  P)a  ~  P^  iP  -  Q)  ;  -  

A  ' "  -  IQ  +  -  J  +  (P  -  Q)  ■  -a 

1  =  q  +  (P-Q)>_,  .  ; 

and  '         .  ' 

.a  ^  0       1  -  a  .  / 

fL  ial  Draw  a  horizontal  picture  "of  Below  it  draw  a  picture  of 
the  number  line  with  the  marks  for  0  and  1  vertically  below 
those  for  P  and  Q,  respectively.  On  your  picture  of  PQ,  graph 
p2\  on  your  picture  of  the  numbe^Iine,  graph  q2,  where 

'  *» 

The  sijj6ltfrity  of  appearance  should  be  spiking. 

(b)  Repeat  part  (a)  for  pa  and  an  appropriately  defined  subset 

g3  of  /if.  t. 

Write  a  brace  description  (c)  Of  <?2  n  gv  *(d)  Of  p2  D  p5.  . 
10.  Prove:  •  , 

I|  Theorem  7-15  A  +  IB  -  >i}a  »  A  +  IB  -  A)6 
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Answers  for  Exercises  ,       s  * 

1*  No. 

2.  P         ,         Q  'Pi 


P*  P  Q 
 3  •  * 

ft,  ■     p  Q 


3.  Five.    p2  *  p^. 

4.  p2,  p3>  p5,  arid  p6  are  rays;   pa  and  p4  are  half*l£nes;   there  are 
no  intervals  or  "segments  pictured, 

5.  Pa  =.  PQ;  ps  =  -PQ;  p4  v  OP;  p5  =  QP;  Pfc  =  PQ. 


6. 

(a) 

0 

(b) 

P 

.  0 

0 

*> 

P  Q, 

te)       f  (f) 

P 

0 

(g) 

P 

Q 

*  (h)  P 

0 

7. 

(a) 

empty  §et;  0 

(b) 

line;  PQ 

"•  (c) 

interval;  PQ 

(d) 

line; 

PQ 

(e) 

■ingleton;   { P} 

(f) 

line;  PQ 

(g) 

segment;  PQ 

<h) 

line;  PQ* 

8. 

~a; 

{P  " 

Q);   (1  *  a};  <; 

1 

'9. 

<a) 

P 

Q 

p.  *:' 

i 

0 

•  * 

i 

(b) 

0 

P 

Q  , 

V 

0 

J 

(c) 

q5  =  {x:   0  s 

X 

$  r) 

<r(d) 

P2  * 

P5  =  {Xj  3y 

(0 

^  x  ^  I  and  X  = 

P  +  (Q 

10.  ; Suppose  that  A  +  (B  -  A)a  A  4  (B  '-.  A)b?  and  A  #  B.  It  follow*  v 
4    v  that       -  A)(a*-  b)  =  3  a$d  B  -  A  *  3.    So,  a  -  b  -  D#  Thu«, 

a  =  b.   Hence,  if  A  +  (&  -  A)a  =  A.+  (B  -  A)b  then  a  =  b  [A  *  Bj. 

Suppose  that  a  «  b.    Then  (B  -  A)a  =  <B  -  A)b  00  that 
,  A4  (B' A)a  =  .A  +  tB  r  Ajb.   Hence,  if  a  =  b.then  A  +,,CB  -  A^ 
=  A+  (B  -  A)bf  * 
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Half-Lines  and  Rays 

« 

Theorem  7-15  shows  how,  given  an  ordered  pair  <P,  Q)  of  distinct 
points,  one  can  establish  a  one-to-one  correspondence  between  .#  and 
{X:  3X  A*  P  >  ((^  -  P)x}-tnat  is,  between  J  and  the  line  PQ -in 
which  0  corresponds  with  P  and  1  with  Q.  Intuitively,  this  correspon- 
dence has  a  much  more  special  property  than  that  of  being  merely 
one-to-one- it  seems  to  preserve  order..  For  example,  points  of  V§ 
yihich  we  would  think  ©f  as  being  on  "the  Q-side  of  P"  are  just  those 
which  correspond  with  positive  numbers  and  the  greater  the  cor- 
responding number,  the  farther  ' a 'point  is  from  P.  It  would  seem  na- 
tural then,  to  formalize  the  first  part  of  this  intuition  by  defining  the 
g-side  of  P~  that  is,  the  half-line  PQ- so  that 

(I)         PQ     {X:  if  „  X     P  +  (Q  -  P)X)  \P*Q\~" 

[To  formalize  the  second  part  of  our  intuition -that  greater  positive 
numbers  correspond,  w^ith  points  which  are  farther  from  P-we  would 
need  a  notion  o^istance.  Such  a  notion  will  be  introduced  later  in  the 
course.  | 

Thcdniy  difficulty  with  taking  (1),  itself,  as  a  definition  is  that  it 
bears  the  restriction  T  *  Q\  Intuitively,  in  case  P  -  Q  there  should  « 
be  no  Q-side  of  P  or.  better,  the  Q-side  of  P  should}*?  0.  This  is  a  rather 
trivial  case  but  would  be  troublesome  if  we  didn't  take  care  of  it.  Our 
discussion  of  sense  in  the  preceding  section  shows  how  to  do  this;  we 
should  formulate  our  definition  so  that,  for  any  P  and  Q, 

pQ  {X:  xApwd 3- » x  p  +  4*  ~  pw- 

The  easy  way  is  to  add  I  .  . 

Definition  7-9.  (a!  Aiaf  =  {X:  X  -  A*  [of* }  * 


J 


(b)  AB  -  A[B,  -  A]* 


JJust  as  you  read  'AB'  as  'double;  arrow  AB',  read  lAB*1  as 'arrow  AB*.] 
Note  that  (1)  is  a  consequence  of  Definition  7-9  and  an  earlier  the- 
orem. [What  theorem?) 

When  A  *  B  it  is  proper  to  read  AS'  as  'half-line  AB'  [and  to  read 
Vt/T'as  line  AB'.}.  .    "  . 

Having  introduced  half-lines  it  is  easy  for  us  to  introduce  rays: 


II  Definition  7-10  (a!./t[q>  -  {A}  \±A{q]+ 
II      •    •  (b)^=  {A}.U  AS  . 

K     ■  ' 

IRead  AB'  as  'dot  arrow  AB . }  As  in  the  case,  of  lines  and  half-lines, 
when  A  *  B  it  is  proper  to  read  5pf'  as  'ray  AB'.  What  set  is^fi? 

?c  7'fG 
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N^Sefitence  (1)  on  page  10s)  is  a  consequence  of  Definition  7-9 
which  gives; 

'  PQ  =   {X:   X  -  P  €  [Q  -  P]*} 

and  Theorem  7-1 3(a)  which,  for  Q  -  P  ^  (J,  gives: 

a  e[Q  -  P|**=>3x  sQ  2  =   (Q  -  P)X 

[Of  course,  we  also  need  *  P  *  Q  Q  -  P  ^  ff*   and  *C  -  P  -  S  <= 

C   ■    P  +       in'addition  to  Definitiop  7-9  and  Theorem  7-13(a)#] 

for  Q  -  P      6,  Definition   7-9   and  Theorem  7-1 3(a)  yield 

"PQ  ::   0\  us  expected.    In  short,  for  any  point  A,  AA  *=   0  and,  by 

Defini^n  7-10(b),   AA     '{A}.  > 


v 


c 


*  » 
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Theorem 7 - ie   la)  AB  ~  {X:!,  >0X  =  A  +  (B  -  A)x) 

T  .  ■  ■  '  "  [A  #  B] 

■    (b)  °AB*  -  {X.  3S  ,  0  X  =  A  f  {B  -  A)x} 

Exercises 
Part  A 

1.  (a)  jCompIete:  AB  -  {X:  X  -  A  t  } 

(b)  Prove  Theorem  7-16W.  [Hint:  See  the  note  following  Defini- 
tion 7 -9. 1  x 

(c)  Prove  Theorem  7 -16(b).    [Hint:  Consider  two  cases.] 

2,  la)  Prove; 

I  Theorem  7-17   C  e  AR       (A~&  -  AB  and 

I  i      %  'M-'aM) 

JHint:  By  Definition  7 -9(b),  AC?  «  AB\$\C  -  j4J*  .  [B  -  AV .) 
(b)  If  A(*     A£  does  it  follow  that  Cc  ^? 
(e)  If  C  «  Ail  what  follows  about  A  and  fi? 
'  \      3.  Show  that  if  A  i*_flthen  AB*  #  %A,  [Hinf.lt  is  not  difficult  to  de- 
scribe a  point  of  *A$  which,  if  A     B,  does  not  belong  to^X  J 
**4.  Shbw  that  if  A  *  C  then  AS*    CB!  [//i/j/:  The  case  in  which*  A  -=  B 
is  very  easy.  Assuming  that  A  *  B,  the  Case  in  which  C<£/0f  is 
easy;  that  in  which  C  €  Ai?  is  like  Exe/cise  3,  but  splits  into  two 
cases,  one-of  which  is  more  difficult.]  * 
5.  If  AB     CE)  does  it  follow, that  A  -  C?  Explain  your  answer. 


Part  B 

In  Chapter  1  we  dealt  with  vertices  of  raysj  and  half-lines.  As  you 
,  recall,  for  A  #  B,A  is  the,  vertex  of  the  ray  AB  and  of  the  half-line  AS. 

We  also  spoke  of  the  senses  of  rays  and  half-lines  and,  as  you  probably 
.  guess,  the  sense  of  %B  [and  of  AB)  is  |B  -  AV. 

•  Before,  however,  we  are  entitled  to  call  A  the  vertex  of  A£f  we  need 
:vta-hesu^that-l$ugrc4*  no  other  point  which  the^ame- conventions 
'  *  will  require  us  ttf  call  the  .vertex  of  *Alf.  Explicitly,  we  need  to  make 
sure  that  if  *AB  =  5jB  then  A  =  C.  That  rays  and  half-lines  do  have 
unique  senses  follows  from  the  next  two  theorems  and  their  two 
corollaries.        .    -  ■  * 

H  Theorem  7-18  *AB*  =W —+ A  ^  C 

K 

I 

II  Corollary  *AB*  =  — ♦  [B  -  Al+  =  [D  -  C]+ 

,    '  ||  Theorem  7- 29  AB*  -  CS  — •  A  =  C  [A  *  B] 
jrcorollary   .      M  =  Cfi  — *  IB  -  AV  -  EX?  -  CV 

S 
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s  : 

We  recommend  that  if  Parts  A  and  B  are  rnade  part  of  a  single 
homework  assignment,  that  you  assign  a  team  of  students  to  each  c\eri- 
,vation  rather  than  require,  each  student  to  do6  each  derivation.    Part  C 
makes  a  nice  class  activity.    Parts  D  and  E  constitute  a  homework 
assignment  that  is  reasonable  for  all  to  do. 

Answers  for  Part  A 

I.     (a)    [B  -  A];      v  '-\ 

(b)  By  Definition  7-9,  C  €  AB  ii  and  only  if  C  -  A  £  [B  -  A]*.  For 
A  4  B,   B  -  A  >  0  and  it  follows  by  Theorem  7-13(a)  that    .  . 
C  -  A  €  [B  -  Af  if  and  only  if  3X  >,o  C  ~  A  "  <B  "  A^x-  Since 
(a  >  0  and  C  -  A  -  (B  -  A}a)  if  and  only  if  (a   >  0  and 

C  =  A  +  (B  -  A)a)  it  follows  that  3x>oC~A~<B~  A**  if 

and  only  if  3x  >  Q  C  -   A  +  (B  -  A)x«    Hence,  '  , 

C  €  AB         3K  >  0  C  =  A  +  (B  -  A)x 

and,  consequently,  AB  -  {X:   3x  >  0  X  ~  A+  (B  -  A)x} 
[for  A  *  B]« 

(c)  -For  A=   B,  AB  ^  { A}  =  {X:   X  *  A}  -  {X:  3X  '  Q 

X       A+  (B  -  A)x},    For,  in  this  case,  A  ~  <5a 
=  A  t  (B  -  A)a.  * 

For  A  *  B,  C  €  AB  <=f  (C  =  A  or  3x  >  Q ,C  =  A  +  { B  -  A>x), 

by  Definition  7-1 0(b)  and  .part  (b),  above.  Suppose,  now,  that  " 
a  >  0  and  C  =  A  +  (B  -  A)a.    From  this  it  follows  tha£ 

(a  -  0  and  C  =  A  +  (B  -  A)a)  or  {a  >  0  and  C  -  A+  (B  -  A)a), 

from  which  it  follows  that  C  =  A  or  3X>Q  C  =  Ai  (B  -  A)*. 
Hence, 

3x  >0  C  =  A  +  (B  -  A)x 

(C  =  A  or  3X  >  0  q  =  A  4  (B  -  A)x), 

To  establish  the  converse,  note  first  that  if  C  =  A  then 
(0  >  0  and  C  =  A  +  (B  -  A}0),  so  that 

#c  =  a  — *  3X  ^  o  C  =  A  +  (B  -  A)x. 

Second,  if  (a  >  0  and  C  3  A  +  (B  -  A)a  then  (a  ^  0  and 

.    C  =        tB --AJa^  .M  that.        .  ^   „    i  _ 

4    !  3X>0  C=  Al(B-Agj  =>3x^0  Q  *"A  +  (B  -  A)x, 

From  these  two  resultf  it  follows  that  ^ 

(C=  Aor  3x>()  C=  Ai(B  ~  A)x)  f 

K  ■  s        ■   t  '  r      3x>0  C  2  A+  (B  -  A)x. 

Hence,  for  A  ^       C  €  AB  <ss*1  3x^0  C  31  -A  4       ~  A)x  and, 

consequently,  AB  *  {X:  3X  =  A  4  (6  •  A}x}t  % 

[We  have*  gone  into  sorn^e  detail  in  Order  to  illustrate  the  rules 
for  «  or'  and  *3\    Much  lees  need  be  required  of  stude&ti*  ] 


! 

! 
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(a)  Suppose  that  C  €  Ar".    It  follow^  by  definition,  that 

?n,"  Au  'V  A]*.  wnd  8f°'  by  E*erc*»*  <^<b>  o'f  Part  B  on  page 
301,  that  [C  -Aj*      [B  -  A}\    So,  by  definition  AC  =  A& 

^     and,  >by  this,  ^ AC   ■   AB.    Hence,   if  C  €  AB  then  (AC  -  AB 
*•  and  AC  -  AB), 

(b)  No.    [It  mighty  be  the  case  that  C  =  A  =  B,  in  which  case 
AC  -•   0  »   AB  and  C  i  AB.  ]  S 

(c)  If  C  €  AB  then  A  *  R 

*■  * 

By  Theorem  7-i6(b),  A  +  (B  -  A)Z  €  AB.    Now,  A  MB  -  A)2 

"<  ,     '  (?  "^A))  +  (B  "  A)     B  MA  "  B)'  ~l>  So'  ™e  -i  t  0  it 

follows  by  Theorem   7-16(b)  and  Theorem  7-15  that,  for  A  4  B, 
A .MB  -  AH  4  BA.    Hence,  for  A  #  B.  AB  *  BA.    [Of  course,  in 
place  of  .  one  might  use  any  real  number  greater  than  I.    .The  , 
result  of  Lxerciae   J  is  used  in  proving  .Theorem  7-18  according 
to  wh,ch  a  ray  has  a  unique  vertex.    This,  despite  its  intuitive 
Obviousness-,  is  a  rather  important  theorem.    The  co'r responding 
theorem  lor  half-lines  [Theorem  7-19]  is  much  more  difficult  to 
prove.    The  difficulties  are  concentrated  in  Exercise  4.  ] 
".Suppose  that  A  *  C.    If  A       R  then  B  #  C  and  AB  -  0  .f.  CB. 
Suppose,  then,   that  A  *  B^  If  C  ^  then  C  *       and  C B  ^  AB 

{B}.    So,   any  point  of  AB  othe*\han  B  is  a  peint  of  ^AB  which, 
sincejt  do%s  not  belong  to  CB,  doesVot  belong  to  CB.    Hence,  if 
€  ^AB  then  AB  *  CB.  "Suppose,  then,  that  C  €,AB  [as  well  as 
that  B  *  A  *  C).    Since  C  6  AB  and  C  #  A,  C  -  A  -   (B  -  A)c 
wher^,c  *JK    If  c    >  *0  then  C  =  A  f.(C. A)  -  A  MB  -  A)c  €  AB. 
Since  C^CB'.t  follows  that  AB  4  CB.    To  deal  with  the  remaining 
case  —  that  in  which  c  v   0  —  note  that  since  A  -  C  *=   (A  -  B)c 
-  [(C  -  B)  f  (A  -  C)]c  it  follows  that  (A  -  C){  1  -  c)  =  (C  -  B)c  and 
that,  for  c  s   0,   1  -  c   >  "0.    Hence,  if  c •  <   0  then  A  =  C  +  (A  -  C) 
=  C  +  (C  -  BM-p^  ,  C  MB  -  Cj.y^e.gB.    Since  A  ^AB  it  ' 
follows  that  AB  *  c~B.    [The  motivation  for  the  main  cage  ^  that 
jP-yiLK*?  <B|  *.  A  *_C  and  C  €  AB  is  obvious  enough.  Since 
A  *  C  6^  AB,  C  belongs  either  to  AB  or  to  its  opposite".    If  C  €  AB 
then^AB  #  CB  because  C  4  CB;   if  C  6  -  AB  then,  although  A  ^AB, 
A  €  CB.  ] 

No.    It  may  be  the  case  that  B  =  A  #  C  -  D.    [This  exceptional 
case  cannot  occur  if  D  =   B;   and,  as  shown  in  Exercise  4,  if 

2'\Boaud,AB  f  CD  then  A  ~~  C-    See-  al8°-  Exercise  3  of 
Part  B,  below. 


71 M' 


7.08  Subsets  of  Lines  307 

1.  IVove  Theorem  7  -  18;  [Hint.  Use  Theorem  7-17  and  Exercise  3  of 
Part  A.  Assuming  that  >tff  *CD  show  that  A  -  C.orVl)  -  (7A  In 
the  latter  case  /tfl.  Repeat  the  argument  to  show  that,  in 
this  case,  C     .4  or  >4cf    *CA.  I 

2.  Prove  the  corollary  of  Theorem  7-18.  [Hmf:  If  *AB  •  then 

3.  Prove  Theorem  7  19.  If/in/:  Use  Theorem  7-17  and  Exercise  4  of 
Part  A.! 

4. '  Proye  the  corollary  of  Theorem  7  - 19. 

PartC  '  ' 

in  Chapter  1  we  denned  the  opposite  of  a  ray  [or  a  half-line]  to  be 
 the  ray  tor  half-line)  with  the  same  vertex  but  the  opposite  sense: 


Definition  7-11    (a)  ~A[aV  A[—~aV 

 *  9        *  * 

(b)  -A\a\  -  A[-aY 


What  is  the  .intersection  oi  Ab'  and  —Alt?  Of  Afi*  and  —AB? 
Show  that     *  * 

1.  Xfi  ■-  AB  U  {A }  U.-AB  [Hint:  Recall  Theorem  7-14.) 

2.  Alt-  AB  U  -^AB  I  Hint:  Show  that  {A }  U  -AB  -■  -50?.J  ■ 

3.  AB'    *AB  u  *BA  IHinti  SHoiv  "that  -AB  C  *BA.  A  +  {A  -  B)c 

B  +  iA  -  ._..| 

4.  AB'    AB  U  BA    \A  *  B\.  •* 

■'    5.  Suppose  that  P  *■  Q. 

I  a)  What  kind  of  set  is  the  set  of  all  points  of  PQ  which  are  not  in 
QF? 

(b)  Give  a  simple  name  for  the  set  described  in  part  (a)'. 
«(c!  Prove  what  you  have  conjectured  in  part  (h). 

Part  D 

Draw  an  arrow  .to  describe  a  proper  translation  o  such  that  a 
B  -  A.  ■       ~t  ' 

1.  Locate  the  point  M  such  that  M  -  A  -  ah.  Show  that  B  -  M  =  a\. 
I  Hint:  By  Postulate  3, 1  A/  -  A)  +  IB  -  M)  -  B  -  A,-\  - 

2.  Ixvcate  the  point  N  such  that     j>  A  «  a\.  Determine  n  such  that 
 -  M    JSi_- mu. .What  i««  ^  ~-   '-- -  ,,-  -  » 

v       .  3.  Locate  P  such  that  P  -  A  ~  c2.  ."Determine  p  such  that  B  -  P 
~  dp.  What  is  p  +  2?  *» 

4   * 

4,  Locate  Q  kuch  that.        A  -  a  •  —  1.  Determine  g  such  that 
B  ~  Q     aq-  /  ^ 

5.  Which  of  the  following  Hpve  the  same  sense  as  AB*t  Which  have 
i  the,  sense  of  ^AB?         J         1     *     ,*  / 

*A$  (*X?      *A§  W 


PB      *QB  ^fttrf      MP  *MQ 

6±  Given  that  /?  -  A  =>  or,  determine  s  such  t%t  B  -  R  -  as. 

* 
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Answers  for  Part  B 

1.  Suppose  that  AB  =  CD.    Since  »A  £  AB  it  follows  that  A  e  CD,  So, 
by  Theorem   7-17,  A  =  C  or  A  €  CD,    In  the  latter  case  CI}  -  cX 
[again,  by  Theorem  7-17]  and  since,  by  assumption,  AB  -  CD, 
AB  -  CA.    Since  C  €  CA  it  follows  that  C  E  AB  and  [a*  before] 

C  A  or  C  €  AB,  In  the  latter  case  AGT^\AB  CA  and  so,  by 
Exercise  3   of  Part  A,  A  ■=  C.    Hence,  if  AB  -  CD  then  [in  any 

a 

«         case]  A  =#C. 

2.  Suppose  that  AB  ■-  CD.    Since  B  €  AB,  B  €  CD.    So,  6  =  C  or 
B  -  C  €  [D  -  C]*.    Since,  by  Exercise   1,  ,A  *   C  it  follows  that 
B  =   A  or  B  -  A  €  [D  -  C]\    In  the  latter  case  it  follows  from 
Exercise  2(b)  of  Part  B  on  page    301  that  [B  -  A]*  =  [D  -  C]\ 

In  the  forrner  case  AB       {A}  =   {C*}  and,  so,   CD  =  {c}  and 

D  =  C    So,   in  this  case,   [B  -  A]*  =  0  =   [D  -  C]\    Hence,  if  .„ 

AB  =  CD, then  [B  -  A]*  =   [D  -  C]\ 

3.  .Suppose  that  A  *  B  and  that  AB  -   CD.    It  follows  that  B  €  AB 

and,  go,  that  B  €  CD,    From  this  it  follows  that  cS  =   CB  and, 

since  AB  -   CD,  that  AB  =  CB.    So,  by  Exercise  4.  of  Part  A. 

A  =  C.    Hence,   for  A  *  Bt  if  AB  =  CD  then  A  =   C.  [Students 
who  have  not  solved  the  optional  Exercise  4  of  Part  A  should 
still  be  able  to  apply  it  to  the  solution  of  the  present  exercise ,  ] 

L     Suppose  that  AB  =  CD.    If  A  =  B  then  CD  =  AB  -  0  and,  so, 

C  -  D  and  [B  -  A]4  -  0  =  [D  -  C]\   If  A  4  B  then  B  £  AB  ^  CD 
and,  so,   B  -  C  £  [D  -  C]*.    Since,  by  Exercise  3,  A  -  jC  it  follows, 
that  B  -  A  £  [D  -  C]*  and,  so,  by  an  earlier  result,  that  [B  -  A] 
[C  -  D}\  « 

Another  corollary  of  Theorem  7-19  is: 

AB      CD  r=>  AB  -  CD   [A  ^  B] 
The  converse  [without  restriction]  is  a  corollary  of  Theorem  7-18. 

The  notion  of  the  opposite  of  a  ray  was  introduced  on  page  28, 
'  Note  that,  by  Definition  7  -9<b)>  -AB  -  - A{B  -  A}*  and  so,  by.  Definition 
I   7-Ii(a)  [and  Theorem  3-5],  -AB  =  A[A  -  B]*.    Similarly,  -AB  =  ' 
f  A[A  -  Bf*,    Since,  by  Exercise  1(f)  of  Part  B  pn  p^ge  *301,  [B  -  A]* 
r\  [A  -  BY  =  0  it  follows  that  AB  r>  -AB  =  0  and        o  -AB  =  {A}. 

Note  that  Theorems  7-18  and  7-19  and  their  corollaries  are 
needed  to  justify  adopting  Definition  7-11,    For  example,  before  adopt- 
ing part  (a)  of  this  definition  we  must  be  sure  that  if  A[  a  ]*  -  Q[  c  ]* 

•  then  A[-a  ]#  =  C[-c  J*.    If  this  we  re  not  the  case  then  the  tame  hajf-line 
would,  according  to  the  proposed  definition,  have  two  apposite g,  Wljfle 
4  we  would,  then,  speak,of  an  opposite  of  a  half-line,  we  could  not  speak 

of  the  opposite.    Now,*  suppose  that  A[  a  ]*  =  C[  c  ]4.    With  [for 
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abbreviation^  B  A  ♦  a  and  D  =  C  ♦  A[a  J*  -  AB  and  E[cFf  =  CD. 
PbAV  ti?-^--he  ?orollHry  to  Theorem  7-19  it  follows  that 


<*) 

In  case  a  . 
and  c  (J. 
that   -a  0 


A[a 


At-2)' 


CI 


*  3 


3,  A(a,|V-/0  ^d.  so,  if  A|  J  )'  =  C[c  )*  the*  C[c*  f  =  0 
So,   incase  a      (5,  it  follows  from  the  antecedent  of  (*) 
-c  and,  so,  that  Af.-a  1*  -  0  -  rf-cT     Sr.    fas  , 
witho^  restriction,  and  Definition  7-lW»)  is  acceptaL      Th  accept- 

Theorem  *«*ttoV7-"«»>  is  .lightly  simpler  to^.u^.h  because* 
intorem  7-18  carries  no  restriction.  '  % 

Answers  for  Part  C      '  '  * 

1.  "    C  €  AB  C=^  c  -  A  €  [B  -  A) 
(C  -  A  e  [R  -  A 1 


[B  -  Af  w  {'6}  ^  [-(  B  -  A)T 
br  C  -  A  -  5  or  C  ■  A  €  [-(B  -  A)f) 


A,  or  C  £ 


A  or  C  £  -%A[B  -  A]*) 
AB) 


(C  £  Alt  or  t 
Hence,  AB  -    AB  ^  -AB. 

By-Hxerc-Ue   1,  Xj'-  jU>  ^  AB)  w  ( {A}  w  -aS),    'By : definition 
7^!J)(bUAl  w  AB   =   AB.    On  the  other  hand,   {A}  w  -AB  -  {A} 
w  A[ A  -  Bp       A[A  -  BY  =   -AB./ Hence,  AB  / AB  v  -AB. 


This  follows  from  Exercise  2  once  i 
r-AB       BA,-  To  do  so.   suppose  that 


^£  been  shown  that 
AB  -    - A[B  -  A]~ 


S. 


A[A  -  B]\    It  follows  [by  Theorem  7-16(b}]  that,  for.  sorne  ' 
number  -  say,  c  -  c    >  [p  tlnd  A%  (A  .  B)c  =   [B  +  (A  _  B)j 

*  (A  "J!)C.      B  *  (^  B)(c  !  BA,  since  c  +  1   >  0.    Hence,  if 

C  £  -  AB  then  C  £  BA  —  that  is,   -Afc  c  bX 

As  i„  Exercise  3j>ut  using  Theorem  7 -46(a),  it  follows  that,  for  s 
A  A  B,   -AB  i    BA.    [This  inclusion  also  holds,  trivially,  incase 
A  t  ».  J  Also,  for  A  #  B,  A  €  BA.    [Here,  the  assumption  that 
A  is  essential.  ]   So,  by  Exercfse  1,  for  A  4  JB, 

AB      AB  wtBA,    (Note- that  AA  •   {A}  *  0  ,  AA  u'AA!  ]  * 

(•a)    This  se"t  is  a  ray.  •    •  "  v 

(b)  -QP 

(c)  By  the^hint  for  Exercise  2,  -QP  ^  {Q}  w>  -Qp,  since 
Q^QPand  Qpn  -QP  =  0  it  follows  that  QP  r>  -QP  =.  0,  , 
By. Exercise  1,  QP^-QP  ,  "5?.    Hence T  -QP  consists  of 
just  those  points  of  QP  which  are  not  in  QP,    But,  8V 
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^  Exercise  4,  (or  Q  #J>,  Q?  ,  QP  w  PQ*.    So,  the  points. of 
*   QP  which  are  not  in  QP  are  all  in  PQ*.    Since  P<5  c  PQ*  ^  OP* 

it  follows  that  the  points  of  PQ  which  are  not  in  QP  ^re  pre- 
cisely those' of  QP  which  are  not  in  QP  <—  that  is,  they 
precisely  the  points  of  -QP. 


There  is  another  way  of  handling  Exercise   5(c).    This  depends  on 
Theorem  7-15  which  asserts  that,  for  Q  *  P,  there  is  a  one-to-one 
correspondence  between  the  points  of  QP  and  those  of'«  such  that  a 
point  C  €  QP  and  a  number  c  e  ft  correspond  if  and  only  if  C  -  Q  = 
"  U)c'    Since  thls  correspondence  is  one-to-one  we  may  deduce 
from  Theorem  7-l6<a)  that  a  point  C  of  QP  belongs  to  QP  if  and  only 
if  the  number  corresponding  with  C  is  positive.    So,  a  point  of  QP  • 
fails  to  belong  to  QP  if  and  only  if  the  corresponding  number  is  not 
positive.    Now,  by  Definition  7-ll(b)  and  Theorem  7-1 6(b), 

•  -QpJ^(X:   3X<  o  X       Q  +  (P  "  Oh).    So.'a  point  C  of  QP  belongs 

#  to  -QP'jf  and  only  if  the  corresponding  number  is  not  positive.  Hence, 
a  point  of  QP  belongs  to   -QP  if  and  only  if  it  fails  to  belong  t.  QP 
The  remainder  of  the  argument  proceeds,  as  in  the  given  solution,  via 

.  Kxerose  4.  -^-i— 

7  ^/E^erClS^  4  Can  b£  dealt  with  in  the  same  manner.  ■  Use  Theorem 
Lt    w        f^rcise   3(b)  of 'the  following  Part  D,  together  with  the 
lact  that  each  real  number  is  either  greater  than  0  or  less  than  1. 
Answers  for  Part  D 


|B.  -  M  =   (A  -  M)  +  (B  -  A)  =    -(a|)  +  t  u«  t\ 


r  B  -  N  =  (A  -  N)  +  {B  -  A)'  =  -{l\)jt  *  Si 
n  =  f  ;   n  +  4  =   1.  * 

k  =  a  •  - 1% 


B  -  P  =   (A  -  P)  +  (B  -  A)  -   -{It)  +  t 


P  *  -1;  p  +  2  =  1 


,  B  -  Q  --  (A  -  Q)  +  (B  -  Ai  =  f  (?.  A.)  +  a  = 

t  q  =  2;  [q  +  -1  =  i] 


5.  *    AM,  AN,  AP,  MB,  NB,  QB,  and  MP  have  the  sense  of  AB-  AQ 

and         have  the  sense  of     A^.  5> 

6.  B  -R  =  (A-  R)+  (B  >A)4  -(ar)  +  a  -  a(l  -  r).  50j  if 
R  -  A  =  ar  then  B  -  R  =  as,  where  s  =  1  -  r 
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Part  E 

1.  Suppose  that  P  *  '  w 

(a)  Find  a  point  in  PQ  H  QP,  [Hint:  See  E 


point 
Theorem  7-16.] 
(b)  Complete: 


Exercise  8,. page  304,  and 


PQ'n  QP^  {X:  3r<0.<  x_L_jmdX  -  P  -t- 

(.1 


2.  Show  that 


£  +  LA  -  B)a  =  A  +  iB  -  A)il  -  a). 


3*  Show  that 

(a)  *§X  =  {X:  3^,^     A  +  (J3  -  .41*},  and 
'  (b)  fiX     {X:  3Xfc  ,  X  =  A  +  (B^-  A)x}  f A  y  B]% 
4.  Use  brace- notation  to  describe  AS  fl  ^J^and  AB  OflA. 


Intervals  and  Segments^  "*  * 

In  Chapter  1  we  discussed  intervals  and  segments.  Intuitively,  the 
interval  AB  with  endpoints  A  and  B  is  ttie  §et  of  all  points  "between  A 
and  £T\  We  shall  merely  adopt  the  definitions  we  used  in  Chapter  1: 


i 


Definition  7-1^   (a)  AB  =AB  n  £A*  

(b)  AS  ~  {A,  B}  U  AB 


AB 


Fig.  7-8 


For  A  *  B  it  i$  reasonable  to  read  'AB^as  interval  AB'and  'Ai?' -as  'seg- 
ment AS'.  As  in  the  cases  of  'line',  'half-line'  and  'ray',  we  shall  use  the 
words  'interval'  and  'segment'  only  with  reference  to  nondegenerate 
sets- that  is,  sets  which  contain  more  than  one  element  As  you  might 
suspect,  we  have  a  theorem;  *• 

Theorem  7 -21  *  '  *  '  "*  < 

(aJ^AS  =       3,  (Q  <  x  <  1  and  X  =  A'+ AB 

"      -         •         -         -         ,         '  [A  *  Bl 
",'tb)  M  «      3,  (0  <  x  <  1  and  X  =  A  +  (B  -  A)x>} 
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Anjwers  for  Part  E  '  # 

1.  (a)    By  Theorem  7-16,  C  €  PQ  <=s>3%  >Q  C  =  P  V<Q  -  P)x  and 

c  €  Qpc=>  3x>t)C=vQ+(P-  Q*x.    So,  C  €  PQ  ^  QP  if 

«  and  only  if  C  =  *P  +  (Q  -  P)a  =  Q  +  (P  -  G)b  where  both  a 

and  b  are  positive.*  Now 

P  +  (Q  -  P)a  =  Q  +  (P  -  Q)b       #  ^ 

if  and  only  if  (P  -  Q)(l  -  a  -  b)  =  3  and,  since  P  -  Q  *  3, 
the  latter. ds  the  case  if  and  only  if  a  +  b  =  1 .    In  order  for  a 
and  b  to  be  positive  solutions  of  this  equation  we  need  only 
choose  a  between  0'  and  1  and  choose  b  =  1  -  a.    So,  for 

*   example,   P  +  (Q  -  P)\  €  PQ  ^\QP.       *  %  , 

(b)    1;    (Q;  P)x   [For,  it  has  been  shown  in  part  (a)  that,  for 

•      P  #  Q,  C  €  PQ      QP  if  and  only  if  3X  ( 0  <  x  <   1  and 

C  =  P+  (Q  -  P)x)]  .  ' 

2,  B  +  (A  -  B)a  -  [A  +*(B  -  A)]  +  (B  -  Af.  -a'  =  A  +  (B  -  A)(l  -  a)  . 

3#     (aj    Since  a  £  0  if  and  only  if  1  -  a  g   1  it  follows  by  Exer^ci&e  Z* 
'      that  , 

(a  >  0  and  C  -  B  +  (A  -  B)a).     *  '  V 


(1  -  a)  s  1  ^d  C  =  A  +  (B:  -  A)(l  -  a). 
Hence,  r 
.  t    3x^oC  =  (A  -^B)x 


"    3XS  j.'C  >  A  +  (B  -  A}x. 

Consequently,  by  Theorem  7-i6(b),  Sa  =  {X:  3X  ^  j  •  , 

X  -  A  +  (B  -  A)x}.  ;  ^     ,  ^ 

(b)    [Like  (a),  but  use  Theorem -7 -16(a)  and  note  the  need  for  the 
s  restriction,]  "  • 

4fcSABnBA  =  ;{X:^3X  (0  $  x  g   1  and  X  -  A  +  (B  -  A)*)h  ^ 

ABA  BA  =  {X;  3V*(0  <  x  <   1  and  X  =  A+(B  -  A)x)'}    [A  #  B] 
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Exercises  ,  * 

Part  A  » 

1.  Show  that  AB*    *AB  n  liX. 

2.  Prove  Theorem  7  -21.  [Hint:  Recall  Exercise  3  of  Part  E  on  page 
308.]       *X        _  *  • 

3.  Show  that  PQ  -       and  that  ft?  =. 
'  4.  What  i»AA">  AA?     "    .  ' 

5.  If  Xi?     C/3  does  it  fellow  that  /t     C  and  B  -  D?,If  not,  what  does 
follow  about  A,  B,  C,  and  D?  What  follows  if  AB  CD'? 

6.  If  [A,  fl}  -  {C.  D]  does  it  follow  that  X8     C&>  That  AB  =  CD? 
PartB  fc  •  ■ 

'As  in  the  case  of  vertices  of  rays  and  half-lines,  we  need  an  "en- 
abling theorem"  before  we  are  justified  in  speaking. of  the  endpoints 
of  a  given  segment  or  interval.  It  should,  for  example,  be  possible  to 
justify  your  answers  for  Exercise  5  of  Part  A. 

*  ■a  # 

I  Theorem  7-22   (a)  AB  -  CD  — >  {A,  B}  -  {c\  d} 

'   *  [A  *,  B] 

ib)  A3  {At  B}  -  {C,  />} 

The  proof  of  Theorerrt  7  -  22(  a)  is  rather  long,  and  we  omit  it.  But,  you 
should  be  able  to  fill  inHhe  details  of  the  following  proof  of  part  (b). 
Better  yet,  when  you  get  an  idea,  follow  it  through  by  trying  to  com- 
plete the  proof  on  your  own. 

The  case  in  which  A  =  B  is  trivial.  [Discuss  it.  |  Suppose,  then,  that 
A  *  B,  and  that  XS  =  £?/5,  There  are  numbers -say,  a,  6,  c,  and  d 
-all  of  which  are  in  {x:  0  W  x  ^  1},  such  that  4  -  C  *  (I)  -  C)a; 

-.C  *  (Z)  -  C)b9C  -  A  +  (fl  -  4)c,and£  -  4  +  (fl  -  i4)d.  It  fol- 
lows that  J3  ^  A  -  (D  -  C)(fe  *  a)  andO  -  C  -  (B  -  -  c)\  and 
that-1  *  6  -  a  ^  iand-1  ^  d  -  c  ^  l.Sincei4  *  B,(6  VaXd  -  c) 
-'1.  So,  if  |6  -  a|  <  1  then  \d  -  c\  >  1.  Since  \d  -  c|  <  1  it  follows 
that  \h  -  a\  >  1.  So,  )6  -  a|  «  1.  We  now  know  that  either  b  -  a  «  1 
or  a  -  6  -  1  and  that  0  ^  a  <  1  and  0  £  6  <  1.  What  "choices  does 
this  permit  for  a  and  6? 
PartC  . 

Draw  a  picture  of  :$  and  below  it  draw  a  pictiire  of  a  line  P<$.  [Mark 
t^he  point  P  directly  below  the  mark  for  0  and  mark  O  directly  below 
the  mark  for  1. 1  Consider  the  following  subsets  of  PQ6. 

pt  =  {X:  1,<1*  x*l  and  X  ±P  +  IQ  -  P)x)} 
<  '    p:  -  {X:  3r  HI  <  x  <  1  and  X  -  P  +  (Q  -  P)*)} 
pt1  -  {X:  3,„4  X  -  P  4  ({?  -  P)*} 
p4  -  {X:  3,0X-P'+  (Q  -P)x}         V  , 

J.  Draw  lightly  four  lines  below  your  picture  of  P(jf  and  on  each  line 
graph  a  different  one  of  the  sets  p,,  pt,  pa,  p4. 
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Part  A  is  a  reasonable  homework  assignment.    Part  B  is  best  as 
a  class  activity.    Give  the  students  an  opportunity  to  "predict  wfljrt  ' 
comes  next*1  at  each  step  of  the  derivation.    Exercise  4  of  Part  C 
should  be  discussed  in  cla$s*also4  /The  other  exercises  of  Part  C  ✓ 
may  be  used  either  as  class  or  homework  exercises.  % 

*  4  v 

Answers  for  Part  A 

1.     By  definition,  AB  =   {A,   B}  ujABo  BA),    Since  {A,   B}   C  AB  , 
'  and  AB  r>  BA  C!  AB<  C  AB  it  follows  that' ^B  C  A?.  Similarly, 
.  AB  C  BA,    *Hence,  AB  C  AB  ^  BA.  *  On  the  other  hand,  if  C  €  AB 
and  is  not  A  then  C  e  AB,  while  if  C  €  Sa  and  is  not  B  then 
C  €  BA4    So,  if  C  €  AB  ^  BA  and  is  neither  A  nor  B  t^en 
C  €        rs  BX"   Hence  AB       BA  Q  AB.    Consequently,  * 
AB  =  AB  o  BA. 

lm     (a)    If  C  -   A  4  (B A)c  where  0  <   c  <    1  then,  for  A '  *  B, 

C  €  AB  [by  Theorem  7-i6(a)]  and  C  €  BA  [by  Exercise  3(b) 

of  Part  E  on  page  308  ).    Consequently,  for  A  *  B, 

iXt   3X  {0  <  x  <   1  and  X  =  A  4  (B  -  A)x)}  C  AB,  • 

On  the  other  hand,  suppose  that  C  C  AB  =  AB  r\  BA,    It  fallows. 

for  A  4  B,  that  C  ~  A  +  (B  -  A)a  where  a  >  0  and  that 

C  =  A  4  (B  -  A)b  where  b  <   1/   By  Theorem  7-15  it  follows 

that  a  -  b  and,  so,  0  <  a  <   1.    Hence,  if  C  6  AB  then 

3X  (0  <  x  <   h  and  C  =  A.  4  (B  -  A)x).  Consequently, 

AB  £  {X:  3x  (0  <  x  <   1  and  X  -  A  4r  (B  -  A)x}. 

Hence,  Theorernt7**21(a).  ,  *•  / 

(b)    ^Theorem  7-21{b^Fcan  be  proved  jOTt^s^The  or  em  7-2I(a)  has 
beert,  using  Exercise  1 ,  alcove,  and  Exercise  3(a)  of  Part  E, 
The  restriction  that  A  ^  B  is  needed  only  in  the  proof  of  the 
analogue  of  the  second  of  the  displayed  inclusions-    But,  since 
A  A  -  0,  this  inclusion  is  trivial  if  A  =  B, 

Alternatively,  Theorem  7-21(b)  can  be  derived  from  Theorem 
7-21{a)  and  Definition  7-12(b),  incase  A  *  B.    The  case  in  . 
which  A  -  B  is  trivial.  ] 

3.  PQ  -  P^r>        =  =  QP;     PQ  =  {P,  Q}  <s  PQ 
v  =  ,{Q»  P}  ^  QP  '=  QP 

4.  AA  =  0;  AA  =  {A}  '  1  " 


5.  No.    But,  if  AB  ~  CD  then  either  (A  =  C  and  B  =  D)  or!  _ 

'  (A  =  D  and  B  =  C>  —  in  short  {A,  B}  =  {C,  D}.    If  AB  U  CD 
V  then  .{A,  B}  -  {C,  p}  or  {A  =  B  and  C  =  D). 

6.  Yes.;   Yes.    [if  A  ^  C  and  B  =  D  then,  by  definition,  AQ  =  CD 
and  ABf  =  CD,    If,  on  the  other  iiand,  A  -  D  and  B  -  C  then  . 
AB  =  DC^  C^  and  AB  =  DC 'm  CD/] 


7 1 
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Answers  tor  Part  B  T  '  . 

Suppose  that  AB  =    CD.     If  A   -    B  then  CD  -  *AB  -  .{A}  and, 

so  C       D  v  A       B.    Henye,  foL  A       B,  ff  AB  -   CD  then  {A,  B} 

{C,   D),    Suppose,   then,  that  A  4  B.    The  existence  g  numbers 

such  as  a,  b,  c,  and  d  follows  from  Theorem   7 1(b)  W\d  the  fact 

that  {A,   B}        AB  -  *  CD  and   {c,   D}   c    CD   -   AB.    Since  0       a  .....  1 

and      1   :;  -b  .:  0  it  follows  that  -1    .     a  -  b  <    1.  Similarly, 

"  1        d  -  c        1.     By  substitution,   B  -  A       [( B  -  A)(d  -  i)]{b  -  a) 

=   (B  -  A)[(d  -  c)(b  -  a)j.    So„   since   B  -  A  *  (?,  (d  -  c){b  -  a)  '     1.  It 

follows  that   Id  -         |b  -  a  |    -    1  and,  from  facts  about  products  of 

nonnegative  numbers,   that  if    |b  -  a|   s    1   then    |d  -  c|    N   1.    But,  we 

already  know  that   -1        d  -  c    <r  1  —  that  is,  t%t   |  d  -  cj    /  1.  So, 

»  |b  -  a)   £    I  .and,   since    jb  -  a|        1,    |b:  -  a|    -    1.    [The  use  of  abso- 
lute values  may  be  avoided  by  using  properties  of  reciprocals,  ]  Since 
&       b        '  it  follows  that  if  b  -  a  -    1   then  0  <   a  +  1   <    1  —  that  is, 
~l        a    4    0.     Since  0        a        1   it  follows  that  if  b  -  a  ^    1  .then 
a       0  and  b       1.     Hence,   in  this  case,  A       C  and  B       D.  iSim^Uarly, 

.   yL*    ~  k-^.    1  then  A       D  anci   B      *Qt    Hence,  in  any  cas,e,  if 
,AB      CD  then  {A.   B }   -   {c.  D}. 

'   The  proof  of  Theorem   7-££(a).is  not  extremely  difficult  and,  since 
it  illustrates  the  notions  developed  in  Part  C  on  page  307   and  gives 
practice  in  using  inequations,   you  may  wish  to  work  through  it  in  class. 

We  assume  that  AB       CD  and  that  A  *  B.    It  follows  at  once  that 

AB  *  0  and,   so,  that  CD  *  0  and  C  4  p.    It  would  be  helpful,  now, 

if  we  could  find  numbers  like  the  a,  b,  c,  and  d  of  the  proof  of  part' 

(a).     This  is  a  little  more  difficult  here  since,  for  example,   A  4 CD, 

We  do  know,  however,  th/at  AB  C   AB.   that  CD  Q  CD  and  that  AB 

[which  is   CD]  contains  at  least  two  points.     From  the  last  it  follows 

that  AB       CD  and  so,  for  example,  that  {Cf   D}   C  AB.    So^there  are 

*   numbers  —  say,  c  and  d  —  such  that  C  -    A  +  (B  -  A)c  and 

D  ■•   A  ¥  {  B-  A)d.    [As  it  turns  out,  we  shall  not  use  the  similar  con-, 

sequence  of  the  fact  that  {A,   B}  C  CD.]    Let*  s,  concentrate .  how,  on 

locating  C.    Since   A  *  B,   AB  =   AB  w  BA  and,  since  C  €  and 

C  (CD       AB       AB  ^  BA,   either  (C  €  AB  and  C  4  3A)  or  (C  £  BA 

and  c:  4  A  B).     By  Exercise  5  of  Part  C  [page  307)  it  follows  that  * 

C  C.-BA  or  C  €  -  AB.    In  the  second  case  we  should  be  able  to  show- 

tfyat  C   _   A»    Ii  we  can  do  so. then  we  can  certainly  show  thaf  in  the 

fir^t  case   C  -■    B.    So,  we  shall  concentrate  on  the  second  case,,  and 

assume  that  C  €  -  AB,    tn  this  case  the  number  c  introduced  previously 

is  iess  than  or  equal  to  0.    Now,  in  any  event,  D  €  AB  -  AB  w  -  AB. 

Suppose  that  D  €  -AB.    [With  both  C  and  D  in  -AB  it  would  seem  that 

CD  is  outside  of  AB  —  an  impoa sibility .    We  aim    to  show  that  this  is 

the  ease, j  Since  C  €  -AB  and  Q  €  -  AB,  both  c  5  0  and  d  £  0. 
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Answers  fpr  Fart-B  [cont.] 

Consider  the  point  C  +  (D  -  C)|  whicK  certainly  belongs-to  CD.,  Since 
C  =  A  +  (B  -  A)c  and  D  -  C  =  (B  -  A){d  -  c),  this  point  is  A  +  (B  -  A) 
(c  +  — f^l.    Now«  c  Md  ■  '=   <d  +  q)/1  <    0.    So  |since  A  *  B], 

the  point  in  question  cannot  belong  to  XB.    Since  it  does  belong  to  CD, 
have  a  contradiction  and  D  4  -AB.    So,  D  £  AB  and  d   >  0.    fin  this 
case,   since  C  €  -AB,  we  should  have  C  -  ^A  or  A  €  CD.    After  check- 
ing  on  this  we  may  conclude  that  C  =   A  —  thus,  essentially,  finishing 
the  proof.  ]  "Since  C  -   A  +  (B  -  A)cf  A  =   C  +  ( B  -  A)  •  -c   =  C 
( D  "  c '■) '  c  I  d  ■    Since  c  <   0  and  d   >  0  it  follows,  that  c/(c  -d)  >  0 
and,  8  <    ~e  ^   d  -  c,  c/(c  -  d)  v  1.    So,  A  -   C  [if  c  =   0]  or      v  ' 
A  €  CD  -   AB.    Since  A  4  AB,  A  -  C.    Hence,  if  C  €  -AB  then  C  =  A. 
Similarly,   if  C  €  -BA  then  C  -   B.    Since  this  covers  all  cases  it 
follows  that      €  {A,   B}(    Similarly,   D  €  {A,   B}.    Since  C  ^  D  it 
follows  that  {A,  B}  =   {C,  D}, 


Answers  for  Part  C 
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Answers  for  Part  C  [cont.] 

I.     p1  is  a  segment;  p2  is. an  interval;   p3  is  a  ray;   p4  is  a  half-line. 

3.  P  +JQ  -  P)|  and  P  +  (Q  -  P)|;    P  +  (Q  -  P)  •  -1  and  P  +  (Q  -  P)|; 
PV  (Q  -  R)2;   P  +  (Q  -  P)3 

4.  '  Since  A  *  P  +  (Q  -  Pja  and  B  -  P  4  (Q  -  P)b,  we  have  that 

B  -  A  =  (Q  -  P)(b  -  a).  So, 

P  +  (Q  -  P)'r  =  {P  +  (Q  -  P)a]  +  (Q  -  PJ(r  - 

=  A  +       -  P)(r  -  a)  • 

[Since  a  <  b,  b  -  a      0.  J  Also, 

a  <,  t  <_  b  <==>  0  <,  r-agb-a 

/ 


LINES  IN  ^ 

V 

2.  For  each  of  the  set»s  tell  whether  you  think  it  is  a  half-line,  ray, 
interval,  or  segment. 

3.  For  each  of  the  seta,  name  its  vertex  or  its  endpoints  J  whichever  is 
appropriate! 

•  4.  Consider  the  set  pH.  This  set  appears  to  be  the  segment  A$  where 
A     P  +  <Q  -  p>i  and  B  «  P  +  iQ  -  P)j.  That  is,  it  appears  that 
{X:  3f  H  *-  x  *  i  andX     P  MQ  -  P).r)} 

{X:  J,  10  «s  .t^landX     4MB  -  Alt)}.  - 

Let's  show  that  this  is  so. 
Tfc  begin  with,  we  are  interested  in  points  P  f       -  P)r,  where 
,  S  ^  r  *  i  -  that  is,  where  0  ^  r  -  J  ^  i  This,  and  the  suggested 
choicfe  of  A  suggests  noting  that, 

  -    P  V 1Q  -  p)r     IP  f  iQ  -  P}\\  f  iQ  -  P){r  -  ' \) 

A+lQ  -  P){r  -  J). 

Since  we  have  guessed  that  B     P  +  iQ  -  P)*u  as  well  as  that 
*A     P  ♦  *Q  -  P\\t  B  -  A     (Q  -  P)h,  This  suggests  noting  that 

A  +  <Q  -  P)ir  -  \)  ~  A  V        -  P^f-p 
Combining  our  results  we  see  that 

P  f       -  P)r     4  i  (B  - 
Finally,  we  note  that  ,  ' 

— *o  ^  r-pU  1. 

2 

This  completes  the  proof  of  l*). 

Now  you^how  that,  for  a  <  b,  ' 

{X:  3,  (a  *  at  *  6  and  X  =  P  +.      -  Ai?,  . 

.    wkere  A  •-  P  *  iQ  -.  Pki  and  H  *~  P  +  tO-  PM>. 

5.  You  can  use  the  work  you  did  $pr  Exercised  to  show  that, 

f  '  '  {X:  3,..,,  X  -  P  +  (Q  T  P)X)  -  AT, 

where  A  =  iJ  +  (Q  -  P)a  and     «  P  +*  (Q  -  P){a  +  i).  Do  so. 

6.  Show  that  '  -  . 

"   ^  *  - 

where  i4  -  P  +  (Q  -  Pkj  and  fl  is  properly  chosen.  [Exercise  5 
may  suggest  a  simple  way  to  choose  B.] 
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[Since  a       b,  b  -  a   >  0.  ]   So,  for  a  <.  b, 

(a  <,  x  s  b  and  .C  -   P  +  (Q  -  P)r) 


•     (°  *  H-T  S    1  and  C      A  +  (B  -  A)~— 
o     a  b  -  a 

Hence,  the  desired  result. 

Taking  tb       a  4-  A  ,         have,  by  Exercise  4, 

*         P  HQ  -  P)r  =  A  +  (B  -  A)(r  -  a). 

o, 

Sof 


Also,  r    >  a  <=S>  r  -  a   >  0 


(r   >  a  and  C '  -   Pi  (Q  -  P>r  ) 

(r  -  a   >  0  and  C  =   A  f  (B  -  A)(r  -  a)} 
Hence,  the  desired  result,  * 
6.      Let  .B       PMQ"  P)(a  -1).    A$  in  the  preceding  exercises, 
P  +  (Q  -  P)r  -  A  MB  -  A)(a  -  r)  - 
r  <   a  a  -  r   >  0 

Hence:  » 

3x  >Q  C  '=  A  +  (B  -  A)x 
Sample  Quiz 

1.     Suppose  that  a  ^  ~6  and  that  A,   B,  and  R  are  points  such  that,  for 
sorn«  a  and  b,  R  -  A  -  aa  and  B  -  R  =  ab.    Show  that  if 
B  -  A  -  a  then  a  +  b  =   1.  • 

^.^wbiven  the  conditions  in  Exercise  I,  assume  that  B  -  A  *  a  and 
that  0  <  a  <•  i.  Which  of  the  following  ate  true  and  which  are 
false. 

'    (a)  c  AR  CRB 

(b)  RB  CAB 

(c)  RA  w  RB  =  AB  '  / 

(d)  AR  and  RB  have  the  same  sense. 

(e)  RA  and  RB  have  the  same  $e*nse. 

3#     Jn  the  directions  for  Exercise  .2,  replace  'OX  a  <   V  by  'a  <  0\ 

Now,  answer  parts  (a)  through  (e)  with  this  hew  condition. 
Key  for  Sample  Quiz  ^ 

1.  S^^se  that  J5  %A  =  a/  By  postulate  3,  ^  -  A  =  '(R  -  A)  +  (B  -  R) 
=  la  ^  3b  =  a(a  +  b),    Since  al  =  a,  it  follows  that  a  +  b  ~  1. 

2.  {a)    False.      (b)  True.        (c)   True.   *    (d)  True,        (e)  False. 

3.  (a)   False.      (b)  False.      (c)   False.      {d)  False.      (e)  True. 


7. OS  Subsets  of  Line*      3 1 1 


Parallelism 


We  have  defined  parallel  lines  as  lines  wi^i  the  same  direction. 
Intuitively  speaking,  each  nondegenerate  l^ibset  of  a  line  [that  is,  a 
subset  containing  at  Feast  two  points!  "inherits"  the  direction  of  that 
line  |  Why  'nondegenerate?].  This  suggests  that  we  agree  that,  for 
example,  parallel  rays  are  rays  which  are  subsets  of  parallel  lines  and, 
to  continue  the  example,  parallel  segments  are  segments  which  are 
subsets  of  parallel  lines.  In  general,  let  us  agree  that  a  first  set  is 
parallel  to  a  second  set  if  and  only  if  th£y  are  nondegenerate  subsets 
of  parallel  lines. 

Does  it  follow  from  this  agreement  that  two  segments' in  parallel 
lines  are  parallel?  How,  about  two  segments  in  the  same  line?  How 
about  two  rays  with  opposite  senses? 


Exercises 
Part  A 


Consider  three  noneol linear 
points  A,  Bt  and  C,  Where 
B  -  A  -  ci  ana/  C  -  B  -  b\ 
Let  D  y  ai  and  E  -  B  +  &1 
These  conditions  are  illus- 
trated in  the/ diagram  at  the? 
right.  / 


L  From  the  data  given,  it  follows  that 
(a)  Ej~  D  and  (5)  C  -  A  -  „ 

2.  Using  the  results  of  Exercise  1,  show  that  Si?is  not  parallel  to 

3.  (a)  ^.ocate  %a  point  F  on  %£  such  that      j|  S?.  How  many  such 

points  are  there? 

'    {hi  Since F*%&9F  ^  A  +  (C  -  A)fp  where 0  «  f*$  1.  Determine/: 
(^)  Express  E  -  A  in  terms  of     and  'b\ 

(d)jSince  t)f  ||       it  follows  that  F  -  D  isin  the  direction  of  

^hat  is  a  relation  between  J>£  ^nd  S^Between  f)P  and 
'  *  Between  F  -  £  and  E  -  B?  Between  F  ~  D  and  C  -  £? 


Part  B 


ERLC 


Consider  five  lines  ltf  /„  /:l> 
and  /5  which  intersect  as 
indicated  in  the  figure  at  the 
right.  Suppose  that  /,  ||  L  \\ 
and  that  a  and  c  are  linearly 
independent  translations,  as 
indicated  in  the  figure. 


A  degenerate  set  is  either  0  or  a  singleton  —  gay,  {A} ,    In  any 
case,  such  a  set  is  a  subset  of  many  lines  with  differing  directions  and, 
so,  cannot  be  thought  of  as  having,  the  direction  of  the_  line  whic£  cc*n^ 
tains  it. 

Since  we  have  reserved  the  use  of  'half-line',  *  ray\  'interval', 
and  'segment'  for  nondegenerate  sets,  we  may  speak  pf  any  two  sets, 
each  of  which  is  of  one  of  these  kinds  as  being  parallel- —  supposing 
of  course,  that  they  are  subsets  of  parallel  lines. 

Note,  however,  that  to  be  sure,  for  example,  that  AB  j  |  BA,  we 
must  make  sure  that  A  4  B.    [In  the  contrary  case,  neither  AS  nor 
BA  is  a  ray,  J 

Parts  A  and  B  illustrate  important  applications  of  our  knowledge* 
of  translations-.    All  students  should  attempt  these  exercises. 
Answers  for  Part  A  1 
i.     (a)    l\  *  t?4  •  (b)    a  +  b 

I.     If  DE  and  AC  were  parallel  then  E  -  D  and  C  -  A  would  have  the 
same  direction  and  there  would  be  a  number  —  say,  c  — .  Such  that 

a  j  +  b  j  -  (a  +  b)c  -  ac  +  be. 

Since        b*}  is  linearly  independent,  this  would  require  that  c  -  -r 

2  *  *    <  » ,  • 

and  c  ~  y*.  So,  there  is  no  such  number  as  c,  and  DE  and  AC 
are  not  parallel-  " 
3,   '  (a)    F  =   A  +  (a  +  S)a,  where  0  <  a  £  /l .    So,  F  -  D  =  a(a  -  j)  +  Sa 
while  C  -  B  -  b\    So,  f5~F  |  ^  S<?  if  and  oi}ly  if  there  is  a  num- 
ber  —  say,  c  —  such  that 

*  a(a  -  y)  +  ba  =  be/ 

Since  (a,b)  is  linearly  independent,  there  is  such  a  number  if 
and  only  if  a  -  j  -  0.    Hence,   F  "   A  +  (a  +  Sly,  v 
<b)    Since.  C  -  A    -    a  +  H,  f  j. 

(c)  F'yA  ?"a|+  by 

(d)  F,-  D  is  in  the  direction  of  S  [or:   of  BC].  ;    5f  ||  S2; 
■    Bf  ||  ^C;    [F  -  D]  '   [£  -  Bj;    [F  -  D)      [C  -  E  ] 


3UJ      LINES  IN''  -  • 

1.  Determine  h  and  v  such  that  F     C  ■+  cc  and  F     E  f  6*6, 

2.  (a)  Uxrate  the  point  M  .such  that  M  €       0  Ai^ 
(b)  Show  that  \M  -i4>2     F  -  Af, 

3.  locate- a-point  ft  such  that /f  f  an     A  and  ti  +  ta/     ZJ  for  some 
a'  and      Is  there  more  than  one  such  point?  Justify  your  answer. 

7.09  Ratios  of  Translations 

If  a  and  6  are  proper  translations  whic$i  have  the  same  direction  then 
either  is  the  product  of  the  other  by  some  unique  nonzero  real  number. 
We  .shall  call  this  real  number  the  ratio  of\the  first  translation  fo  the 
second.  It  can  be  defined  by:  * 

-  *  / 

||  Definition  7  -  13*  a  :  6     v      a     be  \{a)r--  \b)  *  [:0}\ 


■ 

Fig.  7-9 

...  ' 

Note  that  patios  are  never  0  and-  are  denned  only  for  non-0  vectors 
which  are  linearly  dependent.  What  do  you  know  about  a  and  6.  if 
a  :  %  >  0?  If  a  :  6  <  O'Mf  a  :  b  1?  Also  recall  that,  by  earlier  theo- 
rems, a  and  b  are  non-0  vectors  with  the  same  direction  if  and  only  if 
a  /  0  and  a  e  (6).  Explain. 
The  following  theorem  is  equivalent  to  Definition  7-13: 

II  Theorem  7-23   (a)  a  =  Via  :  V)  Hal .=  f£i_*  ] 
I  "  (b)  a*    6c  — *  a* :  6*  =  c*  [aV  0] 

Corollary   (a)  a* :  6*  ■=  a/£  — *  a*  «  Ta  (fa)     (6*]  *  {"bl, 

6^0] 

(b)  ai{  =  6a  — »  a  ;  6*  =  a/6,  [a  *  0,  6^  0] 

[The  corollary  follows  from  the  theorem  and  the  fact  that,  for  6^0, 
ab^  ba  if  and  only  if  p.    btajb)4  *>  -  -- 


Exercises  '  \ 
Part  A 

. .  1*  Consider  the  translations 

jx,  q,  and  ^pictured  at  the 
right,  where  ~q  -  p%  and 
r  =-  p    —3.  Compute: 
(a)  p  :  9         (b)  V  •  P 
<d)  r  :  p         (e)  q  :  r* 


(f)  r  :  9 


/ 
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Answers  for  Part  B        ^    \  *  #      *  „ 

1.  (B  -  C)  +  ("E  -  B)  +  (F  -  E)  t  ('C  -  F)  <=  3;    (A  -  B)  +  (D  -  A) 
.  +  <E  -  D)  +  (B  -  E)  =  3,    So,  - 

a2  +  c  j  +  j?b  +  c  •  -c   -  Cf  and  a  +  c  +  S+  c«-|-=3, 

From  the  latter  it  follow^  that  b  ~        -i  +  c  7  and,  substituting 

into  the'former  and  collecting  terms  yields: 

Since  (a,c)  is  linearly  independent  it  follows  that  b  =  »Z  and 
•'  '         S  '  •• 

2,  M  -   B  +1  cm  =  A  +{c  +  l?(b  +  l)]n,  for  some  m  and  n,  where,  as 

,     determined*in  Exercise   1,  b  ■=  2,    Since  A  -'B  =  a,  it  foliows^that 

a  +  c(n  -  m)  +  b*{3n)^  (5 


and,  since  6*  -  ^'-1  +  ck.1 


X 


I 

a(l  -  3n)>  c{n  -  m  t,^)  ^=  3, 

1  5 

Since  (a,  c)  is  linearly  independent,  n  -  ^>  and  m    •  g-.    So.  ' 

M  -   B  +  c "•  jr.  ^  /« 

3.     A  -  aa  -  D  -  Sd;  aa  -  5d  +  c  =  (J;  aa  +  c      5  •  -d  +  c       a  =  -d, 
v   d  =  2;   BJ,      A  +  a.  -I  "=  D  +  S*  Z#  v  ^ 

Because  of  the  linear  independence^  Of  (a,  c)  there  is  no  ottier 
solution,.  Alternatively,  because  c  ^  0,  A  #  D»5nd  l^-so, 
^  there  is' no  more  than  one  point  commbn  to  i4  and  ig.  ^ 

In  introducing  the  ratio  of  proper  translations  with  a  common    *' .  .3 
direction  we  are -approaihing  the  notion  of  distance.    Intuitively,  each" 
translation  moves  all  points  the  same  distance,  and  the  rati*  of  two 
proper  translations  in  the  same  direction  is  the  quotient  of  the  respec- 
tive distances,  with  due  regafd  to  the  sense's  of  the  translations,  *  [This 
quotient  is,  of  course,  independent  of  the  choice  of  unit  for  measuring 
distance.  ]  The  notion  of  distance  in  $  will  b©  introduced  formally  "only 
in  volume  2,  and  it  is  not  until  then  that  we  shall  be  ajsle  tP  Compaq 
the  distances  through  which  points  #ar^e  moved  by  translations  in  differ- 
ent directions  "or,  for  that  matter,  to  deal  fprmally  with  distances     '  • 
between  points.    Until  then,  squares  are  indistinguishable  from  other 
rectangles  and,  in  fact,  rectangles  are*not>distingiiishable  frota  other  T 

parallelograms.  %  *  , 

.  .  *  *  ■' 

*  As  has  been  pointed  put  in  the  commentary  for  page  18,0  [TC  180{i,  Z)\  , 

the  notion  of  the  ratio  of  two  lengths  is  both  logically  and  psychologically^ 
prior  to  thet  notion  of  computing  such  a  ratio  as  the  quotient  of  the  '  v 

measures  of  the  lengths  with  respect  to  an  arbitrary  unit  length.,  So  it 
is  far  from  unreasonable  to  deal  with  ratios^brtranslSions  before  intro- 
ducing the  notion  of  distance.  ^To  say  trfet  a  ;b-  =  —  Z  is  to  £ay  that  a  < 
moves  points }tWice  as  far  as  b  does*  but  ilk  the  opposite  sensev  Recog- 
nition that  one  wall  of  a  room  is  twice  as  far,  away  from  one,  to'one's 
left,  as  the  opposite  wall  is,  to  one's  right,  does  not  require  a  prior" 
knowledge  of  yardsticks  or  of  their  use  in  assigning  measures  to, lengths*,  ' t 


>2 


ti 
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Since  ft  is  a  vector  space  in  which  all  nonzero  vectors  have  the  ' 

name  direction,  the  theory  of  ratios  of  real  numbers  is  a  special  case 

of  the  theory  developed#>n  this  section.     For  this,  ,see  the  Background 

Topic  on  page  5  !c) .  . 

*■*  -*  *  -  * 

If  a  :  b    »  0  then  a  and  b  have_^the  same  sense.     If  a;b  x  OXthen 

a  and  b  have  opposite  senses.    If  a*:  h  ■--    1   then  a       b\  n 

#        -  "  .         ^s    *  -*  *  ■      -   \  - 

If  a  and  b'-art'  non-0  vector  with  (a|   •    [b]  then,   s  inct\  a  €  \a  1, 

a  €  [b  ]  and,  of  course,  a.  #  3.  On  the  other  hand,  suppose  that  a  ^  0 
and  that  a  e  (  b  j#  ^  From  the  latter,  a  ba  where,  since  a  4  6,  S  A  (J 
and  a  *  0.  'So,  b  a  >  /a  £  {  a  ],  Since  a  €  [  b  ]  and  b  e  { a  J,  [  a  ]  r,  [V>  J  and 
[b]       [a),    Hence,   if    S- *  0  and'a€[C]  then  a  *  3  *  E  and  [  a  ]  ^  [\K  ]. 

In  view  of  the  result  just  established,  the  restriction  on  Definition 
7-1?  may  be  replaced  by  '  (5  *  a  e  [  b*  J'. ,     [See  proof,  below,  -for  Theorc4 
7-Z3(b)t).  . 

P  r  u  o  f  j>  f  T  h  e  o  r  en }   7  -  Z  5  ( a ) .  #  Hy 'Definition  7-1S,  for  la)   1  [S] 
*   {0},   if  a:H  "   a:K  then  a       b(a:b).    So,   a       6(a:l>).    [Qn  the  other 
hand^ 'assuming  that 'a  :  b   -  c  it  ,fqllows  by  Theorem  7-^i(a)  that 
a    ■*  be#    So,   Theorem   7-1  5(a)  might  serve  as  a  substitute  f6r  the 
if-part  of,  the  definition.  j       '    .  \ 

Proo^of  rheorem^  7- '  5(fr).    Suppose  that',  a  ■=    be.    Then,  by  defini- 
tion and,   for  a  ^  S%  [a  J  -    [  t>  J  4  {6}%    So,  by  Definition  7-44, 
a:b  =    c.   Jfience^  for  a  *  0,   if^a       be  then  a:b   -  c.    [On  the  other 
hand,   if  [  a  |  v   [K]  it  {(5)  then  a  #  tf.  .  So,  'Theorem  7-23(b)  might 
serve  as  a  substitute  for  the  only  if-part  of  the  definition.  ] 

Proof  of  Corollary. _  (a)   If  a  :  £      a/b  'then,  by  the  theorem  [or  the 
definition],  for  [a]       [b^]  £  {6}\  "a       S(a/b)  and,  for  b  *  0,  ab  -  Sa. 

,  ' 

(h)    If  ab  ^    ba  then,  for  b  ^  0,   a  *   5(a/jbj  and,  by  the  theorem, 
for  a  ^  3,  a  :b  '    a/b,  '  -  „  •  1 

To  be  sure  that  students  understand  .Definition  7*- 13,  we  recom-  |N. 
mend  that  you  discuss  Part  A  in  ehiss;     Parts   R  and  C  make  a' 
reasonable  homework  assignment.  1  Part   D  lends  itself  to  an  in-class 
'-activity.     Parts   E  and   F  are  important  and  should  be  considered  by 
each  student,   followed  *by  a  class  disoujssion  in  which  the   '  * geomet  ric^ ' 
implications  are  Emphasized*  f  r 

Answers  for  Part  A  * 


I.      (a)    1/2        {b)4Z^    '  (c)    -1-/3.,.  id)    -3  ,     <e)    -l/l        (f)-  -> 
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2.  Here  are  some  sentences  about  non-0*  translations.  For  each  sen- 
tence, dfaw  an  appropriate  figure  and  write  an  equivajent  sentence 
about  ratios  of  translations.  IWfoeh  possible,  draw  figures  so  that 
not  ail  points  are  coilinpar.  | 

<a)  Hi  '-  A\3     </>  -  <^)2  s      (b)  (R  -  S)2-«  \P  -  Q)3 
ic)  iM  -  A>2  -  1 1 4  -  M\3        idi  (A  -  L)'S  -  \L  -  Af>2 
•    (e)  (A/  -A'>2     iM  -  £)3         (f)  (M  -  A')2  -  a  -  M)  ■  -3 
Stg)  t<V/  -  A')  ■  -2;  •  i /.  -  M)3    (h)  IM  -  A>3     (L  -  M)  ■  r-2 
(i).  A/     A     (/..-"  A)  •  -2       (j)  M  -  A     tL  -  M)  ■  -1 

•   '  1AVL] 
<k>  M  -  A     (/.  <-  P)  ■  -1        <<)  W  -  K    L  -  M 

3.  Here  is  a  picture  of  a  line  RS.  As  indicated  in  the  picture,  E  -  S 
-  <>'  -  R^t  P  -  X  -  <S  -  R)  ■  -1,  and  (;  -  F     kS  -  R)  ■  -|. 




cs  ■  m-   -  (s,  «?> 


(S  «); 


Complete  these  senteilces.  ^ 

(a)  E  -  R     \S  -  So,  iE  -  R)  :  iS  -  R)  _ 

(b)  tf1  -  /?)  :  <(;  -       ,  So,  F  -  W  -  (G  - 

(c)  if  -  'Si  :  i£  -  <S>  -  -^L.  '  " 

<d)  *G  -  *S>  !  t/i  -  U)'rr^„  \  .        .  i 

*    4.  Suppose  that  P  and  Q  are  two  points  of  aUine  /,  that  4  -  Q  -  Z5, 
f  and   that  A/  £f   and   C  are  points  such  that  A.i?'P'+q3f 

B     P  +  c/  —  lf  andr     P  +  x  * 

'   (a)  I3raw  an  appropriate  picture  &r  thjesp  conditions, 

(b)  Express  each  of  the  translations  B  -ftl.C  -  4wandC  *  Basa 
linear  combination  of  <-/.  >  " 

(c)  Compute  these  ratios:  * 
t  •  UMfi  -  4)  :  (C  -  A)  .        (ii)  (C  -  4)  :  (C  -.fl)  , 

"     ^jiil)  (C  -  B)^ :      -  A)         (iv)  iC  -  fi)5  :  (fl  -  A)&  " 
.5.  (a)  uivfen,  foj  a  ^'0*  Chat  a  -  6^  what  is  a  :  61?.  What  is  6* :  ^ 
What  is  a5  :  - 
0>>  *live»,  for^  0,  that,/>3  -  q2,  what  is//  :  ^?  What  is  ^2  :  tyS? 
,    What  is  p"-  -2  :V3?  •   *  • 


Part  B 


'■■V 


Suppose  that  a  and  jf&re  proper  ^anslations  with  the  3aine  direction 
^pnd  that  a*         e.     '  a         ■  . 

*  *  ■ 

fl." (a)  taking  use  of  Definition  7  ^  13,  express  a  as  a  linear  combina- 
tion of  b. 

ibl  Now,  using  Theorem  7-23(a),.expressFa  as  a  linear  combina-  % 


Answers  for  Part  A  [cont.j 

z.  (a)      q      ;  ls 


s 


0 


3, 
4. 


K  M 

(a)    5/Z;  5/2' 

(a)        .  . 


P 

H 


M 


M 


(b) 

•(c) 

(d) 
.(«) 

(0 

(8) 
(h) 

L         K  M 

(j )  [impossible] 

(k)     K  M 


M 


M 


(R  -  S):(P  -  Q)  =  j 


(R     S):(P  p-  Q)  -  4 


{M  -  K>:  (L  -  M) 
(K  -  L):(L  -  M)t  = 
(M  -  K)  :(M  -  L)  * 
(M  -  K)  :  ( L  -  M)  v 
<M  K)  :(L  -  M)  ~ 
(M  -  K) :  (L  -  M)  -- 
(M  -  K) :  {L,  -  K)  = 


-I 


(M  -  K):(L  -  P)  =  -1 


(M  -  K)  :  (L  -  M)  =  1 


(b)   4/3  -.  4/3 


(c)  -4/3 


(d) 


e 

(b)  B  -  A 

(c)  (i)  8/3 


3» 


=  q  ■  -4;     C  -  A  .=  q ,.  -  j;     C,  -  B  •="  q  ■  j 


•11/17 
 1  ' 


.  (iii)  -5/8 


(iv)  -5/8 


5.    :  (aj    7/2;  '2/7;  35/6 
w(b)    2/3;     4/9;  -4/9 
Answers  for  Part  B 


tion  of  b. 


ERIC 


70^ 


1. '   (a)    a  *  be 
a 


'(b),  a  =  S(a:S) 
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2.  (a)  Since  a  is  a  linear  combination  of  b\  so  is  a3.  Making  use  of 

Theorem  7 -23(a),  express  a3  as  a  linear  combination  of  6. 
(b)  Complete:  a3  k:  6*     {a  :  fcL... • 

(©)  Complete  these  sentences.  Be  prepared  to  justify  your  answers, 

li>  tdl)  ;  b     la  :  V)  ;      ■'  (ii)  (a  -  -4)  :  V  «  (it  ;  "fl 

(iii)  (a  •  -  J>  :  6*  -  (a  :  6*>          Uv)  a:  (7T--2)  -  (a^  ftV_» 

3.  la)  Sincere  is  a  linear  combination  of  b  then  a  is  a  linear  combina- 

tion of  bb.  In  paHi.eular,  a  -  Ua  .V)  -  :  &>£].  So, 

a  :  <Ao>     <a  :  6*)  | Complete.) 

(b)  Complete  these  sentences.  Be  prepared  to  justify  your  answers. 

'■(Da:  (6*12)     ia  :  &V_        (ii)  a  :       -3)  -  (a  :  fe*)  

(iii)  a  :  i6i» (a  :  6*),  :        <iv)  a  :  i  f)  •  -J)  -  ("a*  6*)__ 

4.  (a)  The  results  in  B#cercise  2  suggest  that,  for  a  #  0,  (oc)  :  6 

 ,  [Complete,  I 

(b)  The  resuita  in  Exercise  3  suggest  that,  for  6  ^  0,  a  :  (66) 

  |  Complete,  | 

(c)  Make  use  of  the  generalizations  in  (a)  and  (b)  to  compute,  for 
0*0*6,  the  ratio  {aa)  :  (66)  in  terms'of  the  ratio  a  :  6. 

PartC 

1.  The  following  theorem  is  suggested  by*the  exercises  of  Part  B: 

I theorem  7-24    (aa)  :  (bh  -  {a  :  V)ia/b) 
[[a]  =  [b]  *  {Q},  a  *  0  *  6] 

Supply  the  ofetails  of  the  following  proof  of  Theorem  7-24: 
Suppose  that  [ol  ■=  [6f  *  {6)  and  a     0     6.  It  follows  that  [aal 

-  1661  *  (o).  So,  by  definition,  (aa)  :  (66)  -  (a  :V){aib)  if  land 
only  if). 

•    *  *  >aa  =  (Sbmio:  6Xa/6)j. 

But.  (66)|la' :  #(a/6)j  -  f?66Xa/6)](a  ;  6)  -  (i>a)(d  :  M 

-  [6(a*:  6*) la,  =  aa. 

2.  Prove:  .  /•' 

ITheorerri  7-25  ,(aa  +  66)  :  c*  =  (a  ':  cla  +  (6* :  c^6 
IN  =•  lB  =  [c]  *  {€},  ~aa  +tb  ^"OJ 

Part  D 

Prove  each  of  the  following  theorems. 
'     1:  a':  a  =1  {a*#  o'|  ■„.*•' 

2.  (a* :  6)(6* :  cj  -  a  ;  "c   EkTj  »  [&1  =  [cj  #  {If}]  [Theorem  7-26] 

3.  *T :  "a  »  /jo  /6*)  [fol  *  {6*[>^}1  |tfm£  Use  Exercises  1  and  2.] 

4.  a  :  "6* »  r* :         a  :  c*  -  6* :  ^  [[a)  =  [7T|  =  {c?  «  0)  ^  *{6)  ]  » 
[//irtfc  Use  two  instances  of  Exercise  2.]  * 

Part  E  »  .  J\ 

Suppose  ihat^pi,  B,  C}  is  non-  ^\  \ 

coilinear,  Z>€  Afi  ^nd  D  *      antf  \    '  \ 
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Answers  for  Part  B  [con\,] 

* 

2.     (a)    a3  -  (S(aYS))J  =  S(i(a:b}} 

(b)  3 

(c)  (i)    7         .        (ii)    -4  HU)    ^1/3       \         (iv)  (-1/Z) 


3.  (a)  (lA) 

ib)    (i)    (1/12)  (ii)  (-1A)  (iii)    5  (iv)'  (-7) 

4,  (a)    (a:b)a  ,     (b)  (a*:t*)../b 
(c)    (aa);(bb)  =  (a:E)(a/b) 

Answers  for  Part  C  . 

1.      In  any^case,   sincu  aa€  [a],   [aa  ]  C.   [a].     For  a  ^  0, 

a  -  laa)^/a  £  [aa  ].    So,  for  a  *  0,  [aa]  --  [a],    [Sin^larly,  for 
b  ^  0,   [bb  ]  -  *[b  ].  ]    The  last  line  of  the  proof  can  be  justified  by 
referring  to  Postulate  4e  {page    191]  and  properties  of  real 
numbers. 

I.    '  For^  aa  +  bb^jS  it  follow^ by  Theorern  7-23(^)  that*(aa  +  bb)  :c 
-  (a  :  c)a  +  {b  :  c)b^if  -Sa^+  bb   -  c[(a  :  c  )a  +  (b  :  c  )Jb.    By  Postulates 
4^  and  4B,  cf(a  :  c  )a  +  (b  :  c)b  J  -  [c(a  :  c)]a  +  [c(b  :  c)b].    By  Theorem 
7-«la)-Vf*rJaJ^  I?]  ^{0)..c(»:c)  5  a  and,  for  fc>  [S] 
^I0)f  cjb:c)-  b.    So,  c[(a  ;  c)a  +  {b  •  c)b]  =   aa  +  Sb.    Hence,  for 
s  "  1  "  ,lb  )  r  [c  ]      {0}  and  aa  +  bb  *  0,  (aa  +  b'b);c'=  (a^:?)a 


>  (b:c)b. 


[Theorems   7-24  and  7-25  are,  of  course,  analogous  of  real 
number  theorems  which  are  us'ed  to  justify  the  usual  algorithms 
for  "multiplying  and  adding  .fractions* \  } 

Anjswers  for  Part  D 

1.  Since  a  =  al  it  follows,  by  Theorem  7-23(b),  that,  for  a  #  ~5, 

a  :  a  =    I . 

2.  c[<a:b)(b;?)l  ,  [?Js?)](SsS)  ,  e<S:'S)  ,  Z,  for  [$]  =  [c]  4 
and  [a  ]^  [  b J  ^  {0}  ,  by  Theorem  7 -23(a).  .So,  for  a  4  0, 
a:c^=  {af6)<ti:c)f  by  Theorem  ,7 -23(b).    [Since  [3]-  {3},  a  #  U 
if  [a  ]  4  {0}.  ] 

*  *     '  _ 

3.  By  Exercises  1   and  2,  (a  :S)(b:a)^   1  lor  [a]  =   [S]  *  {5}. 

Hence  [under  this  restriction^,  E  :  a  =  /(a: S),    [It  is  a  real 
number  theorem  that  if  ab  =   1  then  b  =  /a.  ]  *  1 

4.  By  ^Exercise  2,  (a  :        :  ? )  =  a  :  c  ancl  (^:c)(c:3)  =  E:3#  H^nce, 
if  at  b  =  c  :  d  then  a  :  c  =  b  :  d.    [The  converse  is  the  in  stance  oi 
this  obtained  by  interchanging  'b*'   and  'c*. 
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1.  (a)  Show  that  D  -  A  €  IB  -  A\ and  D  -  A  *  6! 

(b)  It  follow^  from  (a)  and  Definition  7-13  that  there  exists  a  real 
number  x  such  that  <£>  -  A)    iB  -  A)     x.  Assume  that 

A)  :  tfl  -  A)     d  and  iE  -  A)  :  \C  -  4)  -  <?.'  ' 

Kxpresa  C  -  ft  and  £  -  D  in  iprms  of  V  -  .4 '.and//?  -  4\ 

(c)  (Complete:  D&  \\       if  and  only  if  there  exists  a  real  number  x 
such  that  E  -  D  -  

(    (d)  Show  that  E  ±  [)     tC  -  flic  if  and  only  if*.  -  r  -  d. 

*  <e)  Draw  a  inclusion  concerning  />#        and  the  patios  intro- 

duced in  part  ib>:  f 
(f )  Complete:  2>*f  ||       —  iff  -  /;j  :  <c.  _  B)  =  (jD  _  _ 
.  2.  Suppose  that  t)f<  H  fetf.  V  * 

(a)  U>t  /  be  a  line  through  4.  other  than  A8*  which  intersects^5 
at  a  point  P  and  hi?  tft  6  point  Q.  Show  that  (Q  -  D)  :  iE  -  D) k 

-  <P  -       :  (C  -  £>.  (//in/:  What 'does  the  generalisation 
,  pro\**i  in  Exercise  1(f)  tell  you  about  Q  -  D  and  P  -  B?\ 

(b)  Show  that  if  P     B  +  lC  -  £)/  and  Q  -  D  +       -  Z»*  then 
x  M,  P,Q)  iscollinear. 

Part  F« 

1.  (a)  Picture  a  segment  2l/2  and,  if  possible,  locate  a  point  M  such 

that  %l  -  A  -  B  -  M 
(b)  Is  there  more  than  one  point  such  as  Ai?  * 

2.  If  Ai^,  and  B  are  points  such  that  M  -  A  ^  B  -  M  then  {A/,  4, 5} 
i*  collinear  I  Why?),  So,  assuming.. that  A  *  B,  M  e  AB.  It  follows 

4    that  there  is  a  number -say,  p  -  such  that  M  =  A  +  iB A)p. 
Find  all  values  of  '//  such  that  M  -  A     B  -  M,  [Hint:  Express 
■  M  -  B  in  terms  of  'A\  'B\  and  p\| 

* 

I Definition  7-14    M  is  the  midpoint  of  *AJB~+  M     4  1 
=  B  -  M. 

|>Theprem  7-27   The  midpoint  of  A$  -  A  +  (B  -  jf)f 

3.  Exercise  2  contains  the  proof  of  Theorem  7-27  in  case  A  *  B. 
Discuss  the  case  A  B. 

4.  (riven  that  1<L  and  bf?  are  parallel,  that- (a*  6*)  is  linearly  inde- 

•  "  pendent,  and  that  (G  -  H)  :  {L         ^  3,  as  shown  in  the  dia- 
■    gram  below. 
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Answers  for  Part  £  * 

1 .     (a)    By  definition,  D  €  A3  if  and  only  if  D  -  A  €  [B  -3  A],  And 
D  -  A  ^  5  if  and  only  if  D  #  A.    So,  by  asJljmption, 
D  -  A  £  [B  -  A]  and  D  -  A  *  (J, 

(b)  ^C  -  B  -  (C  *  A)  -  (B  -  A); 

E  -  D  =  (E  -  A)  -  (D  -  A)  -   (C  -  A)e  -  (B  -  A)d 

(c)  (C  -  B)x 

#(d)    »E  -  D  -  *(C  -  B)c  if-and  only  if 

,  (C  -  A)c  -  (B  -  A)d  -   ({C  -  A)  -  (B  -  A)jc 

%       ■  =  <C  -  A)c  -  (B  -  Ak 

.Since  -{A,   B,  C)   is  noncoilinear ,  (C  -  A,   B  -  A)  is  linearly 
.     independent.    So,JC  -  A)e  -  (B  -  A)d  ■-■  (C  -  A)c  -  (B  -  A)c  if 
and  only  if  e  =   c  and  d       c,.    Hence,   E  -  D %'  (C*-  B)c  if  and 
only  if  e   *-  &  -  d. 

.  (e)    By  part  (d)athere  exists  a  real  number  x  suehthat 

s  E  -  D  -   {C  -  B)x  if  and  only  if  e  ^  d.    Sof  by  part  (c) 

DE  ||  BC  if  and  "only  if  (E  -  A) :  (C  -  A)  =   (D%-  A)  :  (B  -  A).  : 

(f)    (D  -  A):(B  -  A)* 

L.      (a)    We  can  apply  the  result  of  Exercise   1(f)  with  '  P'   for  4  C  and 
'Q1   for  'E\    So,  (Q  -  D):(P  -  B)  =  (D  -  A);{B  -  A).    So,  by 
Exercise*  1(f),  itself,  (Q  -  D) :  <  P  -  B)  =  (E  -  D):{C  -  B). 
Hence,  by  Exercise  4  of  Part  D,  (Q  -  D)  :  <E  -  D)  -  . 
(P  -  Bl:{C     B),  '  - 

(b)    Suppose  that  P  =  B  +  {C  -  £)t  and  Q  "  O  >  (E  -  D)t,  It 

follows  that  P  -  A  =  (B  -  A)  +  (C  -  B)t  and  Q  -  A  =  (D  -  A) 
|   +  (E  -  D}t.    By  Exercise -1(f),   E  -  D  and  D  -  A  are  multiples 
of  C  -  B  and  B  *  A,   respectively,  by  the  same  real  number. 
So,  Q  -  A  is  the  product  of  P  -»^A  by  this  same  number. 
*  Hence,   (P  -  A,   Q  -  A)  is  linearly  dependent,  and  {A,    P,  Q} 
is  collinear. 

Answers  for  Part  T 

I.  (a) 


Xh)  No. 

*  ■  -  > 

Z.    ,  If  M  -  A  "  B  -  M  then  (A  -  M)l  +  (B  -  M)l  =  '6.    So,  (A     M,  ' 

^  -  M)  is  linearly  dependent  and  {M,  A,  B}  is  collinear.  Suppose 
that  M  ^  A  A)p.  it  follows  that  M  -  B  =  (A  -  BT  +"  (B  -  AJp 

=  (B  -  A){p  -  1),  gince  M  -  A  =  (B  -  A)p  and  B  -  M  =  (B  -  A)(I  -  p) 
it  followsnhat  M-A  =  B  -  M  if  and  only  if  p  =  l/Z. 

3.     M  -  A  =  ^  -  M  if  and  only  if  M  =  A.    Also,  A  =  A  +  (A  -  A)j. 


So,  by  Definition  7-14,  the  midpoint  of  A  A  is  A;  and  Theorem 
7-Z7  holds  in  case  B  -  A. 
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(a)  I*t  M  and  N  be  the  midpoints  of //A*  and  id,  respectively.  Ex- 
press the  translation     -  Mas  a  linear  combination  of  a  and  V. 

(b)  Show  that       is  parallel  to  X'Z. 

(c)  What  is  <iV  -  M)  :\L-  K$\N  -  A#>  :  |  G  -  H)? 

•(d)  Determine 'whether  the  midpoints  of'Xx,  MA^,  and       are  or 
are  not  collinear. 


7.10  Chapter  Summary 


Vocabulary  Summary 


collinear  line, 

half-line  v  ray 

interval  segment 

direction  a  sense 

of  a  vector  of  a  vector 

of  a  line  of  a  half-line,  or:  a  ray 

vertex  endpoints 

of  a  half-Iintv  or:  a  ray  of  an  interval,  or:  a  segment 

midpoint  ratio 

parallel  m                  skew  v 


Definitions 


7-1.    {A  B,  C\  is  collinear  if  and  only  if  (S  -  A,  C  ^A)  is  linearly 
dependent. 

7-2.    /  is  a  line  if  and  only  if  (a)  /  is  a  subset  of  6'  which  contains  at 

least  two  points,  and  (h)  VVVV  [{ {X,  Y\  Q  I  and  X  *  Y)  — ►  Vz 

\Z  el  *-*  {X,  Y,  Z)  is  collinear]) 
7-3.    X&  =  {X:  \X  -  -A  4  (ii  -  A)x)  |  -  {X:  X  -  A*[B  -  A\}] 
7-4.    [/]  -s  {V  3V3Z  (V c/  and  Zc/  and  x  -  Z  -  7)}  [Read  Vf  as  'the 

direction  of  l\  A^o,  read  1aV  as  'the  direction  of  arrow  a.] 
7-5.    (a)  A\a\  -  {X:  X  r  A«|aT} 

(b)  AT/I  -  {X:  X*-  Ac[/]} 
7*-6.    /1|  m  if  and  only  if  \f\  -  [roj.  .  \ 
7-7.    For  ^  C  *\  >  t  ~a  =  {X:  3V  < V  e  W  and  X  -  V  +  a) } . 
7«&   yCy  =  (iTV*  0  and  J,  ,0    -aV)  {Read  'tWK  as  'the  sense  of 

«.i  _ 
7«0.  ^)  Af«V  »  fX:X  -  /I  €  fa>  J * 

(b)xAB*  s=  A{B  -  Aj*  [Read  AJ3*  as  'arrow  AB';  when  A  *  B% 
it  improper  to  read  VQfto  ^half-line  ABM 

7-10.  (a)  AfcV  -  {A} "UAfo)*  ■ 
(b)  *AB~  t{A)  U  Atf 

7-11.  (a)  -AtdV  =  AKal*  .  .  .  ■ 


(b)  -Af^t  «-A[~a)* 
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Answers  for  Part  F  [cont.] 


4.     (a)    M      H  +  "ay.    Since  L      H  +  (at  S)  and  C  -  L  =  i)3  «  (a  f  b), 
N  -   H  +  (a  +  S)  +  (b*Z  -  a)~  ~  H  t        +  bZ.    So,1  N  -  M  -  Sz. 

(b)  {N  -  M]  -  [b2]  ,    [5]      [L  -  K],  .So,  KL-  • 

(c)  ,{N  -  M):(L  -  K)  =   (bZ):S      2;    (N  -  M) :  (G  ~  H)  =  (S2):(S3) 

.  1 

(d)  The  midpoints  are  A,   B.  and  C,  where  A  =  K  +  by, 

B  -   M  +  S,  and  C  =   H  +  Sj.    So,   B  -  A  *  (M  -  K)  +  Sj 
=   a.-jf  b*  j  and  C  -  A  -   ( H  -  K)  +  b  =   a  .  - 1  +  S,  Hence, 
C  -  A  -   (B  •  A}2  and,  in  particular,  (B  -  A,  C  -  A)  is 
linearly  dependent  and  {A,1  B,   C}   is  collinear. 


v 


s 

* 
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* 

7-12.  (a)  AB     AB  n  BA  / 

(b)  All     \A.B)  U  AB 
■  7-13.  a  :  6     c  — *  a     he \\a\  -  \b)  *  \ti)\  I 
7-14.  A/  is  the  midpoint  of  Ai?  «— *  M  -        B  -  M  \ 
Other  Theorems 

7-1.    For  4  4-  B,  AB  is  the  line  which  contains  A  and  B. 
Corollary,  There  is  one  and  only  one  line  which  contains  two  given 
points. 

Corollary.  Two  points  are  contained  in  at  most  one  line. 
{  Corollary.  Two  lines  have  at  most  one  point  in  common 

7  2,  \\C.  D)  C  Xli  and  C  *  DT—  Xg^W 
7-3?  iM.  B\  C  /  and  A  *  B)  [/]  -•■  [B  -  4| 
7-4.    (Ac/  and  «*c|/|)  —  A  + 

7-5.    (a)  Kor  a  *  ()'.  A\a\  us  the  line  through  A  in  the  direction  of  a. 

(b)  A|~/|  is  the  line  through  A  in  the  direction  of  I. 
Corollary.  4  e  I*—  /  ■•  \ 
7-6.    There  is  one  and  only  one  line  through  a  given  point  and 

parallel  to  a  ^iven  line. 

7"7-    <«>  '  HZ'  (b)  l\\m  —*m\\l 

■    (c)  1/  j|  m  and  m  II  n)  — •  / 1|  n 

7-8.    A  translation  maps  any  lino  onto  a  parallel  line. 
7-9.    Y  f  a      {Aj  X  -  at       U  c  f<  | 
7-10.  fl0/f  +  «  -  r<4  +  a»|/1 

7-n.  £'|B'-Cj  n  firiT-cl  -  {.4  +  is  -  O} 

HAS,  C}  noneollinear) 

7-12.  Dm  n  m  *  0  — *  Dim]  n  /  *  0  (/  n  m  *  <z\ 

7-13,  (a)  laV   -  (jc:  3,  „*'  •■  ax}  la*/  61 

(b>  io*r  ■..  0 

7-14.  Ui*|  -  faV  U  {0*}  U  [-a)' 

7-15.  4  +  f/J  -  A)a  -  A  +  (B  -  A)6*-»a  -  6  \A  /  B] 

7-16.  (a)  AB     {X:  3,  ,0  X  --  A  +  (B  -  A)x)  [A  *  B\ 

1  ■  <b>  A«  ■-■  l^3f  .1  x    A  +  {R  ~  A)x^ 

*-17.  C  €  AB  —»  (AC         and  ^C*  -  W) 
7-18.  Afl     W  —  4  ~J  C 
Corollary.  Afi  -  CD  — *  \B  -AY  *  ID  -  CJ* 
7-i9.  At    CD  — *A  d[il#fl|V 
Corollary.  v4fi'  n  at) ?B  ~  AY  =  ID  -  C]' 
7-20.  B*  =  ^U^'  *  A  . 

7-21.  (a)  AS  *  (X:  3,  (0  <  *  <  1  and  X  =  A  +  (B  -  A)x)}  ^ 

(  ^4  jt 

•     (b)  A/?  -  {X:  3X  (0  «  x  «"  1  and  A"*=  A  -Mfl  -  A)*)} 
7-22.  (a)  <4fi  =  CD  —  U,  fi}  »  {C,  D}  {A  *  B] 
(b)  M  ,  U,D}  =  {C,  D}* 
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7-23.  (a)  a  -  feja  :  fe')       =  |  b)  >  {6} ) 

'  (b)  a  --  be  — *  a* :  0'  =  c  fa  **  6]  / 
Corollary,  (a)  a  :  T  ;  a}b  -—■  ab     Ta  \\a)  =  [6*1  >  {0*},  6  /  0] 

.  '      (b)  a6  -      «—  a  :  6*  -  a/6  loV  6*  o  1*  01 
7-24.  (aa)  :  (6*6)  --  (a*  :.6)la/6Mlal  »  16*)  /  {0*},  a  ^ik^  6| 
7-25.  Caa  +  6o).:_c*-  (a  :  cla  + (6* :  c*6  [fa*]  -  1$  --^1  ^ 
y  aa  +  "6*6  *  0'| 

7-26.  fa  :  6M6* :  cl  -  6* :  c*Ha1  =  \t)  -  \c\  #  {6*}  1 
7-27.  The  midpoint  of  S3  -t-  A  f  .(S  -  A% 

Other  Rules  of  Logic 

inot  p  and  o)  — *  >",•___,  \ 
t  not  r  and  c/  )  ^1?^  2851 

p       (p  and  c/)    (p  or  q)  — *  ^    (p  or  q)       (p  and  9)  ^age  U^J 

Chapter  Test  \y; 

1.  Suppose  that  /I  f  B  and  that  C  =  i4  +  (B  -  A)5  and  \D  =  i4 
+  (B  -  A)  ■  -1.  :  '  \ 

(a)  Makea/sketch  of  this  situation.  ^ 

^b)  Let  P  =  C  4-  (Z?  -  e>4.  Find  p  fiiich  that  P  =  A  +  (5  -  A)p. 

(c)  -Let  Q  -  ^  +  (fi  -  i4)2.  Find  q  such  that  Q  =  C  +  (Z)  -  C)g, 

(d)  Give  an  argument  to  sjiow  that  P,  Qf.Cf  and  D  are  collinear. 

2.  Suppose  that  K  V  L  and  that  #A/  =     <f  (L  -  KU  and  N  =  K 
t  (L  -  X)2.  Determine  the  ratio  L  -  K  :  N  -  M-  ' 

$.  Recall  that  Pe  AS  if  and  only  ifP  -  A  +  (B  -  A)p,  for  some  p.  De- 
termine all  values  for  'p'  such  that:       *  " 
(a)  P**AB       '  *  (b)  P  eAB 

(e)  PeX&andPtZS  t  (d)  P  .**  B 
4.  Suppose  that  /  j]  m  and  that. 

(a,^)  is  linearly  independent, 
as  illustrated  in  the  figure  at 
the  right  Also,  from  the  figure, 
we_seet^at£  -  A  ="63fS  -  A 
=  a*4,  C-B  =  q*  an\l  D-E 
=  66,  for  some  6. 


(a)  Express  B  -  E  and  C  -  D  as  linear  combinations  of  "a  and  6^ 

(b)  Determine  all  values  for '6']     ,  '  -  i 

(c)  Determine  V  such  that  C  -  D  =  (B  ~  E)c.  X 
(3)  Determine  the  ratio  (E  -  A)  :  (D  ~  A).  . 
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Answers  for  Chapter  Tes_^  0- 
1.      (a)    The  students  should  Kiye  drawings  something  like  this: 
D  *       A         8  C 


(b)    From  the  picture,   it  is  clear  that  p  "    3.    Here  is  one  way  to 
determine  the  \Jalue  oi  '  p'   using  the  algebra  of  po"ints  and 
t  rans  lations  :  * 

P  (D  *  C)y      [A  MBy*  A)Sj  f  [<B  -  A).  -6]j  ■ 

.    A  >4>B  -  A)3.    So,  p  "    3.  '  ; 

•  (c)  From  the  picture,  it  is  clear  that  q  7 .  Here  is  a  proof  that 
\  this  is  the  cast*:  *~  * 


(J       A  MB  -  A)i       [O  f  (B  -  A).  -S|  f  (  B  -  A)<> 


C.  MB  -  A)--^    Snue   D  -  C       ( B  -  A)  •  -6, 
(J       C'MD-  C)-  -  g-.  -3   "    C  +  (D  -  C)y.    So,  q  ;  ~ . 


id)     From  the  information  given  about  the  points   P,  Q,  C,  D,  it  is 
%the  ease  that  each  belongs  to  the  line  A]5.    So,  the  given  points 
a  re  collinea  r .  ^ 

l.%    From  the  g'iven  information  N  -  M   -    ( £  -  K}^-,    Mor^  conveniently, 
I-  -i  K       (N  \M)|.    So,  by  definition,  (L~K):(N-M)  -  ~\ 
(.*)    {x?  x    -   0}  v       (b)   {x:.  0  v  x  s.   1 } 

(c)    {x:   X|s    D  or  x    >  1  }       Jd)    {1}      '  j 

4,     U)    B  -  F      a4  -  bi.   [or:    a4  ♦  S*  -3]  '  ,  - 

C  -  D      aS  -  b(3'  *b)   [or:   a* 5  ^b'«-|i+b)| 

(b)  *  b  One  solution:    Since  £  ||  m,   C  -  D       SB  -  K)t,  for 

some  t.     By  the  results  of  (a).  aS  -  ijfi  f  b)       (~a4  -  S3)tf  so 

that  a(S  -M$)  ♦  b*(it  -  (3  +  b)).      6,    Since  (a,  S)  is  linearly 

independent,    S  -  4t       0  and  3t  -  (3  +  b)  -   0.    So,  t  =  ~  and 
l_        3  }  > 

b       4"  '       /  . 

Another  solution:    Since  (a,b)  is  linearly  independent  and 
-hi  T  a4  *  (E  -  Bi  -   cJ,  it  follows,  by  Theorem  6-1  Zt  that 
#  (-bi)d  +  (a4)e  M^-  B)f  -  5  if  and  only  if  d  ±  e  *   f.  From 

the  figure?  [or,  fhe  given  information],  and  since,  for.  some  t, 
D  -'C       (E  -  B)t.  it  follows  that    .  '  ■ :  ' 

(-b3)(~^)  +  (a4)j+  (E  -  B)t  -".d. 

So,  by  Theorem  6-12,         ^  71  T  "*  t.    That  is,  t  -  t  and 
*  3  4  4   ,  f 

(c)  Frpm  either  solution  given  in  <b),   it  follows  that  c  -  ^ 

(d)  4/S    [This  follows  from  the  fact  tlyft  E  -  A      Sj  =  (b^)| 
-   (  D  -  A>|.  J 
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Answers  for  Chapter  Test  [cont.] 

5.     (a)    Here  is^an  appropriate  picture 
of  the  given  situation: 


(b)    [AB]       [p  -  A]       [(Q  -  P)4  -  (R  -  P)4]  a   [(Q  -  R)4]  =*   [R  -  Q] 
=   jjpR],    So,  AB  1 1  QR. 
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5.  Suppose  that  P,  Q,  and  R  are  noncollinear  pointa  and  that  A  =  P 
HQ  -  PH  and  B  =  P  ~f      -  PH.  . 

(a)  Draw  a  diagram  to  illustrate  this  situation. 

(b)  Show  that  AS* 


Background  Topic 

>  Recall  that  .jf-as  well  'as  tf  -is  a  vector,  space  over  at.  It  follows 
that  real  numbers  can  be  thought  of  as  vectors,  and  that  we  may 
speak  of  ratios  of  real  numbers.  According  to  our  definition^  9f  direc- 
%  tion  and  sense  for  Vectors,  ail  nonzero  real  numbers  have  the  same 
direction  and  each  nonzero  real  number  has  one  of  two  senses  — the 
positive  sense  or  the  negative  sense,  [Explain.]  According,  then,  to 
Definition  7-13,, 

a  :  b  ~  c  —+  a  =  be  [a  *  0  *  6J. 

Since,  for  b  *  Q,  a  -  bv  if  and  only  if  c  =  fa/6  it  follows  that,  for  non- 
zero real  numbers  a  and  h,  a  :  b  =  a/b.  In  consequence  we  may,  for 
example,  read  'a]V  as  'the  ratio  of  a  to  b  [when  a  /  0  *  b)  and, 
t  since  a  =  a/1,  we  may  also  read  V  as  'the  ratio  of  a  to  IHwhen  a  #  OJ. 
In  the  next  chapter  we  shall  find  these  readings  convenient. 

When  the  vectors  under  consideration  are  the  real  numbers  the 
notion  of  ratio  leads  to  that  of  proportion.  By  definitiop,  nonzero  real 
numbers  a,  b,  c,  and  d  are  said  to  be  in  proportion  if  and  only  if 
/ 

r)  a  :  b  =  c  :  d. 

[Alternatively,  one  says  that  the  ordered  pairs  (a,  6)  and  (c,  cO  are 
proportional.  Sometimes  (*)  is  read  as  'a  is  to  6  as  c  is  to  cf .] 
1.  Determine  all  vaiufliyjjdBfr  such  that  the  following  are  true.  If  no 
value  for  T  will  ^ESjn*  given  sentence,  say  so, 
(a)  5  :  (  »  10  :  (bj  |f  -  2|  :  4  =  3  :  6 

(c)  it  -  2)  :  6  -  6  :  12  (d)  |6  +  i|  :  7  -  -12  :  14 

v    a         (e)  4  :  /  -  /  :  16  (f)  5  :  (f  -  20)  =  /  :  25 

Here  are  some  theorems  about  proportion.  Think  about  what  they 
say,  and  relate  each  of  them  to  things  you  already  know  about  ratios 
of  vectors  and  about  multiplication  and  division  of  real  numbers. 
(All  variables  have  the  set  of  all  nonzero  real  numbers  for  domain.] 
2+  a  :  b  ~  c  :  d  ad  —  be  1 
3*  a  :  6*  c  :  d+*+a  :  c=  6  :  d 
4.  (ae)  :  (bd)  ~  (a  :  b)ic  :  d) 
5*  a:  b  ^  e  :  4<-+3XftQ(a  ^  cx  and  b  =  dx) 
&  a  :  6  ■  6  :  c  *^  |6|  ^  V  ac  [When  a  ;  6  =  6  ;  e,  6  is  said  to  be  a 
mean  proportional  between  a  and  e.l 
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Answers  for  Background  Exercises  * 

1.  (a)    3/2     (b)   0,4     (c)  5     (d)  no  values     (e)  8,  -8     (f)  25,  -54 

2.  Since  a  :b  =  a/tf  an£  c  :d  =  c/d,  the  theorem  in  question  is  equiva- 
lent to: 

b =  a  ■<BB*ad ;  bc- 

a  familiar  theorem  concerning  real  numbers.    [Since  b  4  0  4  d  it 
follows  that  bd  4  Q  and,  so,-  a/b  =  c/d  .if  and  only  if  '(a/b)(bd) 
-  (c/d)(bd)       that  is,  if  and  only  if  ad  -  be]   Notice,  also,  that 


ad  =  bd 


0. 


So  fpage  27 -H  ad  ="  be  if  and  only  if  there*  exist ,numbe rs  x  and  y, 
not  both  0,  such  that  %  > 

ax  +  by  =  0*  and    cx  +  dy  *  0.  \^  * 

In  other  words,  the  2 -dimensional  measure  vectors  [page  206] 
(a,c)  and  (b,  d)  are  linearly  dependent  if  and  only  if  ad  =  bc.  * 
[This  result  is  independent  of  the  restriction  to  nonzero  real  * 
numbers.  ] 

On  the  other  hand,  by  applying  Theorem  7-23(a)  fto  the  vector 
space  fewe  see  that  a  =  b(a  :  b)  and  c  ='  d(c  :d).    Sol  ad  =  {bd)(a;b 
and  bc  =  (bd)(c  :  d).    Hence,  if  a:b  -  c  :  d  then  ad  =^bc.    Con-  * 
versely,  by  Theorem  7-23(b),  if  ad  =  bc  then  a:b  ±  c/d  -  c  :  d. 
[The  result  of -Exercise  2  does  not  generalize  completely  to  vector 
spaces  other  than  ft  because,  in  higher  dimensional  vector  spaces 
there"  is  no, entirely  satisfactory  analogue  of  multiplication  in  ft,  ] 

3.  This  follows  from  the  resujt  in  .Exercise  2  since  ad  =  bc  if  and 
only  if  ad  =  cb.    On  the  other  hand  it  is  a  consequence  of  Exercise 
4  of  Part  D  on  page  314,    /  *  , 

4.  (ac):(bd)  -  <ac)/(bd)  =  (a/b)(c/d)  =  (a  :  b)(c  :  d),  by  the  familiar 
real  number  theorV«aJor  *  'multiplying  fractions'  * .    On  the  other 
hand,  by  applying  Theorem  7-24  to  the  vector  space  ft  we  see 
that  (ac)Hbd)  =  (a<b)(c/d)  =  <a:b){c:dK 

^f     a:b  =  c:d  if  and  only  if  a/b  -  c/d.    So,  if  a  :  b  =  c:d  then 

a  -  (c/d)b  =  c(b/d)  andf  since  b  =  d{b/d)  and  b/d' 4  0  it  follows 
that  3X^0  (a  =  cx  and  b  =  dx).    And,  if  a  =  ck  and  b  =  dk  with 

k  4  0  then  a/b  -  |ck)/(dk)  =  c/d' and,  so,  a :  b~  =  c  :  d. 

On  the  other  hand,  by  Theorem •  7-23U).  a  =>  c(a  :c)  and 
D  -  d(b  r  d).    By  Exercise  3,  if  a  :  b  s-  c  :  d  then  a  :  c  =  b  :  d  and 
it  follow^  jsince  ^alio&  arejaonz_era?  that'3^^^  Ja  =  cx  and  b  -  dx4, 

Conversely,  if  a  =  ck  and.  b  -  dk  where  k  4  0  then  it  follows  by 
Theorem  7-24:  that  a;b  =  (ck):(dk)  =  (c:d)(k/k)  -  c  :d. 

6.     By  Exercise  1 ,  a  ;  b  -  b  :  c  if  and  only  if  ac  =  bs  —  that  is,  if  and 
only  if  Vac  =  *Jh$  =  |b|. 


Chapter  Eight 

Triangles  and  Quadrilaterals 


t)  1  Ratios  and  Parallel  Segments 

Considei;  two  noncol  linear  parallel  segments  AC1  and  faf).  [Since  XC 
is  a  segment,  C/  A.  Can  /\  and  Z?  be  the  same  point?  How  many 
points  are  in  {A,  B,  C,  I)}*?]  Since  we  know  that  \D  -  B) 

\C  -  A  \  It  may  happen,  as  in  Figure  8-  1(d),  that  I)  -  B  -  C  -  i4, 


'  .    ,*  ,  •     Fig.  8-1 

J  -if 

What  can* you  say  in  this  case  ab^ut  D  -  C  and  B  -  A?  About  AB  and 
-  tl)?  The  mom  case that  in  which  Dv-  B     C  -  A  —  is  illus- 

trate^ in. Figure  8  - lib).  [In  the  figure,  iDr  £)  :  (C  -  A)  >  1.  Draw 
a  figtire  for  which  this  ratio  is  between  ti  and  1.  Draw  another  for  * 
which  the  same  ratio  is  .negative.]  It  seems  intuitively  likely  that  in 
eajse      -  B>  :  t*C  -  A)  *  1  the  lines  Xrf  and  £d  intersect  at  some 
point.  Let's  try  to  show  that  this  is  the  case.  v  - 

To  begin  with,  we  know  that  AB  and  CD  intersect  if  and  only  if  there 
are  numbers  — say,  p  and  r/  — s,uch  that  ■  % 

'      .  "  c  •  '  \ 

'  —  that  is,  such  that  -  - 

12)       C  -  A  =  (B  -A)p  +  (C  -  Explain.]  . 

^Qiir  problem,  then,  is  to  show  that  C  -  A  is  a  linear  combination  of 
B  -  A  and  C  -  0.  With  this  hint,  Figure  ;8- 1(a)  should  remind  us 
that      .    .  •.>..•.••.-■ 

.  '       •      V-iA  =  <B  t  A>  +  (C  -  B)  ■    '  '»s 
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and,  so,  thatv 


(3)'       ■  <2  -  A  =  iB  -*A)  +  (D  -  B)  +  (C  -  Z». 

[Explain.)  If  we  recall  thatD  -  fi  =  (C  -  A){.(D  -  J3)^(C  -  i4)J,  and  ">* 

that  we  arfc  assuming  that  (D  -  B)  :  (C  -  A)  *  1,  then  it  is  easy  to 

» find  numbers  p  and    which  satisfy' (1 ).  What  are  they?  Are  ther$  any 

other  solutions  o£  (1)?  " 

*  We  have  proved  two  theorems.  The  first  [see  (2)]  is: 
»  * 

-  f!  Theorem  8--.1   AB  h       ^  0    *  C  ^~  A  i[B  -  A,  C  -  D]  - 

Note  tharthis  is  not'restricted  io  the  situation  we  have  been  discussing 
—  that  in  which  A (?  and  are  rioncollinear  parallel  segments.  The 
second  is: 

Theore$l-8-2  \Jf  Ad  and  hiD  are  noncol  linear 
parallel  se^me^s^md  it).  -  B)  :  (Q  -mA)  -  r  then  . 

•  M  \\Wtir=  1  and 
AB*  n  6/}  =  \A  +  (B  -  A)  ■  HI  -'  r))  if  r  *  1. 

Exercises 

Part  A  ^ 

a  1,  Draw  figures <b  illustrate  Theorem  8-2  in  c$se 

(a)  r     i         (b)  r  -  2         (c)  r  -  -1         (d)  r  * 

2.  In  each  of  your  figures,  label  the  point  of  intersection  of  £3 and  V3 
with  'F. 

•  (i)  In  each  case,  estimate  (P  -  A)  ;  (B  ~  P). 

Jri)  Make  a  guess  as  to  how  the  value  of  HP  -  A)  :  (B  -  PY  de- 

•  pends  on  that  of  V . 

(iii)  Check  your  guess  by  drawing  other  figures.      "  .  £ 

3,  Your  guess  in  ^Ek^f^  2  ixiight  be  put  in  the  form:  " 

P  =  A  ■+  (fiVV  A)  •  /  (t.w  r)       (f  >  ,4)  :      -  P)  =  


•  Complete  this  theorem  and  ^rove  it. 

Part  B  ^      •  " 

J.  Explain  why  )$M  and       intersect  if  and  only  if  equation  (l)  .has 
«  a  solution  (p,  .•  V  *■  • 

2.  Show  that  e^fcations  (1)  and  (2)  are  equivalent.  * 

*  3.  What  postulate  yields  equation  (^)?         *     {'         +       :  ' 

4,  Explain  how  equation  (3£  is  used  to  find  a  soiu^fei  of  (2):*  4§ 

5.  (a)  What  assmifption i  about      spid      tells  yqu  that  equation  (1)  T* 

has  at' m^t  one  solution?  . 
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In  this  .chapter  the  the6ry  oi  ratios  o!  translations  is  applied  to  the 
study  oi  triangles  and  quadrilaterals.    The  basic  results  are,  tor  the 
most  part,   implicit  in  some  of  the  exercises  in  the  preceding  chapter  — 
particularly  those  nV  a  r  the  end  at  section  7,09.     Tfhese  results  are 
presented  more  formally  in  section  H.01,    The  notion  of  the  ratio  in 
which  a  point  divides  an  interval  is'basic  for  most  oi^the  theorems  and 
problems  oi  this  chapter.     This  notion  is  introduced  in  section 
and  ts  used  repeatedly  thereafter,   especially  infections  N.04,  8*07, 
and  H. 08.     Briefly,   for  A  *   li,  any  point   P  C  AB  [other Than  A  and's) 
is  said  totiivhde  the  interval  iroin   A  to   l\  in  ( P  «  A):(B  -  P).  Intuitively, 
this  ratio  ol  translations  is.  .also',   the  ratp  of  the  distance  from  A  to  B 

v 

J 

P  -  A  *    B  -  P 


a  p  B 

9   to  that  froru4  P  to   B.  due  regard  being  "paid  to  sense.     As  is  pointed  out 

In  Part  I)  on  page    Jr>  *  ,   it  is  possible  at  this  stage  to  introduce  such 

"sensed  distances"   for  ordered  pairs  of  points  uf  any  given  line.  even 

though  the  postulates  of  the  present  volume  do  not  furnish  a  basis  for 

comparing  distances  between  points  situated-,  ja  pairs,  on  nonparallel 

lines.    Such  comparisons  wiil.be  possible  in  vcfftime  1\   but  at  Present 

we  cannot,   tor  example,   singPout  for  sfpecial  considerations  isosceles 

triangles,    rhqmbiises,   or  rectangles.     In  spit£»  of  this  there  are  many 

interesting  results  to  be  obtained.    S«*ne  of  these  are  liste€  as  theorems 

and  others  occur  as  exercises, 

• ,  <•  .  , 

As  you  may  have  noticed,   the  notion  of  the  ratio,  in  which  a  point 
4  <\\v\t\^^  an  interval  includes  both  "interior  dLvision^*/  where  the  point 
(    belongs  to  the  interval  and  the  ratio  is  ppsitive>and  "exterior  division", 
where  the  point  is  elsewhere  on  the  line  containing  the  interval  and  the 
ratio  is  negative.^  [Th*  end  pqints  oi  the  interval  are'excluded  in  order 
to  avoid  Kero-dilficuities.  ]    As  a'resutt  oi  this  generality,  many  theo- 
rems nbput  triangles  turn  out  to  be  spec ial  case s  of  more  general 
.theorems  which  apply  also  to  trapezoids,  ^[incidentally,  we  find  it 
convenient  to  define  'trapezoid'   in  such  a  way  that  parallelograms  are 
included  among  trapezoids.    This  is  in  line  with  the/usual  tendency  to* 
%    consider  squares  as,  special  rectangles,    rectangles  as  specjtfft  paral- 
lelograms, and  equilateral  triangles  as  special  isosceles'  triangles.  ] 

By  this  time  students  have  at.thei'r  disposal  numerous  techniques 
which  can  be  .applied  to  solve  problems -of  the  type,  collide  red  here. 
Consequently  /  you  may  Vx-^ect  —  and  should  welcome  —  a  variety  of 
solutions  for  any  given  problem.  x 

Some  of  the  details  of  thv  proofs  of  Theorems  8-1.  and  con- 
cerning  which  qu^stions^  are  asked  in  the  text,  are  reverted  to  in  the 
exercises  of  Part  B  on'page    321.  *The  question*  in  the  text  may  be 
answered  as  follows:     ■  '  % 


ERIC 


'A  *  B;  for  if  A  -  B  then  AC  and  BD/ being  parallel, 
would  be  col  linear.     *  .         *  ^ 

{A.   B,   C,   D}   consists  of  four  points. 

If  D  -  B  *    C  -  A '  then  D  -  C       B  -  A  and  AB  II  CD. 
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A  figure  lor  which  0  s    (D  -  R):(C  -  A)  n    1   can  be 
obtainedgfrom  Figure  8 -1(b)  "by  interchanging  the  labels 
'A1   and  ^R" ,   X'   and  "D' .    One  for  Which  the  ratio  in 
question  is  negative  is  obtained  ^by  inte  rc  hanging  the  labels 
*  B*  and  '£>'   and  redrawing  the  dashed  lines. 

The  explanation  of  U)  might  be  that,  by -a  "bargain 
eorenV\   if  C  +  a  -    A  ♦  b  then  C  -  A  •    b  -  a.    In  more 


th 

detail,  if  C  + 
so,  (C  -  A)  ♦  a 
=    HO  -  C:)q  , 


a  ~   A  f  b  then  (C  fa)  - 
■   b  and  C  -  A       b  f  -a. 
(C,-  D)q. 


A  MA  f  b)  -  A  and, 
Also,    ~[(D  -,C)q] 


•Kquatiori '(  3 )  is  obtained  by  two  uses  of  Postulate  3,  ; 
separated  by  a  u$e  of  the  associative  principle  for  addition 
■of  translations. 


Let  (D  -  R) 


C 


A)  -  r.  Then,  D  -.  B  ({C*r  A)r  and,  by  (3^ 
A   i  IK  -  A)  f  (C  -  A)r  +  (C  -  D). 


Since   r  *  1, 


C  -  A  ~ 


Comparing  this  with  (£) 
j  1  )  is  satisfied  if 


(B  -  A). /(I  "  r)  +  (C  -  D\.  /{I 
which  rs  equivalent  to  (1) 


/(I  "  r)  = 


r). 


follows  that 


If  there  were  two  solutions  of  (1)  with  jUfferent  values  of  ^p'  then, 
since  A  ^  R,  there  would  be  two^points  of  AB  belonging  to  CD.  From' 
this  tt  would  follow  that;  AC  =   BD.     But,   A^  and  are  noncollinear; 

Similarly  J  there  cannot  be  two  solutions  of  (1)  with  different  values  of 
*4f$    Hence,  (I)  has  at  most  one  solution. 

"Note  that,  as  is  pointed  out  in  Exercise  6  of  Part  B,  it  i^s  also  the 
case  that,   for  r  ^  1,  k 

AB  n  CD  -   {C- +  (D  -  C)-*/(l 


[This  follows  from  the  fact  that  q,  as  well  as  p,  is  /( 1  -  r).  **It  aiso^ 
follows  from  the  theorem  by  way  of  the  hint  given  for  Exercise  ot^ 

Note"  that  interchanging  *  B'   and  'D'  in  Theorem  8-2  and  replacing 
'r'  by  yields  an  instance  of  the  theorem  whose  antecedent  *is  equiva 

ient'to  that^of  the  theorem  but  whgsg  consequent  gives  information  about 
AD  and  BC  ~  rather  than  about  AB  arid  DC?.    The  following  diagraVn 
summarizes  these  two  resudt^.in  case  p  <.   r  <   1 :  '  ^ 

In  the  figure,  the^*  r*s,  Ts,  and 
'1  -  r's  indicate  the  ratios  of  pairs 
'  of  translations  with  the  same  direc- 
tion. 0  For  example,  since 
{!■  *  r)  +  r  -  1,  the  figure  shows 
that 

(P  -  A):(B  -  A)  =  1/(1  -  r). 

It  also  shows  that 

(O  -  A);{D  -'o)  4   1/r  and  (O  -  A)':(D  -  A)  =   1-/(1+  r). 

[The  fact  that  1  r'  is  associated  with,  for  example,  both  PD  and  PB 
indicates  nothing  concerning  the  relative  lengths  of  these  segrn«nts.  ] 
Although,  as  remarked,  the  figure  illustrates  the  case  in  whicn 
0  <   r  <   1,  the  formulas  read  from  it  hold  in  any  case, 
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Some,  at  least,  of  the  preceding  [including  the  figure]  should  be 
included  in  classroom  discussion  of  Theorem  8-2.    Following  the 
answers  given  below  there*  is'a  more  extended  discussion  whose  pur- 
pose is  to  better  acquaint  you  with  some  of  its  implications. 

Following  the  discussion  of  pages    5£0  -  321  we  recommend  Part 
A  as  a  class  activity,   followed  by  Part  B  as  a  homework  assignment. 
Part  C  is  probably  best  treated  in  class  due  to*he  lengthy  discussion  , 
following  Exercise  3.    Parts  D  and  E  together  would  make  a  rather 
long  homework  assignment.     Perhaps  Part  D  could  be  homework  for 
all  students,  with  a  team  of  students  assigned  to  each  exercise  of 
Part  E. 

Theorem  8-2  is  of  considerable  importance,  and  many  of  the 
exercises  in  this  chapter  are  rather  thinly  disguised  repetitions  of  it. 
Some  discussion  of  its  ramifications  is  in  order  here. 

In  the  first  place,  assuming  that  AC  and  BD  are  ^oncolljnear 
parallel  segments,   it  fpllcjwg  fro/r^the  theorem*  that  if  AB  $  CD  then 
{D  -  B)  :  (C  -  A)  *  1   and  AB  r\  CD  consists  of  a  single  point  —  say, 
P     [Reference  to  the  preceding  iigure  will  be  helpful.  )    In  this  case, 
letting  (D  -  B):(C  -  A)  be  r,  (P     A):(B  -  A)  \-  /(I  -  r).    Equivalent^ . 
(A  -  B):  (P  -  A-)  -    r  -  1   [a  fact  which,  also,  is  easily  read  from  the 
figure]  and,  since  (  P  •  A)  :  <  P  -  A)  =    1  £ncl  (A^B)  +  (P*-  A)  =   P  -  B, 
(P  -  B):(P  -  A)  ■■-   r.    In  short,  in  case,  AB  r\  CD  =  { P} , 

(1)  (P  -  BJ:(P.-  A)  -  (D  -  B):(C  -*A). 
The  result  (1)  can  be  restated  as: 

( P  -  B) :  ( P  -  A)  =   r  <=><D  -  B):(C  -  A)  =  r  * 
Revising  the  algebraic  steps  in  the  preceding  paragraph,  we  see  that. 

P  -  A  •>  (B  -  A)-  /{I  -  r)  <=>*(D  -  B):JC  -  A)  -   r.  - 
It  follows  that,   if  r  #  I,  then  ^ 

AB  nCD=  {A  +  jB  -  A)../(l  -  r}}  <=>  (D  -  B)  4{C  -  A)  ~   r.  . 

Only  the  if-part  of  this  is  explicit  in  Theorem  8-2;   but,  as  we  have 
just  seen,  the  only  if -part  is  a  consequence  of  the  theorem  ajid  some 
elementary  algebra, 

-    «'More  simply,  the  theorem  implies. that,  AC  and  B*D  being  non- 
coilinear  parallel  segments,  ^  , 

(2)  AB  1 1  CD  if  and  only  if  D  -  B  =  C  ~  A.        t  . 

The  if-part  is  explicit;   the 'only  if -part  follows  from  the  fact  that,  by. 
the  sgc_cjnd  of  £he  two  conclusions  of  the  theorem,  if  D  -  B  £  C  -  A 
then  AB  and  CD  intersect  in  a  single  point  and,  so,  are  not  parallel. 
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As  pointed  out  in  discussing  the  preceding  figure,  interchanging 
'J'  anjl  1  D'  ^n^thex  theorem  yields*, /esuilts,  like  the  preceding,  concern* 
ing  AD  and  BC.    In  case  ( D  -  B) :  (C  -  A)  #  -1  these  lines  intersect  at 
a  point  —  say,  O  —  and,  by  (1),  t  * 

(Q  -  D):  (0  r  A)  *  (B  -  D) :  (C  -  A).  [ 

More  conveniently  written: 

(3)  JO-D):(A-0)  =  (D-B):(C-  A)  * 

Assuming  that   j(D  -  B) :  (C  -  A)j   4  1,  botH  (i)  and  (3)  hold. 

•  Interchanging  'A'  and  'C,  and  '  B'   and  1 D'  we  ha4e  [since 
TB  -  D):JA  -  C)  3*  (D  -  B):(C  -  A}]  that 

(V)  (P  -  D);(P  -  C)  =  (D  -  B);(C  -  A) 

and  *  '  '. 

(3')  (O  -  B):(C  -  O)  =  (D  -  B):(C  -  A). 

The  preceding  results  [which  «a re  essentially  only  interpretation 
of  Theorem  8-2]  imply  many  fari*iliar  theorems,     For  example,  (1) 
yields  a  theorem  dp  the  proportionality  of  corresponding  sides  of  tri~>  » 
angles  whose  corresponding?  sides  are  parallel'  [Theorem  8-li]# 
[Without  a  way  of  comparing  measures  of  nonparallel  intervals,  this  is 
as  close  as  we  can  easily  come  to  the  AAA  similarity  theorem.  )   The  . 
case  of  (3)  in  which  <D  -  B)f:  (C  -  A)  >  0  yields  a  theorem  concerning 
the  ratio  in  wljk;^  thevpoint  of  intersection  of  the  diagonals  of  a  trape-     ^  ^ 
*zoid  divides  each  of  them  —  this  ratio  is  the  s^ame  48  the  ratio  of  the 
bases.    [This  includes  the  theorem  according  to  which  the  diajpnals  of 
a  parallelogram  bisect  each  o$her.  ]   The  converse  —  that  e  quadri- 
lateral whose  diagonals  intersect  in  a  point  which  divides  them  jn  the  * 
same  ratio  is  a  trapezoid  —  follows  from  Theorerfi  8-3.    The  result 

)  can  also  be  thought  of  as  a  considerable  generalization^ of  theN  • 
familiar  theorem  concerning  the  relation  between  the  tntprval  joining 
the  midpoints  of  two  sides  of  a  triangle  and  the  third  side.  Similarly^ 
(3)  generalises  the  theorem  concerning  the  existence  and  location  of 
the  intersection  of  the  medians  of  a  triangle^  /Finally,  (^J  may  be  , 
interpreted  as  that  parallel  lines' arc  "every^Jiere  equidistant",  along  ^ 
whatever  direction"  —  other  than TnaPTtrf^e^ line sj^rns  elves  7-  one 
chooses  to  measure  distance*    [This  is  the%Qly  if-p^et  of  (2).    The  i, 
if -part  yields  a.farnilrar  characterisation  of  parallelograms.  ] 

Between  them,  Theorems  and  8-3  [on  page  324]  include  a\ 

large'  amount  of  that  part  of  the  geometry  of  triangles  and  trapezoids 
which 'deals  with  ratio  and  similarity,    because  conventional  geometry  > 
courses  may  have    accustomed  you  to  deal  with  special  causes  of  these 
.theorems  (with  midpoints  and  medians  rather  than  Arbitrary  jtoints  of  V 
division  and  interval*  related  to  them]  and  because,  with  stronger 
postulate s  at  hand,  these  courses  can  deal  at  an  earlier  stage  than  our* 
with  angle  measure  and  stronger  similarity  theorems,  you  may  tend  to 
underrate  the  present  development.    If  so,  try  not  to  let  it  show.    It  is  not 
unlikely  that  once  ggg  havg  mAgtgred  it  you  will  be  impressed  by^the 
unity  am on&mnlikeTopics  which  this  treatment  reveals  as  well  as  by 
the  factvthat  so  much  comes  out  of  so  little .  * 


4  ^ 
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Aniweri  for  Part  A* 
I.     (a)  '  C, 


2.        <i)    -I;    -1/2;    1;  I 
(iit)   [various)  ■ 


<ii)  (P  -  A):(B  -  P)  =  -/r 

S  ....        _V       .._  i 


3.     -/r;    If  p  = :A  ♦  (B  -  A). '/(l  >r)  then   P  -  A  =   f(p  -  A) 
(B  -  P)}./il  -  r)  and.  so. 


(P  -  A)(i 


!_)  _-  (B  -  p>_L 


From  this  last  it,follows  that  (P  -  A) ;  (B  -  P)  =  -l/r. 


Answers  for  Part  B 

1.  .  By  definition,  the  points  of  AB  and  CD  -are  the  values,  for  the  ' 

various  value,  of  'p*  and  'q'  of  'A  +  (B  -  A)p*  and  'C  +  (D  -  C)q' 
respectively.    So,  a  point  belongs  to  bojh  lines  if  and  only  if  it  is  a 
value  .off  both  expressions.    In  particular,  there  is  a  point  which 
belongs  to  both  lines  if  and  only  if  (1)  has  a  solution. 

2.  C  »+  (D  -  C)q  =;  A  +  (B  -  A)p  if  and  on^y  if  fc  +  (D  -  C)q]  -  A 

~AA,V?t~A)PA~,A-    But'  [C  +  {D  "  -  A  =  (.C  -  A)  +  (D  -  C)q 

a^d  [A  ♦  (B  -  A)p]  -  A  --  <B  -  A)p.    Furthermore,  <C  -  A)  +  (D**  C)q 

=  r  £  '  2?***  and  Qnly  if  C  ~  A  =  CB--  AJp  +  -{(D  -  C)ql.  But, 
-0D  r  Clq]  =   -<D  -  C)q  =  (C  -  D)q.   .n  S 

3-     Postulate  3  [and  Postdate  . 

4.     From  (3),  with  D  -  B      (C  -  A)r,  it  follows  *h*t  C  r  a' =  (B  -  A) 
-  r)  +  {C  -  D)./{1  -  r).-  Comparing  this  with  (2)  shows  % 


'•5, 


immediately  that  (2)  is  satisfied  if  p  =  /(I  -  r) 

(a)   The  assumptioiitha^JJc*  and  BT5  are  noncollin#ar  segments 
implies  that  AB  *  CD  and,  so,  that  U)  his  at'most.one 
solution.  *  • 


*       ^   322      TRIANGLES  AND  QUADRILATERALS 

■  «  4  ' 

.(b)  What  tran-you  conclude  about  ifl  -  A,  C  ~  D)  in  the  case  in 
which  »2»  has  exactly  one  solution? 
.  6.  In  your  proof  of  the  second  part  of  Theorem  8-2  it  turnec^out  that 

\     ,    '  ,         /)-(/.  So.  for  r  *  I,  KB*  H  fr/  =  |ff  i/;-C)-/il  -  r>}.  This 
result  is  not  include  explicitly  in  the  theorem.  Show  that,  never- 
theless, Jt  follows»from  the  theorem. itself  [Hint:  Rewrite  the  the- 
\  orem,  interchanging  'A'  and  'C  as  well  as  7?'  aad  fD\] 

t%'   t     y  7.  The  second  part  of^he  iheorem  has  a  corollary:  •  % 

' "*  •  If  At*  Xnd  hl5  are  noncoilinear  parallel  segments 

"  "  and  XB  \\  fr !)  tken  /;     B  -  C  -  /I. 

£        '*  (a)  Show**that  this  corollary  follows  from  the  theorem  [and  a 

theorem  concerning  the  intersection  of  parallel  lines]. 
}   (b)  Gave  anothep  proof  of  the  corollary  by  showing  that,  for 
1        {A.  B,  (^noncoilinear,  if  \D  -  £)  -  [C  -  A]  and  [D  -  CJ 
-  | A  -  A\  tfyn  D  -  B  -      -  A.  {Hint  Suppose  that  D'  ~  B 
(C  -  A>h  ahd  I)  -  C  -^B  -  A)c,  Express  C  -  ZT  in  two 
ways  in  terms  of  'A  -  i|'  and  'C  -  A\\ 


Par4  C 


L  Suppose  that  Ac^ and  hp  are  parallel  honeoilinear  segments,  that 
Ah  and  BF  are  parallel  noncoilinear  segments,  and  that  iF  -  B) 
•  i/f  _  ,4)  -  t/>  -  B)  :  iC  ~  4>  *  1.  *  y 

(a)  Show  th'at  M  O  £tf  -  kB  D 

(b)  Does  it  follow  from  thj^se  assumptions  that       and  are 
noncoilinear?  * 

ic)  Show  that  \B  -  C\  -  \F  -  Dl 

id)  Under  what  conditions  can  you  conclude  that       \\  f)P? 

2,  Suppose  that  pQ^and  /?if  are  paraljei  noncoilinear  segments.  We 
know\  by  Theorem  8-2,  that  either  (i)  Ml       or  .(H)       D  *QS 

»  consists  of  a  single  point-say,  T.  Let  L  =  P ■  +  (Q  -  P)2^M  *~  R 
+  15  -     >3,  and  JV  -  /?  V  iS  -  )2. 

(a)  Draw  an  appropriate  picture  in  the  case 

(b)  Draw  an  appropriate  picture  in  the  eatfe  PR  O  §>S*  =  {T}. 

(c)  In  part  (a),  i$  either  of  the  lines       or  tjf  parallel  to       If  so, 
which  one?  Prove  your^nswer.    *  -        \.  ^ 

(d)  In  part  (b),  wh§t  appears  to  be  the  case  about  lines  IJ^ftnd  §S? 
Prove  that  what  you  say  is  the  case.         *  \ 

Suppos^  fchat  Acf  and       are  parallel  noncoilinear  segme^te.  By 
Theorem  8-2  there  are  two  cases:  \ 
(i)  ffl})  ffi, 

Ui)  Xt?  n  fcl)  consists  of  a  single  point -say,  P. 
Suppose,  now,  that  Q  e      and  R  e  Sif  In  particular/^ufcpose  that 

Q  =  A  +  (C  -       and  #  -        0>  - 

(a)  Show  in  case  (i)  that  s.  =  t  if  and  only  if  §K  j|  $3.  . 
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(b)    That  (l)*has  exactly  one  solution  implies  that  (B  -  A,  C  -  D) 
is  linearly  independent. 

By^the  suggested  instance  of  ft^e  theorem  it  follows  that,  for  r  ^ 

if  CA  and  DB  are  noncoilinear  ^ajallel  segments  and 

( B  -  D) ;  ( A  -  C)  ■    r  then  CD  n  AB  =   {C  f  (D  -  ^K/f1  The 

^e|ire^  result  follows  from  this  and  the  *faet  thar  CA .  Jj.^^i  r 

BP,  JB  -  D):(A  -  C)      (D  -  B):(C  -  A),  and"  CD  ^  Ap 

AB  ^  CD.  "  > 

^  ^         ^  « 

(a)    If  AB  ||  CD  then  AB  ^r CD  doe|  not  consist  of  a  single  point. 

So,  by  the  theorem,  jf  ^AC  and  BD  are  noncoilinear  parallel 

segments  and  AB  j|  CD  then  it  is  not  the  case  that  r       1 ,  ^ 

where   r   -   ( D  -  B) :  ( C  -  A).    So,  (D  -  B.):(C  -  A)  -    l'  —  that 

is,  D  -  B  -  C-A.  B  *  1 

•  (b)    Suppose  that  D  -  B  -   (C  -  A)b  and  D  -  C   =   (B  -  A)c.  \  Since 
a        C  *  H  =   (D  -  B)  +  (C  -  b)  it  follows  thafC  -  B  =  fC  -  A)b 

+  (A  -  B)c.    But,  also,  C  -  B  -   (A  -  R)  t  (C  -  A).  Assuming 
that  {A,    B.   C}  is  noncoWinuar  it  follows  that  (A  -  B,  C-A) 
is  linearly  independent.    So,  b  -  c   =   1.    Hence,   D  -  B  -  C  -  A 
[and  D  -  C  -   B  -"A].  •  * 


Answers  for  Part  C 


1, 


I. 


(a) 

(b) 
(c) 


<d) 


Let  (F  -  B):(E  -  A)  =  {D  -  B)  :  (C_j  A)m  - m  r,  where  r  ^  1 ,  It 
follows  from  Theorem         'that  AB  ^  CD  =   {A  f  (B  -  A) 
•  /( 1  -  r)}   ^   AS  ^  Ef. 

No,    [E  and  F  may  belong  to  CD,  ] 

F  -  D  =   (F  -  B)  -  (D  -  B)  =   (E  -  A)r  -  (C  -  A)r   -   (E  -  C)r. 
So,   F  -  £)  €  [E  -  C ).    Since,  as  a  ratio,  r  ¥  0  it  follows,  also, 
that  E  -  C  €  [F  -  D]#    Hence,  .{E  -  C)  =  [F  -  D], 

DF  if  [and  only  if]  E  ^  C  [or,  equivalently,  F  #  D}. 


LN 


QS  For;Sl 


L  =   (R  +  (S  -  R)Z)#-  <P  +  (Q  -  PU) 

*        ■       >R  -  P)  *  «S  vR)  -  (Q(-  Pt>2  (7 

=  <R '-  P)+  ((S  -  Q)  -  (R  %  '  " 

Since  we  know  by  Theorem  8-Z  that  in  case  (a)  S  -  Q  =  R  -  P 
it  follows  that  N  -  L  =  R  -  P  =  S  -  Q.    Hence,  [LN]  -  il] 

-  .[s  -  q]  ,  im.  -         %      y  x;\ 

PR  ^  LN  x  {T}     Since  L  -  P  =  {Q  -  P)2  and  N  -  R  =  (S  R)l 
it  follows  that  (N  -  R) :  (L  -  P)  =  (S  -  R) :  (Or  P)  and  so,  by 
Theorem  8-2  [or  Exercise  1],  that  PR  r>  Li?  V  PR  A  ^T'}. 


s 


7:j\ 
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<b)  ShWtn  case  i  if)  that  s  ■=  t  if  and  only  if  P  «  Qfi.  *. 
[Hint:  lf\f  0,  *  <  then,  in.aiiy  case,  \s  =  f  can  be,  translated  into 
a  sentence  about  .ratios  and' both  parts  (a)  and  iW  can  be  solved 
•    •    easily  by  using,  things?  you  already  know.  Having  done  this,  con- 
aider  the  case  s  -  0  and  the  case  t  »  0.] 

Suppose  that  A.  B,  C,  I),  and  P  are  five  points  such  that  fY^U 
=  IP}.    \  ! 


A 


Fig.  8-2 


We  know  from  Theorem  8-2  that,  under  these  4ireumstanccVJf 
AC  ||  BD  then  (D  -  B)  :  \C  -  A)  =  r  *  1  and  that  P  =  A  "+'(B  -  i?T 
■  •  /  (1  -  r)  *  C  +  (/)  -  C)  •  /il  -  rh  It  follows  that  A 


.  P  =  B  '+<  itf  -  i) 


1  -  r 


-1 


-  B  +  (B  -  A>7~r~- 
1  -  r 


\S6,  <P  -  B)  :  IB  -  i4)  =  --  -    and,  since  (P  -  A>  :(£?-/!)  =  — — ' 

•*  i  -  r  1  -  r ' 


(P  -  fi)  :  (P  -  A)  =  r. 


IP  -  D)  :  (P  -  C)  -  r, 


Similarly, 

and,  so,  • 
(4)  (P  -       :  UP  -  C)  =  (P  -  B)  \iP  -  A). 

Hence,  if  AC  \\  BD  then  - 

(P  -  £»  ;  (P  -  O.  =  (£>  -  fi?:  (C  -  4)  =  (Pv-  B)  :  (P  -  4). 

Suppose,  now,  that  (4)  holds  [in  the  situation  pictured  in  Figure 
x    8-2],  and,  let  r  be  the  common  value  of  the  ratios.  It  follows  that 

P  ^  P  =  {B  -  Or  and  P -  B  =.(P  -  4)r.  * 
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Answers  /or  Part  C"  [cont.]  .  " 

3,*    Suppose  that  s  *  0         —It  follows  that  *AQ  and  BR  are  parallel 
noncollinear  segments.    It  also  follows,  by  hypothesis,  that  in  this 
Case  a  =  (Q4  -  A):  (C  -  A)  and  t      <R  <-  B)  :  (D  -  B).    So,  s  =<  t  if 
and>only  if  (Q  -  A):  (C  -  A)  -  (R  -  B):(D  -  B).    That  is,  ■  =  t.  5 
and  only  if  (R  -  B):(Q  -  A)  -  (D  -  B):(C  -'A).    Now,  in  case  (i)  - 
it  follows  from  Theorem  S-l  that  s  '=  t  if  and  only  if  *  *  . 
(R  -  B):(Q  -  A)  -    1.    So,  by  applying  Theore-ttn  8-2  again,   s  *=(  t 
if  and  onl^f  AB  ||  QR.    Turning-to  case  (U),  .it  follows  front 
Theorem^  that^jji  this  ca;ek  s   ^  if  and  only  if  ABr>^  =f  f  P}  j 
.    Since^  PcAB  and  QR  *  ,AB,  AB  ^>QR  =   { P}   if  and  only  if  P'.c«flt. 

In  case  s  -  0  or  t  -  0,  s  ■   t  if  and  only  if  s  ■-  0  and  Jt  -  0  — 
•     that  is,   if  and  only  jf^Q  -  >A  and  R  -  Now,  if  Q  =   A  and 

R.  -   B  then  QR  -  AB  and,  since   Pe  AB,  Q8  j|  AB  and  CJR. 
[So,  we  have  established  the  only  if -parts  of  (al  and  (b),  ]   On  the 
other  hand,  assuming,    as  we  are,"  that  one  6f  s  and  .t  is  0,  it 
^oyowsjhat  Q      A  or  R  -   B:*  Suppose  that  Q  =   A.    If  either' 
>  QRjJAB.or  P  €  QR  it  follows  that  QR  -  .  AB  and,  so,  that 
v,?  R  €  AB,    Since  R  6  BD  and  Afi  ^.BD  -   {B}  fit  follows  that  R  -  Bf 
^  {-  ^imy^rly,  supposing  .that  R  =   B  i^ follows,  that  if  QR  j|  XS  or  - 
£-&QILiiien  Q  '  ^    Hence,  forks' =  0  or  \  =   0,  if  either  * 
^  QR  I)  AB  or  P  e  QR  then  Q  -  A  and  R  -   B  [and,  so,  ,S  =  t'], 

eoiiitTTning  theNresults  of  the  preceding  paragraph,  We  have 
accomplished  both  (a)  and  (b)  incase  ^  =  0  or'^  0,    The  con- 
trary case  having  been  settled  previpusly,  this  completes  the 
argument,,  /  '  . 

_  * 
[It  n\ay  seem  that,  in  view  of  the  triviality  of  the  case  in  which 
s  =  0  or  t  -  0,  this  case  might  bc?st  >e  simply  ignored.  *Doing  so 
would,  however, '  burden  us  with  unnecessary  and  troublesome 
restrictions  to  an  important  theorem.  -  It  is  reasonable,  though,  in 
vii»  the  complexity  of  the  argument,  to  consider  this  case  as 
inl^Tve'ly  obvious  or  to  replace  the,  argument  given  above  by  a 
less  complex  one,  ]     ,  * 

As  is  brought  out  in  a:  later  exercise,'  the  results  established 
in  Exercise,  3  are  basic  for  a  useful  theorem  concerning  the  pro- 
portionality of  intervals  intercepted  &n  parallel  lines  by  parallel  or 
concurrent  transversals..    [See  Theorem  8-6{a>  and  part  of  Theorem 
8-6(b)  pn  page  3?5j 
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So, 

&    '  D  -  B  =  (P  -  A)r  -  (P  -  Or  =  (C  -  A)r,  i> 
and  it  follows  that  AC \hD.  Hence, 

if  (P  -  £»  ;  IP  -  C)  =  (P  -  B)  :  (P  -  A)  then  AC*  ||M 
These  result*  are  summarized  in  the  next  theorem.  J^T" 

^Theorem  8-3   If  A,  B,  C,  Z>,  and  P  are  five  points 
such  that  AH*  n  Elf  =  {P}  then 

(a)  X?  ||  B~3  —  (P  -  D)  ;  (P  -  C)  =  (D  -  B) 
:  (C  -  A)  -  (P  -  B)  :  (P  -  A),  and 

(b)  (P  -  D)  :  (P  -  C)  =  (P  -      :,(P  -  A)  — * 

acjjM  '. 

■  "i  -  \ 

Corollary   Under  the  conditions  specified   in  the 
theorem,  Ad         if  and  only  if 
tP  -  D)  :  (P  -  C)  =  (B  -  B)  :  (P  ~  A) 


Part  D 


ft  Prove  that  if  .A,  B;  and  P  are  three  colli  near  points  and  0  *  t  *  1 

then  each  tvoo  of  the  following  are  equivalent. 
•   (a)  (P  -  A)  :  {B  -  A)  -  <  (b)  (P  -  B)  :  U  -  B) •■  1 


(c)  (ft  -  A)  :  IS  -  P)  = 


(d)  (P  -  B)  :  (P  -  A) 


1  -  t    .  " t 

■2.  Show  that,  for  three  collinear  points  A,  B,  and  P,  and  nonzero 
numbers  a  and  §  such  that  a.  +  6  /  0, 


(P  -  A)  :  (fl  -  P)  =  r-*-P  =  A  +  (B  -  A)——- 
o  a  +  b 


and,  for  any  point  0, 


LP--  AU  LB*- 


J?l- 


►P  -  0 

— wstat..' 


a  +  6  a  +  o 


3.  Given  seven  points  on 
two  lines  [as  sho^i  in 

.  the  figjire]  and  the  in- 
dicated translations. 
Assume  that  [c]  = 
=«  [el.  Make  Use  of  the 
results  in TbeorernS- 3 
to  compute  the  fol- 
lowing, jp 
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As  noted  in  the  proof  of  Theorem  8-3,  part  (a)  is  a  restatement  of 
the  second  conclusion  of  Theorem  8-2,  together  with  the  instance  of  the 
latter  obtained  by  interchanging  *  A*  and  'C*,  and  *  B*  and  *U*,l  [See 
equations  (l)  and  (!')  in  the  discussion  of  Theorem  8-2  in  the  com- 
mentary for  page  320.  ]  The  proof  of  part  (a)  does  involve  lome  addi- 
tional manipulation  of  ratios.    Skill  in  such  manipulation  is  very  useful, 
and  the  exercises  in  Parts  D  and  E  which  follow  and  in  Parts  A  and 
C  on  p^ge  322  should  help  students  develop  it.    See,  also,  Part  E  on 
pages  330  and  331. 

•Part  (b)  of  Theorem  8-*3  is  not  a  consequence  of  Theorem  8-2. 
Rather,  it  complements  the  latter.  .  Converses  of  theorems  deriving 
from  Theorem  8-2  can  often  be  established  by  using  Theorem  8-3(b). 

Answers  for  ..Part  D 

1.  <a)<s=s><b):    (P-A):(.B-  A)  =  t<=>P  =  A+  <B  -  A)t  '  [t  *  0} 

<=>P  =  <B  +  (A-B).)+(B-  A)t 
<=>P  =  B+(A-  B)U  -t) 
<=*{P-  B);(A-  B)  =  1  -t"*     *        [t  #  1]  . 
($)<=><c):   (P-  B):(A  -  B)  =  1  -t«=^>P-  B  =  (A  -  B)U -t)  [t*l] 

<s=£>P-  B  =  {(P-  B)+(A-  P))(l  -t) 

<=&{p~  bh  =  (A-  p«i  -ty 

<^>{P- A):(B- P)  =  ~~  I0*t*l] 
(c)<^>{d);  {P- A):<B- P)  =  j±^<=*{P- A):<P-B)  -  -  j~ 

<=3i1P-  B):(P-  A)  =  - 

2,  The  fix  st  can  be  established  directly  by  the  techniques  in  Exercise 
1.    Alternatively,  use  the  equivalence  of  (a)  and  (c)  of  Exercise  1, 
choosing  t  such  that  t/(l  -  t)  -  a/b«    The  second  comes  from  the 
first  together  with  the  fact  that 

P  =  A  +  (B  -  A)r*=>P  -  O  =  (A  -  O)  +  «B  ~  O)  -  (A  -  0))r 


8.01  Ratios*  and  Parallel  Segments 

(c)  c[:  "J  ■     '  -y 

(f)  66  .bp 


325 


,  (a)  p     ^         ib)  q* 
(d)  </  :  e  (e)  c 

4.  (liven  seven  points  on 
'  two  lines  (as  shown  in 
the    figure  I    and  the 
indicated  translations. 
Show  that  ' 


(a)  U-l  T=  \(t)  ~a}h,  -  0,6, 

(b)  It/)  -  Jti]  ~  a,b,  =  a.(h2  , 
<e)  4<'N  la |  — *  r\  J  -  a/a., 

5,  Suppose  that  and 
pA  are  three  P^J^f 
lines   which  inlers5?^w 
lines  /  and  nt  as  shown  ^Sta, 
in  the  figure.  Show  that  ^ 

'    \LX  -  Lt)  ;  (/,,  -  L(>  ±fc  \.     p,  J 

(A/,  -  A/.,)  ;  (A/,  -  A/,).        •  - 

|//*>tf:     By    Theorem  <.,/ 

8-2v  either  /  is  par-  2  ./ 

-  allel  to  m  or  I  inter-  / 

seejs  rn  «t  a  point  P.  _  LjJ 

\    The     first    ease    oc-  1  / 

curs,   when    M ,  -  L, 

-  M)t  -  Lr  In  the  sec-  "  ; 

'ond  case  (/,/-/,,>  :  i/5  -  L.,)  ^  IM,  -        :  iP  -  Af,)  |Why?j.) 

6.  Add  a  fourth  parallel  line,  pv  to  the  figure  for  Exercise  5  and  show 
that  Uu  ?tLn)  ;  |L,  -  L,)  -  (Af 4  -  Af3)  :  (M2  -  A/,).  Use 
hxercise  5.  j-  1       ,  i 


/  m 


/ 


Part  E  ,         *  ■     *  | 

Supple  that  A ,  B  ,  and  P  are  three  col  linear  points  and  that  a  and  b 
are  nonzero  numbers  such  that  a  +  h  /  0.  You  proved  in  Exercise  2 
of  Part  D  that  9  j  . 


<i>  (P  -  A)  :  (B  -  vP)  =  £      P  =  A  +  (B  -  >l)-— L 

o  .      a  +  o  * 


Ig  /  0  ?$  6,  a  +  6  /-0J. 


Taking  6=1  and  a  -  s  it  follows  that 


ERIC 


Ui)  (P  -  4)  :  Jfl  -  P)  -  s  *-*P  =  4  +  (B     M> ~ 

*         •  s  +  1 

..  -  [-l*s*0]. 
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iswers  for  Part  D   [cont.]  * 

(a)  -4  (b)  -6  (C)  -3/2  m  l/$  '  (e).  -5/3  '  (f)  -3/2 
(a)    [c]  -••  [3j<=>  (aa2):(aai)  =  (Si^) :  (bb1  j  , 


a^  -  'a?b1 

(b)  [3]  -   [ej^(aa.,):(aa?  +  aa3)  -  (BVj^bV,  i  Sb3)   

!  '  ap/<a2  f*a3)      b2/(bp  +  b3)  *  , 

..<==>  aa(b2  +  b3)      b;2(a2  +  a3)^ 
a.,b3  -  a3bp 

(c)  [c]      [-3  J         c  :"cf  -  (aai):(aa?) 

c  :  3  -  a1/a;?  *  ■  . 

(d)  [cf  ]  =  Le  ]         3:e  =  (6b2):{b'b?  f  Sb3) 

^'Hre  -  ba/(b2  +  b3) 

By  Theorem  8-Z,   in  case  £  ||  m,  M    -  L3  -  lyL,  -  L0  =   M,  -  L, 
and,   so,   M3  -  Mp   =   La L,  and  -  Mt  ='L.  -  "Hence,  in 

this  case,  (L3  -  L2):(La  -  Lx)  -  (M3  =•  M?):(^  -  Ma). 

'{n.case  I  H  m  then,  by  Theorem  I  r>  m  -   { P}  where 

P  =   LP  t  ('Llt-  L2)*/(l  -  r)  and  P  =  M0  +  (M2  -  Mp)-/(1  -  r) 
with  r  -  (Mx  ^  LX):(MS  -  Lp).    It  follows  that  (Lp  -  L,);(P  -  LP) 

-  r  -  1   =   <Mf?  -  M1):(^  -  M3K    Similarly,  ( La  -  taJ:(P  -  Xp )  - 

-  (M„  V  M-):(P  -  M2)i    From  these  results  it  follows  tha€ 
<L3  -  Lr,):(Lr  -  Lx)  -  (M3  -  M2):(M;j  Ml). 

(U  -  L3):(L3  -  LP)  ~-  (M4  -  M3):(?^3  -  M,')  and  (L3  -  L2):(L    -  Lx) 

-  (M^  -  Mp):(M?  -  Mx).    So  [^multiplying  corresponding  sides*'], 
(L4  "  L3):(L?  -  Lx)  -   (M    -  M3):(MP  -  M  ).    [Th.esfe  results  are 
formulated  in  Theorem  8-b(b)  on  page   335.  ] 
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Taking  a  *  h  -  1  and  a  -  f  it  follows  that 

(iiii  IP  -  A)  :  <ii  -  />)  -  {  _  "  .4  -       -  AU  \Q  /  /  *  H 

* 

I  Compare  this  last  formula  with  a*  result  obtained  in  Exercise  1  of 
'  Part  D.  I 

1.  In  terms  of  the  restrictions  on  V  and  'b'  in  li),  explain  the  restric- 
,    tions  on  '.s'  in  liii  and  those  on 't'  in  iiii).  •  , 

2.  Check  the  consistency  of  lit)  and  iiii)  by  showing  that 

t  s- 

x.-~t-~x  -1^1  II. 

3.  Sentences  <ii)  and  <iii)*were  obtained  as  instances  of  (i).  Show  that, 
conversely,  ii>  is  an  instance  of  ( ii)  and  that  it  is  also  an  instance  of 
iiii>.  -  ■  , 

4.  The  right  sides  of  ii),  (ii),  and  (iii)  show  different  ways  of  describing 
appoint  P  of  the  line  AB,  in  terms  of 'a'  and  'b\  or  of  V,  or  of  7\  The 
left  sides  show  corresponding  ways  of  describing  P  by  using  the 

x     ratio  of  P  -  AtoB  -  PJFor  example,  I ii)  tells  us  that  this  ratio  is  1 
if  anchoniy  if*P  -  A  f  ih  -  A)l  For  another  example,  i  iii)  tells  us 
that  PtAB  if  and  only  if  this yatio  is  t/\l  -  t)  where  0  <  /  <  1/ 
Show  that  .  0 

•  * 

(a)  if  0     /  «    1  then  ^•t--  >,<0,  and 

(b)  if  j       ^'0  then  0  <  f  <  I,  J  Hint:  By  Exercise  2,  you  can  es- 

#        tabhsh  tt>>  by  showing  that  if  a  >  0  then  0  <-  — j  =-  <  1.1 

5.  In  Exercise  4  yoy  showed  that 

fc  (*)        P*AB+—(P  -  A)  :  (£,-  lf>  0,  [Explain.) 

It  fellows  frorri  this^that 
p£-\£tf  U  ^BA*r~-A     LP  -  A)  i  iB  ~P}  <  a  I  Explain.) 

(a)  .  Draw  a  figure  to  iUustrate  the  case  in  which  (P  -  A)  ;  (B  -  P) 

<  -1  and  Another  to  illustrate  rks  case  in  which  —  1  <  (P  -  A) 
'  :  (B  -  Pl<  0.  Guess  two  theorems  lake [Hint:  .Pe-AB 

(b)  Prove  the  theorems  you  have  guessed.  [Hint:  Using  (iii),  one  of 
your  guesses  ^rohaSly  amounts  to  showing  that,  for*£  ^  1, 

x   /  x  * 

t  <*  0  if  and  only  if- 1  <      —  <  0.  The  key  to  this  problem  is 

that  siifee  t  *  l,  t  <  1  or  t  >  1.  So,  • 


_  1  -  y  <L~  <  tf  «~>  (ft  <  1  and  - 1  < 


<  0)  pr 


TC  326  (1) 


Answers  for' Part  E 


1 , 


4, 


Kor  b  •  i  and  a  s,  (a  ^  £  *  b  and  a  b  *  t))  if  and  only  if 
(s  *  0  and  1  +  s  *  0); 


For  a  +  b  -  1  and  a  -  t, 
if  (t       0  and   1  -  t  *  0).' 


t 


•a  -    t(n  | 


s  f  1 


^  0  ^  b  and  a  *  b  ^  0)  if  and^  only 
[t  *  I 


a/b  and  note  that 


To  show  that  (i)  Is  an  instance  of  (ii),  Tal* 
it  follows  that  s/(s  f  1)  ---   a/(a  +  b). 

To  show  that  (i)  is  an  instance  of  (iii),  take  t  -  a/(a  f  b)/ctc. 

(a)  Suppose  that   0  v.   t  s    1.    It  follows  that  t    >  0  andM  -  t    >  0. 
Since  a  quotient  of  positive  nurribe  r-s  is  positive  it  follows  that 

t/U  -  t)  ■»  o. 

(b)  S^ppose  that  s  ,N  0.    It  followjs  that  0  ^   s  ^   s  *  1   and,  so, 
that 


0 


S   4  1 


s  +  I 


S  4  1 

s  f  1 


Hence,  if  s    >  0  then  0  s    s/(s  +  1 )  <*  l\  Substituting 
't/d  -  tV   for  /s*   and) using  Exercise  I  yields  the  desired 
re sulf .  -  ,  / 


B 


B 


(P-A)y(B-P)  <  -1 


t  <  (P-A):(B-  P)  <  0 


P  €   -  BA 


P  €  -AB 


(b) 


P  €  -BA 


IP  -  A):  (B  -  P)  <  -1  4 


Proof/    We  know  that  P  £  -BA  if  and  only  if  P  =  A  IJB  -  A)t 
for  some  t  >   1,    So,  by  (iii),   it  follows  that  -  P  6  BA  if  and 
only  if  (P  -  A);(B  -  P)  v  t/(  1  -*t)  for  some  t   >  1.  Hence, 
we  need  to  show  that  {fax  t  4  1]  <  .  .    .  %.? 


(1) 


Now,  as  in  the  hint, 
t 


t  1# 


<2) 


1  >t 


s  -1 


*  «t/<   i  and  ~y  ^,-1)  or  (t  >  1  ,and  <  -1)). 


Talking  fthe  first  alternative  we  note  that  .     '  * 

(t  <   1  and  x~Z  <    "!).<=>  <t  <   1  and  t  ^.  -1(1  -  t)) 


1  -  t 


;(t  <   1  and  0  <  :-l). 
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Answers  for  Part  K  [cofit.] 

Since  0  /  -I,  the  lirst  alternative  can  never  hold.  Taking  the 
s\i:ond  alternative , 


(t     -    I  and 


1>  t 


t 


1    and  t    >  -  t)) 

i    and  0    -    -1 J 


Hence/  by   U),    (1  ). 


I    -    IP-  A)  :  (H  -  P)  0 


.Proof.   .(The  proof  of  this  second  theorem  is  like  that  of  the 
first,   and  is  outlined  in  the  hint-     We  give  here  only  the. 
reductions  of  the  two'  aitfe  rnatives.  j 

t 


(t       1    and    -i       ~-r  ^  0 )  <=>{t  ^   1  and  -1(1  -  t)  x  t  k  0) 

&=>{t  v  i  and  -1.0  and  t  ^  0) 
<=>t  <v  0. 

^  0)  <=4>(t    ■  1  and  -1(1  -  t)   >  t   >  0) 

<=*1t    ■  I  and  -I   -  0  and  9  °) 

The  second  alternative  being  clearly  impossible  it  follows  that 
«  .  t 


it     •  i    and  -1 


1   -  t 


1   -  t 


-  1 


0 


t  s   0.  ■ 


■  The  results  obtained  in  Lixercises  4  and  S  are  formulated  as 
Theorem   8-S  on  page  Another  p)roof  of  the  results  in  Exercise 

is  obtained  in  Fxorcises  1   and    ?  of  Part  C1  on  page  V30, 


j 
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.#>  land-)  <  {  _-t 


{))). 


You  will  find  that  one  of  these. alternatives  is  impossible  and 
that  the  other  holda^f  and  only  if  t  <  O.j  ' 

« 

8.02  Points  of  Division  ■    "  , 

Consider  two  .points,  ^4  and  Hn  and*a  point  PejiB,  Intuitively,  P 

...  '-""'8  . 


-1 


Fig.  8-3 


divides  the  interval  AS  into 'two  intervals,  AP  and  PP,  the  ratio  of 
whose  lengths  is  iP  -  A)  :  (B  -  P).  As  yet  we  have  no  formal  notion 
i of  length;  but,  even  without  such  a  notion,  it  makes  sense  to  talk  about 
dividing  an  interval  into  halves  or  into  thirds,  or  to  speak  of  the  mid- 
point of  a  given  interval. 

For  example,  suppose  that  P  is  "one  third  of  the  way  from  A  to  B'\ 
so  that  i  - 


There  are  some  general  remarks  on  TC  3£G,   321(1)  concerning 
division  of  an'interval  by  a  point.    Also,  *  stude nts  sHfculd  recognise 
»(p  .  A):(B  -  PY   from  recent  exercises.  .Ratios  —  particularly  in 
connection  with  "point*  of  division**  are  basic  for  most  of  what  .  * 
follows  in  this  volume.  fJ 

*      The  phrase  'the  interval  from  A  to  IV   may  confuse  some,  since 
it  appears  to  refer  to  a  "s^risefi  internal**   and  this  notion  has  not  been 
defined*    The  complete  phrase:' 

P  divides  the  interval  from  A  to  B  ^ 

is  best  thought^of  as  an  elision  for: 

P  divides  the  interval   AB  in  the  $jense^pf  B  *  A^ 

So',  in  the  esdfcnple  given  on  page  3Z?f  perhaps  the  best  word  translation 
for  the  sentence:    '      •  ^  * 

-      (P  -  A) :  (B  -  P)  =  h/Z 

is  this:  T,  ( 

-    '    9 

P  divides  the  interval  AB  in  the  sense 
of  B  -  A  in  the  ratio  of  1  to  Z, 

Intuitivefy,  of  bourse,  the  concept  under  discussion  should  be  clear 
enough,  at  least  when  P  €  AB;    and  the  difference  in  meaning  brought 
about  by  interchanging  *A*   and  4  B*   should  be  easily  grasped. 

Given  tha,t  ( P  ~  A) :  ( B  -  P)  is   r/s,  it  follows  that  neither  r  nor 
is  zero  and  that  { P  -  B):(A  -  P)  is  s/r.    Since  r/s  and  «/r  are 
reciprocals,  so  are  "<  P  -,A) :  {  B  -  *P)  and  J  P  -  B) :  (A-  -  P). 


kP  -  A)  \  \B  -  P)  1/2. 


In  this  case  we^shall  say  that 


the  ratio  in  which  P  divides  the  interval  from  A  to  B  is  1/2 


or  that 


P  divides  the  interval  from  A  to  B  in  the  ratio  of  ^  to'2. 

W.e  shall 'also  say  'segment'  rather  than  'interval';  but,  due  to  the  re- 
strictions in  Definition  7-13,  P  cannot  be  either  A  or  B  if  \P  - 
:  {B  -  PY  is  to  make  sense.  *  * 

Note  that  tfie  ratio  in  which  a  point  Ps  of  an  interval  AB  divides  the 
-interval  from  B  to  A  is  {P  -  B)  :  (A  -  P)  $nd,  so,  is  the  reciprocal  of < 
the  ratio  in  which  P  divides*  the  same  interval  from  A*to  B.  [Explain,] 

As  noted  in  Exercise  5  of  Part  E,  PeAB  if  and  only- if  (P  -  A)' 
:  (B  -  P)  >  0.  If  P  ig  somewhere  else  on  Xlf  [but  A  4        B]  then  the 
ratio  is  negative  (but,  since  A  #  P,  the  ratio  is  never  —  if.  As  you  were 
asked  to  show  in  Exercise  5,  the  possibilities % are  as  indicated  -in 
Fig,  8-4(a)  and  Fig.  8-4(b).  Even  though  in  these  cases  P  £AB  it  is  \ 
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(a) 


(b) 


P  Pk  AS 

I  ■  (P    A)   (B  .  P) 


Pt  BA 

(P    A)  :  (B  P) 


Fig.  8-4  *  ,  * 

still,  customary  to  say  that  P  divides' the  interval  from  A  toB  in 
lP  -  A)  :  ili  -  P).  [  So  met  fmes  these  cases  are  called  "cases  of  exterior 
division"  of  the  interval  from  A  to  B.]  So,  we  shall  adopt: 

Definition  8  -  1    For  P  €       )\  +  P  *  B,  and  a  *  0  V  6, 
P  divides  the  interval  from  A  to  fl  in  a  :  b 

if  and  only  if  , 
(P  -  A)  :  iB  -  P)  =  alb. 

[As  previously  noted  we  shall  allow  ourselves  to  substitute  'segment' 
for  'interval'  ita  Definition  8-1.1  Note  that  to  say  that  PeAB  and 
A  '/  P  *  4  aniounts  to  saying  that  i4,  /?,  and  P.are  three  coUinear 
points.  [Explain  wiiy  it  follows  thaM  #  B.J  This  is  sufficient  to  lhsure 
that  P  -  A  has  a  ratip  to^L  -  P,  and  that  this  ratio  is  not  - 1.  [Explain.  1 
In  pafticularjf  (P  -  AY  :(B  ~  P)  ~  alb  then  a  +  b  *  0. 
From  the  definition  and  u)  of  Part  E  we  have: 

Theorem  8-4   For  A  *  P  #  B, 
(a)  P  divities  the  interval  fron\i4  lo  B  in  a  : 


a 


ib)  P  ^  A  +  {B  -  AY 


*.  a  +  6 
a 


a  *  0  ^  fcj 


a  +  b 

— *  P  divides  the  interval  from  ^4  to  f?  iij  a  :  6 

[a  +  6  *  0J 


B 


B 


V 


(P       :  (S    P)  -  a  :  b      ■  (P-B)  .(A    P)  -Tpa 
(P  ^)  :  (fl -/4> :a  t./>  ■  (P-fl)  :  C4-fl)-6:a +  4* 

Fig.  8-5 

As  (ii)  and  (in)  were  inferred  from  (i)  in  Part  E,  so  we  may  infer 

Corollary  For  A  *  P  *  B, 
(a)  P  divides  the  interval  from  A  to  B  in  s  :  1 

— ►  P  -  A  +  {B  m  Ah~—  [P  e XS,  s#0] 


erJc 


7fco 
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The  explanations  asked  for  in  the  text  following  Definition  8-1  are 
as  follows :  ,  -  , 

Assuming  that   P  £  AB  it  follows  that  if  A       B  then 
P  -    A  •■    B.    So,  if  A  *  P  *    B  thch* 'A  4  B.\  In  case 
(  P  -  A) :  ( B  -  P)       -1   it  follows  that  P  -  A  ■■-  VP  -  B  and, 
so,  that  A       B.    Since,  as  just  noted,   A  #  Bt\the  ratio 
is  not  *■  1 1         •         ,  ,  r 

The^e  remarks  justify,  for  Theorem  8 .  replacing  the  restrictions  on 
(i)  of  Part  E  by  the  restrictions  which  appear  in  the  statement  of  the 
theorem*  m 

^An  reading  the  definition,  note  that  'a:b'   is' read  as  'the  ratio  of  ' 

a.  to  b\  * 

Figure  8-6  on  page    *29  illustrates  Theorem  8-5,  but  the  's'V 
and*  't's  also  cor relay^vith  those  of  the  corollary  to, Theorem  8-4.  / 
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P  divides  the  interval  from  A  to  B  in  t  ;  1  ~  /. 


Finally,  from  your  work  in  Fart  E  it  follows  that  ' 

Theorem  8-5   For      A/fand  A  ^  P    B,  ' 

•  i 

.  V-    P'e   AB      or  P  e  Ai?  '    or  P  €  —BA 

according  as  the  ratio  in  which  P  divides  the  interval  from 
A  to     is  *  «  * 

between  -  1  and  0     1  or  positive  ■     or  less«than 


1    s  -  0     4       s  *0   y3     4-  -1 

  .  .  -  0  _        —       .  p  M.  

f  •.  o  o-  t<  1         f  - 1 

Fig.  8-6 


Exereises 


ParL 


I 


Part  B 


1,  Picture  a  line  UN  and  points  P,  Q,  K,  S,  T,.and  V  such  that 

(a)  (P  -  M)  :  (N  -  P)-  =  2  (b)  (Q  -  M)  :  (JV  -  Q)  =  -3  . 

(c)  t/i  -  A/)  :  (AT  -  ft)  -  —  1  :  3     (dKS  *  M  +  (JV  ■ 
.  (e)  T  -  M  +  tiV  -=  M)  ^Hl  (f )  lU  -  Jkf)4  *=  UV     LD  —3 

2.  Complete  the  following,  sentences  about  the  points  in  Exercise  1. 
(a)  P  =  M  +  iN  -  M)  ■  (b)  Q~  M  +  UV  -  M)  • 

(c)  R  r  M  +  (N  -  M)  ■  (d)  IS  -  M)  \  (iV  -  S\  =  :_ 

(e)  (T  -  Af)  :  iN  -  T)  =          '     (f)u'~M'+(N-M)-  ' 

t 

An  alternative  form  of  Definition  8  - 1  is  suggested  by  the  theorem: 


For  Pe  kfi%  A*P  *  B,  and  h  *  0, 

(Pv-  A)  :  (fi  -  P)  =  aJb~+(P  ~  A)b 


P)a. 


Prove  this  theorem- 
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Pa.rts  A  and   B  provide  class  exercises  to  insure  a  facility  with 
the  various  ways  of  expressing  ratios.     Parts   C  and^D  together  make 
a  reasonable  homework  assignment,     Ptfrt  E,  when  used  as  a  class 
activity,  eai%  stimulate  lively  discussion.     Hart   F.  can  thenjse  a  home- 
work* activity.    Be  sure  the  discussion  at  the  bottom  of  page    H£  and 
top  of  page"  331  is  clear  before  assigning'Part  K.  -» 

Answers  for  Part  A 


U 


T  R 


S  P  N 


I.  Ma)  l/l  (b)  l/i 
Answers  ior  Part  B 


(c)    -\/L        (d)    I        (e)    -3;  7        (f)  -I 


[The  alternative  form  of  the  definition  is  obtained  by  replacing  its 
last  line   (fage  M%)  by  '  { P  -*A)b  =  (B  -  P)a\  ]  / 

Suppose  that   P  €  AB  and  A  *   P  4-  B'.t   It  follows  that  [P  -  A] 
'  -  [B  -  P]  4  {6}   and  so;  by  Definition  7-14,  that 

*(P  -  A):(B  -  P)  -  a/b  <==>  P  -  A       (B  -  P)(a/tt), 

Assuming  that  b  #  0,   P  -  A  =   (B  -  p)(a/b}<=>  (P  -  A)b   -  (B  -  P)a; 
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Answers  for  Part  C 


[B  -  P)s  =.[(A 
(B  -^}s    ■  (A 


P) 


1.     (a)    Sincev(P  ■  A):(B  -  P)  ~  s,  P  -  A 
"  i  +  (B  -  A)]s,    Hence,  ( P'-  A)(s  +  1} 

Consequently,  (A  -  B):(P  "  A)  Hs  +  1 )  :  -4 

{Note  that  s  +  1  #  0  because  A  4  B  and  (P  -  A):(B  -  P)  ~  s#  ] 
[Alterhatively,  this  exercise  can  be  solved  by  starting  wAth  part  (a) 
of  the  corollary  to  Theorem  8-5.  ]  1  j 

(b)  [This  can  be  established  by  the  same  technique  used  for  (a). 
It  is  worthwhile,  however,  for  students  to  note  that  it  can  be 
obtained  from  (a),  Itself.    Here's  how: 


By  (a), 

(P  -  A):  (B  -  P)  -  s 


(A  -  B)  ;  (P  s-  A)  =  - 


s  +  1 


Spf  by  a  cyclic  permutation  which  replace  s  'P*  by  *  h\  4  A' 
by  *B'  and  '  B1  by  4  P' , 

-  (A  -  B):(P  -  A)  -  r  ^{B  -  £X :  (A  -  B)  *   -^^r1-  - 


*  Substituting  *  - 


for  *  r*   yields  the  expected  results,  ] 


2. 


A  e'  BP  if  and  only  if  Pj.  -AB.  So,  A  €  BP  and  P>  A  if  and  only 
if  P  €  - A§.    So,  we  'cbuld  establish  the    first    case  of  Theorem 

,  8-5  by  showing  fhat  -1  <   »  <  0  if  and  only  if  (s  +  l)/s  <  '  0, 
This  ie  easy  to  show  by  considering  the  two  cases  [s  +  1   >  0  and 
s  <  0,  s  U  <  0  and  s  >  0],  in  which  (s  +  l)/s  <'  0,    The  second 

4  case  holds  if  and  only  if  -1  <   s  <  0;   the    first   case  is  / 
impossible. 


3, 


By  (b)  and  the  second  case*  of  Theorem  8-5,  B  €  AP  if  and  onlfiti 
■  +  1  <  0.    So,  a-s  in  Exercise  2,*P  €  -BA  if  and  only  if  s  C 
This  reestablishes  the  third  case  -of  Theorem  8-5, 
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"  .    .  •  8  (P   A)  :(B  P)' 


Part'C 


1.  Suppose  that  P'A,  and  B  are  three  collinear       •  A          P  -  <V?  i> 
points,  a  *  O;  and  that  P  divides  the  inter-  ■    •\fli:^/.)#  ~~  


s 


Part  D 


,   .  val  from  .-1  to     in  -the  ratio  «  ;  I  • .  .        •  <  " 
Show  that'      •     '  •  (S  Pr>M  fl) 

J     (a)  M  divides  the  .interval,  from  #  'to  />  in  the  ratio  »  +  1  •  -»« 
,    '  and  that  .  .    '  ' 

<b)  B  divides  the  interyaf  from  P  to  A  in*  the  ratio'  -  .1  :  «  4  1. 
•  ^  From  Exercise  and  the  second  of  the  three  cages  of  .Theorem 
,?     8r  5  it  follows  that  .4  *  BP  if  and  only  jf  i ,-  >"  1 >/«  <  (f  Re|ate  this 

result  to  thevfirsf  case  of  the  theorem 
,  3.  Relate  the  result  in  Exercise  Kb)  to  the  th^rd .case  ot Theorem  8-5. 
\  .     *  * 

1.  Show  that  if  AC  and  £75  are  poneollinear  parallel  segments  such' 
that  D  -  B  *  C  -  A.  then  Xb  and.  ft?  intersect  St  a  point  which 
divides  both  the  interval  from  A  to  B  and  the  interval  from  C  to  D 
JtftC  -A):\B-  D).  Wnt:  Most  of  the  work  has  been  done  in 
proving  an  earlier  theorem.  1 

2.  Illustrate  Exercise  1  for  a  case  in  which  the  ratio  in  question  is 
•   negative  and  for  a  case  in  which  this  ratio  is  positive. 

3.  Suppose  that  A(*and  &/5  are  noncotlinear  parallel  segments,  that 
Q  e  AC  .  R  e  BD,  A  >  <^  *  c,  and  B  /  R  *  D.  Show  that  Q  and  R 
divide  the  intervals  from  A  to/;  and  from  B  to  D,  respectively,  in 

•:     the  same  ratio  if  and  only  if 

m  '  (i)  0#  ||  A/?'  |in  case  XS  [j  CZ?|  or 

,    Ui)  PeQ/f  (in  caseAB'n»^=  {P}J.  [/f,n<:  Again,  most  of  the 
work  was  done  earlier  in  this  chapter.) 

4.  Restate  the  corollary  to  Theorem  8-3  in  terms  of  the  ratios  in 
jfivhieh.  points  divide  intervals." 


Part  E 


Suppose  that  Ac  and-EZJ  are  noncol linear 
parallel  segments  and  that  (D  -  B)  :  (C  -  A) 
-  r  ■/  —I.    Suppose    that  tfeXc,    SeW,  P- 
A  V  R  /  C,  and  B  /  S  ■/  Z> 

L/The  figure. illustrates  the  case  in  which  r  >  1.  Draw  other  figures 
illustrating  other  cases.  * 

Show  that  £Z?  and  M intersect  at  a  pofnt  O  which  divides- both  the 
interval  from  A  to  D  and  the  internal  from  C  to  B  in  1  :  r. 

3.  What  ratios  must  be  the  same  in  order  that  {R,  S,  0}  be  collinear? 

4.  (a)  Suppose  that  £i?ahd  W  intersect  at  P.  Can  you  choose  R  and 

S  so  that  both  O  and  P  belong  to 
.   (b)  Suppose  that  jBhpff.  Can  you  choose  J?  and  S  so  that 


OeWand^S*!^? 


ERIC 
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Students  should  by  now  have  at  least,  a  teiVsporarV  acquaintance  with 
■the  transformations  of  ratios  dealt  with  in  PaVfE  on  pa^e    326,.  Theorem 
8-4  and  its  corollary, , and  Exercise  -J,  above,    having  established  the 
^validity  of  these  transformations  it  is  well  .Worthwhile  to*  tyring  out  the  - 

fact  that- they  can  be^asily  f%;Allea  by  sketching  a'figurc  showing  a 
'♦particular  ^ase,-  The  figure  for  Exercise  i.*  fov  "example illustrate 


p  v      ^xarhpie, ,  illustrates 

in  whioh  (P.-  A):(B  -  £>)  S  0.    But  rv  as -shown  in  the  exercise, 
.the  expressions  for  (A  -  B);(P-  A)  and  (R  ~JS*):(A'-  B),  which  thtr 
Jigur.e  makes  obvious  in  this  case,  are  valid  in; all  eases:    "  * 


the  case 


Rxe  rcise  1 , 


1 


Theorem  &  -  4, 


P 
a+  b 


(A  -  B.):(P-,'A)>'-(s."+  1)/s 
(B  -  Pj^fifi^^-js  f  1)  - 


-I/(s+  1) 


etc.  ] 


CoroIVkry . 


sTT 


1p 
(P 


A):(R-  P) 
A);(B- A)  - 


1 

(P  -  A):(B  -  A  )  -=  t 

(P- A):(B1*  P)  ^t  il  -  t 


to 


This  graphic  procedure  of  computing  a  rat^involving  three  points 
in  terms  of  another  such  ratio  is  extended  on  pages   331  and  352  to 
apply ''to  cases  in  v^hich  mo  re  than  thre^  pofnt  8  are  invoived"  or-two  or 
more  ratios  are  given.  . 

In  answers  to  exercises,  we  sha^  usually  refer  to  the  appropriate  • 
theorems;   but,   students  should  prolj^'y  be  allowed  to'  use  the  graphical, 
method  to  obtain  the  desired  results. 


Answers  for  Par^  D 


1, 


Z. 


By^.Theorem  8-2,  the  point  in  question  —  say,  ,P  —  is  such  that 
PM,  A  +  (P.-  A).y<l  -  r^where  r  *  (D  -  B) ;  (C  -  A),  -  So,,  by  (iii)  _ 
ofT^art  E.  on  page   $lSt   P  divides  the  iirf&ryal  from  4  tq  B  in  the 
ratio  tr(l;-r\t),  when  t  -  /(I  -  r}.^  On  subtracting  a^nd  simplifying,  " 
tlte,  ratio  turns  out  to  be  -/r,  and  this  is  (C .«  A)  :  (B  *  D). 
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This  rt'Hult  foilowb  from  hlxercise  3  of  Fart  C  on  page  *>ZZ  and 
the  tact  that  ^ 

(Q  -  A):(C  (R  -  H):(D  -  B) 

'  <=*>{Q  -  A):{C  :  Q)      (R  -  B):(D  R). 

TheHatten  tollows  mast  readily  from  (iiKand  {iii)  of  -Part.  F.  on 
page    iZS,  *        r  ' 

If  A,  B.'l.;,  D,  And  P  are  five  points  such  thut  AB  CD  '  { P} 
then  ! !  •  h [5  if  and  only  ti   P  divides  the  interval  from  C-  to  D 

and  the  inte rval  from  A  to  B  In  the. same  ration1 


part    K  brings  together  results  already  deduced  by  using  Theorem 
including  thost^whic  h  weW  first  nulled  in  the  commentary,  for  Page 
5 0  and  the  results  obtained  in  the  exercises  of  Part  D.     Theye  results 
will  be  of  frequent  use,   and  are  summarized  again  in  Part  B  {on  page 

F^.xereisv   4(a)  adds  to  earlier  results  [see,  for  example ;  the 
figure,  on   Tt*  '^OflV}    the  fact  that,   in  trapezoid  ABDC,  the  midpoints 
of  the  parallel  sides,  the  intersection  of  the  diagonals,  and  U)e  inte.r-  s 
section  of  the  lines  containing  the  nonparallel  sides,  are  collinear*  Of 
course,  this  can  also  be  interpreted  as  saying  something  about  A  PBD 
[or  A  PAC,  'tTr  AOBDj.    It  also  has  consequences  concerning  quadri-  ' 
laterals'  "sue h  as   PAOC,  in  which  one.  diagonal  bisects  the  other-, 

<  '    The  variety  of  the  interpretations  just  referred  to  may  indicate  why 
a  mathematician  might  be  satisfied  with  Theorem  8'-2,'say,  and  be 
happy' to  forgo  talk  of  triangles,  trapezoids,  etc.  ! 

Answers  for  Part  F. 


1., 


|.  -l<r<o         u  M  r,<-1 

[The  figures  should  remind  studenis'that,  while  Theorem  8-2^ 
"explicitly'*   gives  Information  about  the  point  P  at  which  AB  and 

k  £T3  intersect,  it  can  also  be  used  to  locate  the  point  O  of  inter-  ■ 
section  of  Kp  anp,  15C.  ] 


7S3 
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By  TheQrem  8-2  [with  4  B*  and  1 D'  interchanged  and  .*-r*  for  *  r'  ] 
it  follows  that,  since  (B  -  D) :  (C  -  A)  £5  and  E£  intersect 

at  a  point  CT such  that  ■     4  *  «\  » 

*   d  =   A  +  (D  -  A).  /(I  .+  r)  =  rC  t  <B  -  C3*/(l/.  r). 

As*  in  Kxercise  1 .  of  Part  P  [again,  interchange  1  B*  and  '  £)'  and 
replace  "r-  by  ' -r'  ],  O  divides  the  intervalsnn  question  in.  1  :  r, 
[If,  as  in  the  figure,   r  £  '1,  then  Xb  and  intersect  at  a  point 

P  which  divides -the  intervals  from  A  to  B  and  from  C  to  D  in 
-I  :  r.  ]  ■ 


eW2 


Answers  for  Part  K  [coht,] 

3.      Prom  Exercise   3  of  Part  C  on  page*"T22  or  Exercise  3  of  part  D, 
alcove,  with  *  E'   and  '  D*   interchanged,  O  £  R5  if  and  only  if 
(R  -  A)  :  (C  -  A)  ^  (S  -  D)  :  (B  -  D)  and,  also,   if  and  only  if  ? 
(R  -'a'):(C  -  R)  -  IS  >  D):(B  -  S).  ?  '  \ 

4..     {&)  v  Yes.    By  the  second  of  the  answers  for  Exercise  3,  O  |*TRS«  if 
and  only  if  (ft  -  A):(C  -  R)  =  j(S  -  D)  :  { B  -  S).    Inte rchlnging 
>B'  and  ,D\  P  €  R5  ^  and  only  if  (R  -  A)  :(C  -  R)    _  * 
=   (S  -  B):(D  -  S).    Hence,  O  and  P  both  belong  to  RS  if 
and  only  if  (S  -*D):(B  -  S)  -   (S  -  B)^(D  -  S).    This  condition 
is  satisfied      anc*  only  if  the  commqn  value  of  these  ratios  — 
each^of  which  is  the  reciprocal  of  the  other  —  is  1  *  [The 
common  value  cannot  be   - 1  because   B  4  D.  ]   In  short,  R 
and  S  must  be  the  midpoints  of  AC  and  S3,  respectively. 

(b)    Yes.    Again,  R  and  S  must  be  the  midpoints  of  AC  and  S3. 

5.   .  (a)   'For  Ok  R§.  (R  -  A)':(C  -  A)  =  (S  -  D):(B  -  D).    Syice  the  four 
■  translations  -whose  ratios  are  involved  he.re  have  the  same 
direction  it  follows  that  {R  -  A):  (S  -  D)  =  (C  -  A)  t(B  -  D)  =  -/r. 

{b>    Since  AR  ||  DS,  (O  -  R>:  (S  -  O)  -  (O  -  A):(D  -  0}>  /r. 
[Corollary  to  Theorem  8-3  and  Exercise  2.  above.] 

i       '  .    tc  m'o)  _ 

Answers  for  Part  E    [cont.]   "'  ^ 

6.    ;(a)    (O  -  A):(D  -  A)  =  /tl  +  r).    So,  fpr  V  £AB,  ?0  ||  BD  if  and 

only  if  (V  •-  A):{B  -.A)  =  /(!  -t  r).  So,  V  must  be  the  pcfin^  . 
A  +  (B  -  A)./{1 

(b)  As  in  part  (a),  W  =  C  +  {D  -  C)'  /U  +  r). 

(c)  O  -  y  =  (O  -  A)  +  (A  -  +  fj^^D  -  A).  /{I  4  r)  | 

+  (A  -  B)*  /(I  +  r)  =  {D  -  B)  •  /(I  +  r)  ..   .  _ 

W  -  O  ■=  (C  -  6)  +  (lj  -  C).  /U  +  r)  =  (C  4B)./(i  +  r) 

^.^  (D  -  C)-/(l  +  r)  =  (D  -  B)-/(l  +  r)         ■  t 
Hence,  (O.-  V):(W  -  O)  =  1  :1.  , 

(d)  By  (c),  W  -  V  =  (W  -  O)  +  (O  -  V)  =  (D  -  BH-2/(l'+  r)).  Since 
(D  -  B) :  (C  -  A)  =  r  it  follows  that  W  -  V  =  (C  -  A)(Zr/(l  +  r». 
Hence^  ' 

(V  -  W):.(B  :  D)+  (V  -  W)s<A  -  Cj  =  r+T*  !^*  2'  - 


&02  Points  of  Division  331 

5.  Suppose  th&^«  Compute: 

.*  6.  (a)  Find  [if  .possible]  a  point  VeX£  such  ttat  PZ?  ]|  ffl,  [Hint: 
There  are  several  ways  to  go  about  this,  but  since  yotr-know 
(O  f  A)  :  (D  -  A)  the  simplest  is  to  use  Exercise  4  of  Part  D.] 
•      (b)  Find  a  point  W it!)  such  that       I!  M  ■ 

(c)  In  what  ratio  does  O  divide  the  interval  frqm  V  to  W?  , 

(d)  What  is  (V  -  W)  :  (B  -'  D)  +  (V  -  HO  :  (A  -  CM 

7.  Suppose  that  |rj  *  1  and  that  [as  shown  in  the  figure)  P,  R,  S,  and 
O  are  col  linear.  Express  each  of  the  following  ratios  in  terms  of  V. 

.  (a)  (P  -  R)  :  IS  -  P)  (b)  tO  -  i?)  :  (S  -  O) 

(c)  (R  -  S)  .  </>  i-  /?>  (d)  («  -  S)  :  (0  -  R) 

(e)  kS  -  P)  :  iR  -  S)  (f )  (S  -  O)  :  (/?  -  Si  •  "  ' 
<g)  (O  -      :  IP  -  ft)  <h)  (S  -  />)  :  (S  -  O) 

8.  In  Exercise  7,  what  can  you  say  about  the  ratios  in  which  R  and  S 
divide  the  interval  from  P  to  0?  In  which  P  and  0  divide  the  inter- 
val from  R  to  S?         l  7 

You  should  have  found  Exercise  7  rather  easy  if  you  recalled  the 
answers  for  parts  (a)  and  (b)  and  the  results  you  learned  in- Part  D, 
and  used  some  simple  algebra  of  ratios,  This  procedure  is,  however, 
rather  roundabout  in  case,  for  example,  you  happen  to  need,  say, 
only  the  answer  to  part  (g):  There  is  an  easy  graphical  method  for 
finding  the  answers  to  such  problems.  [Perhaps  you  already  use  a  sim- 
ple form  of  it  to  help  you  recall  the  results  of  Part  D.  ]  To  solve,  Exercise. 
7  by  this  method,^  we  indicate  the  col  linear  points  P,  R,  S,  and  O,  and 
the  known  ratios!/3  -  R)  :  (S  -  P)  and  (O  -  R)  :  (S  -  O),  in  a  dia- 
gram (the  role  of '(  will  appear  in  a  moment]: 


/  .  r.t 

.         Fig:  8-7  -  ■  r     -    -  ' 

Using  the  notations  <above  the  line  we  can  compute  ratios  involving 

the  points  P,  R<  and  S.  For  example,  iR  -  S)  :  (P  -  R)  *  — 

-  r  -  1.  Similarly,  using  the  notations  below  the  line  we  can  com- 
pute ratios  which  involve  R,  S,  and  0.  If  we  wish  to  compute  a  ratio 
which  involves  both  P  and  O  then  we  must  choose  t  in  such  a  way  as 
$o.  make  the  notations  consistent  with  one  another.  For  this,  we  need 

t  +  rt •*  r'-  1  and,  so,  t  *  y^~y  We  can  now  see  that,  say, 

...  -u     1  -f-  r 
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[This  result  is  as  closers  we  can  come  at  present  to  spying 
that,  given  two  bases,  AC  and  BD,  of  a  trapezoid,  the 
measure  m  of  the  segment  throu'gn  the  intersection  of  the 
diagonals  and  parallel  to  the  bases  is  the  harmonic  mean  of . 
Jne  measures  b1  and  b0  of  the  bases: 


#  Of  Course,  considerably  more' has  been 'proved.;    For  example,. 
,  locate  V  and  )V  on  the  figures  in  answer  to  Exercise   1  for 
/which  r       0,  and  interpret  thg  re suiltiof  the  present»exercLse„ ] 

It  may  be  helpful  to  summarize  some  of  the  results  obtained: 

*  Each  interval  contained dn  a  line^through  O  and  whose  end  points 
belong  to  AC  and  BD,  respectively,  "is  divided  by  O  in  1  :  r,  and  t^e 
ratios  in  which  the  end  points  of  suchlkn  interval  divide  the  intervals 
from  A  to  C  and  from  D  to  B,   f espectively, are  the  san*e.  [Exercise 
5,  parts  (b)^and  (a),  ]  m  $ 

[Replacing  'O'  by  '  P\  U  rv  by  ' -r.\  a*nd  interchanging  *  B'   and  '  D\ 
in  the  preceding  statement  gives  another  correct  result,  ] 

„        P.   R.  0»  and  S  are  collinear  if  and  only  if  R  is  the  midpoint  of 

*AC  and  S  is  the  midpoint  of  BD:    [Exercise  4(a).  ] 

/      O  is  the*  midpoint  of  VW,  and  *  •  „ 

(O  -  V):(D  -  B)  ~-  /(X  +•  r)  and 

'      (O  -  Vi):  (C  -  A)  -   r/(i  +  r).       [Exercise  6] 

These  results  hold  for  any  value  of  1  r'  other  than  1  'anS  -1# 
[Those  not  involving  P  hold  even  if  r  -  K  ] 

*  *  ,  «■ 

7.  [The  assumption  that   |  r  |  4  1  is,  of  course,  to  ensure  thg  exist- 
ence o£  P  as  well  as  that  of  O. } 

{*)   iP  -  R):{S  -  P)  =  (p  <.  a):(B  -  P)  =  -/* 

(b)  tO  -  R):(S  -  O)  =  /r.             ,    ..  .  ' 

(c)  ,(R  -  S):(P  -  R)  =  (A  -tB);(P  -  A).=  -  r)  =  r  -  1 

(d)  (R-S):{^>R)^  At*  =  -U  +  t)  [Use  (b).  j 

(ej  (S  -  P) :  (R  -  SJ_=  -r  •  /\x-  -  XI  =  r/U     »>    [Use  4*>  and  ^  }4  ] 

(f)  (S  -  Q):(R-  S)  =  -r/U  +  r)     [Like  {e):]' 

<g)  (O  -,R):<P  -  R)  Ml  -  r)/(l  +  r)      [Use  (cfWT(d).  ) 

'     .  W  -  P}^S  -  O)  =  (r  4  i)/(r'-  1)     [Use  (e)  and  (f).  ]  - 

8,  In  each  case,  the  two  ratios  are  opppsites. 

*  •  •*  *  •  - 

The  method  of  computing  ratios  from  others  which  is  illustrated  on 
pages  331  and  332  is  a  considerable  time-saver.    As  is  pointed  out, 
the  order  in  which  the  points  are  indicated  in  Figure  8-7  is  immaterial. 
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flf  this  looks  like  magic,  ftote  that,  above  the*  line,  we, are  really  sav- 
ing that  S.-  R*r  */?  -  PMr  -  i).  .Below  the  fine  we  are  saying  ^hat 
S  -  R  -  tR  -  /*)if  +  rf).  In  order  to  be  correct  both  times  We  must 
have  /  +  jrt  =  r  -  l.j  Note  that  it  dtitesn't  matter  in  wha^t  order  we  list 


^"7 

Part  F 


1.  Use  the  graphical  tecfrnicf^  to  check  your  answers  for  Exercise  7 
of  Part  E  and  to  find  *P     0>  :  (tf  ^  <?)  and  (>  -  S)  :  <7?  -  O) 

2.  Suppose  that  A,  B.  t\  and  are  four  coilinear  points  such  that 
U  ■-/})  a  and  (fl  -  £>)  :  t/J  -  C)  -  6.  Compute  at 
least  six  ratios  each  of  which  involves  three  or.  four  of  the  given 
points.  ^ 

3.  Suppose  that  J.  A\  L,  and  A/  are  four  points  of  a  line  /  such  that 
(A'  -  >/)  .  (/,  -  J)  -  2  and  (Af  -  L)  :  (/f  -  L)  =  -4.. Draw  ana^ 
prophate  picture  and  compute  these  ratios. 

Ja)  U  -  M)  :  iL  -  J)  <b).  (/C  -  J)  :  (J  -  M> 

(c)  (A/  -  J)  ;  iff  -  A/)  (d)^(ff  -  /,)  ;  Jff  A/) 

(e)  (K  -  L)  ;  I  A/  -  J)  (f)  (A/  -  L)  :  (ff  -  j) 

<g)  (A/  t      :  (A/  -  L>  ,  (h)  (J  -  /,)  :  (ff  -  L) 

8*03  Triangles 


Definition  8-2 
ib)  PQR  is  a  ftriangle  «-*  {P,  Q,  R}  is  rioncollinear 


'  Fig.  8-8, 

r  We  shall  usually  write  'APQR'  when  we  wish  to  refer  to  the  set  PQR 
and,  at  the  same  time,  imply  that  '{P,  Qy  R }  is  noncollmear.  The  points 
P.  Q,  and  /?  are  the  vertices  of  APQR,  and  the  mtei*vals_Q^,  i?Pt  and 
are  its  sides.  P  is  the  .vertex  pf  APQR  opposite  side  QR,  and  QR  is 
the  side  of  A£Qi?  opposite  the  vertex  P.  Etc.  Note  that,  for  any  points 
P,  Q,  and  /?,  PQ/?  -  P/?Q.  So,  in  particular,  APQR  -  APRQ.  Give 

four  oItct  ways  of  referring  to  the  same  triangle. 

.  .  •        .  '  i  t  ■ 

E'xercUei 
Part  A 

f  1.  (a)  Drawa  Aff^/?. 

(b)  List  the  vertices  and  the  sides  of  your  triangle,  pairiftg  up  each 
~  Vertex  with  the*opposite  side.     *  ^ 

eric    -7?z  •  •  ;  •  -  .        •    "  . 
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Answers  fpjr  Part  F  -  .  .  j 

_  ^  ■        V  ^ 

1.  <P-0):(R-S)     -2r/(l  f  r)<l  -  r);    ( p  -  S)^R    O)  =  r\r  f  l)/(r  -  1) 

2.  [The  answers  will  vary  according  t'o  which,  r^tjos  students  choose 

to  compute.    Computations  miiy  be  based  on  a  figure  like:  .  ^  |* 


bt 


„  t 


where,  since  t  +  bt  -    -1,  t  -   -l/(b  +  1).    As  an  example: 
(B  -  A):  (D  -  C)  -   -art  -.a(b  -f  1 )  .  ] 
3.  '  2 


^  -4f  t 

With  t  =   1.  • 

(a)    3         >  «  (b)    1/3  N     '  (c)   3/5  (d)  l/$ 


<«)  -1/3 J  (f)    -2       '  fg)   3/4  (h)  -1 


The  letter^*  Pr,  4Q*f  and  "  RI  in  any  order,  preceded  by  a  'A', 
gives  a  symboj  inferring  to  APQR. 

The  exercq^s  of  Part  A  prpyide  practice  with.the  language  of 
triangles  and  ca^n  easily  be  treated  in  claas.    Parts  B'  and  C  can  be 
used  as  a  homework  assignment.    This  is  a  ratheir  large  Assignment, 
however,  containing  many  important  application^ of  ratios*    We, recom- 
mend that  in  addition  to  assigning  Parts  B  and  C  as  homework  you 
discuss  the  exercises,  in  class  the  next  day. 

Answers  for  Part  A  .  \ 

I.     (a)   tAhy  triangle.  J  \b)  K,  Ml    Z,  RK;    R,  KZ  - 
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2.  KB  [or:    BK];  K 

3.  [Since  no  three  of  the  five  points  are  coilinear,  any  three  are 
vertices  of  a  triangle.    F9r  grading  purposes  it  is  probably  better 
to  know  that  there  are  20  triangles,  rather  than  to  haVe  a  Check- 
list,   It  is  common  to  have  students  who  4o  not  "tee*,  for  euc ample, 

v>   that  B,  E,;  and  D  a"r«  vertices  of  a  triangle  because  BD  is  hot 
'     •  drawn  ui  the  figure.  ]  \> 


770 


 t' 
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2.  Without  drawing  &BLK,  tell  which  si<Je  of  this  triangle  is  opposite 
L  and  which  vertex  is  opposite  the  side  BL. 

.3i  Name  all  the  triangles^  w^hose  0     [c 

*    vertices,  are  among  the*  points  .  A 

A,  B;  C,  tf,  K  in  the  figure.       /  \F 
.     '  *  -      /  _ 

'    4.  (a)  Draw  a  ftPQf?  and  mark  the  midpoints,  Af  and  .V,  of  PR  and 
respectively, 
(b)  Show  that  MN  I)  PQ.<  * 
(e)  Compute  liV  -  <V/)  :  <Q  -  /*).  1  ^ 


Part  B 


Part  C 


In  AABC  suppose  -thf™*  CA 
arid  tit  BC. 

1.  Show  that  ZM?  ||  AB  if  ar\4  only 
if  D  and  £  divide  the  sides  from,? 
C  to  A  and  from  C  to  B,  respec- 
tively, in  the  same  ratio, 

2.  Suppose  that  DE  |j  AB. 

(a)  Show  that  iE  -  D)  :  (B  -  A)  -  r  if  and  only  if  (Z)  -  C). 
:  iA  -  C)  =4  r.  From  this  and  the  hypothesis  that  Z)e(M, 

■what  can  you  conclude  about  iE  -  D)  :  (B  -  A)? 

(b)  Show  that  Xj?  and  £2)  intersect  at  a  point  0,  and  compute 
(O  -  D)  :  (B  -J))  andJO  -  E)  :  &  -  O).  Must  0  belong  to 
the  intervals  AE  and  SD?  Explain.  ^ 

(c)  Show  that  fee/  intersects  and  AB  at  their  respective  mid- 
points, F  and  P. 

(d)  Compute  (O  -  F)  :  (P  -  O)  and  (F  -  C)  :  (P  -  C).  ' 

(e)  Compute  (O  -  P)  ;  ((?  -  O). 

We^ve  had  a  good  ^ieal'to  do 
with  ratios  of  translations,  It  wi^l 
turn  out  shortly  that,  for  some 
purposes,  ;t  is  more  convenient  to 
speak  of  ratios  of  intervals .  Given 
parallel  internals  AB  and  CD  we 
say  t^iat  the  ratio  of  CD  to  * 
[for  short:  CD  :%  AB]  is  the  9 
absolute  value  of  the  ratio  ofD  -  C 
to  B  -  A  : 


shaUs 
to$B 


ERIC 


/  CD  :  AB  =  |  (D  ~  C)  :  (B  -  A)  | 

1.  Show  that  CD  :        =  DC  :  45  -  DC  :        =  C5  :  ii4  and  that 
:  CD  ip  the  reciprocal  of  CD  :  A£. 
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Answers  for  Part  A  [cbntj 

4«     <a)  £  (b)    Since  ( R  -  &l :  (R  -  N)  -  2 


[R  -  P) :  m  -  M)  it  follows  by  the 
corollary  to  Theorem  8-3  that-         *  V* 

mn  r 


^fl^(c)    If  (N  -  M):  (Q  -  P)  /r  then,  by 
Theorem  8-2,  R     /P  +  (M  -  P}' 
*  ,  ••/('!  *  r)«    Since*  different  values 

of  \r*  yields  different  values  of, 7(1  -  rV,  the  converse  also 
holds.    So,  since  (R  -  P)  ;  (M  -  P)  -  2f  it  follows  that 
,  1  -  r   -   1/2  and  that  r  =    l/2.    Hence,   (N  -  M)  :  (Q1-  P)  -  l/2. 
[Although  it  is  good  practice  to  learn  to  use  the  general  theo- 
rems developed  in  this  chapter,  it  is I 'often  easier  to  solve 
f  exercises  independently  of  these  theorems.    In  the  case  of  the 

present  exercise  it  is  Convenient  to  let  p  -  -P  -  R  and 
q  %Q  ;  R.    Then  N  -  M  -  (N  -  R)  -  (M  -  R)  ~  q*  /l  -  p«  fl 
-  (q  -  p)-/2  -   (Q  -  P)-/^.    This  result  yields  both  (b)  and 
(c).  ] 

Answers  for  Part  B  A 

[As  remarked  in  the  commentary  for  page  330,  preceding  the  dis- 
cussion of  Part  E,  much  of  the  present  Part  B  is  a  review  of  the 
results  obtained  in  Part  E.    Exercise   1   is  an  exception  to  this.  *  In. any 
case,  all  follows  from  Theorems  8-2  and  8-3.    The  results  of  Exercise 
I  are  summarized  in  Theorems  8-9  and  on  page    338.  ) 

1.     This  is  an  immediate  consequence  of  the  corollary  to  Theorem  8-3 
[as  restated  in  Exercise  4  on  page  330]  together  with  , the  fact  that 
C  divides  the  intervals  from  D  to  A  and  from  E  to  B  in  the  same 
ratio  if  and  only  if  the  ratio  in#whic h  D  divides  the  interval  from  C 
f    to  A  is  the  same  as  the  ratio  in  which  E  divides  the  interval,  from 
C  to  B.    This  last  follows  from  the  fact  that  either  of  (C  -  D):(A  -  C) 
a^d  (D  -  C'):(A  -  D)  is  computable  from  the  other  and,  in  the  same  - 
way,  the.  corresponding  one  of  (C  -  E):(vB  -  C)  and  (E  -  C):(B  -  E) 
•  is  computable  from  theNother.    So,   starting  w;th  the  same  value  for. 
(C  -  D>:<A  -  C)  and  (C  -  E):(B  -  C)  one  will  obtain  by-computation 
the  same*  value  for  (D  -  C)  :  (A  -  D)  and  (E  -  C\t  {B  -  E),  and  vice  * 
. versa*  ■  > 

,\    .  ■ 

2.,    (a)    [To  show  that  (E  -  D) :  (B  -  A)  -  r  if  and  only  if  (D  -  C):(A-C}- 
*   r  Amounts  just  to  showing  that  <E  -  I>)r<B  -  A}  -  {D  -  C):<A  -  C). 
And,  to  show  the  latter,  it  is  sufficient  to  show  that  if  ■ 
^     (E  -  D):(B  -  A)  =  r  then  (D  -  C):  (A  -  C)  =   r.  ]   By  Theorem 
8-2,  since  AD  r\  BE  consists  of  a -single  point,  (E  -  D):(B  -  A) 
^  1.    Moreover,  since*  £3  r\  §24  a  {cl  it  follows  that  if 
(E  -  D):(B  -  A)  =  r  then  C  =:  A/4.<D     A)./U  -  r).  jNote 
that  both  parts  of  the  conclusion  of  Theorem  8-2  have  been 
called  orr4«  the  preceding  argument.  ]  It  follows  that 
(C  -  A):(D  -  A)  =7(1.  -  r),  (D  -  A) :  (A  -  C)-»  r  -  1,  and,  so, 
(D  -  C):4A  -  C)  -  (r  -  1)  4  1  =  r.    Hence,  if  (E  -  D):{B-  A)  =  ? 
n  1      then  (D  -  C) :  {A  -  C)  -    r.    Since  (E  -  D):(B  -  A)  is  some  '.' 
number,  it  follows  that  (E  -  D) :  (B%-  A)      (D  -  C) :  (A  -  C). 
Consequently,  (E  -  D) :  (B  -  A)  -  r  if  and  only  if 
(D  -  C):(A  -  C)  =  r.  - 

Assuming  that  D  e  CA  it  follows  that  0  <  (D  -  C);(A  -  C\  <  I. 
So*  tinder  this  hypothesis,  0,  <  {E  -  D)  :{B  -  A)  <  1. 

'  '       •  ,  '    •.  .  775  ■■ 
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Answers  for  Part  R  [cont.j 

(b)    [Students  should  recognize  this  as  a  repetition  of  Exercise  2 
of  Part  F.  6n  page   3  30,     if  one  identifies  tfce  points  D,  A,  B, 
And  K  of  the  present  exercise  with  the  points  A,   B,  D,  and  C 
°f  PiFrt  E  then  the  pqints  O  of  the  two  ex*e  rcises^c  or  respond, 
but  the  number   r  of  Part   E  is  the  reciprocals  the  number  r 
of  part  (a)  of  the  present  exercise.    Translating  the  result  of 
F.xercise  Z  of  Part  E  into  the  present  notation,  we  see  that  O 
divides  the  interval  from  D  to  B  and  the  inte rva^f rom  E  to 
A  in  r  :  1 .    So,  the  value  of  each  of  the  ratios  in  question  is 
r  —  that  is,   each  is  (F  -       :  ( B  -  A). 

Since  the  latter  ratio  i,s  between  0  jxnd  1,   so  are  the 
former.    It  follows  from  this  that  O  belongs  both- to  BD  and 
to  AE . ' 

Students  may  answer  by  referring  to  a  figure  like: 


< 


which  summarizes  the  relevant  information  from  Part 
cor  responding  figure  for  the  present  exercise  is; 


The 


* 

More  "generally" 


For  a  verbal  statem-ent  of  the  property  used,  see  the  figure  of 
the^umma  rising  statements  following  the  answer  for  Exercise 
O'of  Part  E.  ] 

?  |c)    [This  has  been  shown  in  Exercise  4(a)  of  Part  E  on  page  330.] 

(d)    (O  -H:(p-  0)=  (E-D)j(B-  A) 

(F     C ) :  ( P  -  C)  =  (D     C) ;  { A  *•  c)  -  (E  -  D):(B  :  A) 

{e}    (O  -  P):(C  -  O)  *  <1  -  r>:(2r)(  where  r  =  (E  -  D):(B  -  A). 
[Use  part  (d)  and  the  technique  explained  on  page  331.  ] 


■7?C, 
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*       It  is  sometimes  .convenient  to  speak  of  the  r-atio  of  two  intervals 
~[ior  segments}.    [See,  for  example,   Theorem  8-6  on  page  315  and 
Theorem  8-7  on  page    335.  ]   In  doing  so,  one  disregards  thv  notion  of 
sense  —  which  doe^s  not  apply*  to  intervals  —  and,  so  often  loses  Infor- 
mation which  is  available  in  statements  about  ratios  of  translations  dr 
about  ratios  of  sensed  distances   [*seh  Part  D  on- page    163],  ' 

Answers  for  Part  C  * 

1.     Since  <D  -  C):(B  -  A)  =   -[-(D  -  C)  :(B  -  A)]  =    ~[(C  -  D)  :  (B  -  A)], 
and  since  numbers  which  are  opposite s  have  the  same  absolute 
value,   it  follows  that  |  ( D  -  C) :  ( B  -  A)  j   =   |  (C  -  D) :  (  B  -  A)| .  So, 
by  .definition,  CD:  AB  =   DC  :  KB.  Etc. 

Since   (B  -  A)  :  (D  -  C)  is  the  reciprocal  of  (D  ^  C) :  <B  -  A), 
and  since  the  absolute*  values  of  reciprocals  aive ,  themselves 

reciprocals,  it  follows  that    |(B  -  Af:{Dm  -  C).|  is  the  reciprocal 

of  |  D  -  C)  :  (B  -  A)  |  .  So,  by  defini/ion,"  SB  ?  CD  is  the  reciprocal 
of  CD  :  AB. 


r 
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2.  In  -each  of  the  following,  you  are  given  certain  information  about 
a  figure.  Also,  certain  ratios  of  intervals  are  indicated  in  the  given 
figurps.  Jise  this  information  to  help  you  to  compute  the  indicated 
ratios  of  intervals.  [For  h,elp,  see  Exercise  3,  page  322.] 


(liven:      EF  ||  AC  Given:  BC_ 

Compute:  EF^':  BIT,  DC  :  FG;    Compute:  FG  :  BD;  HI  :  EC; 

EG  :  BC;  AG    AC  AH  :  AE;  BC~  :  FI 


Given:     DE  ||  AC     _    _       Given:     DE\\AC_  »_  _ 
Compute:  BF  :  FG;  BE  :  EC;    Compute:  DH  ;  AF;  IE  :  GC; 
EF  .  CG^CA  :  ED_,, 

3.  Suppose  that  AB  ||  EF  |)  DC, 
and  that  the  ratios  among  the 

.  ,  intervals  EF,  BF,  and  Ft -are 
as  indicated  in  the  figure  at 
the  right. 

(a)  Compute  these  ratios:  . 
:'  DC; 

i;  BE  :  BD 

(b)  Shj  * 
EF  EF  :  CD  =  1. 

4.  In  each  of  the  following,  you  are  given  thai  / 1  m  J|  n.  Also,  certain 
ratios  of  intervals  are  indicated  in  the  given  figure.  Us*- this 
information  to*  compute  the  indicated  ratios, of  intervals.  [For 
help,  see  Exercise  5,  page  325.]  ^ 

U)      ,         4  <b)  ( 

m 


dI 

— * 

I  H\ 

ERLC 


Compute:  AB  :  BC;  AG_  ;  AF; 

AD  ;  GE;  BG  ;  CF 


77S 


Given:     p\\l  .  ; 

Compute:  AB  :  CD,  BC  :  AB; 

AC  :  CD;  AB  :  AD 


,  -  TC334 

«  •  * 

*  p.  /  * 

Answers  for  Part  C   [cont,J  * 

(a)  &F;  BD  ^  2/5;     DC :  FG  =,  S/l;    EG:^C  =  2/5; 
AG  ;  AC  =  2/5 

(b)  .   ?S:BB*  =   5/7;      HI  .'  EC*  =    5/7;     AH:'aE  =  5/7; 

BC  :  FI  =  7/3 

(c)  BF :  FG  -   3/4;  BE  :  EC  -  3/4;   4EF :  CG  =  3/7; 
CA:ED  -  7/3 

(d)  DH:AF  ^  3/4;  IE:GC  =  3/4;^    BI :  BG  =  3/4; 
AC  :  DE  -  4/3  V 

3,     (a)    EF:AB  '=  t:{s  i  t);    Wf  :  DC  -  s  :  (s  +  t) 

CE  1EA  =  t :  s;  BE  :  BD  -   s : (s  +  t) 
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5.  It  is  customary  to  call  each  of  two  intersecting  lines  a  transversal 
of  the  other.  An  interval  of  a  line  /  is  said  to  be  intercepted,  by  any 
two  transversals  of  /  which,  together,  contain  theendpqints  of  the 
interval.  Two  or  more  lines  which  have  a  common  point  are  said 
to  be  concurrent.  The  following  theorem  restates  earlier  results 
in  these  new  terms.  Prove  it  by  referring  to  the  appropriate  exer- 
cises and  showing  how  these  apply. 

Theorem  8-6  *  '  ' 

fa)  The  ratio  of  two  intervals  which  are  intercepted  on  one 
of  two  parajlei  lines  by  concurrent  transversals  of  both 
these  lines  is  the  same  as  that  of  the  corresponding  inter-, 
vals  which  are  intercepted  by  these  transversals  on  the 
other.  .  •  .''Li 

ib)  The  r&tio  of  two  intervals  which;; are  intercepted  by 
»         parallel  lines  on  one  transversal  of  these  lines  is  the 
same  as  that  of  the  corresponding  intervals  which  are 
intercepted  by  these  lines  on  any  other  transversal.  . 


Fig.  8-9 
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*  ' 

T|^e  exercises  of  Part  B  suggest  several  theorems  about  triangles, 
and  the  notion  introduced  inPapt  C  helps  in  stating  some  of  them.  For 
example;  ,  .  \ 

«.  -* 
Theorem  8-7  The  interval  whose  endpoints  are  the  mid- 
points of  two  sides  of  a  triangle  is  parallel  to  the  third  side 
and  its  ra^io  to  the^hird  side  is  1/2.  '*  ' 

GoroHary  A  line  through  the  midpoint  of  one  side  of  a  triangle 
is  parallel  to  a  second  side  if  and  only  if  it  contains  the  mid- 
♦  point  of  the  third  side.  . . 

Before*  stating  our  next  theorem  we  need  a  definition. 
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Answers  for  Part  C  [cont.J. 

4.  (a)  'AB:BC  -  3/4;  .AQ-.AT  -  3/7;    5B:GE-7/4;    BG :  CF  -3/7 
(b)    AR  :  CD  -  1  ll\    B£  :  AB  -  l/l;    jvc  :  CD  '  %/4;  AB;AD-Z/9 

5.  Theorem  B-6(a)  can  be jproved  by  using  Exercise  3  of  Pnt  D  on 
page  Suppose   [in  the  notation  of  that  exercise]  the  two 
parallel  lines  of  the  theorem  are  and  ^7>  and  consider  the 
concurrent  transversals   PA,   PC  and  PS  which  intersect  Xc,  at 
A,   C,   and  Q  and  intersect  BD  at  13,   D.   and   R,  respectively. 
Accordinj^to  thej*xercisef  ( Q  -  A):(C  -  Q)  -   (R  -  B) :  (D  -  R). 
So,  AQ  :  QC  :    RR  :  RD.    This  establishes  Theorem's -6(a)  in  case 
the  intervals  are  interested  by  three  transversals,    jo  establish 
the  general  case,  a*  pictured  in  Figure  8^9{a)  it  is  sufficient  to  i 
apply  the  special  case  twice.    Suppose  that  four  concurrent  trans- 
versals  into  rsect  .one  of  two  parallel  lines,  at   A1(  7^  ,   A      and  A 
an^ntersect  the  other  at   Bv  B.,.   B3,  and  B4,   respectively,  and 
that  We  wish  to  show  that  A1Ap  :  A^A~4       b\ Bp  :  B3B^.     By  the 
special  case,  A^A?,  :  ApA3       R^bT,  :  B^B^   and^also,  :  A^A^ 

=   I^B^.  R3B4.^  The  desired  result  now  follows"  from  the  fa>^,that 
J^:AX3)(V3  :A^A4)  :    ^K^.A^A^   and  similarly  for  the  * 


theorem  8-6(b)  has  already  been  established  in  Exercise  6 
of  FaVt  D  on  page  3  25. 

■  NoU  that  Theorem  8-6(a)  has  a  corollary j  R 

The  ratio  of  two  intervals  intercepted  on  two  parallel 
*  lines  by  two  concurrent  transversals  is  the  same  as  that  of 

the  intervals  intercepted  on  these  lines  by  any  two  trans- 
versals which  are  concurrent  at  the  same  point  as  the  given 
transversals.  , 

The  corpllar^is  also  illustrated  by  P'igure  8«9<a), ^ whe re  the  common 
ratio  is  t.    [In  the  theorem  itself,  the  common  ratib  is  a/b  (or  b/a).  ] 
The  proof  is  easy.    Re^e^ringJc^the_p_roof  given  above  for  Theorem 
8-6(a),   since  A^A^  ;  A^  ^   B^iB^,  and  the  four  intervals  are 

parallel,  it  follows  that  A^A^  :  B^WP  =  A^A^  :  B3B4, 

^      there  is  a  similar  corollary  for  Theorem  8-6(b); but,  here,,  we 
must  require  that  the  two  tranj|K  rsals  be  parallel.    The  two  corollaries 
ca^n  be  combined  into  one  if  w*peak  of  the  parallel  lines  of  Theorem 
S-6(b)  as  the  transversals:  £  — 

The  ratio  of  tw„o  inteaspals  Intercepted  on  two  parallel 
lines  by  two  concurrent  [§r  parallel]  transversals  is  the 
same, as  that  of  the  intervals  intercepteekon  these  lines  by  < 
any  two  transversals  which  are  concurrent  at  the  same  . 
point  a?  [or  are  parallel  to]  the  given'transvergals. 

9  "You  may  wish  to  give  your  students  a'restat^ment  of  the  parts  of. 
Theorem  8-6  u^ing  the  wore!  *  proportional* :  ( 

Concurrent  transversals  of  pjirall^l  lines  intercept 
prcyportional  intervals,  *    t  « 

Parallel  lines  intercept  proportional  intervals  bn  all 
transversals.  r  ^ 
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Definition  8-3  The  median  of  a  triangle  from  a  given  vertex 
is  the  intefval  whose  end  points  are  the  g\ven  vertex  and 
the  midpoint  of  tjie  opposite  side. 


AM  is  the  median  of  &ABC 
1     from  A  [or  :  to  SCI  *  * 

B 

Fig.  8-10 

How  many  medians  does  a  triangle  have?  Is  it  possible  to  have  a 
trikngie  which  has  spme  two  of  its  medians  collinear?  Is  it  possible 
;to  have  a  triangle  which  has  some  two  of  its  medians  parallel  and 
noncollinear?  Explain  your  answers.  i 

Theorem  8-8  The  three  medians  of  a  triangle  intersect  at 
a  point  which  divides  each  of  them,  from  vertex  to  midpoint 
of  opposite  sidef  in  2  :  1. 

I Hint:  From  Exercises  2(b)  and  2(e)  of  Part  B,  page  333,  what  are 
(O  -  A)  :  (E  -  O),  fO  -  B)  ;  (D  -  O),  and  10  -  C)  :  (P  -  0)  when 
r  -  1/2? | 

Theorems  8-7  and  8 take  account  of  only  a  very  special  case  of 
the  results  you  obtained  in  the  exercises  of  Part  B  on  page  333.' To 
state  these  resultsSn  a  more  easily  remembered  form  it.is  helpful  to 
generalize  the  notion  of  midpoint.  The  midpoint  of  the  interval  AB  is 
*  the  point  A  +  IB  -  A)  I  [fy  is  also  the  point  B  +  (A  ~  B)  -  J.]  We 
shall  refer  to  the  point  A  +  (B     A)r  as:  ^> 

the  r-point,  from  A,  of  AB 

*•     •  • 

So,  for  example,  the  midpoint  of  AB  is  the  f- point,  from  either  A  or  B, 
of  AB.  Note  that 

the, r-point,  from  ^4,  of  AB  is  the  it  -  r)-point,  from  B,  of  AS. 

Note  also  that,  by  the  Corollary  to  Theorem  8-4,  that  [for  0  >  r  *  1] 

the  r-poirit,  from  A ,  of  AB  divides  thcinterval  from  A  to  B  in  r  ;  1  -  r, 

and  that  [for -1  fs.*  0] 

the  point  which  divides  the  interval  from  A  to  B 
'  '  in  s  :  1  is  the  j~-j-  point,  from  A,  of  AS. 

eric  732 
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Two  proofs  for  Theorerfl  8-7  are  given  in  the  answer  for  Exercise 
4  of  Hart  "A  on  pa$e  533.    The  theorem  is  also  a  special  case  [r  -  l/l] 
of  Theorem  8 -9(a)"  on  page   3  37.  .  This  theorem  is  a  consequence  of 
Exercises    1  and  2(a)  of  Par.t  B  on  page  333. 

The  if-part  of  the ,  corollary  is  obviously  a  restatement  of  part  of 
,  the  theorem.    The  only  if-part  is  a  consequence  of.the  if-part:  For, 
there  is  just  one  line  through  the  midpoint  of  the  given  side  and  parallel 
to  the  second  side  and,  by  the  if-part,  the  line  through  the  midpoints  of 
the  first  and  third  side  is, this  line.    [So,,  this  line  contains  the  midpoint 
of  the  third'side/]  1 

A  triangle' ha*  three  medians,  one  from  each  vertex.  [The  madian 
from  one  vdrtex  —  say,  A  —  cannot' be,,  also,  the  median  from  *nf>ther 
vertex  —  say,   B  ~-  for,  if  it  were,  the  midpoints  of  and  of  -J*^*"^ 

would  belong  to  AB,  and  {A,   B,   C)   would  be  cotlinear.  ]   No  two, 
medians  of  a  triangje  can  be  collinear/    [Same  reasons  as  given  for 
distinctness  of  medians,  ]   That  no  two  medians  of  a  triangle  can  be 
V  parallel  follows  from  Exercise  2(b)  of  Part  B,  on  page  333. 

As  indicated  in  the  hint,   Theorerri*  8-8  follows  at  once  from 
Exercises  2{b)'and  l\e)  of  Part  B.    Several  other  proofs  of  this 
theorem  are  given  later  in  this  chapter. 


Sample  Quit 


In  the  picture  at  the  righi^PS 

is   l/4  as  long  as  PcJ  and  T  divides 

the  segment  from  P  to(  R  in  the 
ratio  4/^- 


\ 


T rue  or  false ? 

1.     S  divides  the  segment  from  P  to  Q  in  Jhe  ratio  l/4 

 :         -       -       -  1 


PT  is  \/4  as  long  as  PR, 
Wf  is  parallel  to  {pL 
ST  is  1/3  as  long  as  QR. 

The  ratio  STsQR  is   1/4.  *  ■ 

The  midpoints  of  ST  and  QR  and  the  point  P  are  cdllinear 
The1  segments  SrK  and  QT  intersect. 
Key  to  Sample  Quiz  v.        .  ■  «> 

1.     False.  2.    True.  '      3.    True.  4. 

5;     True.  6.    True.  7.    True.  * 


'2. 

3. 

4, 

S. 
>. 

7. 


False. 
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Part  A  .  , 

1.  In  each  of  the  following,  you  are  given  that  P  and  Q  are  certain 
r-pojnts  of  the  sides  AB  find  AC,  respectively,  of  &ABC.  Carefully 
*  -draw  a  picture  for  each  case  and  answer  the  following: 

(i)  What  is  (Q  -  P)  :         B)?  - 

(ii)  Given  that  R  is  the  point  of  intersection  of  PC  and  QB, 
compute  (R  -  P)  :      -  R)  and  (/?  -       :  (fl  -  Q). 

(iii)  ^5iven  that  S  is  the  point  of  intersection  of  Xfif  and  BC, 
4  compute  (S  -  fi>  :  {C  -  $). 

(a)  (liven  that  P  is  the  point,  from  4,  of  A/J  and  that  Q  is  the 
$-point,  from      of  AC.- 

(b)  (liven  that  P  and  y  are  the  §-pointe»  from*$,  of  AB  and  AC, 
respectively. 

(c)  (liven  that  P  and  Q  are  the  3 -points,  from  A,  oMfl  and  AC, 
respectively,  *  * 

(d)  Given  that-P  and  Q  are  the  midpoints  of, sides  AB  and  AC, 
respectively, 

2*»uppose  that  /i  and  S  are  points  on  the  sides  DE  and  DF,  respec- 
tively, of  ADflF, 

(a)  Given  that  P  is  the  j-point,  from  A,mof  AB  and' that  Q  is  the 
i-point,  from  At  of  AC.        '  t  s  

(b)  Given  that  R  and  S  are  the  i  -points,  from  D,  ofDE  and  DF,  re1 
spectively,  what  can:  you  say  about  &S*and  I^F^  Try  to  show 
that  your  answer  is  correct.  / 

3.  Suppose  that  CM  and  BN  are  the  medians  fro  in  C  and  respec- 
,     "'         tively,  of  AAfld.  Let  R  -  C  V  (M  -  C)2'and  S     B  +  tN  ~  B)2. 

(a)  Draw  an  appropriate  picture  and  show  that  Si?  |j  fi2  / 

(b)  What  isBC  :  RS?  MN  :  RS? 

(c)  Show  that  >i  is  the  midpoint  of  S^. 

4.  In  the  figure  at  the  right,  AM 
is  the  median  from  A  in  AABC, 
/?"and  S  are  the  j-points,  from-* 
ft,  of  AB  and  AC,  respectively, 
and  RC  and  BS  intersect  in  tike  1 
point  7.  Compute  these  ratios,  M 

,  (a)  (T  7  R)  :  (C  -  D  -  (b)  (T  -        (5  -  T) 

(c)  :  (M  -  T)  [Hint:  Let     be  the  point  of  intersection  of 

,  .  .  RS  and  AM.  Make  use  of  the  ratios  (U  -  A)  :  >(M  -  U)  and 

-      [T  -  */) ;  (M  -  D.  Or,  see  Exercise  2(e)  of  Part  B,  page  333J 
*  ♦ 

The  following^  theorems  are  suggested  by  our  work  with  ratios' 
in  triangles  in  Part  A  and  in  earlier  wotk. 


ER?C 


7p 


Thebrem  8-9 

(a)  The  interval  whose  endpoints  are  the>-points  of  two 
sides  of  a  triangle,  from  their  common  endpoint,  is  parallel 
to  the  third  side,  and  its  ratio  to  the  third  side  is  r. 
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Part  £  should  be  a  class  activity  due  to  the  introduction  of  some 
'new  language.    Parts  B  and'  C  constitute  one  reasonable  fiomework 
assignment.    Part  D  is.^  second  homework  assignment,    Part  E  pre 
sents  some  interesting  in-class  activities.     ^rt  F  is  a  third  possible 
homework  assignment  but,  because  of  its  length,  should  be  carefully 
discussed  the  following  day,    The  exercises  of  Part  F  contain  many 
interesting  and  important  geometric  relationships. 


Answers  fo*  Part  A  « 


A  <u)M/2;  1/3 

^  .  (iii)  1 
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Answers, 'for  Part  A  [cont.  ] 
Z.     (a)    3/4;  3/4 

This  follows  from  Exercise   1  of  Part  D  on 

3*     <«)_'■  4  SR  ||  $A;    and  SA  1 1  cT§  because 

<N  -  B):(N  -  S)'  -  (N  -  C):(N  -  A) 

[Corollary  to  Theorem  4-3.  ] 

*   [There  are  .many  other  proofs  that 
AU,   however,  go  back 
to  Theorem  4-3.  ] 

_  _    _        *  w 

(b)  BC:RS  --   l/Z;   MN:RS  -  1/4 

(c)  In  AACR,  (A  -  R):(N  -  M)      Z;   and,  in  AABS, 
(S  -  A):(N  -  M)       Z,    So,  S  -  A       (tf  -  M)Z  -  A  -  R 
and  A  is  the  midpoint  of*  ^3. 

U)'  A/4  ^ 

(b)  4  .    t  *  0 

(c)  .  Z/3    [Fron\  the.  given  'information  and  the  hint,  •  U  is^the  ^  - 
point,  .from  A",  of  AM  and  T  4s  the  ^--point,  from  U,  of  UM. 
So,  T  is  the  f -point,  from  A,  of  AM  (for,  r  =  i+  -•-) 
Thus,  T  divides  fhe  segment  from  A  to  M  in  the  ratio  2/3 
{for,  <()/(|)       Z/3),  ] 


—  -  --  ^ 


ERIC 


*  / 


7  ^ 
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(b)  A  line  through  the  r-point  of  one  side  of  a  triangle,  from 
one  of  its  vertices,  is  parallel  to  the  side  opposite  that 
vertex  if  and  only  if  it  contains  the  r-point.  from  that 
vertex,  of  the  third  side. 


Part  B 


Theorem  8-10 

(a)  Intervals  from  two  vertices  of  a  triangle  to  r-points  of 
the  opposite  sides  [from  their  common  vertex]  intersect 
2r 


%^at>h€ 


+  1 


-poirU  of  the  median  from  that  vertex.  The 


point  of  intersection  divides  each  of  the  two  intervals, 
from  vertex  to  opposite  side  in  1  :  r  and  divides  the 
median,  from  vertex  to  side,  in  2r  :  I  -  r. 
(b)  Lines  through  two  vertices  of  a  triangle  which  finter~ 
sect  at  the  s-point  of  the  median  from  the  third  vertei 

$ 


intersect  the  opposite  sides  at  their 
this  vertex. 


2  -  s 


-points  from 


1.  .Prove  these  theorems.  [Hint:  You  may,  of  course,  use  the  results 
you  obtained  in  Part  B  on  page  333.]  t 

(a)  Theorem  8 -9(a)      n  \b) .Theorem  8 -9(b),  f 

(c)  Theorem  8 -10(a)  (d)  Theorem  S-  lQtb)* 

2.  In  each  of  the  following,  AM  is  the  median  from  A  in  AABC,  t)  arid 
E  are  given  r-po|nts,  from  A,  of  AB  and  AC,  respectively,  and  F  is 
the  point  common  to  AM,  $Et  and  CD.  Make  use  of  Theorem  8-10 
to  help  answer  ti^e  #}ven  questions. 

Given:/}  andS  are  £ -points  from  A . 
Complete; 

A*     i  (i)  F  is  the   -point,  from  A, 

*         of  AM. 

iii)  (F  -B):  (E  ~F)  =  and 

(F  -  C)  !         F)  -  „. 
<iil)  F  divides  AM,  from  vertex  to 
side*  in  the  ratio  «  ... . 


(a) 
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Theorem  8 -9(a)  is  obviously  a,generalization  of  Theorem,  8-7, 
and  Theorem  B-9(.b)  is  the  corresponding  generalization  of  the  corollary 
to  Theorem  8-7.    The  proof  of  Theorem  8-9  is  analogous  to  the  proof 
of  Theorem  8-7  and  its  corollary,^  [See  TC  335(2).  J 

Theorem  8-10  is  related  in  a  similar  way  to  Theorem  8-8,  [Theorem 
BrlO  is  a  special  case  of  a  much  more  general  theorem  —  see  Exercises 
5  and  6  on  pages  365  and  366,  ]  -s 

'  "\Fig-ures  8-1 1(a)  arid  8-ll(b)  illustrate  Theorem  8-9(a)  and  8-10^), 
respectively,  in  the  case  in  which  0  v.  r  <  1 ,  Students  should  illustrate 
the  cases  in  which  r  <   0  and  r   ;>  1 . 

In  all  strictness,  these  theorems  require  some  mild  restrictions,  - 
In  the  ca^se  of  Theorem  8,-9,    r  must  be  restricted  to  be 'nonzero.  In 
Theorem  8-1Q,    r  can  be  neither  0,   1^,  nor   -1  and  s  cannot  be  I. 
Students  should  draw  figures  to  illustrate  these  excluded  qases,  % 

■  .  * 
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Answers  for  Part  B  !    '  '  ; 

1.     (a)    This  is  an  immediate  consequence  of  Exercises   1  and  *2{a)  of 
Part  B  on  page    3  3  3.    Alternatively,  using  the  notation  of 
Figure  B-U(a),   D  =  C  +  (A  -  C)r  and  E  +JB  -  C)r*  So, 

'     E  -  D  /   (B-  A)r,    Hence,  DE  ||  AB  and  DE:AB  -  r. 

(b)  Since  there  is  one  and  only  one/line  through  D  parallejjto  AB, 
and,  by  (a),  the  line^through  D  and  E  is  parallel  to  AB,  it 
follows  that  the  line  through  D  parallel  to  AB  is  the  linev 

m      through'  D  which  contains  E.    Hence,  a  line  through  D  is 
parallel  to  AB  il  and  only  if  it  contains  E, 
*  * 

(c)  This  is  an  immediate  consequence  of  Exercise^  1   and  I  of 

Part  B  on  page  333.  Using  the  notation  of  this  exercise,  D 
and  E*  are  the  r-points  in  question  and,  by  Exercise  1,  the 
assumption  made  for  Exercise  I  i s . satisfied.    By  Exercise 

fc    2(b),  the  intervals  in  question  inte  r.sect  at  a  point  O  which 
divides  each  of  them,   from  side  to  vertex,   in  the  ra^o  r  and, 
so,  divides  each,  from  vertex  to  side  in  I  :  r.    By  Exercise 
l{f),   O  belongsto  the  median  from  C;    and,  by  Exercise  2(e) 
O  divides  the  median,   from  P  to  C,  in  1  -  r  :  2r.    So,  O  f 
.  divides  the  median  from  C  to  P  in  Ir  :  1  -  r,  and  the  point 
which  so  divides  the  median  is  its  Ur)/(r  +  l)-point  [see 

t    Past  A  on  page   3  3?].  V 

(d)  In  the  notation  of  the  answer  just  given  for  part  (c),  one  need 
only  note  that,  subject  to  appropriate  restrictions  [see 

TC  333(  1  )).  .  , 

Zr 


Theorem  8-lG(a)  can  be  proved  directly, v  without  reference  to 
earlier  exercises.    Using  the  notation  of  Part  B  on  page*  333  [which  is 
that  of  Figure  8-ll(b}]  we  have  that  D  -  C  +  (A  -  C)r  and  K  -  C4(B- 
and  are  seeking  a  point  O  such  that  [for  some  u  and  v]  O  =  B+  (D  -  B) 
=  A  *  (E  -  A)v.    .We  wish,  them  to  solve; 

1    B  +  (D  -  B)u  -  A  +  (E  -  A)v 

or, .  equivalently:  ,  _ 

B  f  [{C  -  B)  +  {A  -  C)r]u  =  A  +  [(C  -  A)  +  <B  -  C)r]v  * 

■  B  -  A  -  (G  -  A)(v  +  ru)  +  (B  -  C)(rv*  +  u) 


?S3 
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Recalling  that  B  -  A  =  (C  -  A)  +  ( B  -  C)  and  rhat  (C  -  A,  B  -  C)  is 
linearly  independent,  this  amounts  to  solving:  < 

(ru  +  v  -  1 
u  +  rv  -  1 

which  is  satisfied  if  and  only  if  u  ~  v  -   l/{r  +1}  [assuming  that  * 
r  *  -T],    It  follows  that  the  desired  point  O  exists  [uniquely]  and  is 
the   l/(r  f  l)-point  of  both  AT£  and  Bl5f  from  "A  and  B,  respectively. 
It  is  readily  computed  [Part  A]  trlat  an  l/(r  +'  l)-point  of  an  interval 
divides  the  interval"in  1  :  r,  '  t 

It  remains  to  be  shown  that  O  belongs  to  the-  median  from  C  and 
to  compute  its  location^on  this  median.    This  can  be  done_by  comparing. 
O  -  Cl  and  P  -  C  where   P  is  given  as  the  midpoint  of  AB,  Alternatively, 
one  may  avoid  p re ji^dgement^ of  the  ite sue  by  showing,  by  the  technique 
used  above,  that  CO  and  AB  ,  intersect  at  a  point  P  which  turns  our  to 
be  the  midpoint  of  AB.. 

Students  should  be  required  to  ^r%ctic e  arguments  like  the  pre- 
ceding [from  basic  principles],  as  well  as  arguments  which,  iike  that  t.  ■■ 
previously  given  in*proof'of  Theorem  8-10(a)f^are  based  on  general 
theorems.  * 

Answers  for  Part  B    [cent,]  ,.  .  ' 

2.     (a)    (i)   1/2  *       (ii)   3;    3  (iii)  1 


f 

f 
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(b)  Given:  D  and  E  are  i- points  from  A .  * 

Complete:    (i)  F  is  the  -point,  from  A,  o(AM. 

(ft)  iF  -  B).:  (£  -  F)  =  and 

(F  -  C)  :  (D  -  F)  =  

•                   (iii)  F  divides  AM,  from  vertex  to  side,  in  the 
ratio  . 

'  ic)  (liven:  F  is  the  il -point,  from  A,  of  AM. 

Complete:    (i)  Both  D  and  E  are  -points  from  ^4 . 

(ii)  iF  -  C)  :  W  ~  F)  =  

(iii)  (F  -  A)  :  (M  -  A)  =  _ 

3.  Draw  a  picture  of  triangle  PQR.  Locate  A  on  PQ  such  that  A  is  the 
It -point,  from  P.  In  the  following,  add  to  your  picture  and  answer 
the  questions. 

( a)  I-ocate  B  on  QR  such  that  AB 

(b)  Locate  C  on  PR  such  that  #C 

(c)  Locate  D  on  PQ  such  that  CD 
id)  Ixxrate  £  on  Qtf  such  that  D£ 

(e)  Eocate  F  on  Pi?  such  that  £F  _ 

(f )  What  can  you  say  about  AF  and  QR7  About  AF  a»d  Z)C? 

(g)  Show  that      -  A)  +  (C  -  D)  =  R  -  Q. 

4.  Prove: 


|P/?.  What  is  (i3  -  Q)  : 
PQ.  What  is  (C  -  R)  : 
|/?Q.Whatis(D  -  Q)  : 
|  PA.  What  is  (£  -  Q)  : 
|  PQ.  What  is  (P  -  P)  : 


(/? 

(P 
(P 
(P. 
(P 


-  B)? 

-  O? 

-  D)? 

-  E)? 

-  F)? 


[  Theorem  8-11.  If^jn  AABC  and  AA'B'C,  AB  \\A'B', 
BC  I  B'C ,  and  CA  \\  C'A'  then 
.  (a)  (£'  -  4')  :  (B  -  A)  =  (C  -  £')  :  (C  -  •£) 
=  (A*  -  C)  :  (A  -  C),  an<f 
(b)  for  A  ^  A',  B  *  B\  and  C  #  C,  the  lines  XA\ 
&Br,  and  fcc^  are  paralFel or  concurrent. 


[Hint:  Part  {a)  is  just  a  restatement  of  a  theorem  in  Chapter  6;  foi 
part  (b),  use  Theorems  8-2  and  8-ll(a).] 


PartC 


In  each  of  the  following,  you  are  given  certain  information  abou^  a 
figure.  Also,  certain  ratios  of  segments  are  indicated  in  the  given 
figures.  Use  this  information  to  determine  the  values  asked  for. 

1.  l/S^    _  Given:  M  |£f? 

Find:  .a;  b 


Given:  M  \\  h~C* 
Find:  c;  d 
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Answers  for  'Part^B   [cont,]  • 

(b)  (i)   2/3  (ii)   I;   2  j       (iii)  2 

(c)  (i)   1/2  (")   2;    2  (iii)  2/3 

[You  may  consider  it  worthwhile  to  make  up  other  exercises,  like 
those  of  Exercise  2,  using  less  familiar  values  of  *  r' .  Remember 
that^egative  values  .and  values  greater  than  1  arc  permissible.  ] 

3.,     [This  is  exploration  for  Theorem  8-12  on  page  340.] 

(a)    4  (b)    1/4  (c)    1/4  (<H  1/4 

(f)  AF  1|  OR  Jalso,  AF :  QR  -  l/5); 
AF  ||  DC   [also,  AF :  DC  =  l/4]  ' 

(g)  F  -  A  --   (R.-  QMl/5),    C  -  D  -  (R 


4. 


(e)  1/4 


QK4/5);   (1/5)  +  (4/5)  =  1. 


jrem  in  question  is  Theorem  6-12,  Let 
a  =  C  -  B.  %  =  A  -  C.  c  =  B  -  A,  a'  =  C  -  B',  S'  -  A'  -  C', 
and 
and 


For  part  (a),  the  theoi 

B,  £  =  A  -  Ci  ~  ^  -     . _         _       _  ,  ^     ^  ^ 

B'  -  A'.    Then  (a,  S)  is  linearly  independent,  a  +  b  *  c  =  0 
S'  '-f  c'  =  (5.    Since        =  a(af  :  a^)f  etc.  it  follows  by 


a'  + 


Theorem  6-12  that  a 
For  (b),  let  r 


B 


b':b 

Theorem  8-2,  CC'J 


a. 

and,  if  r  #  1,  C^'  and  EB'  intersect  at 
of  C'C.    Since,  by.  Theorem  S-ll(a) 
r  *  1.  H  XX'  and,  if  r 


BB'  if  r 


:  the  /{l  '-'  r)-point, 
,  S':d^=  r,  it  follow 


=  i 
from 
,  follows 

that,  if  r  *  1,  H'XX'  and,  if  r  #  1,  and  XSf  intersect 

at  the^Al  t  r) -point,  from  C,  of  Cc'.    So,  if  r  =   1  the  lines 
XX',  BBf,  and  ct5'  are  parallel  and,  if  r  &  1,  these  lines  are  * 
concurrent,  . 

Theorem  8- 1  lUb)  is  part  of  the  converse  of  Desargue's  Theorem 
[TC  36(1)  for  page  36],      *[The  other  part  —  which  some  of  your  more 
interested  students  may  wish  to  prove  —  says  that  if  the>  intersections 

of  lines  containing^  or  re  spending  sides  of  the  triangles  ^arecolliriear  

then  the  lines  containing  corresponding  vertices  are,  again,  either 
parallel  pr  concurrent.  ]  Theorem  8-ll(b)  gives  a  way  of  solving  the 
following     construction  problem".    Given  two  lines  and  a  point,  as 

shown,  draw  the  Jine  through  P 
which  is  concurrent  with  the  given 
lines,  assuming  that  it  is  impossible 
to  find  the  point  of  concurrency  by 
extending  the  pictures  of  the  given 
lines.    [The  use  of  parallel  ruler*, 
or  other  instruments  for  drawing 
parallel  lines  is  allowed. }  * 


Answers  ior  Part  C* 
1.     1;  4 


2.    3;  8/5 
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3. 


4. 


Given;  fig  ||  Stf 
Find:  e,f 


Given:  t>$  )|  fo?  {ft? 
Find:       h;  v,j 


Part  D 


The  results  in  Exercise  if  of  Part  B  suggest  the  following  interesting 
theorem.  If  you  will  review  the  manner  in  which  the  critical  points 
were  obtained,  you  will  see  why  it  is  reasonable  to  call  this  "the  twice- 
around  theorem",  ... 

Theorem  8-12   [the  twice- Around  Theorem]  ; 
If,  in  AABC,  G  and  D  are  in  BC,  E  and  H  are  in  CA,  I 
and  Fare  in  AB2  and  DE  \\  BA  |(  GH,  EF  WCBlW, 
FG  \\.AC,  'then  ID  j|  AC.  '  . 


ft  A 


Pig-  8-!2 


1.  Prove  the  twice-arountf  theorem.  [Hint.  Suppose  that  D  and  G  are 
the  r-point  and  the  s-point,  from  C,  on  SC.  Which  points  are  E  and 

from  C?  Which  points  are  F  and  /,  fromB?  Which  points  are  G 
and     from  B?]  "9 

2.  Show"  that,  in  the  twice- around  theorem.  (D  -  E)  +  ((*  -  AT? 

3.  Draw  a  figure  for  the  case  o£  the  twice- around  theorem  in  which 
D » G.  '  t    '    f        '  '  $  . 

4.  The  lines  ^F*and  £f>  intellect  at  a  point  0.  In^what  ratio  does  O 
divide  the  interval  from  J?  to  F?  That  from  X)  to  /?  [Answer  in  terms 
of  the  number  r  referred  to  in  the  hint  for  Exercise  1.) 

5.  The  line  txf  iptersecte  DE  at  a  point  P-and  AB  at  a  point  Q.  In  what 
ratio  does  O  divide  the  interval  from  P  to  Q?  Houf  might  you  de- 
scribe  the  interval  CQ?  Compute  other  ratios -involving  C,  O,  P, 
ahdQ. 


ERIC 


79 


3 


3.      1;  3 


4.'   2;    2/3;    3;    li/3  , 


Answers  for  Part  D 


1.     Assuming  that  D  is  an  r-point  from  C,  E  is  an  r-point  from  G 
and  F  is  an  r-point  from  B.    Assuming  that  C  is  an  s->point  from 
C,   H  is  an  s-point  from  C  and.  I  is  an  s-point  from- B.    Since  G 


2. 


is  an  s-point  from  C,  G  is  a  (1  -  s)-point  from  B.  So,  F  is  a 
(1  -  s)-poiht  from  B,    Hence,   1  -  s  =   r.    Since, D  is  an 

from  C,   D  i§  a  (1  -  r)-p.oint  from  B.  Since  I 

B  and  s   «    1  -  r  it  follows  that  ID  ||  AC. 

Since  E  an^d       are   r-points'  fr 
from  C,   it  follows  that  D  -  E 
But,  r  +  s  '■-  1. 


r -point 
is  an  s -point  from 

im  C,  and  H  and  G  are  s -points 
B  -  A)r  and  G  -  H  -   (B  -  A)s. 


[Figure,  8MI2  illustrates  the  ca^e  in  which 
0  ^   r  <    1/3,    The  figure  for  Exercise  3 
illustrates  the  case  Dn  which  r  =  l/Z. 
Students  should  draw  other  figures:    r  1/3, 
1/3  <?   r  <   1/2,  and  l/2  <^   r  <    L.  ] 


4.  (O  -  E):(F  -  O)      (D  -  C):.(G  -  D) 
(O  -  D)r&     O)       r  :(1  -  £r) 

5,  (o  -  P):(Q  -  O)  =  (O  -  E)  :  (F  -  Q) 
of  AABC  from  C 


r/(l  rZr); 

r/(l  -  2r);   the  median 
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6.  Draw  a  figure  like  that  for  the  twice-around  theorem,  but  choose  D 
in  —  CB.  Ddes  the  conclusion  of  the  theorem  still  hold  for  such  a 
choice  of  D?\ 

*  »• 

1,  (a)  Draw  two  ILnes,  /  and  m,  intersecting  at  a  point  P.  Mark  a  point 

A  on  /  and  draw  an  interval  from  -A  to  a  point  B  on  m.  Draw  a 
second  interval  from  B  to  a  point  C  of  /  and  a  third  interval 
from  C  to  a  point  D  of  m.  Continue  this  procedure,  but  draw 
the  fourth  interval  parallel  to  AS,  the  fifth  parallel  to  BC,  and 
the  sixth  parallel  to  CD.  4 

ib)  Repeat  part  (a)  at  least  twice,  trying  to  choose  the  first  three 
*  points  in  such  'a  way  as  to  obtain  figures  which  look  different. 

(c)  Choose  a  point  C  €  /  and  a  point  F  tm.  From  C,  draw  two  inter-1 
vals  to  points  of  m.  From  F,  draw  intervals,  parallel  to  those 
from  C,  to  points  of  /.  What  do  you  notice? 

2.  Fart  of  what  you  have  discovered  in  Exercise  1  is  stated  in 

Theorem  8- 13    A  , 

If,  in  &ABP,  D  and  F  ye  in  BP,  C  and  t  are  in  PA, 

EE  ||  BC,  and  CD  ||  AFt  then  DE  \\  AB. 


Prove  this  theorem.  {Hint:  Suppose  that  F  is  the  r-point,  from  P,  in 
BP  and  that  C  is  the  s- point,  from  P,  in  AP:  Which  points  are  J)  and 
Et  from  P?  The  technique  used  in  Part  F  on  page  332  should  help.] 

3.  Once  the  points  C  and  F  have  been  chosen,  the  points  D  and  E  are 
determined  by  the  parallelism  requirements.  Your  work  in  Exer- 
cise 1  should  havg  shown  you  that  T>E  will  be  parallel  to  AB  if  D  is 
arty  point,  other  than  Py  in  j§P*and  &  is  any  pointy  other  than  P,  in  _ 
PA.  Do^j  your  proof  of  Theorem  8-13  show  this  to  be  the  case? 

4*  The  extension  of  Theorem  8-13  which  is  referred  to  in  Exercise  3 
is  called  Pappus*  Theorem.  State  Pappus*  Theorem,  usin|*the  nota- 
.  tion  of  Exercise  1(a). 

Su  There  is  a  second  case  of  Pappus'  Theorem  in  which  the  lines  / 
and  m  are  assumed  tp  be  parallel.  Investigate  this  case. 

&  A  surveying  party  of  three -Todd,  Taylor,  and  Roid   are  running 
a  tine  due  east  across  country  which  is  mostly  flat.  Todd,  operates 
»  a  transit,  and  Taylor  and  Resd  act  as  r&dmen.  Unfortunately,  their 
'  line  runs,  into  the  west  side  of  an  isolated,  Axnclimbable  mountain. 
Somehow,  they  must  locate  a  point,  to  the  east  of  the  taountain 
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Z\     Proof  of  Theorem  8-13,    Suppose  tha$  F  is  an  r-point,  from  P, 

in  PE5,  and  that  C  is  an  s -point,  from  P,  in  PS,    Th*n,«  D  divides 
the  segment  from  P  to  F  in  s  ;  1  -  i,  and  E  divides  the  segment 
from  P;to  C  in  r.:  1  -  v.    So,  for  some'  af  .(E  -  P)t  (C  -  E)  *•/.. 
=  ra:|l     r)a,"  where  s  *  ra  +  {I  -  r)a  *  a.    Also,  for  some  bf 
[V  -  P):(F  -  Dj  ~  Bbzil  -  *)b,  where  r=«b  +  |l-syfa  =  b.  So, 
(E  -  1*J:,(A  -  E)  -  rs :  I  -  rs  and  (D  -  P):  (B  -  p)  =  rs :  1  -  rs, 
-^whicirrrrcsCTi^lYSt  ^  A  "in  the  tame 

ratio  that  D  divide i  the*  segment  from  P  to  B.    Thus,  52  j|  XS* 

3,     Ygs,  for  the  proof  shows  that  neither  D  nor-  E  is  P;  if  is  an 
s -point  of  PF  and  E  is  an  r-point  of  P£.  , .  . 


from  which  to  extend  thgir  line.  Fortunately,  they  have  a  spare 
transit  which  Taylor  can  operate,  and  Taylor  knows  Pappus' 
Theorem.  He  points  out  to  the  others  that  the  land  south  of  the 
mountain  is  natyand  shows  them  how  to  locate  the  required  point. 

(oven  a  pojdt  P  west  of  the  mountain,  showl  how  to  locate  a 
point  Q  due"  east  from  P  ^nd  east  of  the  mountain,  [Hint:  Using  a 
coqjpass  and  transit,  Todd  [or  Taylor]  can  direct  Reid  to  a  point  at 
any  bearing  from  a  point  at  which  a  transit  is  set  up  -  provided  the 
mountain  is  not  in  the  way.  Using  both  transits,  Reid  can  be  di- 
rected to  the  point  at  which  lines  through  the  positions  of  the  two 
transits  intersect.!       w  -  ■» 


Part  F 


1.  Suppose^  that  DE  |f  BC 
EF  ||  AB.  Also,  (D  -  A) 
-  A)  -  §.  Determine 
lowing  .ratios, 
(a)  (D  -  A)  :  (B  -  D) 
(c)  {E  -  D)  :  (C  -  B) 
<•>'<«■-  C)  :  {D  -  G) 
(g)  (A  ~  H)  .  (A  -  F) 
(i)  (E  -  D)  :  IH  -  D) 


■(b)  (E 
(d)  (E 
(f)  (F 
(b)  (G 
(j)  iD 


A) 

Dh 

E) 

E) 

A) 


(C  ~A) 
(B  -  F) 
{B  -  A) 
(F-  G) 
(G  -  E) 


Suppose  that  /),  E,  and  F  are 
the  midpoints  of  BC,  CA,  and 
AB,  and  that  M ,  Nf  and  P  are 
the  midpoints  of  AF>  FB,  and 

EA. •  ,%  .  

(a)  Show  that  MPJEF,.  . 
tb)  Describe  the  location  of  the  point  of  intersection  of  k[D  -  A) 
and  U\D  -  H  - 

(c)  In  what  ratio  does  the  point  of  intersection  of  AD  and  EF  di- 
vide these  segments? 

(d)  Show  that  ME  |j  ND.  >  , 


-.'  •  797 
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Answers  for.  Part  £  "fcont.1  t 

4,  If  i  r\  m  =  {P}'  and  A,  C-  and  E  are  three  points  other  than  P 
_  are  three  points  other  than  P  on  m,  and 

DE  ||  AB  and  EF,  ||  BC,  then  FA  ||  CD. 

5-    J_  £  1   Q  *LJ   The  theorem  is  like  that  of 

Exercise  4  except  that  1  and  m 
are  two  parallel  lines,    By  ' 
Theorem  8-£  it  follows  that 
D  -  £  =   B  -  A  and  E  -  F  =  C  -  B. 
Hence  [by  addition]  D  -  F  ~  C  -  A 
and,  so,  D  -  C  =  F^j  A.  Con- 
sequently/ FA  ||  CD. 


TC342 


6. 


(    Mountain  "  3  „0_ 


Todd  and  Taylor  first  take  up 
positions  at  A  and  B.    [Todd  ha 
a  transit;    Taylor  carries  a  rod 
and  the  spare  transit.  ]  Reid' 
remains,  with  his  rod,  at  P. 
Todd,  at  A,  can  see  both  P  and 
B,  and  records  their  bearings 
from  A,    Taylor  at  B  can  see 
P,  whose  bearing  he  records, 
and,  also,  can  see  past  the 
eastern  slope  of  the  mountain. 
Once  the  bearings  of  P  from  A 
and  B  have  been  determined, 
Reid  leaves  P  and  is  directed  by  Todd,  at  A,  along  a  line  running 
east  from  A,    Reid  drives  a  stake  at  a  point  C.  of  this  line  from 
which  he  can  see  through  B  along  a  line  running  east  of  the 
mountain.    Taylor,  at*  B,  records  the  bearing  of  C  from  B, 
Taylor  now  jngves  to  C  and  directs  Reid  along  a  line  through  C 
parallel  to  gF,    Todd  signals  to  Reid  when  the  latter  reaches  a 
point  D  on  AB.    Reid  drives  a  stake  to  mark  D,    Todd  moves 
to  D  and  directs  Reid  along  a  line  through  D  parallel  to  AB. 
Tay^r.  at  C,  signals  Reid  when  the  latter  reaches  the  point  Q 
of  CB,    Reid  drives  a  stake  at  this  point.  v 


Answers  for  Part  F 

1.  (a)    1/2        4{b}.l/3             <c)   1/3             (d)   -IV  (e)  2 
(f)    2/3           (g)  1/3      '      (h)  1/2  \       (i)  3    •  •  '  (j)  3/2 

2.  (a)  ^MP  ||  EF  by  Theorem  8-7.  ^  ■ 
(b)    The  lines  intersect  at  the  midpoint  of  CD.  .( 

'     (C>    1      *  *    —      '  ' 

id)    By  Theorem  8-7,  each  of  MS  and'  FIB  is  parallel  to  Of. 
Hende  M2  1 1  RB. 
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-  N) 


\F  -  M)  and  (jV  -  F)  :  (B  -  N)  be  re- 


(F  -  M) 


A  Com- 


3.  SupRose  that  Z),  £,  and  f  are 
points  of  BC,  CA,  and  AB,  that 
Mi  Af\  and  that  JV  €  FB.  Sup- 

.  pose,  also,  that  {M  -  A)  : 
if  -  M)  --       -  A)  :  [C  -  2?) 
"  and   that   uV  -      :  \B 
(D  -  C)  :  (JB  -  D). 
U)  Show  that  ME  \\  ND. 

(b)  How  mijst  (M  -  A)  : 
lated  in  orderjhat  DE  ||  47?? 

(c)  Suppose  that  DE  Mfi  and  that 
pute  (D  -  £)  :  (fl  -  4). 

4.  In _&ABC,  C  -  B  =  a,  A  -  C 
=  ft,  and  fl  -  >i  «  t\  Also, 
C  -  E  =       D  -  C  =  />dt  and 

e  -  n  ^  vl\ 

(a)  Show  that  c  =  rf  = 

(b)  Suppose      that      />  -  /t 
^      -  4)p  and  Q  -  0  ~  (E  -  D)q,  Show  that  {C\  is 
coliinear  if  and  only  if  p  =  </.  Express  *(P  -  C)a 

'   MQrW  in  terms  of  'V  and  V* ) 

5.  An  intervals  said  to  be  bisected  by  a  given  set  if  [and  only  ifj'the 
intersection  of  the  given  set  and  the  interval  consists  of  the  mid- 
point pf  the  interval  ITwo  intervals  bisect  each  other  if  their 
intersection  consists  of  a  jingle  point  which  itf  the  midpoint  of 
each  of  them.  J 

Show  that  if  /«,  M ,  and  N  are  the  midpoints  of  the  sides  of  a 
triangle,  L  being  on  the  side  opposite  the  vertex  A*  then  AL  and 
MN  bisect  each  other. 

6.  * The  ventroid  of  a  triangle  is 

the  point  of  intersection  of  its  m/  ^n.  l 

medians.  In  AABC,  let  L,  Ms 

and  N  be  the  midpoints  of  BC,  A**;— — —  -**b 

CA,  and  ABf  respectively, 
(a)  Show  that  /\ABC  and  ALMN  have  the  same  centroid. 
4b)  Let  T  be  the  common  midpoint  of  AL  and  MN.  In  what  ratio 
doqs  the  centroid  of  JkABC  divide  the  interval  from  T  to  L? 
^  The  interval  from  X  to  A?  ' 

7V  In  A45C,  suppose  £hat  Z?  and 
£  divide  the  intervals  from 
A  to  B  and  from  A  to  C,  re- 
spectively, in  the  same  ratio, 
and  that  P  %td  Q  divide  the 
intervals  from  B  to  £  and  from 
C  to  D,  respectively,  in  the 
same  ratio!  v 
70n      <*>  4  Show  tliat  PQ  I  EC.  [Hint:  Consider  ABCD  and  AZ>£C]  . 


Answers  for  Part  F   [cont.  ] 
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3.  (a)    By  Theorem  8-9(a),  each  of  ME  and  ND  is  parallel  to  Cf. 

Hence,  Mg  ||  TJ5. 

(b)    The  ratios  must  be  reciprocals, 

<c)    Since  (M  -  A):(F  -  M)  -  s,  (E  -  A):(C  -  E)  ~   s.  So, 

(E-C):(A-C)-    l/<s  +  1).    H^nce,  (D-E);(B-A)-  l/(s+l). 

4.  (a)    This  is  an  immediate  consequence  of  Theorem  8-ll(a)  [or, 

of  Theorem  6-12]. 

(b)    [This  has  been  established  in  each  of  several  earlier  exercises; 
but  the  hint  suggests  a  solution,  the^detaiis  of  which  we  give 
here.  ]  'Using  the  hint,  we  note  that  P  -  C  -  S  +  c p  and 
Q  -  C  =  fid  *  c(cq).    So,  JP  v  c)a  +  (Q  -  C)b  -  S(a  +  bd) 
+  c(ap  +  bcq).    Since  (b,c)  is  lihearly  independent  {C,  P,  Q} 
is  coliinear  if  and  only  if  the  equations: 

~S  4-  bd  =  0 


(*) 


ap  -f  bcq  ~  0 


are  satisfied  by  numbers  a  and  b  which  are  not  both  zero. 
Recalling  that  c  =  d,  it  can  be  shown  in  several  ways  that  (^) 
has  a  solution  other  than  (G,  0).    [The  simplest  i6  to  note  that 
this  is  the  case  if  and  only  if  (#)  has  more  than  one  solution, 
and  thus  occurs  if  and  only  if  the  determinant  1  •  (cq)  -  p  •  d  =  0,j 

i  5.     That  A~L  bisects  MN  follows  from  Exercise  4<b),  with  p  =  q  =  1  /Z; 
it -also  follows  from  Theorem  8-6<a),  and  from  any  of  several 
earlier  exercises.    That  MN  bisects  XL  follows  from  Theorem 
8T6(b).    [Consider  A[B  -»c]  as  a  third  transversal,  ] 

6.  (a)    The  median  of  A  LMN  from  L'  is  a  subset  of  the  median  of 

AABC  from  A  and  contains  the  2/3-point,  from  A,  of  the 
':   latter.  .  . 

(b)    1:3;    -1:4  "   ?  f- 

7.  (a)    het  (D  -  A):(B  -  D)  =  r  ^  (E  -  A):(C     E)  and 

(P  -  Bh(E  ;  Pj  ■  s  =  <Q  -  C):(D  -  Q).    Let  R  and  T  be  the 
points  which  divide  the  intervals  from  B  to  D  and  from  C  to 
r          E  in  the  ratio  s.    It  follows  that  R  and  T  divide  the  intervals 
from  3  to  A  aiid  from  C  to  A  in  the  same  ratio.    [This  ratio 
turns  out  to  be>  |  ; -1  +  r(s  f  Ih   but  this  is  not  important.  ]  It 
follows  that  PTC  RQ,  and  RT  are  all  parallel  to  bS,  Since 
there  is  only  one  line  through  R  parallel  to  §S,          =  53. 
Similarly f _f.  Hence,  1?T  =         and,  .8o,-_KLll_  w!.  
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(b)   L»et  S  be  the  point  of  intersection  of  CD  and  BE^  By  Theorem 
8-10{a),  S  belongs  to  the  median  from  A  of  AABC,  and  divides 
the  intervals  from  B  to  E  ancf  from  C  to  D  ire  the  same  ratio* 
It  follows  that  P  and  Q  divide  the  intervals  from  B  to.  S  and 
from  C  to  S  in  the  same  ratio.    Hence,         j{  §2  [this  is 
-  another  solution  for  part  (a)]  and,^j  Theorem  8-6|a),  ,the 


median  of  A  RST'  from  S  bisects 


7.     (c)   (t  -  R):(E  -  D)  =  a  *  jV2?  and  (P  .  R) :  (E  -  D)  ^  |.  So, 

(Q  -  P);  (E  -  D)  «  a  ^  <V^)  -  i  =  A 

a  .  •  6a 


Sua. 
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(b)  Show  that  A,  the  midpoint  of  PQ,  and  the  midpoint  of  BC  are 
coliinear. 

(c)  Suppose  that  2X4iv«ies  the  interval  ft^  fl  to  irfiTaTTBra 
that  P  is  the  midpoint  of  BE.  What  is  the  ratio  of  Q  -  P  to 
E  -  m  [Hint:  L*t  /?  and  T  be  th£  points  in  which  Ft? inter- 
sects A~§  and  Xr  respectively.  What  is  the  ratio  of  T  -  R  to 
E  -  D?QfP  -  R  ioE  -  0?] 

&  Suppose  that  BM  and  CAT  are  medians  of  AABC,  that  Af  is  the 
midpoint  of  BQ  and  that  N  is  the  midpoint  of  CR.  Show  that 
,         (a)  Q  -  B  ♦  (M  - 

(b)  R  -  Q  -  (B  -  C)2,  and 
•  (c)  4  is  the  midpoint  of  QR., 

9.  Suppose  that,  in  AABC,  M  and  N  are  the  a-points*  from  A,  of 
/$C  and  AB,  that  Q  «  B  +  (M  -  fl)d,  and  that R  =  C  +  (N  -  Qd. 
.    Suppose,  also,  that  a  **  0  and  that  d  *  l/(a  +  1)'. 

(a)  Show  that  AfiV  ||  BC. 

(b)  Find  the  ratio  of  A/  -  N  toC  ~  B. 

{c)  Show  that  QB  1  BC.  ^ 

(d)  Find  (Q  -  R)  :  (C  -  B).  _ 

(e)  Show  that  A  is  the  midpoint  of  QR  if  and  only  if  a  =  lj(l  -^j)  • 
[a*  1J. 

(f )  What  is  (Q  -  B)  :  (C  -  B)  if  A  is  the  midpoint  of  QB? 

(g)  Apply  some  of  the  preceding  results  to  check  your  answers 
for  Exercise  8.  . 

10.  Consider  two  lines,  &A  and  5$.  LetB  =0  +  IA  -  0)2,  C  =  0 
.     +(A  -  0)|,  B'  -  O  ■+  W  -  0)|,  and  C  =  O  +  (A'  -  0)4. 
(a)  Find  points  P,  Q,  apd  R  such  that  BC*,n  #(?  i  {/>},  CT& 
n  £v  =        andJuf  n  A7^  V  {/?}. 
«    (b)  Show  that  {B,  Q,  R]  is  coliinear. 

8.05  Two  Ways  of  Setting  Up  Problems 

Op  to  how  in  this  chapter  we  have  dealt  mostly  with  ratios  of  trans- 
lations expressed  in  the  fbrm^CB  -  A)  :  (C  -  D)\  As  you  have  seen, 
there'  are  quite  general  results -for  examples,  Theorem  8-2,  The- 
orem 8  -  3,  and  the  results  collected  in  Part  E  on  page  330  and  in  Part  IB 
on  page  338 -which  can  be  expressed  in  this  form  and  which  lead  to 
general  theorems  like  Theorems  8-9  and  8-10.  Often  it  is  more  con\ 
venient,  however,  to  make  a  fresh  start  on  a  problem  instead  of  tailor-X 
ing  i  general  theorem  .to  fit.  In  this  section  we  shall  illustrate  two 
helpful  ways  of  using  arrow-notation.  One  of  them  you  are  already 
somewhat  acquainted  with.  * 
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■    •  )         "        ,  ? 

Answers  fOT  Part  F  [cont.j  » 

8,  (a)    SincevM  is^the  midpoint  of  SQ,  Q  -  M  =  M  -  B.  Since 
 r...d  - Al-s.  (B  -  M)-MQ.-^B|it  fc00ow*  4h»t  Q  -  B  MM  -  B)2 

-^Jid,  so,  Q  -  B  +  (M  -  B)2.  i  . 

<b)    ABX^Jfif,  R  -  C  +  <N  -  C)2.    So,    R  -  Q  =  [C  +  (N  -  C)l) 
-  [B  +  {M  -  B)2]  r  (c  -  B)  +  [<N  -  Ci  -  (M  -  B)]2  =  (C  -  B) 
+  [(N  -  M)  +  <B  -  C)]i  =  (C  -  B)  +  (B  -  C)3  =  (B  -  C)2. 

(c)    A  -  R  =  {A  -  C)  +  <C  -  N)2^  =  (A  -  N)  +  (C  -  N)  =  \n  -  B) 

+  {C  -  N)  =  C  *TB;  1 

Q  -  A  =  (B  -  A).  +  (M  -  B)2  =  (M  -  A)  +  {M  -  B)  -  (C  -  M) 
+  (M  -  B)  =. C  -  B. 

Hence,  Q'  ^  A  «=  A  -  R  and,'  so,  A  is  the  midpoint  of  QR. 

9.  (a),  (b)   By  Theorem  8-9U),  MN  ||  BC  and  (M  -  N) :  (C  -  B)  =  a. 
(c),  (d)  Q  =  B  +  <M  -  B)d,  R  r'.c  +  (N  -  C)d,  Q  -  R  =  (B  -  C> 

'      '  ♦  [<M  -  B)  -  (N  -  C)Id  -  (B  -  .q)  f[W  -  N)  +  (C  -  B)Jd 

=^(C  -  B)[-i  +  (a  +  l)d].    So,  since  d  #  l/(a  +  1),  SI  ||  BC 

and  (Q  -  R):  (C  -,B)  =  (a  +  l)d  -  1 . 

{e)    A  -  R  =  (A  -  C)  +  (G  -  N)d  =  '(A  -  C)  +  {(C  -  A)  +  (A  -  B)a]d 

f  (C  -  A)(d  -  1)  +  (A  -  «Bted;   similarly,  Q  -  A  =  (A  -  B)(d  -  1) 

+  (C  -  A)ad.  ^  Since  {A,  B,  C}  is  noncollinear  it  follows  that 

A  -  R  =  Q  -  A  if  and  only  ii  ad  =  d  -  1  —  that  i«,  if  and  only 

if  d  *  1/(1  -  a). 

(f)   Ua)/(1  :  a)  x 

0,     This  exercise  involves  a  great  deal  of  computation.    The  work  can 
be  simplified  somewhat  by  using  position  vectors  of  points  with 
respect  to  Q.    If,  for  each  X  and  x,  x  =  X  -  O  then  the  given 

data  reduces  to  B  =         c,  =  a  j,  S'  =  a'^,  and  c'  =  a'4.    We  seek 

p,  5,  and  r  where  p  = .  fi  +  (c'  -  S)px  =       +  (c  -  B')p2,  v 

q  =  3  +  (a'  -  ?)qx  4  (2  -  c')q2,  and  7  =  2  ,+  ^S'  -  a)r2 

=  a'  +  (S  -  a'Jjjg.    Substituting  the  given  data  and  collecting  terms  ' 

•   we  find  that  p  =  a(2  -  2Pl)  +  a'|4px)  »  a{jpe)  +  a'f|-  -  lp2),  ** 

-  *  "  ^f-"  f^*^^  a;^«fe ^-*4*  -^*a4rt?  - -a(i--^r\4— *   

+  a'^rj)  =  *(2r2)  +  a'(l  -  r2).    Noting  that  (a,  a')  is  linearly 
independent  we  find  that  p1  -        p2  =  ~,  qx  =  ~|,  q-2  = 

ri  ;=  |.  and  ra  =  ^.    So,  p  =  S*|  ♦  2',  ^  -  ?||-  +  a'||.  and 

r  =i  a  j  4  a'j^.   It  foUows  that  q  -  p  =  a  •  -  ^  +  a'  *  -  and 

*  ~„P  s"      ~To  +       *"l^T'    Henc^i  Cq  *  pi  r  -  p)  ii  linearly 
dependent  and/  consequently  {P,  Q,  It}  ifi  coliinear. 
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Fig.  8-13 


As  an  illustration,  let's  recon- 
sider the  theorem  concerning  the 
concurrency  of  the  medians  of\a 
triangle.  Consider  a  triangle -say, 
•  AABC.  For  convenience,  let  C 
-  B,  &*  --  A  -  C,  and  c^JS  -  A. 
Note  th^t  we  have  chosen  a*,  and 
c  in  such  a  way  that  a  +,h*  +  c  =  0. 
Note,  a!sov  that  since  ABC  is  a  tri- 
angle, (a,  h)  is  linearly  independent. 
[So,  for  that  matter,  is  each  of  (6* ~c) 
and(t\aY]  i?  * 

Suppose,  now,  that  M  and  iV  are  the  midpoints  of  BC  and  CA  respec- 
tively. We  wish  to  know  whether  -  and,  if  so,  where  and  inter- 
sect. This  we  know  we  can  find  out  by  considering  the  solutions  of  the 
eqliation: 

A  f  (M  -  A)m  =  B  +  (N  -  B)n 
Since  M  ^  C  -  a/2  ahd  iV  =  C  +  6/2  this  equation  is  equivalent  to: 

A  >  [«C  -  a/2)  -  i4]m  ■--  B  +  [iC  +  1T/2)  -  Bin 


or*  equival&ntly: 


*     M  -  M  -  C)  +  oT/2Jm  =  B  +  {(C  -  B)  +  7T/2Jn 

A  '  ■ 

Since  C  -  B     a9A  -  C  =  6,  and  B  -  4  =  *\  this  can  be  rewritten  as: 


(a  +  7T/2)/i  +  (6*  +  a)2)m  +  7  =  0* 

and  simplified  to: 

aJ/z  +  /n/2)  +'S(n/2  +  m)  +  7l  =  0* 


From  what  has  previously  been  said  a|x>uto*,~£  atid  this  equation  is 
equivalent  to: 
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and  so,  by  a  little  real  number  algebra  to:* 


Thus  AM  and  BAT  intersect  at  a  point  which  divides  each,  from  vertex 
to  opposite  side,  in  2:1.  Since,  obviously,  the  same  must  hold  of$N 
and  ttye  median  CP  from  C  it  follows  that  all  three  medians  interSeift . 
at  a  point  which  divides  each  of  them,  from  vertex  to  opposite  side, 
in  the  rati®  2:1. 

Clearly,  a  similar  procedure  canbe  used  to  prove  Theorem  8  - 10  by  * 
taking  M  -  C  -  ar  and  N  =  C  +  ~hr.  In  fact,  the  less  easily  stated  re- 
sults concerning  the  intersection  of  AM  and  %tN  when  M  =  C  ~au  and' 
N  =  C  +  bv  [u  >**U>]  are  nearly  as  simple  to  establish.  [And  we  have 
proved  no  general  theorem  previously  from  which  these. results  could 
be  derived.]  , 

In  applying  the  method  just  illustrated  one  introduces  arrow- 
notation  for  translations  which  are  determined  solely  by  the  points 
in  which  one'  happens  to  be  interested,  This  method  is  particularly 

sui  to  the  solution  of* prob- 
lems concerning  triangles, 
For  other  problems  it  i£  often 
more  convenient  to  introduce  _ 
what  are  called  position  vec-  *' 
tors  of  the  points  in  question,  Doing  so  amounts  to  choosing,  arbi- 
trarily, a  point -say,  and  associating  with  each  point  X  its  position* 
vector  X  -  O  with  respect  to  0.  It  is  convenient  to  let,  for  example, 
a  =  A  -  0,  b  ~  B  -  Os  etc.  One  advantage  of  this  choice  of  notation  is 
that,  for  any  points  A  'and  B  and  their  respective  position  vectors 
a  and  bf  '    ,  ' , 

Br  A  -  (B  -  0)  -  (A  -  0)  =  •  .  * 

Using  this  result  it  is  easy  to  see  thai 

R  =  A  +  (B  -  A)r~7=lx  +  (T-"3r       r  '/ 
^7^=^(1  -  r) +lTr. 

Because  of  this  the  equation:  >    #  *  '. 

(1)  *     .  i"  r  =*  a{l  -  r)  +  6r  ' 

is^ometimes  referred  to  as  the  vector  equation  of      This  means  that 
a  point  whose  position  vector  is  r*belongslo  the  line  in  question  if  and' 
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only  if  there  exists  a  number  x  such  that  r*=  ~a{\  -  x)  +  6*.  Of  course, 
— for  given  a  and  tr,  what  hue  it  is  that  is  "in  question" 'depends  on  the 
choica  of  the  point  O.  But,  forgiven  points,  A  and  B,  (1)  remains  the 
equation  of  AJBt  whatever  O  may  be,  as  long  as  a*  =  A  -  0  and  % 
»•  =  B  -  O. 

*Fhe  result  which  led  to  consideration  of  (1)  yields  our  first  basic 
theorem  concerning  position  vectors: 

« 

Theorem  8-14    If  a,  6,  and  r  arfc  position  vectors 
of  A,  B,  and  R  [with  respect  to  any  point  O] 
then,  for  4  *  B  and  0  *  r  *  1,  /?  is  the  point 
which  divides  the  interval  from  A  to  B  in 
r:l  -  r  if  and  only  if  r  =  a(l  -  r)  +  6r. 

For  example,  the  midpoint  of  i4J9  is  the  point  whose  position  vector  is 
(a  +  b)  *  i  What  is  the  position  vector  of  the  point  which  divides  the 
interval  from  A  to  B  in  2:1? 
If  we  note  that  1 

r  =  all  -  r)  +  bn~~a{X  -  r)  +  Vr  +  7—1  =  ~0 

y 

and  that  (1  -  r)  +  r  +  -1  =  0,  the  preceding  theorem  suggests  a  second 
basic  theorem:  '  '  : 

Theorem  8-15    at  6*,  and  e*are  position  vectors  of 
-  collmear  points  if  and  only  if  there  exist  nurafcers 
x,  y,  and  z,  not  all  O.^utti  that  ~ax  +  ~by  +  cz  = 
and*  +  y  +  ^  -  0. 

In  one  of  the  la^sr  exercises  you  will  be  asked  to  prove  this  theorem. 

Exercises  '  ■ 

PytA 

in  AABC,  let  M  be  the  u-point,  from  C,  of  5C  and  let  AT  be  the 
w-point,  from  C,  of  CA.  Let  ~a  -  C  -  B,~b*  =  A'-  C,  and 7=  B  -  'A. 

1.  Express  Af  -  A  and  JV  -    in  terms  of  'a*,  '7?,  %\  and  V. 

2.  Slow  that  X$  |  Sf?  if  and  only  if  w  -  1. 

3*  Show  that  ^1a/  and  intersect  at  a  single  point  if  and  only  if 
*   uv     1  and  compute  the  ratios  in  which  the  point  of  intersection 

divides  the  intervals  from  A  to  M  and  from  B  to  N. 
4,  Check  your  result  in  Exercise  3  when  u  «  y  again$  the  result  of 
an  earlier  theorem. 
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Due  to  the  introduction  of  position  vectors  in  the  pree^Bing  text,  we 
.  recommend. .{fca.t  Parts,.  A  and-  B  he.txe.ated  as-  a  c3a«t  aetrTOy.  -  Be  sure 
to  emphasize  the  similarities  between  the  4 'point -difference0  notation 
for  translations  and  the  new  "position  vector"   notation.    Parts  C  and 
D  make  a  rather  long  homework  assignment.    Perhaps  you^ould  allow  > 
students  to  work  in  teams  for  the  derivations.    Part  E  is  rather 
involved  and  is  treated  most  easily  under  the  direction  of  the  teacher. 
Parts  F,.'G,  and  H  present  some  important  relationships  in  geometric 
figures  and  together  make  another  reasonable  homework  assignment. 

Answers  for  Part  A 


a  -  C  -  Bt  b  -  A  ■  C,  c 
M  =  C  -  au,  N  =  C  +  Sv 


=  B 


-  A, 

! 


M  -  A  -  (C  -  au)  -  A  -  -2  -  au;  N 


(C  +  bv)  -  B  =  a  +  bv 


AM  H  BN  if  and  only  if  (M  -  A,  N  -  B)  is  linearly  dependent.  By 
Exercise  1,  this  is  the  ca>«.e  if  and  only,  there  are  numbers  —  say, 
a  and  b  —  not  both  zero,  such  that  V 

(*)  (au  +  £)a  +  (a  +  bv)b  =  8\ 

Since  {a,  S)  is  linearly  independent,  numbers  a  and  b  satisfy 
if  and  only  if  * 

*    au  +  b  -  0    and    a  +  bv  =  0. 

If  a  and  b  satisfy  thele  equations  and  are  not  both  0  then  nelth 
is  0,  and  u  =  -(b/a),  v  ™(a/b),  and  uv  1 .  On  the  other  ha 
if  uv  =  1  then  the  equations  are  equivalent  and  any  pair, of  nonzero 
numbers  which  satisfies  one  ejcuiatioji  satisfies  bath.  For  example, 
let  a  =   1  and  b  =  . -u.    So,  *Kte  \\  BM  if  and  oniy  if  uv  *  1. 

O  e  AM  r\  BN  if  and  only  if  there  are  numbers  —  say,  m  .and  n  — 
such  that  O  =  A  +  {M  -  A)m  =  B  +  (N  -  B)n.    Using  the  r&fifuits  of 

Exercise  1,  we  need  to  show  that:  . 

■  . 

A  -   (au  +  £)m  =  B  4  (a  +  Svjn 

has  a  unique  solution  i£  and  only  if  uv  ^  1.    The  equation  is 
equivalent  to:  -  / — , 

(B  -  A)  +  (au  4  S)m  +  {a  4  b*v)n  =  U 

+  n)  +  S(m  +  vn)  +  c  =  3    .  ' 

which,  since  a  H  +  c  =  3  and  {a,  S)  is  linearly /independent,  is 
equivalent  to: 

urn:  f  n  =  1 
m  f  vn  -  1 
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AnsweVs  for  Part  A,  (cont.j  * 

In  case  uv  -   1 ,  multiplication  with*  'u    on  both  sid«s  of  the  second 
equation  shows  that  the  equation*  are,  inconsistent  [if  u  *  I J  or 
equivalent  [if  u  =   1].,  This  agree*  with  Exercise  Z\   if  uv,  =  1 
then  AM  and  Bl4  are  two  parallel  lines  or  are  the  same  line.  If 
uv  #  i  the  equations  are  easily  solved  for  *m*  and  'n': 

^  m  -  *  ,  n 


1  -  uv  '    "  1 


uv 


So,  if  uv  *  1,  AM  and  BN  intersect  at  a  point  O  which  i#  the 

~TJ  'pointy  from  A.  of  AM  ^nd  the  ~  -       point  ^  from  B,  of 

BN.    It  follows  that  O  divides  the  intervals  from  A  to  M  aiuL__/ 

frorn,B  to  N,   respectively,'  in  the  ratios  rr      \     and  f  j  "  H  ■»  , 

41  -  u)v  ^       (1  -  v)u 

4.      In  case  u  =   v,  the  poijit  O  of  Exercise  3  divides  the  intervals  in 
*  .the  ratio  l/u.    This  is  in  agreement  with>Theorem  §-10(a). 

■*'    '  * 
The  reaults  in  Part  A  can  be  developed  further  to  obtain  a  proof 
of  Theorem  8-20.    Suppose  that  tfee  u-point  M  divides  the  interval  from 
B  to  C  in  the  ratio  r  an^d  that  the  v-point  N-  divides  the  interval  from 
C  to  A  in  the  ratio  s.    Then  r  =   (1  -  u)/u,  s  =  v/(i  -  v),  u  =   l/(l  f'r), 
§nft  v        Ml  +  s).    Computing  1  -  uv  in  terms  of* r  and  s  snows  that 
AM  ]|  BN  if  and  only  if  1  ♦  r  f  rfc  -^0  and  that,  otherwise,  these  line*  * 
intersect  0t  O,  where  * 

O  "  A  +  (M  -  A)m         +       -  B)n  * 

with  m'*       *  +  '       and  n  =   /j1  V?  - 
H  r  t  rs      /     *      1  +  r  +  rs 

Consider,  nqw,  a  third  point  P  which  divides  the  interval  from  A 
,  to  B  in  the  ratio  t.    It  follows  from>the  preceding  results  that         f  | 
if  and  only  if  I  ♦  s  +  st  =  0  and  that, , otherwise,  ^these  lines  intersect 
•       at  O',  where  - 

O'  -  B  +  (N  ~  B)n'  -  C  +  (P  -  C)p 

,    tub  n'  -         +  *   -   and  p  =.     'j?V'  ■ 
1  +  ■  ♦  st  ^         ^  9     1  +  S  +  St 

N^w  suppose  that  AM  $  BN  ^  CP.    It  then  follows  that  the  three 
lmes  are  concurrent  if  and  only  if        =  O  —  that  is,  if  and  only  if 
.   n'  -  n.  .But  n'  -  n  if  and*only  if 

1  +  8^     _     r(l  +  s) 
.    .   .         1  +  »  +  at      1  *  r  -f  ri 

H  r  +  «  -  t (I  +  1  4  it) 
'  I  =  rst.  * 

This  result  has  be  en  oi>t  a  ine  d  under  the  assumption  that  j3N  is  not 


^  his  result  has  been  obtained  under  the  assumption  that  ^BN  is  not 
parallel  %o  either-  XMfcr  CP.    But  [by  cyclically  permuting  the- nota- 
tion) it  is  clear  that  the  same  conclusion  holds  if  there  is  one  of  the 
three  lines  which  is  not  parallel  to  either  o£  the  otWrs^j^  that  is.  it 
holds, unless  the  three  lines  are  parallel.    So,  if  AM,  BN,  and  are, 
not/parallel  then  they  are  concurrent  if  and  only  if  rst  =  1.  In 


particular, 


if  r«^=  1  then  *XhA9  BN,  a*nd  CP 
are  either  parallel  or  concurrent* 
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On  the  other  hand,  suppose  that  Xm  |-|  J§N  ||  CP.    Then,  as  previously 
shown,   1  4  r  +  rs  =  0  and  1  +  s  +  st  ~  0/    From  the  seco»d  of  these  it 
follows  that  r     rs  +  rst  -  0;   and  thi^<  ih  combination  with  the  first, 
shows  that  rst  =  1,    Suppose,  finally,  that  AST,  BN,  and  CN  are  con- 
current   Since  M  and  N  Are  points  of  division,  M  *  B,  and  N  #  A. 
fot  A>4  ^  BN  and,  since  S3  ^  Si?  9fc  0,  Xm,[4  BI^.  Similarly 
BN  14_CP.    But,  it  has  already  been  proved  in  this  case  that,  am,  SiT;j 
and  CP  being  concurrent,  rst  ~  1 . 

Consequently,  we  have  arrived  at  the  following* theorem: 

and  VP  are  parallel  or 
concurrent  if  and  only  if  rst  -  1. 

This  is  the  result  pi  Exercise  4(a)  on  page  365.    Exercise  4(b)  is 
easily  obtained  from  results  which  are  already  known,  and  Theorem 

8-20  can  be  obtained  as  outlined  in  Exercise  '  5.  & 

* 
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348      TRIANGLES  AND  QUADRILATERALS  \ 
Part  B 

In  each  of  the  following  you  are  given  a  figure  showing  points  A, 
B,  C,  D,  and  Q.  In  each,  case^oopy  the  figure  and  draw  arrows  indi- 
,,  eating  the  position  vectors  a*  V,  7,  and  d^of  A ,  B ,  C,  and  D  with'respect 
to  O.  '         .  , 

1.  Express  each  of  the  described  translations  in  terms  of  a1.  'V.  'c' 

and  (tt. 
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p      (i)  C  -  A         (ii)  C  -  B  •       m)  A  -  B 
(iv)  (C-  B)  +.  {B  -  D)  (v)  Z)  -  C 


(i)  A  -  B 


(a)  D  -  A 
(v)  D  -  B 


(iii)  C  -  D 
(vi)  C  -  A 


(«)  Like  part  (b),  but  with  O  =  D.  Compare  your  answers  with 
those  of  part  (b).  V 
2.  Express  the  position  vector  of  each  of  the  described  points  in  terms 
of'aV6V?,andrd*. 

(i)  the  midpoint,  M,  of  AB 

(ii)  the  midpoint,  N,  of  CD 
(iii)  the  midpoint  of  MN 
Uv)  the  midpoint  of  the  interval 

whose  end  points  are  the  mid- 
points, P  and  Q, ofACand SB 
(i)  the  midpoint,  P,  of  AB 
,  (ii)  the  point  Q  which  divides  the 

.interval  from  A  to  D  in  1:4 
[Note,  in  (ii),  that,  in  applying 
Theorem  8-14,  the  value  of 
V  is  not  1/4.] 
.  (iii)  the  point  which  divides  the 
interval  from  P  U>Q  in  2:3 

*  / 

3*  The  following  questions  refer  to  the  figures  in  Exercises  l  and  2, 
Answer  them  by  expressing  the  translations  referred  to  in  terms  of 
fo\  *V9  rc1,  and  tf. 

(a)  Suppose  that,  in  Exercise  fta),  M  and  N  are  the  midpoints  of 
AC  and  fiC,  respectively.  By  comparing  M  ~  N  and  4  - 
reach  a  conclusion  concerning  MAT  and  %B. 

ib)  Supple  that,  m  Exercise  Kb),  AD\\  BCt  M,  and  S  are  the 
midpoints  of  A&  AB,  and  GD  By  comparing  S  -  if  and 
M  -  Rf  reach  a  conclusion  concerning  Af,  /?,  and  S. 


8».>y. 
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Answers  for  Part  B 

I.     [There  seems  no  need  for  giving,  here,  either  the  figures  or  the 
formulas  which  are  requested.   The  latter  are  obtained  merely  by 
replacing  capital  letters  by  the  corresponding  arrow-letters  For 
example,  the  answer  for  (a)  (i)  is  \c  -  a\] 

I.     (a)      (i).  (a  4  b*)/2  (ii)  (c  +  3)/Z 

(iii)   (a  +  H+c.+  3)/4  (iv)  (a  +  c  +  S  +.  3)/4 

(b)      (i),  \t  +  fi)/a  (ii)  (J4  +  g)/5 
(iii)  .(a  •  31  +  0-  19)/50 

(b)    S  -  M  -  (c*  +  3)/2  Ma  ♦  c*)/2  =  (3  -  J)/2; 
M  -  R  =■  (a  +  c)/2  -  (a  +  b*)/2  »  (c  -  %)/Z 

Since,  by  hypothesis  (3  -  a,  c  -  S)  is  linearly  dependant,  so 
is  (S  -  M.  M  -  R).    Hence,  {M.'R,  S}  is  collinear. 


»  .--J 
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♦  8.05  Two  Ways  of  Setting  Up  Problems  349 

< 

(c)  In  Exercise  2(a),  tx)mpare  M  -  P  and  Q  -  N.  Reach  a  conclu- 
sion about  MP  and  QN,  About  MQ  and  PN. 

id)  Suppose  that,  in  Exercise  2(b),  K,  l![  AT,  and  AT  are  the  mid- 
points of  OA,  AB,  BC\  and  OC\  respectively:"  Discover,  by 
.  using  position  vectors,  m  much  as  you  can  about  the  intervals 
KL,  LM,  MN,  NK,  KM,  and  LN.  [Hint:  You  should  be  able  to 
make  a  significant  discovery  about  each  of  three  pairs-of  these 
intervals.] 

Part  C  \  oA 

Suppose  that  .4,  tf,  C,  and  D  afe 
four  points,  no  three  of  which  are 
bilinear. 

1.  Use  what  you  know  about  lines  to  show  that  X(?  and  felS  have  at 
most  one  point  in  common,  and  that  none  of  the  given  points  be- 
longs to,  both  of  these  lines.  M  .  * 

2.  Supposing  that  Af*and  fiiihave  a  common  point,  Rf  it  follows  from 
Exercise  1  that  this  point  divides  "each  of  the  intervals,  from  A  ioC 
and  from  B  to  D,  in  some  ratio.  Suppose  that  the  ratio  is  the  same 
for  both  intervals  —  say,  r  :  1  -  r.  Show  that  CD  |j  AB  and  that  C  -  D 
*  A  -  B.  [Hint:  Introduce  position  vectors  for  the  given  points, 
equate  two  expressions  for  the  position  vector  of/?,  and  deduce  an 
equation  concerning  C  -  D  and  B  -M.^ 

3.  Suppose  that  CD  \\  AB  and  C  -  D  *  A  -  B.  Show  that  the  lines  W 
and  fcl)  intersect  at  a  point  which  divides  the  interval  from  A  toC 
and  the  interval  from  B  to  D  in  the  same  ratio.  [Hint:  If  (C  -  D)a 

(B  -  A)b,  with  u  and  h  not  both  0  and  a  f  h  ^  0,  then  ypu  can  find 
a  number  r  such  that  r:A  -  r  ~  a:  h  and  retrace  the  steps  you  made 
in  solving  Exercise  2,]l  '  \  ' 

\  4.  Show  that  the  interims  t  AC  and  BD  intersect  at  appoint  which 
divides  both  [from  A  and  from  B,  respectively]  in  the  same  ratio 
if  andonly  if  AB  ||  CD  and  (B  -  A)  :  (C  -  D)  >  0. 


Part  0 


Maris  {joints  O,  A,  and  Bt  with  A  B>  and  indicate  the  position 
vnectors,  a  and'  S,  of  A  and  B  with  respect  to  O. 

I.  On  your  figure,  locate  six  points,  £?;  through  Cg,  whose  position 
vectors  are  given  by: 

e,  -  «i  cs  =  a|  +  H  a3  +  6.  -  c.,4  =  0 

c*  =  o*2  +  b'- -1,      c* •=  a*'  -2  +  5*3,       c*  *  a*+  6*i 


2*  If,  in  your  figure,  you  made  a  different  choice  for  0,  would  you 

obtain  different  points  as  Clt  .  .  .  #  CJ 
3.  Which  of  the  six  points  belong  to  AB?  To  -Bjf?  To  -A£??  Justify 

your  answers  by  referring  to  Theorem  8-14  and  Theorem  8-5. 


'  TG349 

3.     (c)    M  -  P  =*<a  +  S)/2  Ma  +  c)/l  -(b  -  c)/2;  *  - 

Q  -  N  -   <S'*  :  <c  +  =  (S  -  c)/2.  *    #  ' 

So»  M  1  P  ~   Q  -  N  and,  hence ,  M  -  Q  -   P  -  N.    It  follows 
that  MP  ||  QN,  MQ  ||  PN.  and  MP:QN      1  -  M^:PN.  ' 

(d)    L  -  K_-   (a  t  gj>/2  -  a/2      b/2;    M  -  N  =  :  (S  +  c)/l  -  x/i  =  S/2. 
So,  KL  and  MN  are  parallel  and  their  ratio  is  1, 

L  -JA  -  (a  ♦  S)/ijjS  +.  c)/g  -  (a  -  c)/2;   K  -  N  =  a/2  -  c/l 
*  -  (a  -  e)/2;    So,   LM  and  MN  are  parallel  and  thefr  ratio  is  1. 

The  midpoint  of  LN  has  position  vector       +  b  f  c)/4,  and  this 
is  also  the  position  vector  of  the  midpoint  of  KM.    So,  KM  and 
bisect  each  other.  v 

Answers  fpr  Part  C  .  * 

1.  Since  no  three  of  the  four  points  A,   B,  O,  and  D  age  col  linear,  the 
four  points  arecertainly  .not  all  on  one  line.    So,  AtS  $  bS  and,  f 
hence,  AC  ^  BD  contains  at  most  one  point.    Also,   since  no  three 
are  colHnear,  A  ^  5"5,  Ctf&5,   B  ^XJ,  and  D Hence,  non^ 
of  the  four  points  belongs  to  both  AC  and  ITS.  < 

2.  Suppose  that  Ac       S3  =   {R}   and  that  R  divides"  the  intervals  - 
from  A  to  C  and  from  B  to  D  in  the  same  ratio  —  say,  r":  1  -  r. 
Using  position^ vectors,   r  -*  a(  1  -  r)  .+  cr      S(l  -  r^  +*3r.  It 
follows  that  (c  -  3)r (b  -  a)(l  -  r)  a-nd,  hence,  that  (C  -  D)r 

(B  -  A)(l  -  r).    Since  neither  r  nor  1  -  r  is  zero  it  follows 
that  [C  -  D)  =  [B  -  A].    Henct?)  CD  ||  AB. 

3.  Since  CD  ||  AB,   there  are  numbers  —  say,  a  and  b  —  not  both 
zero,  such  that  - (C  -  D)a  -  (B  -  A)b.    Since  C  -  D  *  A  -  B, 

a  +  b  *  0.    So,  {Q  -  P)^-^-  ~-   (B -  A)^-^.    Let  r  -  a/(a  +  b). 

It  follows  that  b/(a  f  b)  =   1  -  n    So,  (C  -  D)r  =  {B  -  A)(  1  -t;r)  and, 
introducing  position  vectors,  Jc  -  3)r  =   (b  r-  a^(  1  -  r).  Hence, 
a(l  *  r)  +  cr  =  t>(l  -  r)  +  3r.    But,  a(l  -  r)  +  cr  is  the  position 
vector  of  the  gpint  Rx  which  divides  the  interval  from  A  to  C  in 
r  :  1  -  r,  and  b(l  -  r)  f  3r  is  the  position  vector  of  the  poinfo 
which  divides  the  interval  from  B  to  D  in  the, same  ratio.  Since, 
as  we  have  seen,   R2  =   R2,  it  follows  that         and  SB  intersect 
at  a  point  which  divides  both  intervals  in  the  same  ratio. 

4.  After  Exercise  3,  what  remains  to  be  shown  is  |hat  0  <   r  <   I  if 
and  only  if  (B  -  A):(C  -  D)  >  .0.  'But,  *ince  (C  -  D)r  =  f B,  -  A) 
(1  *  r),  (B  -  A):<C  -  D^  =  r/{l  -  r)  and,  as  previously  shown, 
r/(l  -  r*  >  0  if  and  only  if  0  <   r  <   1 . 

Answers  for  Part  D 


—r 


1 .  [Various.  ]  * 

2.  No.    [A  different  choice  for  O  would  result  in  different  values  for  '■ 
'a',  *W,  etc,  ,  but  the  points  would  be  unaffected.    For  example,  , 
Cx  will  be  the  midpoint  of  Ab,  however  O  ia  chosen,  ] 

3.  By  Theorem  8^14,  C%  divides  the  interval  from  A  to  B  in^^e 
ratio  I;    C2  divides  thevsame  interval  in  the  ratio  3;   C«,  in  1/3; 
C4,  in  -1/2,  and  <ZSI  in  ^3/2.    So,  by  Theorem  8-5,  Cv  C2,  and 
C3  belong  to  AB,  C4  €  ^AJ§,  and  C5  €  Since  i  +  j  #  1,  C6 
is  not  a  point  which  divides  t)4  interval  from  A  to  ,B  in  any  ratio. 
Also,  it  is  neither  A  nor  B.    So,  C^ 
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4.  As  we  have  seen, 

t  \ 

■  CtXti  iCand  only  if  3^  c*  -  ah  -  x)  +  bx. 

Prove,  using^ Theorem  8-14,  that,  for  A  *  B, 
'  .     .      (a)  C  eAfi  ~~  v'  ^  ad  -  e)  +%;  where  G  <  c  <  1;  '    <  • 

(b)  C  e  Afi  «p  r*~  'g>0,  -  c)  +  be,  where  c  >  0; 

(c)  C  € -XflV-»7=^fi!  1  -  c)  +  tk\  where  c  <  0; 

(d)  C'fM^  c  --  ah  -  c)  +  Vf,  where  c  «  1. 

5.  For  each  of  the  translations  c,  through!*  of  Exercise  1,  determine 
whether  there  exist  numbers  x,  y,  and  z,  not  ail  zero,  such  that 

■r  +  jy  f  *  =  o   and   Zx  +  Vy  +  c>  =  0*  [i  =  1,  2,  3,  4,  5,  or  6] 

6.  What  can  you  say  of  {A,  fl,  C,}  if  there  are  nunjfcg^  x,y,  and  2  as 
described  in  Exercise  5?  What  can  you  say  if  Oiere  are  no  such 
numbers?     t  \ 

Part  E  VI  • 

1.  Prove  Theorem  8-15  by  first  showing  that 
%<a)  i/aa  +  6*6  +  cc ;  =  0  and  a  +  b  +  c  =  Q,  and  not  all  of  a,  6,  and  c 
kre  zero,  then  la  -  c)a  f  {6  -  e^6  =  If  and  not  both  a  and  6  are  0, 

and 

&        (b)  if  (a  -  c^j  +  (b*  -       =  6* and _not  both  a  and  6  are  0,  then  there 
exists  a  number  z  such  that  aa  +  66  +  cz  -  (),  a  +  h  +  z  =  Q, 
and  a,  6,  and  *  are  not  all  zero.  f 
[To  complete  the*proof,  note  that  it  follows  that 

f 

7  there  exist  numbers  x  and  v*  not  both  0, 

such  that  (a  -  cix  +  {T?  -  <$y  ^  (|| 
'   "  if  -and  only  if 

>  there  exist  numbers  jr/y,  and  z9  not  all  0, 

such  that  (u  +  6y  +  ~cz  «  0  and  *  +  y  +  .  *  =  0.] 

2*  From  Exercise  1(a)  it  follows  that  if  a  +  b  +  c  =  0,  aa  +  1&  +  cc 
-  6,  and  a,  6,  and  c  are  not  ail  0,  then  (a  -  c,  6  -  is  linearly  de- 
pendent. This  sentence  is  of  the  form; 

:    T        '  :     \ 

\\       (*)  lp  and  q  and  not  rJ       s  i 

(a)  Verify  the  statement  just  rpade  By  giving  the  sentences  which 
should  replace  >\  %q\  V,  and  V. 

(b)  Explain  why  a  sentence  of  the  form  (*)  is  equivalent  to  corre- 
g               spending  sentences  of  the  formal 

(i)  p  — •  [(q  and  not  r)  — ■*  s] 
(M)  p  — *  [not  s       not  (<?  and  not  r)J 
,i  (iii}  (p  and  not  s);*-*  not  (q  and  not  r) 

(iv)  (p  and  not  s)       [q  — ♦  r] 

£  :  :  813  "    ■  .-v     ■  ,v« 
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Answers  for  Part  D  {cont.]       *  -  ; 

4.  C  €  AB  if  and  only  if  C  €         and  divides  the  interval  from  .A 

to  B  in  a  positive  ratio;    c  .  =  , a(  1  -  c )  +  tc  if  and  only       C  is 
"the  point  of  AB  \vhich  divides/the  interval  from  A  to  B  in 
c/(l  -  c);   c/(l  -  c)  >  0  if  and  only  if  0  <  c  <  1. 

[(b)  t  (d)  are  similar.  ] 
Such  numbers  ^xist  for  C1,  C2 ,  C3>  C4,  and  C5,  but  not  for  C6. 
6.     C-  €  AB;   Ci  ^Ib 

Answers  for  Part  £         ,  '  C; 

1.      (a)    Suppose  that  aa  +  bb  f  cc^^  3  and  a  +  b  +  c  '=  0.    Then^  since 
c  -   -a  +  -b,  (a  -  c)a  -f  (b*  -  c)b     J$.    Also,   if  a  =   0  =  b  then 
c    -    -a  +  -b  -  0.    So,  if  not  ail  of  a,  b,  a^jd  c  are  zero  then 
not  both  a  and  b  are  p.  ,  . 

[So,  if  there  exist  numbers  x,  y,  and  aj  not  all  0,  such  that 
ax  +  by  +  cz  =  0  and  x  +  y  +  z  then  there  exist  numbers 

x  and  y,  not  both  0,  such  that  (a  -  c*)x  +  (b  -  cjy  =  J.  —  that 
is,  then  the  points  whose  position  vectors  are  a,  b,  and  c 
are  collinear.  ] 

(b)    Suppose  that  fa  r  c)a  +  (S  -  ?)b  =  3,  where  not  both  a,  and  b 
are  0.    Let  c  V*-a  i  -b.    It  follows  that  aa  f  bb  4  cc  ~  3, 
a  +  b  i  c  =  0f  ^id,  since  not  both  a  ^and  b  are  zero,  not  all 
of  a,^b,  and  c  are  zero.    So,  ther»  exists  a  z  such  that 
aa  +  >b  +  cz  ^  Qt  a  .+  b  +  z  '=  0,  and  not  ail  of  a,  b,  and  z 
are  zero, 

[So,  if  there  exist  numbers  x  and  y then re  exist 
%        numbers  x,  y,  and  z..  .  .  .  J 

I.     (a)  ,  p:  a^f        c  =  J);   q:  aa  +  Kb  +  cc  =  3;    r:  a'=  b  =  c  =  0; 
s:  (a  -  c,  b  -  c)  is  linearly  dependent 

(b)    f*)  is  equivalent  t«A  (i)  by  importation  and  exportation, 

(i)  is  equivalent  to  (ii)  because  a  sentence  is  equivalent  to  its 
contrapositive,  and  because  of  the  replacement  rule  for  bicon-. 
ditional  sentences. 

*  \ 

(ii)  is  equivalent  to  (iii)  by  importation  and  exportation, 

(iii)  is  equivalent  to  (iv)  because  sentences  of  the  forms 

4 not  (q  and  not  r)*  and  'q  r'  are  equivalent  [pages  255 

and  269]  ,and  because  oS  the  replacement  rule. 
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Part  F 


PartG 
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(c)  Show  that  Exercise  1(a)  implies: 

If  (a  -  <\  h  -  v]  is  linearly  independent  and  a  +  b  +  c  =  0 
then,  if  go  +  6*6  +  cc     0*  a  -  0  and  6^0  and  c  =  0. 
<d)  Prove  the  following  corollary  of  Theorem  1& 
— *  —  ^  _^ 

Corollary  If  a,  6,  and  c  are  position  vectors  of  non- 
col  linear  points,  and  a,  6,  and  c  are  numbers  such 
that  a  +  h  +  c  =  0,  then  aa  +  fefc  +  cc  -  0*  if  and 
only  if  a     0,  6     0,  and  c     0.  . 

[Hi/if:  In  part  (c)  yod  have  essentially  proved  the  part  of  the 
coroliary  which  you  would  obtain  by  replacing  *if  and  only  if 
by  'only  if.  The  other  part  13  veryeasy.] 


Suppose  that  [as  in  Part  Cj,  A, 
B,  (\  and  D  are  four  points,  no 
three  of  which  are  collinear. 


1.  Introduce  position  vectors  for  these  points  and  compute  the  posi- 
tion vectors  of  the  midpoints  of  BD>  AD,  and  BC. 

2.  Suppose  that  th£  three  midpoints  of  Exercise  1  are  collinear. 
<a)  Make  a  conjecture  concerning  AB  and  £2L 

(b)  Use  the  only  if-p^rt  of  Theorem  8 -9(b)  to  establish  a  result 
concerning  AB  aijtl  CD. 

3.  Suppose  that  AB  ||  Cft.  By  retracing  the  steps  you  took  in  Exercise 
2,  show  that  the  m^ipoints  of  Exercise  1  are  collinear. 

/ 

The  corollary  to  Theorem  8-15 
can  be  used  to  giye  another  proof 
that  two  medians  of  a  triangle 
intersect  at  a  pdint  which  divides 
each  in  the  r^tio  2  :  1.  Suppose 
that,  in  AAB^M  and  N  are  the 
midpoints  of  BC  and  CAf  respite-  < 
tiveiy.  ^ .  '  *  ' 

'  .  / 

1.  Introduce  position  vectors  of  A,  B9  and  C. 

(a)  Compute  the  position  vectors  of  M  and  AT, 

<b)  Compute  the  position  vectors  of  thp  pointy  which  divide  the 

interval  from  A  to  M  and  the  interval  from  B  to  N  in  the  ratios 

m  :  1  -  m  and  n  :  1  -  nt  respectively. 

2,  (a)  Obtain  an  equation  of  the  form  * aa  +  7&  r  cc     0*  [where  V,  - 

'b\  and  V  are  expressions  in  Vrc'  and  V]  which  has  a  solution  if 
and  only  if  $3?  and  ^A?  intersect 
(b>  Show  that  the  corresponding  equation  of  the  form  'a  +  6  +  c 
~  0'  is  satisfied. 


\ 
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Answers  for  Part  E    [cont.]  ^  ^ 

(c)  Exercise  1(a)  is  of  the  form  (*),  with  the  replacements  for 
'p*.  'q*,  ' r' ,  and  *s*  given  in  part  (a).    This  is  equivalent  to 
the  sentences  of  the  form:  '  s 

(not  s  and  p)  =^>  [q  ==>  r] 

with  the  same  replacements.  In  particular,  the  former  implies 
the  latter. 

(d)  To  prove  the  corollary,  all  that  remains  is  to  note  tjiat  if 
a  =  b  =  c  =  0  then  aa  +  Sb  +  cc  =  (f.  ' 

Answers  for  Part  F 

1.  midpoint  of  BD  :  (b  4  cf)/2;  .  midpoint  of  AD  :  (a  +  Z)/l\ 
midpoint  of  BC  :  (b  +  c)/2 

2.  (a)    AB  ||  CD  ' 

(b)    In  AABD,  the  interval  joining  the  midpoints  of  3D  and  AD  is 
parallel  to  in  ABCD,  the  interval  joining  the  midpoints  of 

BE)  and  BC  is  parallel  to  CD.    So,  if  the  three  midpoints  are 
collinear  then  the  line  containing  tftem  is  parallel  to  both  AB 
and  CD  and,  so,  5B  1 1  CD.  A 

3.  Suppose  that  AB  ||  CD.    It  follows  that  the  two  intervals  joining 
midpoints  are  parallel  and,  since  they  have  a  common  end  point, 
are  collinear* 

Answers  for  ParUG 

1.  (a)   m  =  (To  +  c n  =  (a  +  c)/2  . 

(h)    a(.l  -  m)  +  {S  +  ?)(m/2),  S(l  -  n)  +  {c  +  a)(n/2) 

2.  (a)   2(1  -  m  -|)  +  S(f,-  1  +  n)  +  c(*f-  -  |)  =  3  " 
(b)   (1  -m  -  §)  +  (f--  1  +  n)+  (f-  -  §)  =  0 
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(c)  Apply^e  corollary  to  find  the  values  of  W  and  V  which 
^satisfy  the  equation  of  part  (a), 
3,  Interpret  the  result  of  Exercised. 


Part  H 


1.  .(liven  AABC,  let  a\  h\  and  c*be  the  position  vectors  of  A,  R  and  C 
with  respect  to  an  arbitrary  point  O. 

(a)  Show  that  the  position  vectors  of  the  intersection  of  the  me- 
dians of  AABC  is  ia  +  6*  +  clj. 

(b)  Compare  the  result  in  part  (a)  with  the  expression  for  the 
position  vector  of  the  mi^oint  of  &B. 

2.  A  uniform  rod  of  constant  cross-  g=rL.   -  .  * 

section  is  a  reasonable  physical  A. 
model  of  the  segment  AB.  Such 

a  rod  will  balance  if  it  is  supported  by  a  fulcrum  placed  beneath 
its  center.  Similarly;^  triangular  piece  of  cardboard  is  a  reason- 
able physical  model  -  not  of  a  triangle,  but -ofta  "solid  triangle". 

(a)  Cut  out  several  triangulau  pieces  6(  cardboard.  \ 

(b)  Hold  a  corner  of  one  of  your  pieces  pf  cardboard  on  the  Wge  of 
a  ruler  and  twist  the  cardboard  until  it  balances.  When  it 
does,  mark  the  point  in  the  side  opposite  the  chosen  vertex 
which  isxover  the  edge  of  the  ruler,  * 


Repeat  this  experiment,  choosing  different  corners,  and  using 
different  pieces  of  cardboard. 
ic)  Draw  the  medians  on  each  of  your  pieces  of  cardboard.  What 
happens  when  you  place  the  cardboard  so  that  a  median  lies 
along  the  edge  of  your  ruler? 
(d)  Try  to  balance  one  of  your  pieces  of  cardboard  on  the  point  of 
a. pencil. 

8.06  Quadrilateral? 

Definition  8-4 
(a)  PQRS  -  Mu^  U^uS? 

<b>  PQRS  is  a  quadrilateral  «-*  each  of  {P,Q,R},{Q,ft,S}, 
{R,  S,  P),  {S,  P,  Q}  is  noncollinear 

When  we  write  'quadrilateral  PQRS'  we  shall  be  referring  to  the  set 
PQRS  and,  at  the  same  time,  implying  that  it  is  a  quadrilateral.  The 
points  P,  Q,  R,  and  S  are  the  vertices  of  quadrilateral  PQ&S^  and  the 

■  -d'  •     •  '  .'4-   '     .  rt*,-.-,..,;-.^' 

ERIC  ,,  •    *    817  J 


TC  352 


(c)  «By  the  corollary,   since  a,  b,  and  c  are  position  vectors  of 
noncpllinear  points  and  equation  (b)  holds ,  equation  (a-)  is 
satisfied  if  and  6niy  if  .    *  \m 

m+|^  I.    f*n  >  1.    and  f  =  §  \ 


—  that  is,   if  and  only  if  m  =  -r  =  n, 

3,     The  result  of  Exercise   Z  shows  that  the  medians  intersect  at  a 
point  which  is  the  —point,   from  A,  of  AM"  and,  also,  the  ~ 
point,  from  B,  of  ..B?J,  , 

Answer!^  for  Part  H  ♦  e 

1.     (a)    From  Exercise   1(b),  with  m     j,  we  see  that  the  desired 
position  vector  is  (a  -f  h  +  c)/3. 
b)    [The^  position  vector  of  %he  mid  point -of  AB  ;is  (a  -f  B)/2,.] 


i 


ie  r 


he,  cardboard  triangles  should  balance  when  the  edge  of  the  rule 
lies  under  a  median,  and  when  the  pencil  point  is  under  the  inter- / 
section  of  the  medians.  «        *  *  / 
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R  .A  r  ^ — t 


/' 


Fig^8-15 


\ 


intervals  QR,  RS,  SP  uand  PQ  are  its  sides.'  QR  and  SP-are  opposite 
sides,  as  are  RS  and  The  intervals  PR  rind  are  the  diagonals  of 
quadrilateral  PQRS.  The  endpoints  of  a  diagonal  of  a  quadrilateral 
are  called  opposite  vertices  of  the  quadrilateral.  c- 

Some  care  must  be  exercised  in  listing  the  vertices  of  a  quadrilateral. 
If  P,  Q,  /?,  and  S  are  four  points,,  no  three  of  which  are  collinear,  then 
there  is  more  than  one  quadrilateral  which  has  these  points  as  vertices. 
An  easy  way  to  see  how  many  such  quadrilaterals  there  are  is  to  pay 
attention  to  opposite  vertices.  Choosihg  one  of  the  four  points  — say, 
P  —  how  many  choices  do  you  have  for  the  vertex  which  is  to  be  opposite 
P?  How  many  quadrilaterals  have  /\  Q^  /f,  and  S  as  vertices?  [Make 
some  sketches.  Indicate  the  diagonals  dotted  lines.)  Note  that 
quadrilateral  PQRS  and  quadrilateral  RQPS  have  the  same  pail's  of 
opposite  vertices  and/ so,  are*  the  same4 quadrilateral.  [How  many 
names,  like  these  two  can  you  find  for  this  quadrilateral?] 


Exercises 


1.  Consider  fpur  points,  A;  /i,  C,  "  D 
and  Dt  situated  as  in  the  upper 

figure  on  the  right. 

(a)  Draw  a  picture 'of  quadri-   Y  ^. 
lateral  ABC  I)  and  use  dot- 

ted  lines  ,  to /represent  its  f 
diagonals.  '  *  o 

(b)  Do  any  two  sides  of  this 

quadrilateral  intersect?  9 

(c)  Do  its  diagonals  intersect?  A*  * 

(d)  Repeat  frarts  (a)  -#c)  for  'B 
quadrilateral  ACBR.  .     .  .  .  . 

*    (e)  Repeat  parts  (a)  -  (c)  for  , 
quadrilateral  ADBCf         '  » 

2.  Repeat  Exercise  1  when  A,  S,  C,  and  D  afe  situated  as  in  the 
lower  figure. 

3.  Suppose  that  A,B,C;  and  D  are 
&>ur  corners  of  a  box,  as  sivDwn, 
in  the  figure.  . 

(a)  Repeat  Exercise  1(a). 

(b)  Are  you  less  sure  of  any  of 
*  your  answers  for  Exercises 

land  2? 
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Suppose  given  four  points,   P,  Qt  R,  and  S,  no  three  .of  which  are 
collinear.    There  is^a  quadrilateral  fra-ving  these  points  as  vertices  and 
which  has  PQ  as  ajfiiagonal*  another  which  has  PR  as  a  diagonal,  and 
a  third  which  has  PS  as  a  diagonal-    There  are  six  intervals  with  end 
points   P,   Q,   R,  or  S,  and  the  choice  of  one  of  these  as  a  diagonal  J 
dete.rjnines  which  of  the  remaining  five  is  the  other  diagonal*  The 
remaining  four  intervals  are  left  as  the  sides  of  the  quadrilateral.  So, 
there  are  exactly  three  quadrilati^rals  with  the  given  points  as  vertices. 

PQRS'.  QRSP,  RSPQ,  SPQR,  RQPS,  QPSR,  PSRQ,  and:   SRQP  all 
lame  the  same  quadrilateral,    [That,\here  are  eight  such  names  is  to  r- 
ie  expected,   since  there  are  24  permutations  of  the  letters  and  each 
sijch  names  one  of  three  quadrilaterals.  ]  \ 

$    *f  * 

The  exercises  which  follow  can  be  easily  treated  in  class.  We 
recommend  that  you  have  a  stick  model  for^Exerc'ise  3, 


Answe\rs  for  Exercises 


<d) 


(e)    [As  for  part  (d).  ] 


(b)  No. 

(c)  Yes,(  [Aifleast,  they 
appear  to  J  ] 


Yes,  AC  and  BD  [seem  to] 
intersect. 


(b)  No. 

(c)  No/*1 
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One  of  the  quadrilateral^  you  drew  in  the  preceding  exercises  ap- 
peared tq,  have  intersecting  diagonals.  I  Which  one?]  One  appeared  to 
have  two  opposite  sides  which  intersect.  [Which  one?]  As  Exercise -3 
points  out,  appearances  may  be  deceiving.  On  the  basis  of  these  ex- 
amples we  define  two  properties  of  quadrilaterals: 

Definition  8-5  , 

(a)  A  quadrilateral  is  simple  if  and  oniy  if  no  two  of  its 
sides  intersect. 

(b)  A  quadrilateral  is  convex  if  and  only  if  its  diagonals 
intersect. 

Jhe-quadrilateral  of  Exercise  1(a)  is  simple  and  [apparently]  convex. 
That  of  Exercises  1(d)  and  1(e)  is  not  convex  and  [apparently]  is  not 
simple.  The  quadrilaterals  of  Excretes  2  and  3  are  simple  and  not 
convex.  One,  might  expect  that,  in  addition  to  quadrilaterals  of  these 
three  kinds  [si male  and  convex,  single ^b^t  not  convex,  and  neither 
simple  nor  corflww there  would  be  quadrilateral^  of  a  fourth  kind. 
What  would  the  fourth  kind.be?  Do  you  tfiinjt  there  are  quadrilaterals 
of  this  kind?  * 


(d) 


(e)    [As  for  part  (d).  ] 
"3.      (a)'  , 


No. 

No.. 


(b)    Students  who  gave  unquali- 
fied 'Yes/   answers  in^ 
Exercise  1  should  recon- 
sider.   The  points  A,  B, 
C,  and  D  of  Exercise  1 
may  or  may  not  lie  in  one 
plane.    If  they  do,  then  the 
'Yes.'s  are  correct;  if 
they  don't,  they  aren't. 


Exercises 


Part  A  ' 


9t 


4.  Which  of. the  following  are  pictures  of  (I)  simple  quadrilaterals, 
Hi)  convex  quadrilaterals,  (iii)  simple  convex  quadrilaterals?" 


(a)  quadrilateral  RSTU 

(b)  quadrilateral  RUSf 


(e)  xtfldrilateral  DFGH 

(f)  '  quadrilateral  L]FHG 


(c)  quadrilateral  AMLC 

(d)  quadrilateral  CLAM 


(g)  quadrilateral  OPEN 

(h)  quadrilateral  PEON 
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Answers  for  Questions.    ABCD  of  Exercise   I;    ACBD  of  Exercise  J 

*       i  J  ... 

■       *   '  ,  „'    \       ft  ' 

;  Any  "convex  quadrilateral  is  simple,  so  there  i#re  no  convex  and 
.nonsimple  Quadrilaterals.    [This  is  proved  in  Exercise  4(b)  of  Part  A 

on  p&ge  355.  } ,.  '  , 

-  *,  *•      *  * 

Answers  for  Part  A  '  » 

.  1.     (a)    simple  (and  not  convex)  (b)  simple  and  convex* 

*  *<  ■  ■*' 

'     (e)   simple  (and  not* convex)  (d)  neither  simple  nor  convex 

.  (e)'  simple  and  convex  (f)  simple  (and  not  convex)  1 

(g)    neither  simple  nor  convex       (h)  simple  (and  not  convex) 
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2.  Suppose  that  A,  B,  C,  and  D  are  four  points  no  three  of  wfHch  are 
coliinear.  ^  .  \ 

(a)  How  many  quadrilaterals,  have  these  points  as  vertices? 
Justify  your  answer. 

(b)  How  many  such  quadrilaterals  have  AB  as  a  diagonal? 

(c)  How  many  such  quadrilaterals  have  AS  as  a  side? 

3.  Can  you  choose  the  points  of  Exercise *2  in  such  a  way  that 

(a)  all  of  the  quadrilaterals  with  these  points  as  vertices  are 
simple? 

(b)  just  two  of  the  quadrilaterals  are  simple?  (Justify  your  answer,  f 

(c)  41!  the  quadrilaterals  are  simple  and  at  least  one  of  them  is 
convex? 

4.  (&)  Try  to  draw  a  convex  quadrilateral  which  is  not  simple. 

*(b)  Prove  that  there  are  no  such  quadrilaterals.  [Hint:  This  is 
difficult  It  is  sufficient  to  prove  £hat  if  AC  D  BD  -  {M}  then 
a  ,  AB  n  CD  0,  (Why  is  this  sufficient?)  One  way  to  proceed 
is  to  assume  that  M  -  A  +  l<*  -  A)m  -  B  +  (D  -  B)n,  where 
0  <  m  <  1  and  0  <  n  <  1,  and  to  try  to  find  numbers  p  and  q 
such  that  A  +  iB  -  A)p  -  C  +  IP  -  C)q.  (Explain.)  It  can  be 
shoVvn  that  if  there  are  such  numbers  then  (n  -  rft)(q  -  p)  -  t. 
From  this  (and  the  assumption  concerning  m  and  n)  it  follows 
that  \q  -  p\>  1.  From  this  it  follows  that  no  point  of  AB  H  CD 
ongs  both  to  AB  and  to  CD.  There  are  other  ways  to  proceed, 
and  you  may  have  better  success  using  your  own  judgment  as 
to  how  to  start,  ]  .  f 


L  (a)  Draw  a  quadrilateral  PQkf}  whose  diagonals,  PR  and  QS,  are 
parallel.  *  ' 

(b)  Mark  the  midpoints  of  the  sides  df  the  quadrilateral  of  part  (a) 
and  make  a  conjecture, 

2.  Suppose'that  {A,  B,  C}  and  {B9  C,D}  are  non^l  linear.  Provethat 

(a)  'AC  ||  BEt  if  and  only  if  the  midpoints  of  AB,  ^C,  #nd  CD  are 
aCoUintear,  and  that*  \ 

(b)  if  AG  I)  Bp  then  the  midpoints  of  AB,  BC,  CD,  and  DA  are  col- 
HriearV  {Hint:  For  <a>,  use  Theorem  8-6;  for  (b),  use  (a).  J 

3.  Show  that  the  midpoints  of  the  sides  of  a  given  quadrilateral  are 
the  vertices  of  a  second  quadrilateral  if  and  only  if  the  diagonals 
of  the  first  quadrilateral  are  pot  parallel 

4.  (a)  Prove  that,  in  a  quadrilateral,  the  midpoints  of  two  %ppqsite  * 

sides  and  the  midpoint  of  a  diagonal  are  coliinear  if  and  only* 
if  the  other  two  judes  are  parallel 
(b)  Can  the  midpoints  of  t\vo  non-opposite  sides  and  the  midpoint 
of  a  diagonal  of  a  quadrilateral  be  coliinear? 


l 
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Answers  for,  Part  A   [c ont , ]  * 

2,  (a)  Three  [ABCD,  ABDC,  and  ACBD];  each  of  the  three  points 
B,  C,  and  D  is  the  vertex  opposite  A  in  one  of  the  possible 
quadrilaterals, 

(b)  One. 

Two. 

Yes.    One  way  is  to  choose  three  noncollinear  points  and 
choose  a  fourth  point  not  in  the  plane  determined  by  the  other 
three.    Another  way.  is  to  choose  coplanar  points  as  in 
Exercise  Z  on  page  353.  * 

'No.    If  one  of  the  three  quadrilaterals  is  nonsimple  then  a 
pair  of  its  opposite  sides  intersect.    Taking  these  and  its 
diagonals  as  sides,  one  obtains  another  nonsimple  quadri- 
lateral.   So,  it  is  not  possible  that  just  two  of  the  three 
quadrilaterals  be  simple.   [Note  that    taking  the  intersecting 
sides  of  the  given  quadrilateral  as  diagonals,  one  obtains  a 
convex  quadrilateral.    So,  for  any  four  points,  no  three  of 
which  are  coliinear , ^he  three  quadrilaterals  with  these  points 
as  vertices  are  such  that  either  two  are  nonsimple  and  the 
third  is  convex,  or  all  three  are  simple  and  none  is  convex. 
The  first  case  is  illustrated  in  Exercise  1  on  page  353  if  the 
points  A,  B,  C,  and  D  are  coplanar.    The  second  is  illus- 
trated in  Exercise  2  for  coplanar  points  and, ,.  also*  by  any 
nonplanar  quadrilateral.    The  only  question  remaining  is 
whether  or  not,  in  the  first  case  the  third  quadrilateral  is 
simple.    This  is  settled  in  Exercise  4.  ]  * 

No.    If  all  the  quadrilaterals  are  simple  then  no  two  of  the  six 
intervals  in  question  can  serve  as  the  diagonals  of  a  convex 
quadrilateral. 

4.    .  (a)    This  is  impossible  [see  answer  for  part  (b)], 

(b)    Suppose  that  AC      vBD  -   {M} .    If  we  can  deduce  that 

AB  rs  CD  =  0  then,  since  I5S  -  HfG,  it  will  also  follow  that 
£5  r>  CB  =  0.   The  result  will  then,  show  that  -if  ABCD  is  a 
convex  quadrilateral,  it  is  also  simple.    [The  result  also 
shows  that  rt*cre  is  no  quadrilateral  such  ^hat  both  pairs  of 
opposite  sides  intersect.  ]  Our  assumption  amounts  to  saying 
that  M  -  A  ■¥  (C  -  A)m  =  B  +  (D     B)n,  where  0  <  m  <  1 
and  0  <,   h  <   1  Vand  that  (C  -  A,  B  -  D)  is  linearly  independent.  / 
To  investigate  AB'A  CD,  we  consider  the*equation: 

(1)  A  +  <B  -  A)p  =  C  '+  (D  -  C)q 

Our  problem  is  to  show  that  this  equation  has  no ^tution  (p,  q  J 
such  that  0  <  p  <  1  4and  0  <  q  <   1.    From  our  assumption 
it  follows  that  B  -  A  -  (C  -  A)m .+  (B  -  D)n.    Substituting  in  . 
(1)  yields;v  . 

A  +  (C  -  Almp  +  <B-  D)np  =  C  +  (D  C)q 

which  is  equivalent  to:  * 

U)        (C  -  A)(mp  -  1)  +  (B  -  D)np  =  (D.-  C}q  '  : 


(c) 
3.  <a) 

(b) 


C  -  8  °.  i 


(4) 
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Answers  tor  Part  A  •  [c oat .  J' 

Leaving  this  tor  the  moment  we  note  that,  by  Postulate  3, 

(C  -  A)  MD  -  C:)  MB  -  D)     B  -  A  i 
.  ^  (C  -  A>m  MB  -  D)n 

and,  so,  that 

(3)        (C  -  A  Km  -  i)'HB-  D)(n  -  1)       D  -  C. 
^^om  (2)  andj|)  ["by  subtraction"]  we  obtain: 

(C  -  A)(mp  -  1  -  mq  +  q>  ♦  <B  -  D)(np  -  nq  t  q)  -  9 

Since   (C  -  A,    D  -  D)  is  linearly  independent  this  equation  — 
which,  under  our  assumptions  is  equivalent  to  (1)  ->  is 
equivalent  to: 

rnp  Mm      i)q       1  %v 
np  -  (n  -  l)q   •■  0 
Now  ["by  subtraction4 *  j.  (4)  implies: 
IM  ^  -  n)(p  -  q)  I 

But,  since  0  <.   m  <    i   and  0  s   n  <.    1 ,    jm  -  n]   s    1.    So,  if 
<p,q)  is  a  solution  of  (1  5  then    j  p  -  q  j     >   1.     Hence,  not  both 
oand  q  can  be  between  0  -and   1.    Consequently,  if  X$  and 
do  ir^frsect.  their  intersection  cannot  belong  both  to  AB 
and  CDS 

The  p reading  conclusion  is  sufficient  to  our  needs;    but.  of 
cctur^r;  ^fluch  more  can  be  derived  from  the  preceding  argument.  ,The 
gum ent  concluding  with  equation  (S)  makes  no  use  of  the  assutnJfion 
that  m  and  n  are  between  0  and  1.    So,  (4)  and  1$)  continue  to  hold 
under  merely  the  assumption  that  £15  r>  c5       {Mj,  and  they  can  be 
made  to  yield  mu/:h  information  concerning  the  intersection  of  XS  and 
CD  [or  of  AD  and   BC]  under  this  assumption.     For  example,  if 
m   -   n  —  equivalently,   if  M  divides  the  intervals  from  A  to  C  anjd^ 
from  B  to  D  in  trie  same  ratio  —  it  follows  from  (5)  that  X%      CD  -  0 
and  one  may  argue  further  to  show  that  AS  ||  C^D.    This  result  has 
already  been  established  in  Exercise  2  of  Part  C  on  page  349, 
Supposing,  now,  that  m  #  n,  equations  (4)  are  equivalent  to: 


(6) 


P 


m  -  n      ^      m  -  n  ^ 

Sp,  if  £5  and  l?j5  are  two  'intersecting  lines  and  -XS  ^nd  £T3  are  not 
parallel,  then  AB  and  CD  intersect  at  a  unique  point  which  can  be 
-iocattrd  by  using  \by  and  <  1  > assuming,  of  course,  that  one  lenows  the 
location  oj  Mwit'h  respect  to  A  and  C  -and  to  B  and  D.  Forexample\ 
if  M  €  AC  ^  BD  then,  using  (6),  one  can  show  that  £2  and  Cl5  inter- 
sect  at  a  point  which  is.  either  on  -b£  and  -Cl5  or  on  -A5  and  on 
^  DC.    {For,  suppose 'that,  rn  and  n  are  two  numbers  between 
It  follows  from  (M  that  if  m  >  n  then  p  >  1  and  g  <  0,  So 
in  this  case  the  point  of  intersection  belongs  to  *BA  and  to 
case  in  which  m  C  n  can  be  treated  similarly.  ] 
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It  is  noteworthy  that  Theorem  8-2  treats  of  the  case  in  which  AC 
and  BD  are  two  parallel  lines  and  forms  the  basis  for  our  study  of 
trapezoids  [including  parallelograms  j.    The  preceding  considerations 
deal  with  the  c§»se  in  which  AC  and  bS  are  two  intersecting  lines  and 
forms  the  basis  for  a  study  of  quadrilaterals  no  two  of  whose  sides  are 
parallel.    Although  many  interesting  results  are  obtainable  which  con- 
cern ratios  related  to  such  quadrilaterals,  the  theory  is  obviously 
more  complex  than  is  that  of  trapezoids,  and  we  shall  do  very  little 
with  it. 


Ans4^rs  for  Part  B 

[These  exercises  are  of  some  interest  in  themselves  but  are 
mainly  preparatory  for  Theorem  8-18, J 

I.     (a)  ♦ 


{b)    If  the  diagonals, of  a  quadrilateral  are  parallel  then  the  mid- 
points of  its.  sides  a^re  collinear, 

2..    (a)    Let  Kf  L,  and  M'  be  the  respective  midpoints  of  AB,   BC,  and 
CD.    Note  that  KL  |[  AC  and  that  LM  ([  BD.    So,  £c  |j  BD 
if  and  only  if  Kl  |  j  iM,    But,   KL  Jj  EM  if  and  only  if  K,  L, 
and  m  are  collinear.    Hence,  th^  conclusion, 

(b)    Using  the  notation  from  (a),  assume  further  that  N  is  the 
^    midpoint  of  D&  and  that  AC  jj  BD.    By  (a),  K,  L,  and  M  are 
collinear  and,  also  N,  K,  and  L  are  collinear  if  it  is  the  case 
that  {A,  B,  D}  as  well  as  {A,  9,  £},  is  noncollinear.  This 
is  the  case,  for  if  A  €  BD  then,  since  \£c  jj  BD,  C  e  Bl5, 
contrary  to  the  assumption  that  {B,  Q,  D}  is  noncollinear. 
Since  K,  L.  and  M'  are  collinear  and  N,  K,  and  L  are 
collinear,  and  since  K  4  L  [because  {A,  B,  C}  is  noncollinear], 
it  follows  that  K,  L,  M,  and  N  are  collinear,  ) 

3,     Using  the  notation  of  Exercise  2,  suppose  that  \RCD  is  a  quadri- 
lateral;  It  follows  from  Theorem  8-7  that  KL  TIMN  il  AC  and 
™L  li  ^  II  BD^So,       AC  Jf.SB  then  KI^  LM  ^  mH,  - 

TZft  [4  f9!?,  and         ]/\  KZ*  In  particular,  if  AC  H  SU  then 
{K  L,  M},  {L,  ~M,  N},  {M,  N,  K},  and  {N,  K,  L}  are  non- 
collinear  and,  so,  K,  L,  M,  and  N  are  vertices  of  a  quadrilateral. 
On  the  other  hand,  if  K,  L,  M,  and  N  are  vertices  of  a  quadri- 
lateral then  {K,  L,  M}  is  noncollinear  and,  so,  1TE  U  EM  and 

AC  |4  515.  n 
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Cons  tde  r  quadnlatc  ral   ACDB  and  apply  Kxereise  Z(a). 

A^:H;|  i  TTn  it'  and  only  it  the  mid  point »  oi  the  sides   ?nB  and  CS 

«i  nci  t  he  m  id  point  of  the  diagonal   BC  are  .collinea  r .  Also,   

('A  M  DB  if  and  only      the  midpoints  of  the  sides  CD  and  AB 

and  the  nmlpouU  oi  the  fUagonal    DA  are  col  linear.    So,  the 

opposite  sides   AC'  and   BD  are  parallel  if  and  only  if  the  mid- 
points oi  the  sides   AB  and  CD  <\nd  the  midpoint  of  one  of  the 
dfa^ona  is   irt*  iol  linear.     [Note  that,   in  an  entirely  similar  way 
one  can  show  that  the  midpoints  of  the  diagonals  of  a  quadri- 
lateral and  the  midpoint  of  one  of  its  sides  are  colli  near  if  and 
only  it  the  tv\o  sides  adjacent  to  the  one  just  mentioned  are 
p.trtllel.    So.   for  example,  it  follows  that  a  quadrilateral 
whose  diagonals  bisect  each  other  is  a  parallelogram.  J 

(h)    No.     For.   the  remaining  two  sides  would  be  collinear. 


) 
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Since,  by  Definition  8-6(a),  opposite  sides  of  a  parallelogram  are  " 
parallel  and,  because  of  the  noncollinearity  of  the  vertices  of  a  quadri- 
lateral, are  noncollinear,  rhey  have  no  common  point.    So,  a  parallelo- 
gram is  a  simple  quadrilateral.    Hence,  by  Definition  8-6(b),  any 
parallelogram  is  a  trapezoid.    Note  tha«.  there  are  nonsimple  quadri- 
laterals with  two  parallel  sides.    These   "bow-ties"   are  not  trapezoids. 

Parts  A  -  D  would  make  a  very  long  homework  assignment.  We 
recommend  using  Parts   A  and  B  as  in-class  exercises.     Parts   C  and 
D  still  make  a  long  assignment,   however.    It  would  probably  be  best  to 
identify  8  or   10  of  the^ exe rcises  for  all  students  to  do  and  then  to 
assign  a  team  of  students  to  each  of  the  remaining  exercises.  Follow 
this  with  a  careful  class  discussion  of  all  the  exercises. 

Answers  for  Part  A 

1.  ,  UKi'v  (b) 


Suppose  that  {^A,   B,  C}   is  noncollinear  and  B  -  A  =   C  -  D. 
It  follows  that:v-A  *  B  *  C  and  B  -  C    <   A  -  D.   So,  AB  |  j  DC 
and  CB  1 1  DA-    Since  |  j  and  C  4  £S,   D  */aS.  So, 

{A,  B,   d)   is  noncollinear.  m  Similarly,   {B,  C,  D}  is  non- 
collinear and,  using  this  and  the  fact  that  AB'  j|  DC,   {A,  C,  D} 
is  noncollinear.    Hence,  if  {A,   B,  C}   is  noncollinear  and 
B  - A       C  -  D  then  ABCD  is  a  parallelogram. 

On  the  other  hand,   suppose  that  ABCD  is  a  parallelo- 
gram.   Then  {A,   B,  C}   is  noncollinear  and  C  -  B  £  [D  -  A] 
and  B  -  A  €  [C  -  D).    It  ^follows  that  there  are  nonzero 
numbers  —  say,  c   and  a  —  such  that  D  -  A  -   (C  -  B)c  and 
C  -  D  =  (B  -  A)a.    k  follows  that  C  -  A  ~  (B  -  A)a  +  {C  -  B)c, 
Since,  also,  C  -  A  =  ( B  -  A)  f  (C  -  B)  and  since  (B- A,  C  -  B) 
is  linearly  independent*  it  follows  that  a  -=   I   and  c  =   1.  In 
particular,  C  -  D  ~   B  -  A.    Hence,  if  ABCD  is  a  parallelo- 
gram then  {A,   B,  C}  is  noncollinear  and  B  -  A  =  C  -  D, 

If  A,   B,  C,  and  D  are  vertices  of  a  parallelogram  then  the 
parallelogram  is  either  ABCD  [D  opposite  B]  or  ACBD  ■? 
[D  *  opposite  C|  or  CAB1>  {D  opposite  A).    Suppose,  now,  — 
that  {A,  Bf  C)  is  noncollinea^.    It  follows  from  part  (a)  that 
the  figures  listed  above  are  parallelograms  if  and  only  if, 
respectively,  B  -  A  -  C  -  D  or  C  -  A  =  B  -  D  or 
A  -  C  =  B  -  D  —  that  is,  if  and  only  if  D  =  C  f  (A  -  B)  or 
D  =  B  +  (A  -  C)  or  D  -  B  +  (C '  -  A).    [Students  should,  ot 
course,  draw  figures  to  illustrate  this  result.] 

This  follows  at  once  from  Exercise  2(b)  of  Part  B  on  page  355. 
Fori  if.  in  that  exercise,  we  interchange  4  B*  and  'C  all  we  need- 
note  is /that,  by  Definition  8-6(a),  if  ABfiD  is  a  trapezoid  with 
bases  AB  and  CD  then  {A,  C,  B}  and  {C,  B,  D}  are  noncollinear 
and  AB  It  CD. 
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8.07  Trapezoids  and  Parallelograms 

Definition  8-6 

(a)  A  quadrilateral  is  a  trapezoid  if  and  only  if  it  is  simple 
and  has  two  parallel  sides. 

(b)  A  quadrilateral  is  a  parallelogram  if  and  only  if  its 

opposite  sides  are  parallel. 

» 

%    far  /  ib)  v 

\ 


Fig.  8-16 

Since  a  parallelogram  is  certainly  simple  [Why?],  any  parallelogram  is 
a  trapezoid.  \  Note,  however,  that  the  word  'trapezoid'  is  sometimes 
-but  not  in  this  book  -  used  to  describe  a  simple  quadrilateral  which 
has  exactly  two  parallel  sides.]  Any  pair  of  parallel  sides  of  a  trapezoid 
is  called  a  pair  of  bases  of  the  trapezoid. 


Exercises 


Part  A 


a  picture  of  a  trapezoid  PQRS  with  bases  PQ  and  RS. 
(b)  Draw  a  Tpiadri lateral 


1.  (a)  Draw 

ABCD  with  AB  \\  CD  which  is  not  a 
trapezoid.  • 

2.  Show  that  ABCD  is  a  parallelogram  if  and  only  if  {A,BtC}  isnon- 
coilinear  and  B  -  A  -  C  -  D.  (This  is  Theorem  8-16.] 

3.  Show  that  if  {A,  B,  C}  is  noncollinear  then  there  are  three,  and 
1  only  three,  parallelograms  each  of  which  has  4,  Bt  and  C  as  thre^ 

of  its  vertices. 

4.  Show  that,  in  trapezoid  ABCD  with  bases  AB  and  CD,  the  mid- 
points of  the  sides  BC  and  DA  and  those  of  the  diagonals  AC  and 

t'BD  are  coilinear. 

5.  Prove  qpurh  of  the  following.  l 

(a)  If  the  midpoints  of  two  sides  and  of  a  diagonal  of  a  simple 
quadrilateral  are,  colli  near  tfren  the  quadrilateral  is  a  trape- 
zoid with  the  remaining  sidesjas  bases,  , 

(b)  If  the  midpoints  of  two  diagonals  and  of  a  side  of  a  simple, 
quadrilateral  are  Coilinear  thep  the  quadrilateral  is  a  trape- 
zoid with  the  sides  which  arfe  n6t  opposite  to  the  given  side  as 
bases.  i 

6.  A  quadrilateral  is  a  parallelogram  if  and  only  if  its  diagonals 
bisect  each  other.  (This  is  Theorem  8-17.]  *' 


Part  B 


(a)  Suppose  that  PQRS  is  a  trapezoid  with  bases  PQ  and  RSf  What 
do  you  guess  to  be  true  of  the  ratio  (R  - S)  : .  (Q  -  P)l 


8?.9 
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of  Part  1^  on  page 


Answers  for  Part  A  [cont.] 

5.  (a)    This  follows  at  once  from  Exercise  4(a,  b 

*55,  and  Definition  8-6<a). 

(b)    Like   (a).    [See  note  to  solution  oi  Exercise  4(a)  at  the  end  of 
TC  iSS(4).  ]  ^ 

6,  Suppose  that  the  diagonals  df  quadrilateral  ABC  D  have  mid  - 
poiwfs  K  and  L  and  that  the  sides  AB  and.  ^BC  have  midpoints 
M  and  N.    If  K   _L  then_  {K,   L,  M)  jmd  {N,  K,   L}   are  . 
coilinear  and  so,  BC  ||  DA  and  AB  ||  CD.    Hence,  if  K  =.  L 
then  the  quadrilateral  is  a  parallelogram.    On  the  other  hand, 
if  ABCD  is  a  parallelogram  then,   since   BC  ||  {K,   L.  M} 
is  coilinear  and,  since  AB  ||  CD,   {N,   K,   L}  is  coilinear.  If 
K  were  not  1.  it  would  follow  that   {M,   N,  K}   is  coilinear. 
But,  b'v  Exercise   5(b),  this  is  not  the  case.    Hence,  if  ABCD 
is  a  parallelogram  then  K  :-   L.  \  * 

Exercise  1  6     can,  of  course,  he  proved  in  many  ways.    Here  is 
one  which  makes  use  of  the  position  vectors  a,  d\  c,  and  ct  of  A,  .  B, 
C'  aHSL  D'   respectively.    The  positiou'vectors  of  the  midpoints  of  AC 
and  BP  are  (a  *  c)f I  and^  (bj*  3)^2,    Hence,  the  midpoint  of  £c  is\ 
that  of  BD  if  and  only  if  a  +  c  ^   b  +  c!  -  that  is,   if  and  only  if  \ 
c  -  d   =  b  -  a  —  that  is',  if  and  oniy  if  B  -  A  -  C  -  D.    Assuming,  noW, 
that  ABCD  is  a  quadrilateral  it  follows  that  AC  and  BD  have  the  same\ 
midpoint  if  an4  only  if  they  bisect  each  other,  and,  by -Theorem  8-16  of 
Part  A,  that  ABCD  is  a  parallelogram  if  and  only  if  B  -  A  -   C  -  D. 
[Note  that  intervals  AC  and  Bl5  may  have  the  same  midpoint  without 
bisecting  each  other.    This  can  occur.if  tlx*  intervals  are  coilinear,  ] 

Answers  for  Part  B  *  *  ; 

— r  ■  — ■ ■  *  — —  • 

1.     (a)   (R  -  S):(Q'-  P}'  >  0 

(b)    PURS  would  be  nonsimple 


tL  ■ 
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(b)  Suppose  that  PQRS  is  a  quadrilateral  in  which  PQ  \\  RS  and 
{R  -  S)  :  \Qm-P)  <  0.  What  kind  of  quadrilateral  do  you 
guess  PQRS  to  be?  * 
(v)  Suppose  that  PQ  and  SR  are  noncollinear  parallel  intervals. 
Show  that  quadrilateral  PQRS  is  simple  if  and  only  if  (R  -  S) 
:  iQ  -  P)  >  0.  \Hint:  Use  Theorem  8-2  to  shew  that  if 
\R  -  S)  :  \Q  -  P)  r  then  PS  ,  QR  if  r  1  and  Ks  and  §tf 
intersect  at  a  point  which  divides  both  the  interval  from  P  to  S 
and  the  internal  from  Q  to  R  in  1  :  -r.  j 
!.\Pn)ve; 

to)    *  ^ 

Theorem  8-18   

(a)  PQRS  is  a  trapezoid  with  bases  PQ  and  RS  if  and 
only  if  PQ  and  RS  are  noncollinear  parallel  in- 
tervals such  that  (Q  -  P)  :  (/?  -  S)  >  0. 
ib)  If,  in,  trapezoid  PQRS,  PS  jf  QR  then  Ps  and 
\  Qfy  intersect  at  a  point  which  divides  both  the 
interval  from  /'  to  S  and  the  interval  from  Q  to  R 
in  -(PQ  :  RS): 

Theorem  £~  19 

(a)  A  trapezoid  is  convex. 

(b)  lf  PQRS  is  a  trapezoid  with  bases  PQ  and  RS 
then  the  intersection  of  its  diagonals  divides 
e^ch  of  them,  from  P  to  R  and  from  Q  to  S,  re- 

1       .  spectiveiy,  in  PQ  :  RS. 

\HinV.  Reread  the  hint  for  Exercise  1(c),  interchanging  iR9 
and  S\\ 

P/r 

1  r/^ 

,  1 

3.  (a)  Show*  that  the  diagonals  of  a  simple  quadrilateral  are  not 
.  parallel.  \IJint:  The  vertices  of  a  quadrilateral  with  parallel 
diagonals  are  also  vertices  of  a  trapezoid  Use  Theorem  8 -19(a) 
.  to  show&that  a  quadrilateral  with  parallel  diagonals  is  not 

simple,! 

(b)  Prove:  - 

I  Theorem  8-20 

(a)  The  midpoints  of  successive  sides  of  a  simple 
quadrilateral  are  the  ^successive  vertices  of  a 

y ,  parallelogram. 

(b)  The  intervals  joining  the  midpoints  of  opposite 
sides  of  a  simple  quadrilateral  bisect  each  other. 
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Answers  f o r  Pa r t  B  [cont. 


(c! 


Since,  by  hypot%sis(  PQ  <"\  RS 
only  if  PS  r\  QR  0. 


0,  PQRS  is  simple  if  and 

or, 


I.  (a) 


Following  the  hint,   PS  r>  QR  -  0 

for  r  *   1,   PS  r-\  QR  is  the   |  :     -point,  from   P  and  from  Q, 

respectively,  of  the  interval  from  P  to  S  and  the  interval 
irom  Q  to  k.    So,*  it  is  the  point  which  divides  each  of  these 
intervals  in  1  : -r.    The  point  belongs  to  tthe  intervals,  them- 
selves, if  and  only  if  this  ratio  is  positive  —  that  is,   if  and 
only  if  r  <   0,    .Hence,   it  fails  to  belong  to  these  intervals  if 
afrd  only  if  r    >  0.  # 

!  v  .    .  

SjuppoSe  that   PQRS  is  a  trapezoicTwith  bases   PQ  and  RS.  It 
fallows,  by  definition  that  TO  H  RS  and  that  { P,   Q,    R}  is 
njoncollinear .    So,   PQ  and  -RS  are  two  noncollinear  parallel 
intervals .    Since,  by  definition,   PQRS  is  simple  it  follows 
from  Exercise   1(c)  that  (Q  -  P):(R  -  S)*  >  0. 

On  the  other  hand,   suppose  that  PQ  and  RS  are  non- 
cjollinear  parallel  intervals  such  that  (Q  -  P):(R  -  S)   >  0.  It 
follows  that  PQRS  is  a  quadrilateral  with  and  R§,  as 

irallel  sides  and,  by  Exercise   1(c),  that  PQRS  is  simple, 
by  definition,    PQRS  is  a  trapezoid. 

Suppose,  now,  Jfchat   PQRS  is  a_trapezoid  such  that 
PS  H  QR-    Ifc  follows  that  PQ  and  SR  are  noncollinear 
parallel  intervals  and,  by  Theorem  8-2,   PS  and  5R 
intersect  in  the  /(I  -  r)-points,   from  P  and  Q,  respectively 
of  the  inte rvals  f rom   J,,to  S  and  from  Q  to  R,  where 
r  =  (R  -  S):(Q  -  P)  and,  by  Theorem  8-18(a),  is  positive. 
This  point  divides  the  intervals  in  question  in  the  negative 
ratio   1  :  -r  —  that  is,  (Q  -  P) :  (S  -  R).    Since  this  ratio  is 
negative  it  is  -  ( PQ  :  RS). 

The  figure  illustrates  Theorems  8-18  and  8-19  in  the  case  in 
which  0  s    (Q  -  P):'(R  -  S)  v.    1.     Ratios  read  off  the  figure,  with 
MQ^"  P):(R  -  S)'   for  *  r'   [with  proper  regard  for  sense]  will  hold  in 
all  cases. 

%  

(b)    Suppose  that  PQRS  isja  trapezoid  with  bases  PQ  and  RS.  It 
follows  that  PQ  and  RS  are  noncollinear  parallel  intervals  and 
(S  -  R):{Q  -  P)  <   0.    By  Theorem  8-Z,   pR  and  5§  intersect 
at  P  +  (R  -  P)/(l  -  r)  [which  is,  also,  Q  +  (S  -  Q)/(l  -  r)] 
where   r  -   (S  -  R):(Q  -  P).    Since  r  <   0,  0  <   ]{\  -  r)  <  \t 
from  which  it  follows  that  the  ^oint  of  intersection  belongs  to 
both  PR  and  QSr  Since  these  intervals  are  the  diagonals  of 
quadrilateral    ipQRS  it  follow*  that  PQRS  is  convex. 

The  ratio  in  which  the  point  of  intersection  divide «  the 
?  diagonals  is,  inl  the  notation  of  {he  preceding  paragraph, 

I  :  -r.  This^  ratio  is  then  (Q  -  P) «.  (R  -  S).  Since  ii  is  a  '  . 
positive  number  it  is,  also,   PQ  :  RS.  I 
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358     tRlANGLES  AND  QUADRILATERALS 
PartC 

1.  In  parallelogram  ABCD,  show 
that  the  point  O  of  Si)  divides 
the  intervals  from  P  to  Q  and 
from  R  to  S  in  thesame  ratio. 
(Assume  that  S(Afl  and  ^A 
RS\\AD.)         ,  A^P 

•  2.  In  parallelogram  ABCD,  show 
that  E  divides  the  intervals 
TromA  toF.BtoD,  andGto// 
in^fi  :  D/\  Show.jUso,  that 
//£  :  /)F  -  EG  : 

*  " 

3.  In  parallelogram  AB£DS  M 
and  iV  are  tfce  midpoints  of  AB 
and  C$  sShow  that  E  and  F  are 
the  trisection  points  of  BD 
[The  trisection  points  of  an 
interval  are  the  points  which 
divide  the  interval,  from  one 
endpoint  or  the  other,  in  1  :  2.] 
[Incidentally,  what  theorem 
assures  you  that  AN  and  BZ) 
intersect?]  $ 

4«  In  AABC,  suppose  that  D 
divides  the  interval  from  0  to 
A ,  E  divides  the  interval  from 
C  to  Bt  G  divides  the  interval 
from  F  to  A,  and  H  divides  the 
interval  from  F  to  Bf  all  in  t| 
same  ratio*  Show  that  G 
is  a  parallelogram. 

5.  In  parallelogram  ABCD,  E 
and  F  divide  the  sides  from 
i4  to  and  C  to  D,  respectively, 
in  the  same  ratio. 

(a)  Show  that  EHFG  is  a 
parallelogram,      s  « 

(b)  Whftt  can  you  say  about 
£F  and  about  if  the 
given  ratio  is  1? 

6.  In  parallelogram  ABCD,  M  \ 
and  AT  are  the  midpoints  o£ 
BC  and  DA,  respectively,  and 
P  and  Q  are  two  points  which  * 
divide  the  intervals  from  B  to 
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3.     (a)    Suppose  that  ABCD  is  a  quadrilateral  whose  diagonals,  AC 
and  IP  are  parallel.,  Since  ABCD  is  a  quadrilateral,  Kc% 
and  BD  are  noncollinear  parallel  intervals.    By  Theorem 
8-18(a)»  one  of  the  two  quadrilaterals  ACBD  and  ACDB  is  a 
trapezoid  and.^  so.  either  AB  n  CD  ^  0  or  AD  r>  BC  ^  0. 
In  either  case?  quadrilateral  ABCD  is  not  simple.    H»nce,  ^ 
the  diagonals  of  a  simple  quadrilateral  are  not  parallel. 

(b)    Since  the  diagonals  of  a  simple  quadrilateral  are*  not  parallel  . 
it  follows  from  Exercise  3  of  Part  B  on  page  355  that  the 
midpoints  of  the  sides  of  a  simple  quadrilateral  are  vertices.  \ 
of  a  quadrilateral.    From  the  solution  of  Exercise  3  —  using 
Theorem  8-7  —  it  follows  that  opposite  sides  of  the  quadri- 
lateral whose  successive  vertices  are  the  midpoints  of 
successive  sides  of  the  given  quadrilateral  are  parallel. 

Theorem  8-Z0(b)  follows  at  once  from  Theorem  8-Z0(a)  \ 
and  Theorem  8-1?  on  page  356,  '  \ 
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Answers  for  Part  C 

1.     SiriceP<5  and  D^  are  transversals  of  the  parallel  lines  AD,  RSf 
and  BC  it  follows  by  Theorem  3-6(b)  that  PO^OQ  ^   DO  •  OB 
Similarly,  DO  :  OB  -  RO  :  OS.    So,   PO  :  5Q  =   RO  *  OS;  [Actually, 
this  does  not  quite  solve.the  exercise,  s ince<  the  problem  is  to 
show  that  (O  -  P) :  <Q  --0)  =  (O  -  R)  j  (S  -  Q),  and  in  using  , 
Theorem  8-6  we  hare  lost  track  of  senses.    For  a  complete 
Solution,  use  Exercise  5  on  page   325.]  < 

2*     9y  Theorem  8-19(a),  in  trapezoid  ABFD,  E  divides  the  intervals 
from  B  to  D  and  from  G  to  H  in  AB:  DF_.    HE  :  EG  =  DEjEB 
=  BF;AE  byJTheorem  8-6(b),  and  EF:AE  =  DF :  A3  by  Theorem 
8-9{a)#    So,  HE  :  EG  =  DF  ;  AB  and,  consequently,  HE  :  DF  =  EG  :  AB, 

3.  D  -  A  *  C  -  B  and.N  -  fi  -  (C  -  DJ/2  -  (B  -  A)/l  =  B  -  M.  So, 
l!AiiD^A)MN-D)  =  (B-M)  +  (C  -  B)  ^-  M.  Hence, 
AN  (j  MC    So,  in  ABAE,   F  is  the  midpoint  of  BE.  Hence, 
E«D  =  F  -  £  =  B-F  and,  consequently,  E  and  F  are  the  tri- 
section points.    {E  -  D  =  {B  -  E)/2,  F  -  B  =  (D  -  F)/2]  [AN.  and 
BD  intersect  because  they  are  diagonals  of  4t*?e  trapezoid  ABND.  ] 

4.  By  Theorem  8-9(a),  in  AACB  and  AAFB,  (E  -  D):(B  -  A) 

-  (H  -  G):{B  -  A).    Hence,  E  -  D  -  H  -  Gi    So,  unless  {D,  E,  H} 
is  colline#r.DEHG  is  a  parallelogram.    [Exercise  3  of  Part  Aj 
BuV  if  H£  BE  tWDB  a.  DH  ~  DE^and  E  =  5,  contrary  to  the 
ag  gumption  that  E^livides  the  interval  from  C  to  B. 

5.  (a)   Ag  in  Exercise  3,  F  -  A  =  C  -  E.    But,  in  A  FAB  and  A  CED, 

.    (H,-  E):(F  -  ^)  a  AB  -  E);<B  -  A)  =  <D  -  F) :  (D  -  C) 

=  (G  -  F):(E  *  C)  =  (F  :  G) :  (C  -E).    Hence,  H  -  E  *  F-  G 
and,  urOegg  (£,  H,  F}  is  collinear,  EHFG  is  a^parallelogram, 
Since_DC  and  AB  are  noncollinear  parallel  inte rvalg  and 
F  €  DC  while  E  €  AB  and  /H  €  EC,  F  f^EH.  * 

<b)j  EF  ||  AD  and  GH  j|  AB.    The  fir gt  follow g  by  Exercise  3{i) 
of  Patt  D  on  page  330.    The  second  follows  in  the  same 
manner  once  one  notes  that  [as  shown  in  part  (ajj  DE .  j  j  FB 
and  th*at#_in  the  present  cage,  G  and  H  are  the  midpoints  of 
DE  and  FB.  '  .  * 

:      .•■  •         '  ■   ■  .,  834 
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*  *        '  s  ' 

I)  and  fern  /)  to  fl,  respectively,  in  the  same  ratio.  Show  that 

.V/f\V(^  is.  a  parallelogram,  *•  •  • 

ppose  thai  AH  \\CU  and  that.AC  bisects  SB.  Show  that  dtftV) 
1  parallelogram.  , 

ppose  that  ARC  I)  is  a  parallelograrn-  and  /  is  a  line  containing 
joints  ;4\  fl'  ?  ( '  \  and  />'  such  that  any  two  of  X'A\  8b\  t*C\  and 
r  which  are  lines  are  parallel.  Show  that  D!  -  C     A'  S»  B'. 
Hint:  let  P      A    +  {R  -  R')  hnd-Q     /)'  f  (C  -  (?").  In  case 
PeAB  and  ^  *  CD  ypu  can  show  that  Theorem  8-11  applies.  Sup- 
pose, then,  that  /5  e  4/i  and  consider  two  cases,  P  *  R  and  P  B,\ 
&  In  AAJSO*,  let  A/  be  the  midpoint  of?*ifl,  Ar  the  midpoint  of  flt\  /3a 
point  oMC  and  W  and    The  midpoints  of  AP  and  P(f[ respectively. 
Show  that  MNSR  is  a  parallelogram.  * 
10.  Suppose  that  the  diagonals  of  quadrilateral  ARCD  intersect  at  O. 
Let      P,j>]S  and  l\  he  the  centroids  of  AABO,  ABC  0,  AC  DO, 
and'A/MO,  respectively.  Make  a  conjecture  about         P,s  Pt  and 
P       sbow  that  it  is  correct.  * 

U.  In  ;V1/K\  let  /'  divide  the  interval  from  Av  to     in  /  *:  1  -  /  and  Q 
xiivide  the  interval  from  A  to  Cin  *  :  1  -  s.  Supposed  that  APQR 
is  a  parallelogram*  Show,  that 
►  la)  \tf  n  £r  *  0  —  «  /     and  that  * 

(b)  if  *Atf  f>  {Z)}  them/?     B  +  (C  -  /?)  : 

12,  In  /in4#(.\  the  medians. /*M  and  AN  intersect  at  /\  R  is  the  mid- 
point of  AP,  and  (*>  is  the  midpoint  of  BP.  Prove  that  MNQR  is  a 
4  v  parallelogram.  «•  „ 

Part  D        *  ■  *  . 

^  -  <w 

1.  (a)  Show  that  th&  midpoints  of  a  pair  of  bases  of  a  trapezoid  and 
.  *  V  ,    the  intersection  of  its  diagonals  are  collinear.  *' 

(b)  Show  that  the  ratio  in  which  the  interval  between  the  tnid- 
^points  of  two  bases  5f  a  trapezoid  is  divided  by  the  intersection 
w  of  the  diagonals  is  the  same  as  the  ratio  «pf  the  bases. 

\.     2.  I^mp^zoid^fl^,  TV  is-para,]- 
#  *        -Jel  X0  the  bases,  PQ  irn&RS.  and  . 
.  ,  }   ,  *     conta'ois  the  point  M  at  which 
,  ;      -  "  the  diagonals  '  intersect*  9how  : 
that  "  1  ^ 

.  *  .   (a^tf  is # the  midpoint_of  TU\ 

'f.      *(B)U/'dividesthe^dePS:itlxtKe:  m     -  m 
•    .     ;j^r^tio of  thehas.es,  and      •  *  1  /- 

,  X'  '      . +'(T  -  (/)  :JQ  -  P)  *  2/         .  .  v 

3.  Show*that  a  quadrilateral  whose  diagonals  intersect,  at*  a  point 
D  *):         h  ,  "Y  which  dividtes.thm  in  the  same  ratio  is  . a  tal^ezoid.  What  is  the 
**S      ratio  of .tne^ases  of rfthi§  trapezoid?  ^       '  •  ^ 

m  .\    4.  Sho\y  that  theTinfes  containing  two  nonparaltel  sides  of  a  trapezoid 
I  ^iiiterspcti:at  a  point  which  is  collinear  with  the  midfx)intgj)f \he 

m  *bases  and  the  uitersectio©  of -the  diagonals  of  tHfe  trapezoid/ 
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Answers  for  ggXtC    [rdnt.]  '  %  .  . 

,  i         .  *    *  * 

6.      Let  K  be  the  midpoint  of  BD.    Then  R  ^JNJ  =■   (B  -  A)/2  -  (C  -  D)/Z 
-"   M  -  R  and,,  so,   R  is  the 'midpoint  of  MN;    Also,  R  -  B 
and,  so,  ( R  -  Q)  4  (Q  -  D)  =   (B  -  P)  t  (P  -  R).    But,  hypothesis, 
(Q  -  D):(fi  -  D)      (P  -  B):(D  -  B)  and,  so,  Q^_D  ;  mB  -  P,  Hence, 
R  -  Q   '    P#-  R  and,  so,   R  is  the* midpoint  of  PQ.    It  follows  by  V 
Theorem  8-17  of  Part  A  on  , page  ^56  that  ,\£PNQ  is  a  parallelo- 
gram if  it  is  a  quadrilateral.    It  is  easy  to  show  that  no  three  of 
M.    P,   N,  and  Q  are  collinear.  - 

7.,    Since   AB  ||  CD  and  A£  and  BD  intersect  at  a  single,  point  7- 

s,ay,  M  —  A"BC D  is  a  quadrilate ral  and  AB  and  CD  arV  non-  y 
collinear  parallel  intervals.     By  Theorem  8-6(b)»   since  M  is  th^ 
^midpoint  of  BD,   i^is  also  the  midpoint  of  AC.    So,. by  Theorem 
8-17,  ABCD  is  a.  parallelogram. 
,0 


Let  P  -  A'  +  (B  -  B')  and* 
'  MC  -  C') 


Q  D'  ¥  (C  -  C').  Then  VQ  -  C 
-   (D'  -  CH  (C  -  ,C0  =  D}  -  C'^ 

P  -|B  -  (A'  -  B)  +  {B  -  B')     /  . 
So,  our  problem  is  ta 
showThat  Q  -  G  =   P  -  k  *  From/ 
what  we  have  already  dope  it  follows 
that  if  P  #  B  and  C  ^hen 

A'^B'  an^  D;  #  C,    Furthermore,,  in  this  case   PB  jf  A7]?  =  i 
=   IVC7  ||  QC.    Also,   P  -  A  -  JA'  -  A)  +  (B  -  B')  and  Q  -  D 
r  -  D)  f  (C  -  £').    Fromjhis  it  follows  that  >if  P  ^  A  and  * 

Q  #  D  thenathe  xlj region,  of  A^and  d3  is  the  common  direction 
gfjthose  of  AA',  BB'.  CC7  and  DD   which  are  lines.  Finally, 
BA  ||  CD.    Since  ^A  -  B  =   D  -  C  it  jhow  follows- by  Thedrem  8-11 
that  if  P  ^  AB  and  Q  ffl5c  then  Q  -  C  -   P  -  B. 

Suppose, 'now  that  P  *  B  a^d  Q  ^  C#    It  follows  as  before 
.that  T^B  ||  QC^nd,  so,  if ^t her   P  €  T3  or  Q  €         then  it  is  the 
casq^hat  P  £  AB.  and  Q  €  DCb   Assuming  that  P  €  AB  [and  Pf  B] 
it  follows,  as  before,  that  AB  =   PB  j  |  1.    Suppose  that  A  V l#  It 
follows Tthat  B  4l  and  so  tnat  A  *  >iA'  and  B  4  B'#    In  this  case, 
AA7  ||  BB'  and  ABB' A'  is  a  parallelogram.    Hence,  A^  B'  ^  A  -  B. 
Suppose,  on  the  other  hand,  tha^  A  6  i^Jn  which  case  AB  -  I.    If  .  *  . 
A'^  A'  then  either  C  -   C^  or  CC^  j  j  A^V'  =  I,  •  In  either  case, 
since  C;  6  I,  C  6  i.    Since,  howeVer^,  { A,  B,  C}  Is  noncollinear,  1  ** 
C  4  AB  =  I.    So,,  A  =  A'.  .  Similarly  B  ^  ^  and,  a^gain, 
A'  -  B'  =  A  -  B.    So,  in  any  c^«e,  if  P  £  AB  and  P  #  B  then 
A'  -  B'  =  A  -  B;   Similarly,  J£  Q  e  DC  and  Q*#  C  then 
D'.-  G£  -  15  -  C#    Since  D  *  A  -  B^tt  follows  that,  for  P  *  B 

and  Q  4  C,  D'  -  C  =  A'  -  B'  if  both  P  (6  XS-  and  Q  €  DC. 
However,  as  we  have  seen,  this  condition  is  satisfied  if    it  her 
P  e  AB  or  Q  €  ?X?. 

'  *  • 

the  only  case  which  remains  to  be  considered  is  that  in  which 
P  =  B  or  Q  =  Q,    Note,  first  that  if  both  P  =  B  and  Q  -  C  then 
A'  =  B'  and  ,D'  =  C*  and,  so  D'  *  C  \JS  =  A'  -  B'.    All  that  ' 
remains',  „tjhen,  is  to  show  that  ^either      -  B  or  Q  -  C  then 
both  P  s  B  and  P  =  C.    Suppo*,?  then,' that  P  =  B,    As  noted, 
it  follqws  [since  P  -  A'  ,=  B  -  B']  that  A'  =  B'.  , It  follows,  since  * 


A 
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A  * 

V 

Answer?  fo«  Part  C  [cont.j 

%       A  #  B,  that  cither  /K  *  A'  or  B  *  A'.    jSuppost-  that  A  *  A'.  If 
JL_-  H       B'       A'€AA>  and,   since  A  £  TCP  andj  *  A, 

AA        AB.     U,   oji^he  at  hy  r  hanjt    B  *  B'  then  AA?  )|  BB1  Jind, 
smee  A'    . '  B',   AA'   -   BB'       AB.JJjgncc,   if  A  *  A'  then   AA'  -  AR, 
Similarly,   if  B  f        then  BB7     ,AB,    It  follows  that,  in  any  cW, 
^  B  then  eifchelr  C       C[  or  CC7  i*  the  line  .through  C  parallel 

to  AB.     In  either  case,   0'  is  the  inte  r sect  ion  ofH  with  f. 
Similarly,    D'  is  the  inte  r  section  of  c3  with  i.    Hence,. if  P  -  B 
•  v      then  D'    .  C'  and,   since   Q  -   D'  +  (C  -  C').   U       C.    Similarly,  if  * 
Q       C  then   P       B.     tjence,   if  either    P  -    B  or  Q  -   C  then  both 
P       B  unci-  Q       C.     As  pointed  out  earlier,  this  completes  the 
proof.  " 

?» 

The  treatment  of  the  special  cases  in  which   P  6         or  Q  e  DC  are,  ' 
.asthe  preceding  shows,  quite  messy.     Students  should,  however,  be 
able  to  handle  the  principle  case  —  that  in  which   P  ^  A$  and  Q  ^tJc*  — 
and  should  be  encouraged  to  do  so. 

It  i8  worth  printing  out  that,  by  Theorem  8*6{b),  the  result  of 
Exercise  8  continues  to  hold  if,  instead  of  requiring  that  J)t  BCD  be  a 
parallelogram,  one  merely  requires  that  ,D  -  C  A  -  B.  Vor,  if  cTd  ' 
and  AB  are  noncoll^ar,  then  A  BCD  is  tftparallelog  ram  and  Exercise 
8  applies,  while  if  CD  and  AB  are  collinear  then  Theorem  8-*{b)  u 
applies  [except  in  the  case  in  which  A  B  and  fi  D  —  but,  this  ' 
case  is  trivial).     ~#  < 

.  ,  *  *,  *•    »  ■» 

.  There  is  another  way 'to  solve  Exercise  8  which  at  first  may, 
appear  to  £e  simpler  than  the  solution  given  here.    Unfortunate^ 1 it  runs 
into  many  difficulties.    The  i^  of  this  solution  is  tp  let  B'J ,  say,  be 
the  intersection  of  RB7  and  CD  and  let  A"  be  the  intersection  of  AA7 
and  CD.    Then,   since  ABB" A"  is,  a  parallelogram,  A"  -  B1'  -  *A  *  B 
=   D;-*C  and,  by  Theorem  8-*6(b),  (A'  -  B'):1D'  ->C'}       ( A"  -<B") :  (D  -  C) 

I.    The  difficulty  Is  in  making  sure  of  the  points  A"  'and  B/'.m  In 
plane  geometry  we  would  be  able  to  argue  that  a  line*-—  say,   BB'  — 
which  intersects  one  of  two  parallel  lines  must  also  intersect  the  other. 
But,  to  use  this  fact  we  would,  here,  have  to  show  that  BB'  is  in  the 
plane  of  ABC  D.  t  This  is  not  too  easy  to  do,  even  if  we  know  about  .  & 
planes.     In  addition  to  this  fundamental  difficulty,  we  would  still  have 

■  to  deal  with  the  special  cases  in  which  B  =.  B'  or  A  =   A\    Taken  all  , 
in  a\U  there  seems  no  very  simple  way  pf  establishing  the  result  of  " 

^  Exercise  8,    The  simple  arguments  all  require  stronger  asstfmpl&ns. 

,9,     Sim*.  *  -  P  J  |C  -  *nd  P  -  R  r  A) ft  n  follows  tbat *  * 

•  S-  R  =   (C  -  A)fZ       N--M..  Since for  example,  M  4  CAt   {R,  S,  M} 
is  noncollinear.    So,  by-Theorem  8-16  of  Part  A..MNSR  is  a 
parallelogram.  *  %  ' 

iO,     PiPs?P3P4  is  a  parallelogram  [unless  j.t  turns  out  &at  these  points 
•    may  be  collinear!].    Using  position  vectbrs  with  respect  to  O, 

.  \  Pi       <*  ♦  S)/3.  p/  =  (g  +  ?)/3,  ' 

p3  -   (c  ♦  3)/3„  and-p4  *  (2  +  a*)/3.  . 

Pl   'J'     «^   \f*    *  ^  3)/3    ^    ^    -   P3    =  -  P3  Mb-3}/3, 

•  Hence,  p-  -  P4  =         -  Ps.  r It  follows  that,  unless   {P.,  P0<  pj, 
say,  is  collinear,  P1P,HP3P    is  a  parallelogram/  We  ihalfuse 
Theorem  8-1S  to  check  on  the  coilineafity  of  {p't  p.), 
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According  to  thi#theorem,  if  {P1,   P*  t   ps)  is  collinear  then  there 
are  numbers  —  sky,  a,  b,  and  c  —  which  are  not.^U  zero,  such 
that  pxc  f  p2a  f  p3b  -  ^  and  a  +  b  +  c*  =   0.  ,  So,  for  sucrf  numbe rs , 

(a  +  E)c  +  (H  +  ?)a  +  (?  +  3)b  -  3 

:  ac  +  b(c  +  a)  +  c(a  +  b)  f  3b  ^  3 

ac  f  fi« -b  f  c« -c  +  3b  1  3 

,    (5  J  ck  +  (3  -  d>  =  ,3  .    '  "  1 

(A*-  C)c  +  (D  *  B)b  =  ^  * 

•    Now,  the  last  equation  irftplie^  that  if  not  both  b  and  c  are  0,  the 
diagonals  AC  and  DB  are  parallel.    Since  both  contain  O,  they 
would  then  be  collinear.    In  £hi&  case,   ABCD  would  not  be* a  quadri- 
lateral;   So,  b  -  c  =  0  and,  since  a  4  b  +  c  ~  0,  a  ~  ^0,    So,  ty 
Theorem  H-15,  {Pa,   P2,   P3 }  is"  noncollinear. 

11.  (a)    P  ■=  A  +  (B  -  A)t,  Q  =   A  +  (C  -  A)s,  ,R  ^   A  +JQ  -  p)  ' 

=   A  f  {C  -  A)s  +  (A  -  B)t.    By  Theorem  8-1,  AR  r\         *  0 
if  and  only  if  %  -  A  €  [R  -  A,  B  -  C].    So,  from.thi^  [or1  7 
directly,  if  the  theorem  is.  forgotten  ]         r\         ^  21  if  Wfe 
and  only  if  there  are  numbers  —  say,  pt  and  q  —  such  thaJ^f 

'      B  -  A  =   [(C  -  A)s  t  (A  -  B)t]p  +  (B  -  C)q 

(B  -  A)(l  -  ps  +  pt)  -  (C  -  B)<ps  -  q)   [C  -  A  =  (B  -  A)  +  (C  -  B)] 

Since  ^A;  B,  C}  is  noncollinear,  p  and  q  satisfy  tbis  equation 
if  an^ypnly  if 

p(s  -  t)  -   1   and  ps  -  q. 

For  there  to  exist  such  numbers  it  is  evidently  necessary  that" 
s  $  t.    On  the  other  hand,  if  s  *  t  then  p  -  -  t)  and 

q  -  s/(s  -  t).  ' 

So,  AR  r\  BC  ^  0  if  and  only  if  s  ^  t. 

(b)    If  AR  r\pC  =   {D}  then,  D  S   B  +  (C  -  B)a  =   A  +  (R  -  A)b  and 

m    (B  -  A)  -  (R  -  A)b  +  (B  -  C)a. 

From  part  (a)  it  is  evident  that  b  =   p  a   l/(s  -  t)  and  * 

a  =  q  =  s/(s  -  t).    So,  D  -  B  +  (C  -  B) — 77- 

The  preceding  exercise  can  be  modified  by  assuming  either  that 
ARPQ  is  a  parallelogram  or  that  APRQ.  is  a  parallelogram.    The  exer- 
ci*e  parts  need  no  change  in  the  former  case.    In  the  latter,  merely 
replace  *t*  by^      t*,  beginning  with  the  expression  for  R. 

12.  'Since  P  is  the  2/3 -pc?int  on  either  of  the  medians,  it  is*  the  mid- 

2£in{  of  RN  and  MQ^   Since  P  is  the  only  point  common  to  AN  and 
MB,  M,  N,  Q,  and  R  are  vertices  of  a  quadrilateral.    So,  MNQR 
-is  a  parallelogram.        •  i 
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The  exercises  of  Fart  D  are,,  for  the  most  part,   restatements  of 
results  obtained  tn  Part  K  on  pages  330  and  331,    Some  students  may, 
refer  to  these,  or  to  results  uf  other  exercises  in  answer  to  those  of 
Part  D.    We  shall,  however,  gi^c  alternative  answers. 

Answers  for  Part  D 

1,  (a)    Suppose  that  PQRS  is  a  trapezoid  with  R  ~  S'  -   (Q  -  P)r.  By 

Theorem  8-18(a),   r    >  0,  and  by  Theorem  8-19(a)  the  inter- 
section of  th£_diagonals  is   P  +■  (R  -  P)/(l  +  r).    The  midpoints 
of  P<5  and  RS  are   P  f  fQ  -  P)/l  and   P  +  (R  -  PH  (S  -  R)/lt 
respectively.    The  latter  is   P  ♦  <  R "  -  P)  +•  {  P  -  Q){r/l).  To 
show  that  the  thft-ee  points  are  collinear  it  is  sufficient  to  show 
that  J 

((q  -  p)j  -  (r  -  p)ytj>  (f  *  p)(i  "  rrr* f  (p '  Q)f ) 

is  litiearly  dependent.    This  is  obviously  the  case  —  the  second 

term  is  the  product  of  the  first  by  ~r. 

*  • 
t         (b)    Since  the  intersectrsn  of  the  diagonals  divides  each  of  them  in 
the  ratio  oi  the  bases,  it  also*  divides  any  interval  through  it, 
whose  end  points  are\  on  the  baseSjin  the  same  ratio.  More 
directly,   if  M  is  theVnidpoint  of  PQ,   N  is  the  mioooint  of  RS, 
'  and  O  is  the  intersection  of  the  diagonals,  then  0-^L=(S-N) 

V  (O  -  S)  and  M  -  O  -   POy^D)  +  (M  -  Q).    Since  (S  -  N^^M  -  Q) 

(S  -  R):(P  -  U)       r  anoM^  -  S) :  (Q  -  O)  ~-  r  it  follow  sThat 
(O  -  N):  (M,  -  O)  =  r.  ■   *  «■ 

«   

2,  (a)    Since  UT  is  parallel  to  PQ  and  SR,   U  and  T  divide  the  ,inter- 

vals  from  S  to  P  and  from  R  to  Q  in  the  same  ratio.  So, 
IP  >U):|P  ■  S)  =  (Q  -  T) :  (Q  -  R).  'Also,  IT  -  M) :  (R--  S) 
:  (6  -  T):(Q  -  R)  and  (M  -  U)s(R  -  S)  =  (P  -  U):(P  -  S).  It 
follows  that  CT .-  M) :  (R  -  S).  =  (M  -  U) :  fR  -  S)  and,  so,  th'at 
T  -  M    ■   M  -  U.    Hence, »M  is  the  midpoint  of  TU. 

(b)    U  ftivides  the  interval  from  S  to  P  in  the  same  rafio  as  M 
.  divides  the  interval  from  S  to  Q  [Theorem  8-6(b)].    Since  the 
latter  ratio  is  the  ratio  of  the  bases,  so  is  the  former. 

c)    (T  -  U):<R  -  S)  «  (M  -  U):(R  -  S)  f  (T.-  M):(R  -  S) 

.  ='  (Q  -  T) :  (Q  «  R)  +  (P  -  U) :  (P  -  S) 

=  .  X7T+  J-77.  where  r  -  (R  -  S) :  (Q  -  P) 


ERIC 


(T  -  U):(Q  -  P) 


r  r 


1  +  r  ;•  I  +  r 

"1;     Suppose  that,  in  quadrilateral  PQRS,   PR  rs  Q$  =  .  {O},  where 

(O  -  S):  (Q  -  O)  =  (0_r  R) :  (F  -  O),    It  follows  by  the   corollary  to 
Theorem  8-3  that  PQ  ||  RS.    Since  PQRS  is  a  convex  quadri- 
lateral with  two  parallel  sides  it  is  a  trapezoid  and',  by  Theorem 
8-l<h  the  ratio  (R  -  S):(Q  -  P)  of  its  bases  is  a  ratio  hwwhich  O 
divides  the diagonals  f  rom  R  to  Q  and  itofn  S  to  P.  EquiValently, 
SR:PQ  -  SO:OQ  =  RO:OP. 

4,     This  fallows  by  two  applications  of  Exercise  3(ii)  of  Part*  D  on* 
page   330;  or,  see^  Exercise  4(a).  of  Part  E  on  the  same  page. 
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Answers  for  Part  D  [cont,] 


(a)  U  =   P  +  (S  -  P)^  *       *nd  wo  wish  to  lirid  numbers  a  and  b 
sixth  that 

U  +  (Q     P)a  =  Q  +  (R  -  Q)b 
P  +  (S  -  +  (Q  "  P)a  =  Q  +  (R  -  Q)b  ' 

.(P  -  Q)(l  -  a)  4  (S  -  P>YT1  z  iR  '  Q)b  '  i 

.  (P-Q)(l  -  (a  ♦  b)]+  (S  -  R)b  =  [(P-  Q)  +  (S  -  P)  +  (R  -  S)]b 
(P-Q)U  "(a  +  b1]+'(S-R)b  -  (S  -  P)(b  -  j-^) 

Since  RS  1 1  PQ,  (P  -  Q)[i  -  (a  +  b)]  +  (S  -  fl)b  C  [P  -  Q],  So, 
since  { P,  Q,  S}  is  noncolline^r.'it  follows  that  b  =  r*4*T' 
T  - '  Q  +  (R  -  Q),^~  -    and^  consequently,  divides  the  interval 
from  Q  to  R  in  t  :  1 .  * 

(b)  T  -  U  =  (Q  -  P)  +  [<R  -  Q)  -  (S  -  P)W\^.  Since 

( R  -  Q5  -  (S  -ipJMR  -  S);-  (Q  -  P),  T  -  U  r  (Q  -  P){1  -  i"^] 

+  (r  .         =  (q  ;         :+  («  -  syfc.    ^         .  ,  .V  _ 


Sample  Quiz 

1.  Given  a  parallelogram,  which  of  the  following  are  trtse?  f 

(a)  The  diagonals  are  the  same  length,         ^  ^ 

(b)  The  diagonals  divide  each  other  in  th^s^rie  ratio,  "** 

(c)  The  diagonals  bisect  each  other^  *    ^  ^ 
!  (d)*  Both  pairs,of  opposite  sides^are'pa rallel, 

(e)    Bo^h  pairs  of  opposite  sides  have  the  same  length. 
Answer:     _  _  i   '  v 

2,  Given  a  trapezoid,  which  of  the  five  statements  in  1  'are  true? 

■•■     Answers-  ~    "      -  ....  .  ...^        ^  — .  - 


Key  to  Sample  Quiz 

1.  (b),  (c),  (d),  (e)  aft  true. 

2.  (b)  is  true.  ;.\  * 


360      TRIANGLES  AND  QUADRILATERALS 


•   5.  Suppose  that  PQRS  is  a  trapezoid  with  bases  PQ  and  RS,  and  that 
(/  divides  the  interval  from  P  to  S  in  t  :  1.  Show  "that 
(a)  the  line  tl\Q-  -P]  intersects       at  a  point  T  which  divides  the 
interval  from^  to  R  in  *t  :  1,  and 


»  T  -  V     iQ  -  P) 


4~ 


8:08  Two  Famous  Theorems 

By  Theorem  8-9;  if  R  and  S 
are  the  r-point  ajipt  the  s-poiot, 
from  C>  of  BC  and  ^40,  respectively, 

then  RSJjiB  if  and  only  if  'r_^j.  F*S-  8-  " 

Also,  if  /?8  ||  4£  then  4#  and  fiS  intersect  onjthe  median  from  C,  and 
this  mediah  contains  the  median  of  ASRC  from  C.  In  this  section  \ye. 

shall  iiiVestigate  some  of  the  things ') 
which  happen  when  r  ¥>  sAn  this 
case,  as  we  know,  AR  and  BS  inter- 
sect at  a  point  which  is  not  on  the 
■"^f  median  from  C  and  AS  J(  As 
suggested  in  the  figure,  this  \ea$s 
/v  ^  to  the  consideration  of  two  new 

points,  T  axpLTt  on  i4B.  The  relation  of  these  points  to  A  and>B  is 
worth  investigating,  and  we  shall  look  for  answers' to  the  questions: 

Where  mu^t  T  be  in  relation  lo  4  arid  B  in  order  that 
{fi,S.  T'}  becollinear? 
>  ^_Where  must  T  be  in  relation  to  A  and  Brin  order  that 
A/?,       and       be  concurrent  [that  is,  have  a  point  in 
common*]? 

'  .n  N 

Before  answering  these  questions  iUwill  be  helpful  to  insider  some 
*  examples.  ~ 


Fig.  8-18 


Exercises 
I*art  A 


1.  Given  AABC,  and  points  R,  S,  and  T  such  that  R  =  "A  +  (B 
■  S  m  B  +  (C  -tBH,  .and  2T  =  C  +  {A  -t  C)  •  —  r.  -  % 

(a)  Draw  an  appropriate  picture  for  these  conditions. 
•'  (b)  Compute  the  ratios  (i?  -  A)  :  (B  - R),(S  -  B)  :  (C  -  S),  aria*" 
(T  -  C)  :  (A  ~  T).  What  is  the  product  of  thege  ratios?, 

(c)  Make  a  conjecture'about  the  points  R,  S,  and»7\ 


T.C3$0(2) 

□  • 

The  "two  famous  theorems'  *  are  Menelaus'  Theorem,  page  363, 
and  Ceva's  Theorem,  Exercise  1  of  Part  H  gn  page  367..  A  £  roof  of 
the  latter  has  been  indicated  in  the  discussion  of  Part  A  on  page*  347. 

Parts  A  and  B  can  be  used  as  a  seat  activity  during  a  class  period. 
We  recommend  that  you  permit  discission  among  individuals  during  this 
activity.    Part  C  is  a  reasonable  homework  set.    Bee au seethe  idea  of 
Sensed  distance  is  introduced,  we  recommend  Part  D  ffPfclass  dis- 
cussion and  solution.    Parts  E  and   F  provide  exercises  in  which 
students  can  be  permitted  to  work  with  a  partner.    The  main  reason  for 
such  an  arrangement  is  the  complexity  of  the  algebra  involved  in  these 
exercises.    It  is  not  uncommon  for  a  student  working  alone  to  make  an 
error  early  in  an  exercise  that  causes  the  rest  of  his  work  to  be  in 
errox;.     Parts  G  and  H  present  some  interesting  applications  that  can 
be  used  as  either  a  class  activity  or  a  homework  assignment.  / 


Answers  for  Part  A 
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,    2.  Given,  &DEF  and  points  L  and  M  such  that  L  -  D  +  {E  -  Dfi  and 
M  «  £  +  (f  -  £>i 

(&)  Draw  an. appropriate  picture  for  these  cpnditions. 

(b)  Show  that  IM  \*  not  parallel  to  DF.   >  _  £ 

(p)  #LocaU?       the  point  of  intersection  of4  Za/  and  BP.  Compute 

/     the  ratio  (N  ~  F)  :  (D  -  N). 

(d)  Compute  the  ratios  (L  -  D)  .  (E  -  L)  and  (M  -  E)  :  {F  -  Mi 
What  isj  the  product  of  these  ratios  with  the  ratio  computed 
in  (c>?  *  ■ 

3.  In'  each  of  the  following,  you  are  given  certain  indicated  ratios 

and  that  /?,  S,  and  T  are  collinear.  Compute  the  ratio  (T  *  C) 


\ 


Part  B 


Given  AABC  and  points  P,  Q9  and  R  such  that  F  -  A  +  (B  -  4)3, 
^  -  ft  +  (C  -  £>  ■       and  R  =  C  +  (A  -  C)& 

(a)  Draw  a  careful  picture  of  this  situation. 

(b)  Compute  the  ratios  {P  -  A)  :  (B  -  P),($  -  B)  :  (C  -*Q)f  and 
</?  rC)  :  U  -  /fy  What  is  the  product  of  these  ratios? 

Ac)  What  can  you  say  about  the  lines  AQ,  M/andCF?  * 
'Given  AZ)£F  and  points     £,  and  Af  such  that  K  =  D  4-  (E  - 
I     E  +  (F  -  fiH,  and  AT-  F  +  (D  FH. 
.  (a)  Oraw  a  careful  picture  of  this  situation. 

(b)  What  seems  to  be  the  case  about  the  lines  SfT,  SMf  and  fl?? 

(c)  Compute  the  ratios  (K  -  B)  :  "CE"  -  X),  (L  -  ~E)  f$F  -  L\  and 
(M  -  F)  :  (D  -  M).  What  is  the  product  of  these  ratios?  * 

In  .each  of  the  followin&you  are  given  certain  indicated  ratios 
and  that  the  lines  BH9  and  are  concurrent^  [Concurrent 
lines  are  lines  which  pass  through  the  same  pd&t.]  Compute 
the  ratio  (R  -  C)  :  (A  -  ft),  and  determine  r  such  that  R  =  C 
+  U  -  cv. 
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Answers  for  Part  A  [cont.] 
2. 


<b}    M     L  =  (E  -  D)j+  (F  *  E)|. 

So,  M  -  L  is  not  multiple  of 
F  "  D  so  that  LM  H  DF. 

(c )    N  €  LM  ^  OF  if  and  only  if  'J 
there  are  numbers  a  and  b 
such  that  N  =  L  +  (M  -  L)a 
=  D  +  <F  -  D)b.    This  last 
gives  us,  in  turn: 

(L^)  +  (M-L)aHD-P>^l 

(E-D)<|  +  ia)+(F-E>|-a( 

4  (D  -  F)b  =  3< 

So,  |-+  i-a  =■  ja  =  b#  Hence, 


^  and  b 


6 


Therefore, 


N=  D+  (F-  D)^,  s(5  that  1 
■\N  -  F):(D  -  N)  -  -  g-. 


(d)  3;  2;  -I 
(a)    -1/6  . 


(b)  -2 


(c)  -3/20 


(d)^  9/28 


From  the  results  of  Exercises  1  and  2,  students  may  suspect  that, 
R,  S,  and  T  being  collinear,  [<R  -  A):(B  -  R)j[(S  -  B):(B  -  S)J 
[(T  -  C):(A  -  TJ]  -   -1.  *  The  parts  of  Exercise  3  should  encourage 
this  suspicion.  t 


Answers  for  Part  B 
T-     (a)  cX-^ 


(b)  -3/2;  -1/3;  2; 
c)  They  a»e  para 


X  (a) 


(b)  They  are  eftneurrent 
'CC'V  4;   1/2;  l/l;   I  4 


3.     (a)    3;  3/4 


lb)  4/9;  4/13 
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.V 


A 

//  .1 


(d)' 


PartC 


Suppose  that,  in.AAflO,  ft  di- 
vides the  side  from  5  to  C  in  r  :  1, 
S  divides  the  side  from  C  to  4  in 
s  :  1,7*  divides  the  side  from  .4  to 
B  in  t  :  I.  We  wish  to  find  condi- 
tions on  r,  s,  and  t  which  will  en- 
sure the  collinearity  of  {R,  S,  T). 


1.  (a)  By  hypothesis,  H  -  B  +  ((',-  Write  similar  expres- 

sionsfor  \S"  and  T".  * 
(b)  Using  the  results  of  part  (a),  show  that  S  -  R  is  a  linear  combi- 
nation of  C  -  B  and  A  -  C  and  that  t  -  S  ja  a  linear  combina- 
tion of  A  -  C  and  B  -  A. 

2.  Show  that,  for  any  real  numbers  a  and  6, 


(S  -  flta  +  (T  -  S)b  <0 


a        as  +J>  bt 
1  +  r      1  +  s  F+l' 


Use  the  results- obtained  in  Exercise  1(b)  and  apply  Theo- 
rem 6-12] 

3. '(a)  Show  that 


as  +  6 


1+7 


1  -  rs, 


1  +  r 


'a  -  b.  '■> 


(b|  Conclude  that 
'  (S  *  fito  +  (T.  -  Sfc-IT—  l^r^a  =  6  anda  -f.), 


4.  Show  that- {/?,  S,  T}  is  colfcnear  i^nd  only  if  rs/  -  -1. 
5*  Show  that  if  {R,  S,  T]  is  col  linear  then  S  divides  the  intervalfrom 
R  toTinrs  ■-  1  :  1  +  r.. . 

Part  D 

Although  we  cannot,  as  yet,  introduce  the  notion  of  distance  be- 
tween points  of    we  can,  if  we  consider  only  points  of  a  gfcjen  line  /, 
^introduce  a  notion  of  distance  between  points  of  L  To  do£Q,  choose  a 


US 


! 


84* 


Answers  for  Part  B    [cont. ] 

(v)    I;    1/2  (d)   3/5;  3/8 

Just  as  the  results  of  Part  A  illustrate,  and  suggest,  Menelaus* 
Theorem,  those  of  Part  B  anticipate  Ceva's  Theorem, 

Part  C  gives  a  proof  of  Menelaus*  Theorem.    Part  D  introduces 
a  notion  of  sensed  distances  which  allows  the  theorem  to  be  put  in  more 
conventional  form.  *  %  M 

f  « 
Answers  for  -Part  C 

i.    .(a)    R  =   B  MC  -  Bh~y,    S  ?  C  t  (A  ■  ^FTT'    T . "  A+<B"  A^TT 
.{Students  should  note  cyclic  symmetry  and  use  it  as  a  time  - 
saving  device  in  part  (b)  and  in  later  exercises  in  this  section.] 

(b)  s  -  r  --  (c  -  B5  +  {a  -  cfcrrr  -  (c  -  B5— Ihr  -  <c  -  by-  1 


's  +  1     w        'r  +1       v  'r  +  1 


+  (A  -  C)  8 


+  1 


T  -S  =  (A  'O^j^r  (B  -  AJj-fj- 
l.      By  Exercise   1(b),  {S  -  R)a  +^T  -  S)b  -  (q  -  B}~y 

+  (a  -  c){i^T+  rrr)  +  (B  ■  A)rh-  Since  {A>  B>  ^  ls 

noncolTinear  and  (C  -  B)  +  (A  -  C)  +  ( B     A)  =  3  it  follows 
<»«*"r.    from  Theorem  ^ -  1Z  that 

i.     (a)    [Trivial  algebra;   note  that  since  B  *  C,  r  ^  -1  and  since 
C  #  A,  s  *  ~I .  ] 

|b)  .[By  part  (a)  and  Exercise  .] 

4.  {R,  S,  T}  is  collinear  if  and  only  if  *(S  -  R)a  +  (T  -  S)b  =  3'  is 
satisfied  for  values  of  4 a*  and  'b*  which  are  not  both  zero.    By  the 
first  equation  on  the  right  side  of  Exercise  3(b),  a  solution  for 
which  a  =  0  has  b  =  0,  also.    By  thf  second  equation,  a  solution 
for  which  a  ^  0  exists  only  if  (1  -  rs)t  =   1  +  t  —  that  isr  only  if 
rst  -   -i.    Finally,  if  this  condition  is  satisfied,  we  may  evidently 
choose  a  arbitrarily  and  compute  b  from  the  first  equation. 

5.  By  Exercise  3(b),  (S  r  R)  :JT  -  S)  W  Jr^-  1)  :  (1  +  r). 

Th^  introduction  of  sensed  distances  [usually  called  ^directed 
distances*]  in  Part  D  enables  us  to  state  Menelaus*  Theorem  in  its 
usual  form.    {Theorem  8-21;   Menelaus'  Theorem  is  the  only  H-jpart.  ] 
Ordinarily,  there  is  available  a  notion  of  distance. for  all  joints  in  the 
plane  of  A  ABC;   here,  we  must  use  three  quite  independent  notions  of^ 
distance  —  one  on  each  of  the  lines  B(5,  CA,  and  AB.    But,  as  is 
pointed  out  in  Exercise  2,  this  does  no  harm. _  Note  that  in  Theorem 
8-21,  R,  for  example,  may  be  any  point  of  This  is  a  slight 

extension  of  the  situation  dealt  with  in  Past  C,  when  B  #  R  ^  C.  This 
extension  is,  of  course,  of  little  importance,  but  it  does  make  for  a 
simpler  hypothesis  in  the  theorem.    The  extension  is  justified  [in  the 
case  of  R]  in  Exerqises  3  and  4.    Obviously,  then,  the  restrictions 
of  Part  C  on  S  and  T  may  also  be  dropped. 


#4^ 
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zero-point,  O,  and  a  unit-point,  {/,  on"77  such  that  U  *  0.  With  re- 
spect to  these  we  can,  iot\l\  Q)  Q  I,  define  the  sensed  distance  from 
P  to  ^  (for  short,  PQ]  by:  1 

*  > 

[«J  -  P)  :  (Tr  -  O)   If  **  Q] 

la    .#  l/J-Q] 


PQ 


Note  that  the  sensed  distance  PQ  depends  on  the  choice  of  0  and  U. 
However,  if  {P,  Q,R,S)  Q  I  and  P  *  Q  #ind  ^  S  then 

(Q-  P)'iU  -  O) 
iS  -  R)  :  W  -  OY 


PQlRS 


(Q  «-  P)  :  {S  -  R) 


and,  so,  PQ/RS  is  independent  of  the  choice  of  O  and  U.  • 

An  advantage  of  the  notion  of  sensed  distances  can  be  seen  in  the 
following  statement  of  the  results  of  Exercise  4  of  Part  C.  " 


Theorem  8-21    [Menelaus'  Theorem  and  Converse  1 
If,  in  AABC,  R  c  Scf,  S  €  £X,  and  T  e  Xb 
then  IB,  S,  T}  is  col  linear 

if  and  only  if  r 
BR-CSAT  =  HRCg'A'tB). 


*  if 


A 


Fig.  19 


1.  Derjve  Menelaus'  Theorem,  in  the  case  in  which'./?  {{B,  Ch  S{ 
{C\  A],  and  Tt  {A,*B},[  fron>  the  result  of  Exercise  4  of  Part  CT 
[Hint:  r  =  (R'~  B)  :  (C  -  R)  *  ftR/RC.} 

2.  Given  the  points  fi;C,  and  i?,  tfre  translations  R  -  B  and  C  -  f£  ' 
are  completely  determined  and  so  is  the  real  number  r  which  is 
their  ratio.  On  the  other  hand,  to  determine  the  real  numbers 
BR  and  RC  we  must, not  only  know  B,  C,  and 72  but,  also,  have' 
fchosen  a  sense^on  £<C?  and*  k  "unit  interval"  in  [or  parallel  to]  lit?. 
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Answers  for  Part  D   \  t  a 

 5   ,  ff  .  ■  ■  *  ~V"  . 

1,     In  the  case  in  question  it  follows  by  Exercise  4  that  S,  ii)  is 

colUnea?  if  and  only  if  rst  -    -1,  where  r  -  ( R  -  $5) :  (C     Jff),      7  * 
s  -  (S  -  C)  :  (A  -  SL  and  t  -  (T  ~  A):(B  -  T).    Using  sen*ed  <Tis> 
tances  on  BC,  on  CT£,  and  on  TS,   r  -   En/Re,   s       CS/SA,  and  ' 
t       AT/TB.    So,   rst  ~   -1   if  and  only  if  ( BR/RC)( CS/SA)(AT/TB)  « 
-  1 ,  and  this  is  the  case  if  and  only  if  BR  •  CS  «  AT      -("RC  •  SA  ♦  TB). 

Z,      Whatevt*  r  rionzero  translation  U  -  O  we  use  as  '  *unit  translation"  -  * 
in  thg  direction  of  BC,  any  other  is  a  multiple  of  this  by  some  non-  ~ 
'zer^^eal  number.    So,   sensed  distances  computed  with  respect  to 
sue  ^.another, unit  translation  will  be  equal  to  the  quotients  oi  those 
computed  "with  respect  to  U  -  O  by  the  same  real  number.^lo,  the 
result  of  a  different  choice  of  unit  translation  for  fetf  will  be  to 
£f  divide  €*ach  of  BR  and  RC  by  the  same  ^conversion  factor*'.* 
This  has  rfib  effect  on  the  equality  of  the  products  referred  to  in 

3.     (a)    SupRQge  that.R-    B.    If  T  -   B  <then  jR,  S,  T>*  £  BS  ^nd, 

T€  AB,   if  S      ^  then  {R,.St  T}   C  AS,    So,  in  either  case, 
{RTS£,«  T}  is  collinear.-  On  tbe  other  hand  [still  assuming  'v 
that  R  =   B],  «  T  *JBrthe|n  RT  =   A^B.%  So,  if  {R,.  S,\Tj»  is 
coUinear,  S  6        a  HT-         a  AB  =   {A},    He^nce.,  if  * 
{R»  S(*^T)  is  collinear  then  T  =   B  or  S  =   A.  • 

,:,  Jb),  (c)  Incase  R  -  B,  BR  -■  0  and  Theorem  8-21  requires  that 
t"  "  {R^,^]  be  collinear  if  and  only  if  RC«SA*TB  ^  0.  Since 

V^>"    R  =  C)   RC-SA-TB  =  0  if  and  only  if  SA  ^  0' or 

iy.-  %  /■  -  tb  *  0  r  that  is,  if  and  only  if  S  =  A  or  f  =   B.    But,  for 
,         R  "   Bf  we  know  from  part  (a)  that  {R,  S,  T}  is  collineas  if 
.       an^only  if  S  ^  A  or  T  =   B.  ^ 

[5nqw;.  ^s  in  Exercise  3(a)  that,  incase  R  -  C,  {R,  S#  T}  is 
.      xollin^ar,  $  a/id  only  if  ,S  ^  C  otr  T      A.    Then^y  proceed  as  in     '*  ■ 


Sample  .Qui£ 


"Assume  that  is  a  trap e^ 

zoid,  tnat  Af^D  =  a,  B     A  -  d, 
and  C  -       -  -b4,  as  shown  at  the 
right, 

1.     What 'is  the  ratio  B  -  A:C  -  D? 


3. 


4,. 
5; 


3. 

^    and  only  if  3* *  B  or  S  -  A.    ^'^^^^"  ^         .  . 
<b)  Show  that  iii  case /2  -  S  it  fQl!^1S^«  M^j&*f&  ^0  and' 
■#  ;    only  if  T >  S  orS  -'4.       -  V-^i  ^'^^W  1 
,  (c)  Conclude  that  Menelaus'  Theorem  hoj4e • 
4*  As  in  Exercise  2,  abgw  that  MenelauB^heor^m  hol^  ca^ 


Assume  that  AC  and  BD  intersect  in  the  point  P.    Wh^,t  is1 

-P-A-HC  -  P?  ,   -      --.  -  -   l^ACi^-^-i 

Loqate  the  point  E  such  that  AECD  is  a  parallelogram.  '  Express, . 
•  E  -  D  as  a  linear  combination  of  a  and  .    V^-'^^.^.v:/#-':y  • 

What  is  the  ratio  E     BrC     D?  '\  ' ' :-  .  — 

Assume  tljat  S^C  arid'         intersect  in  tJi6  pgipt.'-,F,  .  What  i« 

.      t        What  is  W:CB?  '••     '       -\  "•  '"'*>.•  "• 

Assume  tljat  'AD  and  SC'  intersect  in  the  point  Q.  What  is  '  "» 
OA:  AT3?   What  is  3B,:^C?     ..  .  ■   .".  ■•.«•.' 


Key  to  Sample  Quiz 
.1.     1/4  ''  " 
A.  3/4 


2.  .1/4 


8"'?' 


3.   a,'+  b4 
.  6.  ,-' 1/3;  ,1/4, 


364      TRIANGLES  AND  QUADRILATERALS 


Part  E 


Suppose  tfcat,  jn  /\ABC\  R  di- 
vi^es  th*  interval  from  B  to  C  in 
r  :  1  and  *S  divides  the  interval 
from  C  to  A  in  s  ;  1.  [S9,  neither  r 
nor  ,s  is  0,  1,  orv-l.  I 


1/  P  '^  -  ' 


lAa)  Show  that/?  -  A  4)  t  (C  -  /j).Jl-. 

(b)  Complete:  S  -  B     \C  .  . 

_  -  2-  <a)  To  determine  the  conditions  under  which  and  liS*  are 
*~  parallel,  show  that 

Hi  -  A  ki  f  uS  -  B)fc  -  0'~«  -  V  6  =  *S-. 

I  f  r  If* 

,  [Hint:  Use  Exercise  1  and  Theorem  6-12.] 

•    .      (b)  Show  that  X'R  \\  1  +     +  r.s  *  0.  [Hint:  The  right  side 

.  of  the  biconditional  sentence  in  part  (a)  is  equivalent  to;  ^— -  a 

-  >  *    1—4=--- r- 

-  6  ^nd  a     x  ~- ft 
A  3*  (a)  Tfi  determine  the  conditions  under  which  ^7?*  and  ^intersect, 


show  that 
A  f  (R  T  A)a  =  £  4-  US  -  £)6 


1  -  a  =  6-- 


6s 


,   *  1  +  r     1  +  s 

<b)  Show,,  that  if  AR  jf  fcfif  then  X#  n  &Sf  =-.  {P} ,  where 


■  It  r 
1  t  r  +  rs 


ril  +  s) 


l  +  r  +  rs' 


Part  F 


Suppose  that<  in  &ABC,  R  di- 
vides the  side  from  B  toCinr".  l,S 
divides  the  side  from  frto  A  in  s  :  I , 
T  divides  the  side  from  ^4  to  B  in 
t  :  l.' 


I.  It  follows  from  Exercise  2(b)  of  Part  E  that 

X#  I  M ||  £7*~  (l  +  r  +  rs  -  0  and  l  ^  s  +  st 


0). 


Explain. 

2.  (a)  Show  that  if  1  +  r  +  rs,  =  0  ani  l  +  s  +  a*  =  0  then  rs/  =  1  and 
1  +  '  +  ^  ~'0.  [Hint:  To  show  that  rs*  =  1,  multiply  on  both  ' 
••       sides  of  '1  +.s  +  st  -  0'  with  V.  Having  shown  that  rst  =  1, 
show  that  1  +  /  +  /r  ^  Q  by  performing  a  similar  maneuver 
with  '1  +  r  +  rs  -  0\] 


,  9 
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Parts  K  and  F  deal  with  the  proof  of  Theorem  of  which 

Cev^a's  Theorem  is  the  only  if-part,:  with   R,  S,  and  T*.  restricted  to 
be  on  the  sides  of  A  ABC. 

Answers  for  Part^F  '  \  •  V  „ 

~~  '   '  ,  * 

1.  (a)  By  hypothesis  [and  definition ],  ,R  ■  BtlC-Eh^ —  Since 
'  -  a    *  I  +  r 

(B  +  a)  -  A  -.-  (B  -  A)  +  a.  the  desired  result  follows. 

(b)    5.-  B  v   (C'-JB)  t  (A  -  C)y~^-  [From  (a),  by  cyclic 

symmetry  of  notation.  ]    *  '  *  * 

L.     (a)    Since  R  -  A  -  ( B  -  A)  +  (C  %  B)}  ~  and  S  -  B  -   (C  -  B) 


(r¥rf  b)  f  (A  "  C)TT74  Since  (B-  Af  c  "  A)  l"8  lineariy 

independent  and  (B  -  A)  *  (C  -  B)  f  (A  -  C)       d  it  follows  1 
by  Theorem  that 

(R  -  A)ai  (S  -  B)b  =   d  <=>a  -    j^-  f  b  - 

1  *■  r  1  f  s 

(b)    AR  ||  BS  if  and  only  if  (R  -  .A,  S     B)  i,s  linearly  dependent. 
By  part  (a),  the  latter  is  the. case  if  and  only  if  the  equations: 

•%•<*)  a  ^  r^-f  b!.  •  bs 


1  f  r  ""He 

are  satisfied  for  values  of  'a1  and  'b*  which  are  not  both  zero. 
Now,         '         1  4  1  ' 


ar     ,  t  1 

—  a  - 


FT7+  b  '^rTTV  bj  and 

bs    '  ,  s 


1    +  S  1  +  6 

So,   (*)  is  equivalent  to: 

r4 — a  =  b    and  a 


1  +  r"  "  "    1  +  su  * 

From  the  first  equation',   if  a   -   0  then  b  -  0,.    Hence,  if  not 
both  a  and  b    are    zero,  a  must  be  nonzero.    Since  [substi- 
tuting from  the  firat  equation  rinto  the  second],   (**)  implies 
that 

.    <^  r)(i  +  s)  ' 

it  follows  that  if  (*)  has  Solutions  with  a  and  b  not  both  zero 
then  s-;=  (1  +  r ){ 1  4  s)  —  that  is,    1  +;r  +  rs  '=   0.  Conversely, 
if  this  condition  is  satisfied,  we  may  choose  any  value  for  4av 
and  compute  a  corresponding  value  for  'b'  from  the  first  equa- 
tion in  (*#).  .  Since  thi^s  equation  and  are,  together,  f 
emiUialent  to  (**),  this  will  yield  a  solution  of  (^).  .Consequently 
AR  |]  BS  <=>  1  +  j  +  rs  =  0*  / 
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Answer s  lor  Pa  r  t  F,  (wont, 


(."*)    (  The  procedure  is  exactly  like  that  used  in  Fxercise  Z(a).  *In 
tact,   starting  with  the  st'eoud  lftie  of  the  answer  given  above, 
all  that  is  needed  is  to  add  an  '  A  -  B'    on'both  sides  of  the  - 
equation  and  replace   *b'   by  ' -b* .     Then,  make  the  appropriate 
minor  changes  m  \^hat  follows.  ) 

(h)     The  sentence  corresponding  with  ( *)  of  Exercise  2(b)  is: 


That  corresponding  with"(**)  is: 

•  (**)    -^J— a  f  b   #    1    and    a  t   ,-^—b  1 

Multiplying  on  both  sides  of  the  first  with     -  ■■  .     and  sub- 
tracing  from  tne^  second  yields,  after  slight  simplification: 
■  1  +  r  +  rs 


1  +  r 


1 


This  is  .solvable  if  and  only  if  1  +  r  +  rs  ^  0  —  that  is,  if1  and 
e/nlv  if   A  R  ^   BS'—  and,  the  first  equation  of  ( **),  yields: 

a  :  1        ;•<"   and  h      ,y  \"> 
I  ^  r  *  f\s  i  *  r  4  rs 

*  ,, 

So,  assuming  that  AR  |/j  BS,   AR  <rs  BS  -    { P} ,  where 

P      A  +  A).    *'  *  .r   R  +  (S  - 

1  *•  r  f  rs 


Answers  for  Part  F 


1.      By  Kxr 
By  the 

■       b5  I]  C 


•I, 


rcise  2{b)  of  Part         AR  ||  BS  if  and  only  if  1  +  r  +  ra  =  0\& 
symmetry  of  the  notation  we  have  introduced  it  follows  that 
T  if  and  only  if  1  #f  s  f  st  -   0,  Hence, 

AR  M I  BS  ||  CT  f  r  t  rs  -   0  and   1  +  a  f  st  =  0} 

[Since  parallelism  is  transitive,  students  should  realize  that  it 
folloiws  that  if  1  t  r  t  ra  -  0  and  J  +  s  +  at       0  then  1  +  t  Mr  =v0. 
This  purely  algebraic  result  is  established  algebraically  in 
Exercise       J  *  • 

(a)    Suppo-a*  that   1  *  r  +  ra  -  0  ami  I  i  8  Ut  -  0t    From' the' 
second  it  follows  that ' r  f  rs  +  rst  -  0.    Comparing  this  with 
the'first  assumption  shows  that  rst  -    1,    From  the  first  of 
the  two  assumptions,  t*+  rt  +  rst  "   0,    So,-  since  rst  =  1, 
1  f  t  itf  '="  \&. 
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* 

Answers  jor  Part  V   [eont.]  .  ^ 

I*     (h)    The  equations  are:  .  ♦  •  ' 

m  *  » 

(1)  1  f  r  +  rs.-  0 

! 

(2)  1  ♦  a  +  st  -  0 

(3)  1  f  t  +  tr  ■•  0 

(4)  rst       1  *    ~   .  4 

It-has  been  shown  thai  if  (1)  and  (l)  arc  satisfied  then  so  are 
(3)  and  (4).    By  symmetry  it  obviously  foljows  that  if  {£)  and 
(3)  are  satisfied  then  so  are  (1)  and  (4),  and  that  if  (i)  and 
(1.)  are  satisfied  then  so  are  (Z)"and  (4).    It  has  also  been 
sjiown  that  if  (4)  ami  (1)  are  satisfied  then  so  is  (3)  and,  by 
the  immediately  preceding  remark,   so  is  (2).     By  symmetry, 
*if  (4)  and  (2),  or-  (4)  and  (3)  are  satisfied,   so  must  be  the 
others.        *  *  ^  v  " *  , 

3.  (.a)    The  first  equation  ha^s  been  obtained  in  Exe rc ise   3(a )  of  Part 

E.    The  second  is  obtained  from  it  by  symmetry  of  notation, 

(b)*  AR  r\  BS       CT  *  0  if  and  only  if  P  -   Q.    Since  S  *  B,C 
)         P  -   Q  if  and  only  if 

*   '  U  8  I  3t^    1  +  r  +  rs 

Since   1  +,  §  £  0  .and,  by  the  assurnption  of  nonparallelism, 
1  f  s  f  st       0  ^\1  +  r  +  rs,  (£)  is  equivalent  to: 

1  +  r  *  rs  -  *r(  1  f  $  +  st)  *> 

and,- so;  to  '1    ;   rst\    Hence,  if  AR  ^  BS  \\  CT  then 

AR  ^>  BS  rs  -  CT       0  <==>  rst  =  1. 

4.  (a)    From  the  result  of  gxejeise^  3,^b)  it  follows  (by  symmetry)"  ^ 

that  if  one  of  the  lines  AR,  'BS,  and  CT  is  not  parallel  to 
either  of  the  othef  two  then  the  lines-  are  concurrent  ff  anc| 
only  if  rsf   -    1.    To  deny  that  some  one  of  the  lines  is  not  ' 
parallel  to  either  of  the  others  is  to  affirm  that  each  of  the  * 
^lines  is  parallel  to  one  of  the  others,   'Sun^ose  this,  to  be  the 
•  case  for  lines  I,  m,  and  n  and  that,  say,  $  [|  rn*    Since  , 

n  ||  I  or  n  [j  rn  it  follows  that  i  «|j  m  j[  n.    So,  wh^it  follows, 
frorn  Exercise  3(b)  is. that  if  it  is  not  the^  case  that  AR,  BS, 
'and  CT  are  parallel  then  AR  ^  B§  A  CT  ^«=>  rat  -   1.  "~ 
This  conclusion  is  of  the  form  *not»  p  [q  -C^^  r]\    Such  a 

^  sentence  haa  as  one  consequence  the  corresponding  sentence 

v  of  the  form:  , 

t  >  not  p         [r  ===>  q]  • 

r  =s>  [not  p  «=0-  q] 

4  r  =>  (p  or  q) 

So',  we  have  that  if  rst  -  1  then  AR,  BS,  a,nd  CT  are  parallel, 
or  concurrent.    On  the  other  hand,  we  have  shov/n  in  Exerciaea 
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Jb)  Show  that  iffr,  s,  and  t  satisfy  any  two  of  the  equations  in 
*     part  la)  then  they  satisfy  all  four  equations. 
3.  ta)  It  follows  from  Kxereiae  3(b)  of  Hart  E  that  if  Xlti  ffis  f(vf 
then  AR  and  ks'Wvrseet  in  a  point  /J  and  HiS  and  intersect 
in  a  point  Q,  where 


P  A.*  iR  -  Ay 
Q     H  t  \S  -  By 


1  l_r  _ 
1  +  r  +%jrH 


B  ,  uS  -  flw-^Vi..,  and 
1  +  r  f 4-  rs. 

11  f 


1   f  S  i  si 


1  +  a  ♦  »/' 


Explain. 

(6)  Show  that  if  k/?  Jf  ktf  jf<C7*  then 

AR  0  EST  n  rsf  1. 

» 

[Two  or  more  lines  which  have  a  tvrrkmon  point  are  said  to  b$ 

 ;-  -YY^cr/m^t"- "" *""        "  • " "  i " " 

4.  (a)  Shotf  that 


^  ARf  ?Is\  and  T"I*  are  concurrent 

or  parallel  if  and  only  if  rst  -  I. 

■  (b)  Show  that  Alijfg.  and  Cf  are  parallel  if  and  only  if 


9 


1    and   2(a)  that   rst       1   if  the  lines  .are  parallel.    Also/  if  the 
lines  are  concurrent  they  are  not  parallel   [since   {A(   B,'  c}  is 
Micollinearfand,  by  Kxercise    }(b)f    rst   ■    i.  Consequently, 
AR,   BS,  and  CT  a re*concu r re nt  or  parallel  d  and  on>y  if 
rst       1  . 

(b)    This  follows  at 'one t*  from  Kxercises    1   and  £(h)r 
(a)    [See  answer  for  Exercise  1    oi  Part-  D  on  page  563 


( 


I  rs7      1  and  i  1-  -t  r  +  rs  -  0  or 
1  +•  s  f  ,sf  -  0  or  1  +  /  +  tr  -  0)1 


■! 

1 


5.  As  in  the  case  of  Menelaus'  Theorem,  the  results  of  Exercise  4({fV 
«    can  be  expressed  conveniently  in  terms j>f  sensed  distances: 

Theorem  8  -  22  /     *    ■  ■' 

If,  in  AAtftf,    e  M;  S  e  £QT,  and  T  €  X/i 
then  AR,  W?,  and  fcf  are  concurrent  or  parallel 
if  and-only  if 
Bk  :OS  AT  -  *RC -SA  •  7^. 


(a)  Derive  Theorem  8-22,  in  the' case  in  which  R{  {B,  C],  S£ 
.    {C,A},  and.T  f{A,'B),  from  the  result  of  Exercise  4(a). 


:  i  kjc 


S5 
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em*i^ol 


(b)  Show  that  the  theorem-Holds  in  case  R  =  .J3  and  in  case  R  -  C, 
[Hint:  The  arguments  are  much  like  the  corresponding  ones 
for  MentHaus*  Theorem.] 
6.  (a)  As  in  Exercise  3,  if  Aft  D  M  h  Vf    -\P)  then  * 


P    A  ■*  <tf 


1  +  r  +  rs 


-.     +  (S  -  li) 


C  f  (T 


.  1  t.« 

r  v « f  8/ 

1  +  /  +  tr 


Explain. 

(b)  Show  that  if  X'tf,  kS°.  and  Cl*  are  concurrent  at  P,  where 
/I*  M,  fl.O.then 

P  divides  the  inlerval  from  4  to /?  in  1  +  r  :  r«f 
P  divides  the  interval  from  #  to  S  in  4  4  s  :  stt  and 
P  divides  the  interval  from  C  to  71  in  1  +  t  :  fr. , 

H  (c)  Show  that  if  rs/  -  1  then  1  +  r  :  rs*  =  /(l  +  r)  :  1. 
id)  Show  that,  under  the  assumption  in.part  (b), 

■+  P  divides  the  interval  from  4  to     in  BC  ■  SA  >  AT  :  k,'      '     ■  ' 
P  divides  the  interval  from  /i  to  S  in 'CM  ^Tii  -  BR  :  A,  and  '  ' 
P  divides  the  interval  from  C  to  7"in       ■  RC'CS  :  A,  whle 
k  -  /IT  fl/?  •  CS  -  &4  r  r/J  RC: 


Part  G' 


1.  In  each  of  the  following,  the  figures  are  matted  so  as  to  indicate 
ratios  in' which  two  sides  of  a  triangle  are  divided.  You  are  to 
determine  AP  :  PB. 

(b) 


(c) 


(d) 


Answer's  for  Part  5 


(b) 


(c) 
(d) 


[cont.] 

Suppose  that  R  ■■ 1  B. 
current' if  T 


Iii  this  case  the  lines  are  certainly  con- 
B  or  S  =  A.    On  "the  other  hand,   if  T  *  B 
[and  R  -    B]  and  the  lines  afe  concurrent  then         -  %B  - 
and  S  must  belong  to  AB  —  so,  S  =   A.    Hence,  for  R  -  B. 
the  lines  are  concurrent  if  and  only  ii  T  =   B  or  S  =  A.* 
Finally,  if  R  -   B  then  CT  cannot  be  parallel  to  AR.    So,  it 
merely  weakens  our  result  to  say  tliat,  for  R  =   B,  the  lines 
are  concurrent  or  parallel  if  and  only  if  T  -    B  or  S  ':  A. 
[The  remainder  of  the  argument  that  £he  theorem  holds  if 
R  -   B  «s  like  that  given  in  answer  to-  Exercise  3(c)  of  Part  D 
on  page  363;    That  the  theorem  holds  in  case  R  "-   C  is 
established  by  repeating  the  preceding  with  merely  alphabetic 
variations*  ]  *  1 

(a)  The  first  two  formulas  are  given*in  Exercise  3^a)  [with  '  Q'  in 
place  of  *  P*  ].     The  third  follows  from  thej  second  —  ae  the 
second  from  the  first  —  by  cyclic  permutation, 

(b)  Since, the  u-point,   from  M,   of,         divides  the  interval  from 
M  to  N  in  u  :  1  ■  u  it  is  sufficient  to  note  that 

1  +  r  .  rs  , 


1  +  r  +  rs 


I  +  r  +4  rs 


[The  assumption  is. needed  to  ensure  that  neither  r,  s,  nor  t 
is  zero*,*] .  < 

Multiply  both  terms  of  the*  ratio  by  t. 


(BC/BR)-  (SA/CS) 
(BC/BR)  -  (AT/TB) 


1  + 


1  + 


BC  •  SA • AT<  AT • BR • CS 

=   1  +  r : rs 
BC • S A  *  AT : S£ ■ T  B  « RC 

=  t(l  +  r):  1  .      ,    '  • 

The  preceding  computations,  together  with  parts   (b)  and  (c) 
establish  the  result  concerning  th**  division  of  the  interval  from 
A  to  R  by  P.     The  other  two  results  follow  by  cyclic  permuta- 
tion,   [Actually,  the  second  computation  —  an^l,  for  ihat\ 
■  matter,  part  (b),  also       is  unnecessary  sincfo^by  Theoreni  B 
8-22,  if  AR,  BS,  and  CT  are  concurrent  then . 
SA.  TB -RC  =  'AT- BR- CS.  ] 


Answers  for  Part  G 


tb)  1/6 


1.     (a)  3/2 

(c)  14  ^ 

i 

(d)  i    [This  is,  of  course  consistent  with  Theorem  8-1  0(a).  ]' 


r 
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1  ^  • 

.   2.  In  each  of  the  preceding  figures,  let  O  be  the  point  of  concurrency. 
Compute: 

(a)  CO  :  OP       (b)  MOK:  OA    ■  (c)  NO  c  OB      (d)  ,4M  :  A/O 


Part  H 


and  its  converse)  is  obtained 
ail  '*    by  '  -  '  s,  and  by  omitting 


1,  A  theorem  called  Ceva' 
from  Theorem  8  -  22  by 

the  words  'or  parallel'.  Prcfe^4j£s  theorem,  |W/>i/:  Use  Exercise  6(a) 
of  Part  F  to  show  that  the  prodftJf  concuirency  requires  thai  the 
points  belong  to  the  intervals;] 

2,  If^Ceva's  Theorem  to  .show  that  the  medians  of#a  triangle  are 
concurrent.  £ 

3.  Use  Ceva  s  Theorem  and  Exercise  6  of  Part  F  to  prove  Theorem 
8-10(a).  I      ,  * 

4.  ,Show  that  the  ratio  in  which  V 
~  divides  the  interval  from  A  to 

It  is  the  opposite  of  the  ratio  in 
which  'P  divides  the  interval 


from  A  to  ti. 


) 


T'- 


,J  8.09  Chapter  Summary  ' 
Vocabulary  Summary 

triangle 

■  median  of  a  ^riangle 
transversal 
simple  quadrilateral 
parallelogram 
•   '  4  bisect 


Defuiittym* 


quadrilateral 

diagonal  of  a  quadrilateral 
concurrent  lines  , 
convex  quadrilateral 
trapezoid 
centroid 


8-1.  For  P*  A/i,  A  *  P  *  B  ami  a  *  0  *  6,  P  divides  the  interval 
from  4  to  B  in  the  ratio  a  :  6  if  and  only  if  (P  -  A)  :  {B  P) 
.  .        '  a/6/ 

8*2.  (a)  PQR  -  P$  u^U  fri* 

(b)         is  a  triangle       {I\  Qt  R]  is  noncollinear 
8-3.  The  median  of  a  triangle  from  a  given  vertex  is  the  interval 
/  .  whose  endpomts.  are. the  gi,ven  vertex  and  the  midpoint  of  the 

4  opposite  side.       \  ^  .....V* 

8-4.  (a)  PQRS  -  PQ  U  Qj?  U  fi§  U  S3*.  •    V     ^  ^ 


Answers  for  Part  G  [cont.].;.\ 

4   2.      [Although  the  questions  to  answer  here  look  innocent  enough, 

the  work  involved  is  a  bit  tedious.  Kverj  so,  the  answers  should 
be  well  within  reach  of  the  students  by  this  stage  of  the  game,  ] 


(a 


■i 


O  -  C^-  (a|+  S|)p  and 


O  -  A  -    ((b*  - 


"\3  1  - 


for  some  p  and  q.  So, 
C-A  -  (^l^a)q  -  (a|  +  S|)p 

or,  Tnofl^^pnveniently, 

a<-I  *f£|p)  +  S(|p-  |q)  (5 

So,   since  (a,  S)  is  linearly  inde 

pendent,  q 


CO  :  OP 
O  -  A  = 

O    -     B  = 


-  y*.  Hence, 


-►1      +  4       '  - 
(b  •  -  ♦  c  •  -)p  and  * 

(<c  -  S>!%-  S|)q,  for 


soxne  p  and  q. 


S'o, 


<4+  c|)p. 


or,  equivalently: 


Sine  * 


+  effp  -  |q)  ,  3 
(fe,  o)  is  linearly  inde- 


pendent, t  q 

5 


So,  p  =  jy  and  q 
MO:  OA  =  6/i, 

O  -  B 


2p  and  p  ^  rr. 

-  yp.  Hence 


ic^-  +  a^)p  and 


O  -  A  =  «c 


arg-  <■  aj)q,  for 
So, 


sdme  p  and  q. 

oV,  equivalent! y:  x 

,    a(l  !  |-p-q)  +  ?(-|pf  iq)  =  ^ 

Since  (a,  c }  is  linearly  iude- 

35  q 
pendent,,  q  =  ~p  -and  p  =  ~ 

eo  that  p  =  X  and  q  ^  'li^ 

Hence,  NO :  OB  =  .28/?.' 
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Answers  for  Part  G  front. 


♦O  -  A    -    (cr  +  Sr)p  and 

O  -<B  -  ((c  ~'b)g-  -  Gg-)qf  for 
some   p  and  q.  So, 

or,  *equivalontly:  * 

Since  (b,c)  is  linearly  .indt* - 
pendent,  q  -  p  ^,  Hf.nce, 
AM  :  I^Q  ■    -7\  ■ 


Answers  tor  Part  H* 


Since  1R,  S,  and  T  belong  to  the  sides  of  AABC,   0  ^  r  x 
0  \   s*  s,    \t  Ancj  o       t  s.    1.    Since    r,  s,  and a  re  all  positive 
it  follows  from  Exercise  6(a)  of  Part'  V  c*n  page    ?66  that  the 
[point   P  of  concurrency  belongs  to  £he  intervals. 

If  Rt  S,  and  T  are  the  midpoints  of'the  sides  of  A  ABC  then 
J*    >  s    "  t   -    i.     So,    rst   -    1   and,  by  Ceva' s  Theorem,  the 
medians  are  concurrent.  j 

Suppose  that  R  and  S  are  u-pbints,  from  C.  of  BC  and  CA, 
respectively.    Then  r  -   BR/rC^^  1  -  u  :u  jmd  s  -  CS/SA 
:   u:l  -'u;    If  T  €  A  B  then  A^R,    BS,   and  CT  are  concurrent  if  anc 

I  -  u  u 


» on ly^ii  the  product  of 


and  the  ratio  in  which  T  divide 


U      *    1    r  U 

th*  interval  from  A  to   B  is   1.     This  is  the  case  if  £nd  only  rjf  the 
latter  ratio  is   1  —  that  iq  if  and  fanly  if  T  is  the  midpoint  of  AB. 
So,  by  Ceva* 8  Theorem,   AR  and  BS  are  concurrent  at  a  point  of 
/the  median  from  C.    By  Exe rcise  .6(b),  the  point   P  of  concurrenc 

divides- the  interval  froaT*A  to  R  in  U  ~  —  :'l ,    This  ratio  is 

.  u 

1  :u.    P  divides  the  interval  from  B  to  S  in  1*4 


u 


l  -  u  ;i  -  G  lm 

Tljis  ratio  is,  also,    Itu.    P  divides  the  interval  from  C  to  'T  in 

&  1     -  JQ 

1  +  1       ■  -        .  *This  ratio  is  2u  :  1  -  u.     From  this'  last  result  it 

folSJj^i  that   P  is  l\x/{l  +  it)- point,  "from  C,  of  CT.  So, 

TheBB» - 1  0(a)  is  completely  reestablished.  ,  ^ 

By 

from 


'a  Theorem,  the  ratio  in  which  T  divides  the  interval 
^o  B  i^s   l/(rs)  [where  *  r1  and  *s*  have  the  meanings  ' 


they  have  had  throughout  the  foregoing  exercises];  and,  by 
Mehelaus'  Theorem  T'  divides  the  interval  from  A  to  B  i 


in 


t.  \ 


S5-) 
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/    (b)  PQR&  is  a  quadrilateral  —  each  of  {P,  Q,  /?},  {Q,  /?,  {?},* 
S,       {S,  /\  Q}  is  noncollinear 
•8-5,  (a)  A  quadrilateral  is  simple  if  and  only  if  no  two  of  its  sides 
intersect.  "  0  « 

<b)  A  quadrilateral  is  coftvex  if  and  only  if  its  diagonals  intellect. 
8-6,  (a)  A  quadrilateral  (is  a  trapezoid  if  and  only  if  it  is  simple  and 
has  two  parallel  sides.  ^ 
(b)  A  quadrilateral  is  a  parallelogram  if  and  only  if  its  opposite 
sides  are  parallel.         ■'  •> 

'        ■  ^  \ 

Other  Theorems  ^     .  ' 

8-1.  As  n  fief*  0^c  -  iic'ifl  -  ^fY:       '  - 

8-2.  If  i4C  and  BD  are  noncollinear  parallel  segments  and  (/?  -  B) 
.  :  <Cr-  A)  =  r  then  Ai?  ||  C2f  if  r  =  1  and  A5*VQ  £Z/  =  {A 

'   Kff-A)-Kl-  r))\fr*  1.  .    '  , 

8-3./If  i4,  fi,  0*0,  and  P  are*five  points  auch  that  Xe  n  £Z)*  =  {P} 
,  then  .(af  AC  j|  W  — ?  (P  -  D)  :  CP  -  C)  =  (/).-  Z?)  :  (C  -  A) 
=  (P  -  B)  :  (P-A).    and    (b)    (P  :  (P  -  C)  =  (P  -  B) 

:  {P.- A) —ACtBlL 
Corollary.  Under  the  conditions,  specified  in  .the  theorem,       \[  B~S 

—  (P  -  D)  :  (P  -  C)  «  (P  -  S)  ;  (P  -rrt).  ' 

8-4.  For  A*        B,  (a)  P  divides  the  Interval  from  4  toifi  in  a  :  6 

—  P  =  ,4  +  tfl  -  ^)^^  \PcX8,   a*  0*6}    (b)   P  =  A 


+      ~  Al^Tb  — "  P>  di.vides  the  interval  from  A  to  B  in 
a  :  6  la '+  6     0J  ' 
Corollary.  For  Af>P*B,  (a)  P  divides  the  internal  fmta  i4  toS  in 

« 

1  A+      "  ^JTT^^^  (b)   P  =  A 

+  CB  -  A)/  — ♦  A^ivides  the  interval  from  A  UxB  hi  t  :  -1  -  t 
.    8-5.  For  P^AB  sjxdA  *  P  *  B3  P*AB prmP*--AB  or  P*-b£  ac- 
cording as  the  ratio  in  which^  divides  the  interval  from  A  to  B> 
is  positive,  or  between  0  and  -1,  or  less  than  —l: 
8-6,  (a)  The  ratio  of  two  intervals  which  ar§  intercepted  on  one  of* 
two  parallel  lines  by  concurren^^an^versais  of  both  th^se 
tines  is  the  same  as  that  of  the,  corresponding  intervals 
which  "are  intercepted  by  these  transversal^  on  the  other, 
(b)  The  ratio  of  two  inten&ls  which  are  intercepted  by  parallel 
Hne6  on  one  transversal  of  these  lines  is  the  same  as  that 
of  the  corresponding  intervals  which  are  intercepted  by 
,       •         these  lines  on  any  othet  tr&nsversfd, 

8-7,  The  interval  whose  endpoints  are  the  midpoints  of  two  sides  of 
a  triangle  is  parallel  to  the  third  side  and  its  ratio  to  the  third 
<sside  ib  1/2,    -  ,  JD  r%  \ 

V  -      v6°  • 
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;         .  *• 
Corollary,  A  line  through  the  midpoint  of  one  side  6f  a  triangle,  is 
•parallel  to  a  second  side  if  and  only  if  it*  contains  thi?  midpoint 
/of  the  third  side,  / 
8-8.  The  three  medium?  of  a  triangle' intersect  at  a  point  4vtfic<jtii- 
vides  each»of'thtun,  from  vertex  to  midporrit  of  the  ojapgsite 
■(     sioe,  in  2:1:         -     •  0    *  * 
K-U  (aj  The  interval  whose  endpoints  are  thf  r-p^jqts  of  two  sides 
.  jjf  a  triangle,  from  their  common  endjxnnt.  js  ^parallel  to 
-         the  third  sfHe,  and  its  ratio  tc^he* third  side  is  r.  \ 
(b)  A.Iim?  through  the    point  of  one  side  of  a  triangle,  fromgne* 
^  pf  it*  vertices,  is  parallel  to'the  sido  o^x>srt^  that  vertex 
if  and  only  if  it*  contains  the  r-point/from  that  vertex,  of 
•  the  third  side.  * 
8-10.  (a)  Intervals  frt^n  two  vertices* of  a  triangle  tojr-poinfcs'^f  the 
opposite  sides  ifrom  their  common  vertex]  intersect  at  the 

r|pp  point  of  the  median  from  that  vertex.  The  point  of 

intersection  divided  each  of  the  two  intervals,  frqrn  vertex 
' •  *  *      to  opposite  side  in  1  ;  r,and  divided  the  median,  from  vertex; 
side,  in  2r  :  1  -  r  ■■ 
(b).  "Lines  through  two  vertices  of  a  triangle  which  intersect 
^at  the  .s'-point  of  the  median  from  the  third  vertex  intersect 

the  opposite  sides  at  tfiei*,r-  —points  from 'this  vertex. 

^  <■  ■ 

8-1 1.  U.in.AABC  and  AA'B(7,  AB  \\  A'B',  BC  ||  B'C ,  and  CA  \\  "CA' 
.  then  (aU/T  -  A'i  :  [B  -  A)  =  <C  -  B')  ;  (C  -  B)  -  (A'  -  C) 
.  :  iA  -■('),  and  ihrfor'.A  *  A",  B  *  B' ,  and -C  *  C,  the  lines 
AA'.fSB*  nndCC  are  parallel  or*concurrent. 
8-12.  [The  Twice-Around  Theorem!  If,  in  AABC,  C,  and  D  are  in  BC, 
'  K ^n<*//  «u»  in  CA,  and  /  and  F  arejn  AB,  and  DE  ||  B]k  ||  GH, 
EF  f CB  H  ///,  FC,  ||  AC,  then  //;  ||  AC. 
8-13.  If,  in JSABP,  D  and_F  are  in  BP,  C  and  E  are  in  PA,  EF  \\  BC, 

and  CD'  ||  AF,  then  /)£  )\AB.  V. 
8-14.  If  «,  6,  and  rare  position  vectors  of /t,  fl,  and  ft  [with  respect  to 
any  point  Oj-then,  far  A  s  B  and  0  /  r  *  1,  R  is  the  poin4  which 
divides  the^inUfrval  from  A  to  B  in  r  :  1  -  r  if  and,  only  if 
r  =  nil  -  r)  +/br. 

8*15-  <i,  o>  and  r  are  position  vectors  of  collinear  points  if  and  only  if 
*       there  exist  nyn*b«rs  xfy,  and  zy  not  ajl  0,  such  that ax  +T>y  +~cz 

•     =  Q*and  x  *  y  +  z  «  0. 
Corollary*  If  a,  6,  and  r  are  position  vectors  of  noncoliinear  points, 

and  a,  h,  and  c  are  numbers  such  that  a*+  b  +  r  =,0t  then 
,  aa  4-  rVrS  t  cr,-  6*if  and  only  if  ja  =  0,  6  =  0,  and  c  -  01. 
8-16.  Quadrilateral  ABED  is  a  parallelogram  if  and  only  if  {A>B,  C} 

is  noncollinear^and  B  -  A  -  C >0. 
8-17«  A  quadrilateral  is  a  parallelogram  if  and  only  if  its  diagonals 

bisect  each  other.  »  •  . 
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r ,  8-18,  .(a>  PQkS  is  a  trapezoid  wilh^bases      and'«S  if  anrfonljj  if/5^ 
,    ^nd  MS  are  noKeollinear  parallel  intervals  such  that 
«  -  IV  -  /')  :  Mi  ~*8)  >  Q._         °     >  '    ,  4    _  -        '  * 

lb)  if,  in  trapezoid  PQl(s;PS  if  QM  then>S  arfd  Qf?  intersect 
.  .  f     '  at*  a  point  which  divides  boihnhe 'interval  f^n  lj  t«  S  and 
:the  interval  from     to  ii  in  -(PQ  ;  " 
8-19,  ^a)  A  trapezoid's  amvex.    *  -  -  " 

1  *  (b)  &PQRS  is  a  trapezoid  with  bases  PS  and  RS  then  the  inter-* 
^    section  of  its  diagonals  divides  each  of  them,  fr«m  P  to  R 
*      .    and  from  Q  tpvS,  respectively,  in  PQ  .'RS: 
8-20.  (a)  The  midpoints  of  successive -sides  of  a  simple  Quadrilateral 
Tk         .  are  the  suqcessive  vertices  of  a  parallelograjS^  ,'..' 
•      ,tb)  '1'he  intervals  joining  the  midpoints  of  oppo^i^^xdes  pf  a 

simple  QAiadrila/eral  Uil^Ot  each  other.  '     '       •  "  • 
8-21.  iMimelaus' Theorem  and  Converse]  If,  in  AABCjl  e8<?,  S  tC~£, 
■  and  Te  AB  then  :{R,  S,  T)  is  collinear  if  and  only  if  BR  ■  CS 

■  A*f  =--  -{RC-  SX  ftB). 

.  8-22.  If,  in  -AABC,  R  e  W,  S  e  CA,  and  T  e  Xb  then  M,  M,  and  Vf 
are  concurrent  or  parallel -if  and  only  if  BR  •  CSsAT  =  RC 

■  SA  ■  TB.  V%    ■        '  ' 
lFor*Ceva's  Theorem,  see  Exercise  lj  Part  H,  page  367.] 


Chapter  Test 


Given  AABC,  assume  that  M  is 
the  midpoint  of  AB,  that  EF  || 
AB,  and  that  CF  :  FB  =  5/2. 
Complete  each  of  the  following. 
If  not  possible,  say. so.' 
(a)  US  -  C) :  (A  -  E)  -  ? 
(c)  A7JAM  is  ^  ? 
(e)  DE  :MA  =  ? 
(g)  C  -  F  +  <B  -  A)  


(b)  (F  -  £).: 
(d)  (E  -  C)  : 
(f )  JS«  :  GA/ 
(h)  >i  divides  the  segment  from  C 
to  E  in  ■  • 


,  -  »; 

Given  quadrilateral  OABC, 
with^  ~Q  "O^c!  and 

5  -  C  =  a6#  for  some  nonzero  i,. 
Also,  Af  is  the  midpoint  of  OS. % 
Answer  these  questions.  : 

(a)  OABC  is  a  parallelogram  if  b  =^  

(b)  OABC  is  a  trapezoid  with  base      longer  than  OA  ifb  =  

(c)  For  what  values  of  '6'  is  it  the  case  that  (interval)  OC  and  (line) 
KM  intersect?  .  "  * 

id)  For  what  values  of     i«  it  the  case  that  (interval) SC  and  (line)  • 
intersect? 


•4^ 
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(e)  *  For  what  values  of  W  is  it  the  ca«e_that  C  t  *AAf?   ;  '  • 

4f)  Assume  that  /»  is  the  midpoint  of  OC  and  that  Q  is  the  mid- 
point of  CB.  Express  Q  -  P  as  a  linear  combination  of  aand  V 

3.  Suppose  thatjez,  6)  is  linearly  independent  and  that 

•  -      .   •  f 

i  )  a\p  -  q)  -  6<</  -  />)  +  la'  -  hn2p  >  1)  ^  16*-  a)(q  -  2).  „ 

Compute  the  values  of  'p  and  V  f6r -which  (  '  )  Ls  satisfied. 

#  * 

4.  (Jiv'en,  AAB<\  with  />,  M,  and 
iV  the  midpoints  of  sides  .4(.\ 
J?B,  and  /M,  respectively.  "As- 
sume that  the  medians  of  &ABC  * 
intersect  in  the  point  Q.  B-*1  < 

(a)  Consider  /\AOC.  Is  the  point  of  intersection  of  its  medians 
on  the  line  ftr?  Explain  your  answer. 

(b)  Consider  ANBC.'ls  the  point  of  intersection  of  its  medians  on 
liP?  Expl  ain.    *  * 

(c)  If  either  of  your  answers  in  (a)  or  (b)  is  Tes.\  give  the-ratfo  in 
which  that  point  dividesthe  segment  from  B  to  P.  'if  both  ari~ 
swers  are  'No/,  ignore  this  part. 

•  * 

5-  In  each  of  the  following  pictures,  you  are  given  the  lengths  of  some 
segments.  Use  this  together  with  the  other  given  information  to 
help  you  to  answer  the  questions. 
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t     »  .  * 

Key  to  Chapter  Ttfst      *  , 

<a>  <b)   V?        A  (c)  tr^^^ti^  '(d)   not  possible 

U'V  ,  V7         •  J'f> *  V?         .   (g),  not  possible       *      (h)  , -7/2 
(a)    1  (b)    [any  number  greater  than  \\ 

(c)    all  values  loss  than  1  (d)   all  values  greater  than  1  * 

(e)    1      .  ♦*  '    (£)  a.b/2  +  £.  1/4 

3.   .  j( 5jc  )  is  equivalent  to:  * 

a(p  -  q  +  2p  +  1  f  q  -  2)  +  £(p.  -  q  -  2p  -  1  +      -  q)  1-  (J 
or,  more  conveniently/  to: 

.     .  a(ip  r  1)  +  b(-p  -  2q  4-  I)  -  d 


4.    k  (a)    Yes,  for  QP  C     BP  and  QP  contains  the  point  of  intersection 
of  the  medians  of  A  AQC. 

(b)    No,  for   BQ  contains  no  point  of  the  median  from   B  of  A  NBC. 
Sot  neither  does  BP.  „  ♦ 

{c\    The  point  of  intersection  ol  the  medians  of  A  AQC  divides  the 
segment  from  B  to   P  in  the  ratio  8:1. 


8 

3 


(b)    e   -  T;     f  =  ~ ;     g  -.  — 


(a) 


Given:  /,  ||  l2  fl^ 
Compute:  a;  h\  v\  d 


Chapter  Nine 
Planes  in  £ 


9.01  Coplanar  points         '    .  *  • 

■:  •  "      *  *  .'■ 

So  far,  we  have  used  our  postulates  about  points  and  translations  to 
introduce  the  notion  of  col  Linearity  of  points  an£  in  terms  of  this, 
notions  about  lines  and  their  subsets,  and  about  triangles  and  quadri- 
laterals. In  a  similar  fashion,  we  now  wish  to 'add  to  our  structure  of 
formal  geometric  ideas  some  notions  about  coplanar  points  and  planes. 

In  our  intuitive  consideration  of  geometry  in  Chapter  1  it  was  con- 
venient to  describe  a  plane  as  being  a  set  of  points  which  is  the  union 
of  two  closed  half-planes.  Now,  as  in  the  case  with  lines,  we  wish  to 
define  'plane'  in  terms  of  'point'  and  'translation'.  Our  earlier  descrip- 
tion will  turn  out  to  be  a  theorem.  So  will  the  other  results  about 
planes  which  we  reached*  intuitively  in  Chapter  1.  As  before,  this  will 
be  an  important  test  of  the  adequacy  of  our  definitions.  If  it  turned  out 
that  our  definitions  didn't  enable  us  to  reach  the  conclusions  which 
seem  intuitively  sound,  we  might  have  reason  to  suspect  that  some- 
'    thing  was  wrong  with  them. 

Some  of  the  work  with  linearly  dependent  and  independent  transla- 
tions and  with  lines  may  have  given. you  a  hint  as  to  how  we  shall 
define  the  word  'plane'.  As  in  the  case  of  lines,  we  shall  decide  what 
it  means,  in  terms  of  translations,  to  say  that'four  points  are  coplanar. 
Then  we  can  say  that  a  plane  is  a  set  of  points  which  consists  of  all 
the  points  which  are  coplanar  with  any  three  of  its  noncollinear ' 
members.  * 
In  the  following  exercises,  we  shall  examine  our  intuitive  notions 
•    about  planes" and  linear  dependence  to  see  if  we  can  find  a  suitable 
definition  for  .a  set  of  coplanar  points  in  terms  of  translations  deter7 
"mined  by  those  points.  .  ,  *  . 
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The  early  parts  of  this  chapter  on  planes  are  very  similar  to  the 
treatment  of  lines  in  Chapter  7,  '  Some  similarities  are  pointed  out  in 
the  text^afad  in  the  commentary.    l£  should  be  worthwhile  to  read  - 
~  through,  ,irj  class,*  Definitions  7-T  through  7^7  and  Theorems  7-1 
through  7-10  -  Spot  reading  in  section     7 ..01  through  section  .7.05  * 
.may  also  be  iif  order,  as  a  rapid  review^  You  can  beet  judge  what  is 
appropriate  for  your  class.  '•/"«•' 
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xercixes     »  %f  I  .** 

*         *  * 

,    1.  (a)  (iivtm  a  point-  say,  A-  is,  there  a  plane  which,  contaift*  A? 
Is  there  more  than  one  such  plane?  t  fc 

%  (b)  (iiven  tw.o^points  — say,  ^4  anil  fi-is^there  a  plane  whict}  con- 
♦    -   '  tains,  both  A  and  IP  Is  there  more  than  one  such  plane? 

(c)  (liven  any  set  of  coliine&r  poipfs,  is  there  a( plane  which  con- 
tains  them?  How  many  such  planes  are  there?     *  * 

(d)  (liven  any  set  of' colli  near  points  and  a  point  which  is  not  a 
*  member  of  thig  set,  is  there  a  plane  which  contains  them  all? 

How  many  such  planes  are  there? 

(e)  If  {A,  B,  C)  is  noncollinear,  is  there  a  piane  which  contains 
ArB,  and  CT?  How  many  such  planes  arfc  there? 

(f)  Describe  a  set  {A,  B,  C,  /)}  of  four  points  such  that  no  plane 
■                  contains  all  of  them.  , 

2.  Suppose  that  A,  B,  0,  and  D  are  four  points  contained  in  a  plane. 
That  is,  suppose  that  A,  B,  C,  and  I)  are  copianar  points.  Sup- 
pose, also,  that  {A,  B,  C}  is  noncollinear. 

(a)  Draw  an  appropriate  picture  for  these  conditions  and  estimate 
values  for  '6'  and  V  such  that  D  -  A  -  {B  -  A)b  +  (C  -  A)c. 

(b)  Is  {B  t  A,  C  -  A,  D  -  A)  linearly  dependent  or  not?  Explain 
your  ariswer. 

(c)  Suppose  that  E  is  a  point  such  that  (B  -  A,  C  -  A,  E  -  A)  is 
linearly  dependent.  Do  you  think  that  At  B,  C,  and  E  are 
contained  in  a  plane? 

(d)  Suppose  that  F  is  &  point  in  the  same  plane  with  ^4,  B,  and  C. 
Do  you  think  that  (B  ~  Af  C  -  AfF  -  A)  is  linearly  dependent 
or  not? 

(e)  Is  it  possible  to  locate  a  point  — say,  G*—  which  is  not  copianar 
with  A,  B,  and  C?  If  so,  describe  the  position  of  G  with  respect 
to  the  plane  you  drew  in  (a).  What  would  you  say  about  [B  -  A, 
C  -  A,  G  -  A)  in  this  case? 

/  (f)  is  there  a  translation -say,  a -which  maps  4  Rnt°  a  point 
which  you  would  not  consider  to  be  copianar  with  A,  fl,  and  C? 
if  so,  use  your  picture  from  (a)  and  a  pencil  to  help  you  de- 
scribe such  a  translation.  What  would  you  say  about  {B  -  A, 
,    C  -  A,  a)? 

3.  Suppose  that  E%  Ft  G,  and  H  are  four  copianar  points,  and  that 
{E,m  F,  G)  is  collinear.  Draw  a  picture  to  illustrate  these  condi- 
tions and  answer  the  following. 

(a)  Is  (G  «t  E,  F  -  E)  linearly  dependent  or  not?  Explain. 

(b)  Is  (G%  -*  E,F  -  E,H  ~*E)  iinearly  dependent  or  not?  Explain. 
:.#*  (c)  Given  any  point  -  say,  P  -  show  that  (G  -  E,  F  -  EfP  -  E)  is 

linearly  dependent, 
(d)  Given  any  point -say,  Q-do  you  think  that  E,  F,  G,  and  Q 
are  copianar?  Explain,      .     ■         ,  1 
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,         Answers  for  most  of  the  exercises  —  both  here  and  on  pages  374-5  — 
must  be  based  on  intuition,  „  since  we  do  not  yet  have  a  formal , definition 
of  'copianar*.    Appropriate  intuitions  should  have  been  developed  in  v 
section  ^.05.    Some  can,   however,  be  answered  on  formal  grounds  * 
which  include  Definitioif  >  7- 1  of  'collinear'   and  theorems  conce/nirtg 
linear  dependence.    Note  that  the  word  'copianar'   is  introduced  in  its 
usual  meaning  in  Exercise  L.    As  with  'collinear*,  we  shall  adopt  this' 
meaning  after  we  ha£e\d£  fined  'plane'.    Up  to  then,  and  after  Definition 

'collinear'  will  have  the  rather  special  and  re stfricted  meaning 
4>iven  it  in  that  definition.  *j 

The  purpose  of  thescexercises  is,  mainly,  to  stimulate  discussion. 
Fur  this  reason  the  exercises  are  best  treated  as  a  class  activity, 
Recall  that  it  has  been  helpful  to  use  pencils  and  pieces  of  cardboard 
as  models  of  lines  and  planes. 


Answers  fer_  jsx  excise  s 


1( 


2. 


(a) 
(b) 
(c) 

(d) 

.<«> 
(f) 


Yes, 
Yes. 


Yes. 
Yes. 


Yes,;  IjOts,  [infinitely  many;  as  many  as  there  are  points  on 
a  line  skew  to  the  line  containing  the  given  set.  ] 

Yes,  ;  Just  one  if  the  point  is  not  collinear  with  the  other  given 
poirts;    otherwise,  see  parj:  (c). 

9 

Yes.  ;    Exactly  one,  • 

,Choose,   for'example,   noncollinear  points   A*         and  C  in  a- 
horizontal  plane  and  choose  .  D  above  or  below  this  plane, 

b  -   1/2,  c  5/4 

<»     [Students  will,  of  course,  *have  a 
variety  of  drawings..  ) 


(b)  (B  -  A,  C  -  A,  D  -  A)  is  linearly  dependent. 

(c)  Yes.  '  « 

(d)  Linearly  dependent. 

(e)  Yes.'  Given  that  the  plane  of  A/"B,  and  C  is  horizontal, 
choose  G  above  or  below  this  plane;   (B  -  A,  C  -  A,  G  -<A) 
is  linearly  independent. 

(f)  (B  -  A,  C  -  A,  a)  is  linearly  independent. 
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* 


E  <    F      8   \H-  w  "     °r'  E  F  p  

,  •     '  r  f  .  ; 

fa)    (G  -       -K  -  K)  is  linearly  dependent  because  .{F/,  Y,   G}i  is 
coUinear,  ,    '  t 

(b)  (G,-  E.^F  -  Ej'H  -  J^5i  is  linearly  dependent  by  part  (a),  since 
(    a  sequence  as  I  imta^' dependent^  it  has  a  linea rVy< dependfcntj 

subsequence*,  *  •  ,  " 

(c)  [See  answer  ior  part  (b).  ] 

(d)  Yes;  There  are  lots  of  planes  c6ntaining  {K,  F,  G}  and  at 
least  one  of  them  contains  Q.  "Or;,  In  Chapter  1  we  decided- 
that,  given  any  line  and  any  point,  there  is^  a  plane  which  , 
contains  them.  .  1 

i 

•    •  ■  \  t 


s 


4 


8  SO 
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4,  Suppose  that  l\  Q,  and  R  are  three  points, 

(a)  fi  iP  -  P,  Q  -  F,  ft  -  />)  linearly  dependent  or  not?  Explain 

(b)  Is  there  a  plane  which  contains  P9  Q,  and'/i?  Might  there  be 
%    more  than  .one  *such  plane?  *  '■ 

5*  Supp5se*.that^,  M,  and  N  are  noncollinear  poiWs,  ^ 
*    .  (a)  Draw  a  picture  showing  a  point -say,  P-^uch  that  L,  M,  N, 
and  P  are  not  coplanarv 
(b)  Given  the  point  P  of  part  (a),  would,  you  say  that  L,  M,  and  Pt 
I  are  cop  1  ana r?  If  so,  \s  N  in  this  plane?  Explain  your  answers. 

In  the  exercises  above,  we  used  our  intuitions  about  points  and 
.lines  tp  try  to  develop  a  feeling  for  some  of  the  relationships  among 
points  in  a  plane  and  linear  dependence.  The  results  of  these  exercis^j 
suggest  that  the  following  definition  agrees  with  our  intuitions  about 
these  relationships. 

Definition  9-1    {A,B9  C\  B}  is  coplanar  ' 
W  -  A,  C  -  A,  D  -  A)  is  linearly  dependent 


.Fig.  9*1 

In  this  definition,  we  speak  of  the  set  of  points  {A,  B,  C,D}  being 
coplanar.  As  in  the  case  of  collinearity,  and  since  {A,  B,  C,  D}  =  fB, 
A  C,  A],  we  would  be  in  trouble  with  this  definition  were  if  not  the 
case  that  1  .  . 

{B  -  A,  C  -  A,  D  -  A)  is  linearly  dependent 


...  ^ 

{C  -  ByD  -  By  A  -  B)  is 'linearly  dependents  V. 

That  this  is  the  case  can  be  verified  by  an  argument  which  is  very 
similar  to  that  suggested  on  page  577  in  "ponnection  with  the  defini-' 
tion  of  'coliinear'. 


Exercises 
i. 


Prgve.  that 
(a)  any  pair  of  points  is  coplanar,  and 
(fa)  any  three  points  are  coplanar. 


9 

ERIC 
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^Answers  for  jcxercises  [cont.] 
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4.  (a)    This  sequence  is  linearly  dependent  because  its  f i rjst  term, 

P  -  P,   is  5, 

(b)    Yes,;    There  will  be  more  than  one  such  plane  if  and  only  if 
•     .    .    ,.{P,  Q,   1}}   is  coliinear.    ,  % 

5.  *  (a)  -P  - 


(b)    Yes.  *  [Intuitively,  any  three  points  are  contained  in  a  plane.  ] 
No/   [inN  was  in  the  same*  plane  as   L,  M,  and  P,  then  all 
four  points  would  be  in  the  same  plane.    But,   P  was  chofien 
.  so  that  it  was  not  in  the  same  plane  as  L,  M,  and  N.  ] 


The  displayed  theorem  and  successive  instances  of  it  obtained  by 
cyclic  permutation  supply  tl?e  justification  which  is  needed  because  of 
the  fact  that, 

t 

{A,  B,  C,  D}  -  {B,  C,  D,  A}  =  {c,  D,  A,  B}  -  {D,  A,  B,  C}. 

[Going  one*  step  further,   it  is  readily  seen  that  the  if-part  of  the  theorem 
follows  from  its  only  if-part,  ]   The  other  facts  which  need  to  be  taken., 
account  of  —  for  example,  that  {A,   B,  C,  D}  =   {A,  C,  B,  D}  —  are 
taken  account  of  by  recalling  that  any  permutation  of  a  linearly  4ePena*ent 
sequence  of  translations  is,   also,  linearly  dependent.  y~ 

As  a  result  of  the  preceding  analysis,  all  that  neeos  to  be  proved  is 

that 

(B  -  A,  C  -  A,  D  -  A)  is  linearly  dependent 

(C  -  B,  D  -  B,  A  -  B)  is  linearly  dependent* 

The  proof  is  like  that  of  the  similar  Theorem  6-14,*,  [See  page  263/'] 

Suppose  (B  -  A)a  +'{C  -  A)b  +  (D  -  A)c  ~  "3,    Using  Postulate  3  twice 

r£follows  that  (C  -  B)b  +.-(D  -  BJc  +.  (A  -  B)«  -(a  +  b-fc)=  J."  If,  , 

now,  b  =  c  -  -(a  +*b  +  c)  =  0  then  a  =  b  =  c  =  0,    Hence,  if  ntft  all  . 

of  a,  b,  and  c  are  zero  then  not  all  of  b,  c^  and  -{a  .+  b  +  c)  are  zero. 

Consequently,  if  (B  -  A,  £  -  A,  D  -  A)  is  linearly  dependent  then  so  is 

(C  ~  B,  .D  -  B,  A  -  B).  '       '    *  ■ 

•  s 

Definition  9-1  gives  a  basis  for  •'formal  answers"  for  exercises 

1,  lt  4(c)  and  5-  f 

Answers  lor  Exercises  < 

H     (a)    {A,  B} .  =  {A,  B,y  B,  B}  is  coplanar  if  and  only  if  (B  -  A, 

B  -  A,  B  ~  A) '  is  linearly  dependent.    Since  any  sequence  with  * 
a  repeated  term  is  linearly  dependent,  {A,  B}  is  coplanar. 
[For  a  variation,,  see.  answer  for  part  (b.}»  ]  ' 

Jfc)   {A,  B,  C}  =  {A,  B,  C,  A}  is  coplanar  H  and  only  if  (B  -  A, 
C  -  A,  A  -  A)  is  linearly  dependent.    Sinc^e  A  -  A  r  ft  and  any 
sequence  with  a  term  (J  is  linearly  dependent,  {A,  Bf  C}  "it 
coplanar,  *  4*  *  -  'f- 
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— .  

*  ■  < 

2.  Suppose  that  P,  Q,  and  R  are  coilinear  points* 

(a)  Choose  any  point -say,  S-of        Show  that  {P,  Q,  R,  S]  is 
coplanar.        „•*"."  <\ 

(b)  Choose  any  .point -say,  (\Show  that  {P,  Q,  R,  T)  is  copiahar: 

3.  By  Exercise  2,  it  should  be\lear  that  the  set  consisting  of  any 
three  I  or,  two!  points  of.  a  line  together  with  any  point  in  space 
is  a  coplanar  set.  Can  you  find  two  points  in  space  which,  to- 
gether with  two  points  of  a  giv&i  line,  constitute  a  seC  of  four 
points  which  are  not  copfonar?  Try  to  picture  four  such  points. 

,    4.  On  your  paper,  draw  a  picture  of  three  noncollinear  points  R,  S, 
and  T.  .  • ' 

(a)  Picture  a  point  P  such  that  {R,  S,  T,  P)  is  coplanar.  - 
(h\  1,'icture  a  point  Q  such  that  Q  *  p  and  {R,S,T,Q}  is  coplanar. 

(c)  Is  it  the  case  that  {R,  S,  Q,  P)  is  coplanar?  Explain  your 
answer.  •  '  , 

>      (d)  Describe  this  set  of  points:  Vy. 

{X:  R,  &,  T,  and  X  are  coplanar  points}  * 

5.  On  your  paper,  draw  a  picture  of  three  coilinear  points  U,  V,  and 
W.  Describe  this  set  of  points: 

{X:  U,  V,  W,  and  X  are  coplanar} 

6.  Suppose  that  ir  is  a" plane,  and  that  n  contains  noncollinear  points 
•      A,  B,  and  C. 

(a)  Given  that  Den,  what  can  be  said  about  {^4,  B,  C,  D}? 

(b)  Given  that  D  is  a  point  such  that  {A,B,C,D}  is  coplanar,  what 
can  be  said  about  D  and  the  plane  tt? 

S.O^PIanes 

Now  that  we  have  a  formalized  notion  of  coplanar  points,  we  are 
in  a  position  to  make  use  of  this  notion,  together  with  out  intuitive 
ideas  about  what^planes  are  (or,  ought,  to  be),  in  formulating  a  defini- 
tion of  the  term  plane.  "  -" 

In  order  to  agree  with  our  intuitive  notions,  we  want  to  be  sure 
that,  among  other  things,  any  plane  rr  is  such  that 
;  ,.     (i)    **7r  is  a  subset  of    and  tt  contains  at  least  three  ' 

noncollinear  points.  *  ' 
Certainly,  this  condition  (i)  is  not  enough  to  pin  down  exactly  what, 
we  mean  by  plane,  for  we:  expect  a  plane  to  contain  many  more  than 
three  noncollinear  points.  And,  furthermore,  you  probably  can  think 
of  many  sets  which  contain  three  noncollinear  points  and  which  aren't 
anything  like  what  you  think  of  as  a  plane.  Draw  pictures  of  at  least 
two  such  sets. 

9  ■  . 


I 
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Answers  for  Exercises    [cont.j  ^  * 

•  * 

I.     (a)  ^Since  S  e  OR,  {Q,   R,  §},  is  coilinear  —  that  is,  (R  -  Q,  s  ?  Q) 
is  linearly  dependent.    It  follows  that  (R  -  O,  *S  -  Q,   P  -  Q)  i*. 
linearly  dependent  and,  so,  that  {Q,  R,  S,  P}  is  coplanar;  * 
■   But,  {P,  Q,  R,  S}   -  {Qf  R,  S,   P}..  , 

(b)    The  assumption  that  { P,  Q,  R}  is  .coHinear  was  not  used  in 
part  < a).    So,  with  *P'  for  *Q\  *Q'   for  'RV'R*  for  'S\  and 
4T  for  *R',  the  same  argument  shows  that  {  P,  Q,  R,  j}  is  . 
coplanar. 


Choose  two  points  on  a  line  which  is  skew  to  the  given  line.  [See, 
also.  Exercise   f  of  Part  B*  on  page  299  for  a  suggestion  of 
possible  answers,  ]  ~  \ 


(a),  (b) 


(c)  Yes.  /  . 

In  case  {R,  S,  Q}  is  coilinear  it  follows  by  Exercise  2(b)  that 
{R,  Sf  Q,   P}  is  coplanar.    Suppose,  then,  that  *{R,'  S,  Q9  is  ^non- 
collinear.    Since  {r,  S,  T}  is  noncollinear  and  {R,  S,  T,  P} 
and  {R,  S,  T\  Q}  are  coplanar  it  follows  by  Theorem  6-13 
that  P  -  R  and  Q  -  R  belong  to  [S  -  R,  T  -  R],  So, 
P  -  Q  €  [S  -  R,  T  -  R],    Since  {R,  *S,  Q}   is  noncollinear  and 
{Rf  S,  Q(  T)  is  coplanar  it  follows  that  T  -  R  €  [S  -  R,  Q  -  R] 
•So,  [Sr-  R,  T  -  R]  C  [S  -  R,  Q  -  Rj.    SinCe  S  -  R  =  <Q  -  R) 
+  (S  -  Q)  and  Q  -  R  -   -(R  -  Q)  i|  follows  that  [S  -  R,  Q  -  R] 
C  (R  -  Q,  S  -  Q],    So,  P  -  Q  6  [R  •  Q,  S     Qf]  from  which  it 
follows  that  {Q,  Vl,  S,  P}  is  coplanar. 

(d)  The  set  in  question  is  a  plane;   it  is  the  unique  plane  containine 
R,  S,  and  t.  ,  * 

The  set  in  question  is  £.    [See  Exercise  2(b),  ] 

[If  our  intuitive  notions  concerning  planes  are  correct,  and 
Definition  is  suitable,  then]  •  . 

(a)    {A,  B,  C,  D}  is  coplanar        -(b)  D  €  x 
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The  results  in  the  previous  exercises  should  suggest  that  the  ntftion 
of  coplanar  pamts  can  be  used  to  help  us  define  the  term  plane.  One 
way  to  use  this  notion  is  as  follows: 

(ii)  Given  thai  A%  fi,  £\  and  /)  are  points  of  tt*  then  A, 
B,  C\  and  I)  are  coplanar. 

We  saw  that  (i).  wasn't,  enough  to  fully  describe  what  is  generally 
thought  of  as  a  plane.  Neither  are  ii)  apd  (ii)  together.  Describe,  and 
draw  pictures  of,  at  Ifraat  two  sets  of  points  each  of  wjiich  satisfies  the 
conditions  (i)  knd  (ii)  but  which  are  not  what  you  consider  to  be  planes. 

Here  is  another  insight  into  the  relationship  between  coplanarity 
and  being  a^lane:  * 

(iii)  (liven  that  A,  B,  and  C  are  noncollinear  points  of  tt  and 
that  {A,  B,  0,  [)}  is  coplanar,  then  ^  s  a  point  of  tt. 

It  should  be  intuitively  clear  that  what  one  thi  iks  of  as  a  plane  satis- 
fies all  three  of  these  conditions,  und  any  set  fehieh  satisfies  (i),  (ii), 
and  (ih)  is  $  plane.  So,  the  above  discussion  Suggests  the  following 
definition: 

Definition  9-2    tt  is  a  plane  if  and  only  if 
(a)  tt  is  a  subset  of  <*  which  contains  at  least  three  non- 
col  linear  points,  and  vi  *  .  * 
<b>  VVVVVZ  [({X,  7,  Z)  c  tt  and  {X,  7,  Z)  is  noncollinear), 
—  VH.  [Wen—*  {X9Y,Z,W}  is  coplanar]) 

Notice  that  part  (a)  of  th$s  definition  says  what  (i)  says,  and  that 
pa^t  (b)  of  this  {definition  says  what  (ii)  and  (iii)  say.  In  words,  part  (b) 
says,  "If or  each  three  noncollinear  points  of  a  plane  tt,  any  fourth  point 
is  m  tt  if  and  only -if  it  and  the  three  given  points  are  coplanar." 

From  now* on,  we  shall  use  V  (pi)  and  V  Osigma),  with  or  without 
subscripts,  as  variables  whose  domain  is  the  set  of  planes  of  #  .  We  shall 
also  use  V  and  V  as  indices  or>  quantifiers.  Read  Vff*  as  Tor  each 
plane  tt',  etc.  ■ 


Exercises 
Part  A 


As  in  the  case  of  Definition  7-2  of  line',  Definition  9-2  can  be 
reformulated  in  various  ways.  In'  two  simple  reformulations  the 

.   .   VH.  [W*ir—+  {X,Y,Z,  W)  is  coplanar) 
in  part  (b)  is  replaced,  in  one  case  by: 

VH.  \W*  tt  *-*  (Y  -  X,  Z  -  X,  W  -  X)  is  linearly  dependent! 
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The  discussion  leading  to  the  adoption  of  Definition  c>- 2   is  similar 
to  that  on  pages  £7$   and  which  leads  to  the  adoption*  of  Definition 

„  7rZ.t     Roth  discussions  are,  of  course,  based  on  intuitive  notions  and 
each  serves  only  as  motivation  for  adoption  of  the  eor  responding  » 
definition. 

Condition  (1)  is  satisfied  by  any  set  ^'hich  consists  of  just  three 
,  noncolBnrar  pointy,  by  one  which  consists  oTthe  points  of  a  line 
together  with  a  point 'not  oj  the  line,  by  a  plane  with  a  hole  in  it,   by "  ^ 
itself,  and  by  many*  other  sets  which  are  not  plants.    Of  the  sets  men- 
tioned specifically  in  the  preceding  sentence,  condition  (ii)  rules  out 
only  Condition  (ii)  is  satisfied  only  by  sets  which  are  subsets  of  ?f 

planes#.     Condition  (ii)  tends  to  require'  71  \o  be   "small",  (ponditionsr 
(i)  and  (iii)  [on  page    J7t>|  force  77  to        "large"   among  sets  which 
satisfy   (ii).  ,  1 

v    definition  is*,  obviously,   analogous  to  Definition  1-1  on 

page    279.  - 

As  indicated  i\\  the  exercise^,*  definition  Q-2  can  be  modified  as 
was  -(il^'f  inition   7  -  Z  in  Kxercise    1    of  Part   A  on  page 

Answers  for  Part  A  \ 

1,      By  Definition  9-1,  tin1  sentences: 

Dtx.<=>{.\;   B.    C.   D}   is  coplanar'  . 

D  £  tt  <=^(B  -  A.   C  -  A,  D  -  A)  is  linearly  dependent 

are  equivalent.     [For  the  rest,,  see  the  answer  in  TC  280(1)  for 
Kxercise    1   of  Part  A.  j  V' 

TC  377  (1) 

2.    -m  By  Theorem  6-1  3   f^nd  the  definitions  0^  '{a,  t>  ]'  and  1 1  in'ea  rly  m 
dependent'),    if  (a ,  b)  is  linearly  indepenc^jt  then  (a-,  b,  c  )  is 
line  a  rly.  dependent  if  and  only  if  c  €  [a,  b  ].     So,   for*.  {A,    B,  C) 
'noncollinear.  . 

(B  -  A,   C  -  A,  D  -  A)  is  linearly  dependent 


D  ~  A  €  [B  -  A,   C*-  A].  *  • 

Hence,  under  the  same  assumption,  the  sentences: 

tWe  ^  <==^(.B  -  A,  C  ■  A,  W  -  A)  is  linearly  dependent] 

Vw   [Wc  t?-<=*  W  ■  A£(B-  A,  C-  A]j 

are  equivalent.  So,  the  conditional  sentences  which  have  these  as  M 
consequents  and  have:  f&M  *  ■  W  * 

(^A,  B,  C}  C   $*#nd  {A-!  b,  C}  is  noncollinear)  , 

.as  their  common  antecedent  are  equivalent-.    Consequently,  the  two" 
modifications  of  Definition  9-Z  are  equivalent.0      j     -  . 

Answers  for'  ^art'B  *  *  ■•  < 

1,  **Suppos&  that   {A,  >B,  C}  is  a  noncollinear  «eubget^of  vt  'Since  >  is 
^  plane  it  follows,  by  part  (b)  of  U^finitiqn  9-1,  that  D  €  it  if  and 
»        only  if  {A,  B,  C,   Dj  is  caplanar,    So,  in  this  case,  {A,  B,   C,  D} 
is  coplanar*    On  the^other  hand,  it  has  been  shown,  in  Exercise 
2(a)  on  page  375,  that  in  case   {A,   B,  C}  is  collinear  then 
{A,  B,  C,  Jl)   is  coplanar'  [whether  or  not  D  €  ir]< 
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^ndt  in  the  other,  by: 

V»\WcTr~>W  -  X*\Y  -  x;z  -  X\\  m 

1.  Tell  why  the  first  of  these  replacements  yields  a  statement  equiva- 
lent to  Definition  9-2, 

2.  Tell  why  the  two  replacements  yield  equivalent  statements  \Hint\ 
If  <«,  hf  <«)  is  linearly  dependent  and  (a,  h)  is  linearly  independent, 
What  can  you  infer  about  r*  live  \a\  h\  what  can  you  infer  about 
f«,  6,  r>?|  ' 


Part  B 


1.  Suppose  that  A,  /?,  t\  and  /;  are  points  of  a  plane  tt.  Show  that' 
[A,  tt,  f\  /.)}  is  coplanar.  l/Hnh  Consider  two  cased -that  in  which 
\A,B,C)  is  noncoi linear  and  that  in  which  \AtBtC)  is  collinear.J 

2.  (a)  Show  that  if  A,  /*,  and  C  are  noneolligear  poinis  of  a  plane  n 

.then,  •■ 

n  -  {X:  X  -  A  t\B  -  A,  (\  -  A}}.  ' 

(b)  Does  it  follow  from  tHe  result  in  part  (a)  that,  given  noneolli- 
near  points  4,  /?,  arid  C,  there  is  at  least  one  plane  which  eon- 
tains  theSe'  points? 

(c)  Your  answer  for  part  ih)  should  have  been  either  'Yes,'  or 'No/. 
Change  one  word  in  part  (b)  to  obtain  a  reasonable  question 
which  haq.  the  other  answer. 

3.  Suppose  that  /  is  a  line,  p  is  a  plane,  and  /  C  tt.  Show  that  tt  *  1. 
4-  Suppose  that  each  of  two  lines,  /  ancTm,  is  contained  in  a  plane  tt 

and,  also,  contained  in  a  plane  tr.  Show  that  n  -  it. 


Parte 


Exercise  2(a  )  of  Part  B  tells  us  that  there  is  at  most  one  plane  con- 
taining  the  noncoilinear  points  A,  B,  and  C,  and  gives  us  a  convenient 
description  of  the  only  subset  of  which  has  a  chance  of  being  such 
a  planer  As  at  the  corresponding  place  in  Chapter  7,  if  is  worthwhile 
to  introduce  a  definition: 

Definition  9-3 

~A$C  =  {X:  3X  3;  A'  -  £  +;  (B  -  A)x  +  (C  -  A)y) 

[Read  'A$C*  as  'cross  ABC.)  In  words,  ABC  is  the  set  of  all  images 
of  4  under  the  linear  combinations  of  B  -  A  and  C  -  A. 
I.  (a)  Explain  why  Definition  9-3  is  equivalent  to:  * 

.> 

ABC  ■=  {X:X  -At\B  ~A,C  -  A}}  • 
♦(b)  Is  it  the  case  that,  however  A,  B,  and  C  are  chosen, 
A$0  =-•  {X:  (B  -  A,C  -  A,  X  -  A)  is  linearly  dependent}? 
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of  •ila^rCn%1'f°e80ha,lfWay  tQ  Sh°Win«  that'  with  our  definition 
'     accord  \  De'lmt*on?-1   ls  consistent  tfith  the  usual  dt-finit.cn 

"rdB  «  t0  ?*!ch  Point,8  coplanar  if  and  only  if  they  belong  to 
borne  plane.  ,  What  should  be  shown  is  that  {A  B  C  D}  is  P 
coplanar  [according  to  Definition  9-1]  if  and  Q«ly  if  ' 

»,  '  C'  r  *•  Exercise  1  takes  cart;  of  the  if -,oart  The 
ttl  <Tn  Wrlhe  l'StabHsh^  bV  Theorem  9-1  on  page  378  in 
r     >ni  n  ]  18  "??.ncoll.»n«»'  I",  in  ™Y  case  three  of  A,  13, 

a"      «       ^rt"  "onco»»n««'l.    This  leaves  the  case  in  which 
some  line      i*      r"41     "  iaAwhich  <A-  R'  C>         «  a. subset  of 

CuTsion  of' it L     tr  >«on%t  ?f  ?"  A  °n  pa«e  28°'   and  tht"  dis- 
cussion of  it  on   FC  280(1„2}.  ]     To  handle  this  case  -  and  the 

corresponding  case  for  'collmear',  we  need  to  know  that  each 
point  belongs  to  some  line  and  that  each  line  is  a  subset  ofi«me 
Plane      rhese  results  follow  from  postulates  on  dimension' which 
are  adopted  mXJhapter   10.]  .  ' 

2.     (a)    This  is  an  immediate  consequence  of  part  (bj'of  the  second 

%Ti^f.rinition [c~ with part  B,°n 

(b)  No.    [Compare  with  Exercise  2(a)  of  Part  13  on'page  281.  j 

(c)  Change  the  word  Meast'  to  Tnosf.    [See  Exercise  2(b)  of  ' 
Fart  B  on- page  281,]  * 

i.     By  part  (a)  of  Definition  9-2,  "»  contains  three  nonc6llinear  points 
,        Given  three  Wh  points,  at  most  two  can  belong  to  i.    So,  one  of 
them   [at  least]  belongs  to  ,  but  not  to  t.    Since  tlere  eS.tTa 
point  of  tt- which  does  not  belong  to  /,  7  ^  f.    [Of  course  the 
assumption  that  t  C  v  is  ^relevant  to  the  argument  and  to  the 
case   /         '  ^  "  thCn*  triviallV'  «  *  »  ~  uninteresting 

4'      !Mm,^ntainVhree  noncoilinear  points.    As  noted  in  Exercise  ' 
.  y  /'      rCe  SU.ch.  points  arK  contained  in  at  most  one  plane.  Hence, 

Answer's  for  Part'C 

 "  ~>   s 

[Definition  9-3  is  obviously  analogous  to  Definition  7-3.  ] 

U    M)   fir  AaMB  "HA,a  +  (S  "/)b  ifa"d^V  if  D  -  A  =  ( B  -  A  )a 

+  (C  -  A)b.    Hence,  3x  3y  D  =  A  +  (B  -  A)x  +  (C  -  A)y  if  and 

•   -only  if  3X  3y  D  -  A      (B  -  A)x  +  (C  -  A)y  -  that  is,  if  and 

-  ^  nfx^'i2         ,C  "  Al   p^^^Jy.  «y  Definition 
9-3,  D  6  ABC  if  and_only  if  D  (  {X:   X  •  A  £  [B  -  A,  C  -  A]} 
'  In  other  words,  ABC  =  {X:  'X  -  A  et[B  -  A.  c  -  All 
[Compare  this  with  Exercise  2(d)  of, Part  C  on  page'  281.  j 
lb)    No     This  is  the  case  if  {A,  B,  C}  is  noncoilinear  [see  ' 

^xerctse  L  of  Part  A];   but,  if  {A,  B,  C}  is  c bilinear  then 
•      {X:   (B  -  A,  C  -  A,  X  -  A)  is  linearjy  dependent)  =8 

[Exercise  %  on  page   375],  while  ABC  is  a  line,or  consists 
of  a  single  point.  [See  Exercise  4,  below  ]  ? 


LANES  IN  A 

2.  (ai  Draw  a  picture  to  show  three  noncollinear  points  P,  Q,  and  R 
and  translations  Q  -  P  and  R  -  P. 

(b)  In  your  picture,  locate  the  points  C,  D,E,F,  G,  and//  such  that 
C  «  P  +  (Q  -  R)  +  (R  -  P)/ 

\D  =  P  +  iQ  -  P)i  +  (R- P)  -I, 
E  »  P  +  (fl  y  P)2,  ,jC 
,  F  =  />  +  (Q  -  P)  -2, 
G  *  P  +  (Q  -  P)«  -1  +  (#  -  P)2, 
//  =  P  +  Iff  -  P)  -1  +  (Q  -  P>-  -J. 
■  (c)  Why  is  each  point  described  in  part  (b)  a  point  in  P($R? 

3.  Show  that  {A,  B,  C}  Q  A$C. 

4.  What  kind  of  set  is  A$C  if  {A,B,  C]  is  collinear? 

5.  UABC  is  a  plane,  what  may  you  say  about  {A,  Bf  C}? 

9.03  The  Plane  Containing  Three  Noncollinear  Points 

We  have  seen  that  if  there  is  a  plane  which  contains  given  non- 
collinear points  A9  Bf  and  C  then  it  is  Since,  according  to  our 
intuition,  there  is  such  a  plane,  we  should  be  able  to  prove: 

*   [  Theorem  9-1   For  {A,  B,  C}  noncollinear,  t 
I     A$C  is  the  plane  whicfy  contains  At  B,  and  C. 

r~  ,-*--7  * 

/  B.  /  • 

/  ' 
*  ,  / 

Fig.S-2 

Since  we  already  know  that  {A,  B,  0}  Q  all  we  need  to  do  to 

prove  Theorem  9-1  is  to  show  that,  for  {A+  Bf  C}  nbncollinear,  ABC 
is  a  plane.  Since  we  already  know  that  part  (a)  of  Definition  9-2  is 
satisfied  [Why?],  ail  that  concerns  us  is  part  (b).  To  show  that  the  set 
ABC  satisfies  this  part  of  the  definition,  we  must  show  that 

if  {P,  Q,  R}  is  a  noncollinear  subset  of  A&C  then 

DeAfiS— >b -P€[Q -P,R  -Pk 

[Explain.  1  Recalling  Exercise  1(a)  of  Part  Ct  the  most  reasonable  way 
to  attempt  to  carry  this  out  is  to  assuqie  that 


(*)         {P9  Q,  R}  is  a  noncollinear  subset  of  A$C 
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Answers  for  Part  C  [cont,] 
2.  (a)/(b) 


(c)i   For  each  of  the  points,  there  are  real  numbers  as  required  by 
Definition  9-3.  * 

3,  A  =   A  +  <B  -  A)0  +  (C  -  A)0-    B  =  A  +  (B  -  A)  1  +  (C  -  A)0; 
C  =  A  +  (B  -  A)0  4  (C  -  A}1  ' 

> 

4,  Suppose  that  {A    B,  C}  is  collinear.    If  C  =  A  then,  by  Definitions 
9-3  and  7-3,  ABC  =  AS,    If  C  *  A  then,  since  {A,  B,  C}  is 
coliinear,    B  -  A  €  jC  r  Al   [Theorem  6-13]  and,  by  Exercise  1(a) 
and  Definition  7*-3,  ABC  =  AC.    In  either  case,  ABC  either  is  a 
line  or  consists  of  a  single  point% 

5,  By  Exercise  3  of  Part  B,  a  plane  is  not  a  line,  and  by  (a^of 
Definition  9-3,  no  plane  consists  of  a  single  point.    So.,  by 
Exercise  4,  if  ABC  is  a  plane  then  {A,  B,  C}  is  noncollinear. 


Theorem  9-1  is  analogous  to  Theorem  7-1.    Just  as  Theorem  7-1 
implies  that  two  points  belong  to  a  unique  line,  Theorem  9-1  implies 
that  three  noncollinear  points  belong  to  a  unique  plane. 

By  Exercise^  3  of  Part  C,  {A,   B,  C}  Q  ABC  so,  for  {A,  B,  C> 
noncollinear,  ABC  contains  three  noncollinear  points  [and,  so, 
satisfies  parj  (a)  of  Definition  9-2.  ] 

The  explanation  asked  for  in  line  3b  is  to  the  effect  that  one  MmayM 
universally  generalize  on  a  variable  in  the  consequent  of  a  conditional 
sentence  if  thi#  variable  does  not  occur  in  the  antecedent •  {For^this 
rule  of  logic,  see  Exercise  2  of  Part  C  on  page  251,] 
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and,  yith  the  help  of  this  assumption,  show  that 
i  (1)  D  -  A  t[B  -  A,  C  -  A  ]+-*!)  -  Pe{Q  -  P,  R  -  p\.  ' 

—-Since,  by  (*),  P  t  A$<C it  follows  that  '  . 

m 

.      ■  P  -  Ae[B  -  A,C  -  A\. 

So,  if  either  of  I)  -  A  and  D  -  P  belongs  to  [B  -  A,C  -  A  J  then  So  does 
the  other.  1  Explain.]  Hence,  in  place  of  (1),  it  will  be  sufficient  to  derive: 

(2) 9  D  -  P  e \B  -  A,  C  -  A]  *— ►  /)  -  P  €{Q  -  P,  i?  -  />] 

Since,  in  (2),  D  may  be  any  point  in  f,  D  -  P  mky  be  any  translation 
in  .7  .  So,  deriving  (2)  amounts  to  deriving: 

(3)  \Q  -  p,  R  -  P]     \B  -  A,C  -  A] 

To  see  how  to  u§e  (*)  in  deriving  (3),  we  neefl  to  see  what  (*)  tells  us 
about  the  translations  Q  ~  P  and  R  -  P.  In  the'  first  place,  by  the 
definition  of 'collinear',  (♦)  tells  us  that 


{Q  -  P,  R  -j/P)  is  linearly  independent. 


In  the  second  place,  by  Exercise  1(a)  of  Part  C,  (*)  tells  us  that  P  -  A, 
Q  -  A,  and/?  -  A  all  belong  to  \B  -  A,  C  -  A  ].  From  this  it  follows  that 

(**>Q  -  Pe\B  -  A,C  -  A]  and  R  -  Pt[B  -A,C  -M* 

So,  we< shall  have  proved  Theorem  9-1  if  we  are  able  to  derive  (3) 
from  (*•)  and  (**).  In  doing  so  we  shall  be  dealing  with  the  translations 
Q  -  P,  R  -  J3,  B  -  A,  and  C  -  A  rather  than  with  the  speeific^points 
P,  Q,  R,  A,  B,  and  C.  So,  we  may  expect  to  find  it  more  convenient  to 
prove  a  .general  theorem  about  translations  similar  to  those  of  Chap- 
ter 6.  Looking  at  (*),  (*.*),  and  (3)  suggests  that  the  theorem  we  need 
may  be  stated  as  follows:  . 

-emma  ^ 

J)  is  linearly  independent'and      3}  Q  [a,  V]) 

— >  [c9  d]  =  [a9  b] 

[A  lemma  is  a  theorem  whose  main  use  is  to  simplify  the  proofs  of 
other  theorems.]  This  result  should  ^seem  intuitively,  reasonable  to 
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The  explanation  asked  for  preceding  (I)  is  that  since 
D  -  P  = '  (D  -  A)  -  (P  -  A)  and  D  -  A  =  (D  -  P}  +  (F  -  A)  and  since 
[B  -  A,   C  -  A],  being  a  vector  space,  is  closed  under  subtraction  an<J 
addition,  -  it  follows  that  if  D  -  A  and  P  -  A  belong  to*this  space  then 
so  does  D  ~  P  a.nd  if  D  -  P  and  P  -  A  belong  to  it;  then  so  does  D  -  A, 

As  to  the  argument  just  used  shows  that,  for  example,  if 

P  -  A  and  Q  -  A  belong  to  [B  -  A,  C  -  A]  then  so  does  P  -  Q  —  for, 

P  -  Q  =  <P  -  A)  -  (Q  -  A). 
« 

This  lemma  is  stated  [and  provedfon  TC  299(2)    where  it\s  show,n 
to  be  related  to  Exercise   5  of  Partf^A  on'page  299.    The  proofeiven 
tltere  is  suggested  to  students  in  Exercise  2  of  Part  D  on  pa^T  384  , 
Another  proof  is  suggested 'in  Exercise  1.    The  third  proof  suggested 
here  makes  use  of  properties  of  determinants  developed  in  the  Background 
Exercises  on  pages  271   and  274.    As  pointed  out  in  the  text  following 
the  lemma,,  what  needs  to  be  proved  is  that  if  (c,3)  is  linearly  inde- 
pendent then  the  equations;  ' 


c  =  ac1  +  hep 
cf  =  adx  +  bcL, 


can  be  solved  for  'a*  and  We  note,  Jirst,  that  if  (a,  0)  is  linearly- 

dependent  then  either  [a,  [a]  or  (a,  b        [b*]  and,  so,  if  (*) 

holds  then  either  {c,  3}  C  [a]  or  {c,  3}  C  •[£].    And,  in  either  case, 
(ctcT)  is'  linearly  dependent.    Since  we  are  supposing  that  this  is  not  the 
case  —  and  that.  (*)  holds  — (a,b)  is  linearly  independent.    Now^  by  * 
pages  273  and  274^  [with  the  roles  there  assigned  to  (c,3)  and  (a,b) 
interchanged],  if  (a,  S)  is  linearly  independent  and  (#)  holds 


solved  for  'a'  and  *h\ 


Incidentally,  the  proof  of  Theorem  7-1  can  be  carried  out  along 
the  lines  indicated  for  the  proof  of  Theorem  9-1.    The  Analogue  of  the 
lemma  which  is  needed  for  this  proof  of  Theorem  7-1  is.:/ 

{c  *  (5  and-  c€  [a])         [c  }  *  (a] 

The  proof  of  this,  like  that  just  given^for  the  lemma,  involves  showing 
that  if  c  =£0  then  the  equation  'c  =  ac*  can  be  solved  for  'a\    This  is 
fairly  obvious,  since,  if  ac  4  ^  then  c  #  0,    It  is  essentially  this  that 
is  used,  on  page  283     in  the  1 1  De rivations.of  (ii)'*. 

Finally,  note  that^the  argument  given  above  for  the  lemma  shows 
that,  assuming  I*),        3)  is  Irn^ariy- independent  if  and  only  if  fa,S)  is 
linearly  independent  and  Qxd2  -  c2d.x  #0. 
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you.  In  the  first. place,  if  c  and  J  are  linear  combinations  of  a* and  7? 
—  that  is.  if 

,  <  '  a  ■-=  ad.  f.  txi ., 

for  some  values  of  V,',  V_,\  •«/,',  and  'cC-then,  clearly,  any  iinear 
combination  of  c  and  ri  is  also  a  linear  combination  of  a  and  6-fchat  is, 
|<\  rfj  C  \af  h\.  And  if,  in  addition,  k\  d)is  linearly  independent  then 
you  might  expect  to  be  able  to  solve  equations  44)  to  show  that  <T and 
h  are  linear  combinations  of  c  and  cl.  The  lemma  can,  indeed,  be  proved 
in  this  way.  Another  proof  is  developed  in  Part  D  of  the  exercises 
which  follow.  Pending  this  we  shall  take  Theorem  9-1  approved  and 
investigate  some  of  its  donsequenees.  '  1  . 
One  immediate  corollary  of  Theorem  9-1  is: 


There  is  one  and  only  one  plane  which 
contains  three  given  noncol linear* points. 


More  briefly: 


« 


Corollary  • 

Three  noncollinear  points  cteterfnirie  [uniquely]  a  plane.  * 


Exercises 
Part  A 


1,  (a)  Show  that  if  P  and  Q  ar£  two  points  of  a  plane  n  then  there  is  a 

third  point-say,  /?  -  such  that  rr  «  P($R. 

(b)  Show  that^iTP  6  7r  then  there  are.  points -..say,  Q  and R -such 
J    that  7T  «  PQR. 

(c)  Show  that,  for  any  plane  tt,  there  are  points -say,  P,Q,  and  R 
-such  that  tt  =  PQR. 

2,  Prow:  "  ^ 

Theorem  9-2  \ 

({D,  E>  F)  C  A&C  and  {D9  E,  F)  is  noncollinear) 

3,  Show  that  .  ,         _^  . 
(a)  AjjtC  «  AC^fl  and  (b)  AlJc  »  S^¥, 
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In  order  tp  insure  that  students  understand  the  uses  6f  Theorem 
9*1,  we  recommend  treating  Part  A  of  the  exercises  in'class,  followed 
by  Parts  B  and  C  fdr  'homework.    Part  D  can       rather  complicated 
for  some  students  so  it  is  probably  better  to  do  these  exercises  in  class 
also.     Parts  E  and   F  make  another  nice  homework  set. 

Answers  for  Part  A  , 
- 

I.     (a)    Since  tt  is  a  plane  it  contains  three  noncollinear  points^.  For 
any  three  such  points,  at  least  one  is  not  a  point  of  PQ.  So 
there  is  a  point  of  ff.  —  say,  R  —  such  that  {  P,  Q;  R}   is  non- 
collinear.   Since   PQR  is,  then,  the  only  plane  which  contains 
these  points,   n  -  PQR. 

(h)    As  in  (a)  there  arg  $hree  noncollinear  points  in-  rr  —  say,  ^A^ 
BH  and  C.    If  P  4  ABjJien  let  Q  =.  A  and  R  =   B.  •  If  P  €  AH 
and  P  ^  A  then   P  4  AC.    In  this  case  take  Q  -  A  and   R  =  C, 
If  P  -  A,  take  Q  -    B  and  R  -   C.    In  all  cases.,  { P,  Q  R} 
is  a  noncollinear  subset  of  it  and,  as  in  p£rt  (a>),  tt  ~  PQR. 

(c)    Let   P,  Q,  andRbe  any  three  noncollinear  points  of  n.  Then, 
as  in  (a),  w  ~   PQR.  .  — ■ 

f  y  *   ' 

Z.     Suppose  that  jD,  K.   Ft  is  a  noncollinear  subset  of  ABC.  It 

follows  that  ABC  is  not  a  line  or  a  set  consisting  of  a  single  point, 
So,  by  the  result  of  Exercise  4  of  Part  C  on  page    378,   {A,   B,  C} 
isnot  collinerar.  ¥  Hence,  ,ABC  is  a  plane.     But,  by  Theorem  9  "1 , 
DEF  is  the  only  plane  containing  {D,  Et   F}.    Ilence,  ASC  =  D£F. 

3.     (a)    Since  [B  -  A,  C  -  A]  =  [C  -  A.  B  -  A]  it  follows  by  Exercise 
1(a)  of  Part  C  on  page  377  that  A^C      ACB.  , 

.    (b)    Since  C  -  A      (B  -  A)  f  (C  -  B)  and  B  -  A  =  -(A  -  B), 

[B  -  A,  C  -  A]  t  [C  -  B,  A  -  Bj.    Similarly,  [C  -  B,  A  -  B] 

*C  [B  -  A,  q  -  AL  So,  [B  -  A,  C  -  A]  =  y\C  -  B,  A  -  B]  and,  v 
as  in  part  (a),'  ABC  =  BGA, 
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4.  On  your  paper,  draw  a  picture  of  the  plane  MTvT5  and  of  points  A,  fl- 
and  C  which  are  contained  in  M^jp.  [Qu^tion:  How  must  the  points 
A/,  Ar,  and  P  be  related  in  order  that  A/TtfP  is  a  plana?! 

(a)  In  your  picture,  locate  each  of  the  points  Dt  E\  b\  G,  H,  and  /, 
whele 

D  =  A  MJ3  -  C)  ■  -1,  £  =  4  +  Ifl  -  C)l 
F  =  M  +  KB  -  C)  •  -1,  (;  =  M  +  (AT  -  P>i, 
//  -  .4  f  fC  -  /  -  P  +  (jj  -  A). 

(b)  Which  of  the  points  given  in  ia)  are  in  M&P? 

(c)  Show  that,  for  each  a,  ^  +  (/?  -        is  a  point  in  MpP.  What 
does  this  tell  you  about  Aifand  ii/XrP? 

5.  Prove  the  following. 

(a)  If  {A,  B }  C  tt  then  Xff  is  a  subset  of  tt.  * 

(b)  Each  triangle  is  $  subset  of  the  plane  containing  its  vertices. 
%  6.  Suppose  that  /1  and  /.,  are  tivo  lines  which  intersect  in  the  point  P. 

(a)  Show  that  there  are  three  noncollinear  points  among  the 
points  of  lx  and  /.,« 

(b)  Show  that  /,  and  / ,  are  contained  in  exactly  one  plane. 

7.  Suppose  that  /  is  a  line  and  Q  is  a  point  not  on  /.  •* 

(a)  Show  that  h  U  {Q\ contains'  at  least  three  noncollinear  points! 

(b)  Show  that  /  and  Q  are  contained  in  exactly  one  plane, 

(e)  How  many  lines  are  parallel  to  /  and  contain  Q?  Show  that 
each  such  line  is  a  subset  of  the  plane  determined  by  /  and  Q. 

8.  Suppose  that  /  and  m  are  two  parallel  lines.  How  m&ny  planes  con- 
tain both  of  these  lines?  Justify  your  answer. 

•  * 
In  the  preceding  exercises  you  have  proved  several  theorems  which 
e  worth  recording:  .  v 

.  I  Theorem  9-3 

A  plane  contains  the  line  determined  by  any  two  of  its  pointa 

Theorem  9-4  ^ 

A  line  and  a  point  not  on  that  line  determine  a  plane. 

*  •  . 

Theorem  9-5 
Two  intersecting  lines  determine  a  plane. 

Theorem  9-6 
Two  parallel  lines  determine  a  plane. 
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Answers  for  Part  A  [cont.] 

4,     (a)    [{M,  N,   P}  must  be  noncollinear  for  MNP  to  be  a  plane. 


M  DAE 
~*         "  \  ^  

P        \  \  ^ 


\    (K  45 

(h)    Ail  the  points  given  in  (a)  belong  to  MJJp. 

(c)    Since  {A,  B}   C  MNP,   A  -  M  £  [N  -  M,«  P  -  M]  and 

B  -  M  €  [N     M,   P  -  Mj,    Since   B  -  A  *   ( B  -  M)  -  ,(A  -  M)  it 
follows  that  B  -  A  €  [N  -  M,   P  -  M]  and,   so,  that  [B  -  A] 
C  [N  -  M,   P  -  M].    Hence,  if  C  -  A  €  [B  -  A]  then 
C  -  M      (C  -  A)  +  (A  -  M)  e  [N  -  M  ,  P  -  Mj.    So,  for  each 
x,  if  C  =  A.+  (B  -  A)x  then  C  €  MNP.    In  brief,  AB  C  MNP. 


(a)    By  Exercise  1(c),  tt  =   PQR,  for  properly  chos.cn  ipointg  P, 
Q?vand  Rj    By  Exercise^4<c ),  if  {A,   B}   C  PQR  then 
AB  C   PQR,    Hence,  if  {A,   B)   C  tt  fhen  ~All4C  tt. 


Mb)    A  ABC  C  AB  w  BC  ^  CA  and,  by  part  (a),  each  of  these 

lines  is  a  subset  of  the  plane  A^C  which  contains  noncollinear 
*\  pdints  A,  B,  and  C. 

*  t  * 

6Y    (a)  "Let  Q  and  *  R  be  points  of  I,   and         respectively,  which  are 
different  from  P.    Then  R?^  =   p3  and,  so,  P,  Q,  and  R 
are  three  noncollinear  points, 

(b)    PCJR  i-s  the  only  plane  which  contains   P,  Q,  and  R;   so,  it  is 
the  only  plane  which  can  contaig  tx  [=  1?Q]  and  i2  f-^j,  gut, 
since  {P,  Q}  Q  PQR,  t%  Q  PQR,  and,  similarly  l2  C  PQRi 

7.     (a)    Let  P  and  I?  be  two  points  of  i.    Since  Q^i  =   PR,  { P,  Q,  r} 
'     is  noncollinear.  . 

(b)    Since  {P,  R)  C  Jqr/'|  =  PR  C  pS5.  , Since  Q  6  pSr, 
{Q}  C  PQR.    ^ut,  any  plane  which 


i  ^  {Q}  C  PQR.    9ut»  plane  which  contains  ^.v^  {Q} 

contains  .{P,  Q,  R}   and  the  only  such  plane  is  PQR,  .,  « 

ic)   There  is  just  one  line,  Qff]  whicli  contains  Q  and  is  parallel 
4   to  i.    A  point  C  belongs  to  this  line  if  and  only  if  C  -  Q 
A   [I]  -  [P  ~  RJ.    SiacgJP  -  R]  CJP  ~  -  Q],  any^uch 

-point  C  belongs  to  QPR,    But,  QPR  -  P?3R.    Hence,  Qp] 
•  is  a  subset  of  the  plane  PQR  determined  by  i  and  Q,  r 

Let  Q  €  m.    Since  m  ||  t%  m  =  Q[l]  and,  by  Exercise  ?,  is  a 
subset  of  the  plane  determined  by  i  and  Q.    No  other  plan 
contain  both  I  Und  m  because  no  other  contains  I  and  Q, 
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I  Note  that,  for  example,  Theorem  9  -  4  is  short  for:  s'  < 

(liven  a  line  and  a  point  not  on  it,  there  is  one  and  only 
one  plane  to  which  the  given  point  belongs  and  of 
which  the  given  line  is  a  subset. 

• 

Restate  Theorems  9-5  and  9-6  in  this  more  explicit  form.  Note,  also* 
that  it  follows  from  Theorem  9-6  that  any- two  parallel  lines  are 
coplanar.] 

PartB 

LA  plane  quadrilateral  is  a  quadrilateral  which  is  a  subset  of  some 
plane.  Show  that 

<a)  trapezoids  are  plant*  quadrilaterals  [What  about  parallelo- 
grams? |, 

(b)  convex  quadrilaterals  are  plane  quadrilaterals, 

(c)  nonsimple  quadrilaterals  are  plane^quadrilaterals, 

(d)  if  a  quadrilateral  is  not  a  plane  quadrilateral'then  it  is  both 
simple  and  noneonvex. 

2.  Is  the  converse  of  lid)  a  theorem?  Justify  your  answer. 

3.  Show  that  lines  which  are  transversals  of  the  same  two  parallel 
lines  are  coplanar. 

Although  if  two  lines  are  parallel  then  they  have  no  point  in  com- 
mon, the  converse  isjiot  true.  (Explain.)  So,  given  two  lines,  one  can- 
not [in  general!  conclude  that  they  either  are  parallel  or  have  a  non- 
empty intersection.  In  spite  of  this,  we  discovered  in  Chapter  8  many 
situations  in  which  we  were  able  to  draw  this  conclusion.  [Theorem 
8-2  is  a  case  in  point.]  In  each  case  we  were  able  to  do  this  because  we 
had  additional  information  about  the  lines  in  question.  It  is  now  easy 
to  see  that  this  additional  information  implied  that  the  given  lines, 
were  coplanar,  [Check  this  in  the  case  of  Theorem  8  -  2.]  This  suggests 
that  we  might  be  able  to  prove;  .  - 

,s  «• 

II  Theorem  9-7  4  ' 

•jl     Two  noiiparaliel  coplanar  lines  intersect. 


So 


Fig.  9-4 
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Theorem  9-5: 

Given  two  intersecting  lines,  there  is  one  and  only  , 
one  plane  of  which  both  are  subsets. 
Theorem  9-6:  ,  u  P 

Given  two  parallel  lines,  there  rs  one  and  only  one 
plane  of  which  both  a,re  subsets. 
Answers  for  Part  B 

1. U)    The"^ines  containing  two  bases  of  a  trapezoid  a^re  subsets  of  a 

plane.    Since  the  vertices  of  the  trapezoid  belong  to  these  lines, 
the  lines  containing  the  other  sides  are  subsets  of  this  plane.  s 
Since  the  trapezoid  is  a  subset  of  the  union  of  these  four  lines, 
it  is,  also,  a  subset  of  the  plane  in  question,  [Parallelograms 
are  trapezoids^ ] 

(b)    The  lines  containing  tthe  diagonals  of  a  convex  quadrilateral 
^    are  subsets  of  some  plane.    It  follows  that  the  vertices  of  the 
quadrilateral  belong  to  (this  plane  and,   so,   as  in  part  (a),  the 
quadrilateral  is  a  subset  of  the  plane. 

(e)    [Like  (b),  but  start  with  lines  containing  two  intersecting  sides.] 

(d)    This  follows   [by  contraposition]  from  parts  (b)  and  (c). 

That  two  parallel  lines  have'no  common  point  follows  from  Exercise. 
1(e)  of  Part  C  on  page  29  3.    Lines  with  no  point  in  c/ommon  may  be 
skew.  ' 

The  lines  referred  to  in  Theorem  8-2  are  all  subsets  of  the  plane 
determined  by  the  parallel  .lines  AC  and  BD. 

2;  No,  [There  are^simple  noncqnvex  quadrilaterals  which  are  plane 
quadrilaterals.]  '•■ 

3.  #Tw6  parallel  lines  determine  a  [unique  ]'  plane  and  any  line  which 
is  a  transversal  of  both  is  a  subset  of  that  plane.  All  such  trans- 
versals will  thus  be  coplanar, 
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Answers  for  Part  C  ^ 

l/    Show  that  C  -  A  €•  [B  -  A,   C  -  D]. 

2.  C€  CD  but,  lay  hypothesis,  C  ^AB.    It  follows  that.  {A,  B,  $C}  is  a 
noncol  linear  sublet  of  any  plane  which  contains  AB  and  CD  and, 
hence,  that  the  only  such  plane  is  ABC. 

3.  That  D  -  A  €  [B  -  A,  C  -  A].  '*  \ 

4.  That  C  -  D  €  fB  ~  A,  C  -  A]. 

5.  •    No.    But  we  also  know,  vby  hypothesis  that  cl)  J/f  a5p  So, 
,    [C  -  D]  *  [B  -  A]  and  it  follows,  since  C  -  D      ft,  that 

C  -  D  £  [B  -  A].    [Thi  $  is  fairly  obvious  and  easily  proved*  but,  if 
a  reference  is  needed,  it  is  to  Exercise  4  of  Part  B  on  page  2&2,] 
Since  C  -  D  ftjB  -  A]  and  B  -  A  £  (J  it  follows  by  Theorem  6-13 
that  {B  -  A,  C  -  D)  is  not  linearly  dependent.    But,  by  the  pre- 
ceding Exercise  4,  (B  -  A,  C  -  D,  C  -  A)  is  linearly  dependent. 
So,  by  Theorem  6-13^  C  -  A  6  [B  -  A,  C  -  D].    [Hence,  by 
Theorem  8-1,  AB  rs  CD  #  0.  }  [A  different  argument  is  given 
in  E*erci*e  2{a)  of  fiart  D>  below.  ] 


'8S  7 


The  Plane  Chaining  l%ree  Nonrollinear  Prfints  383 

Parte 

Suppose  that  X&  and  f  /)*  are  coplanar  lines  such  that  C  iXBand 

1.  Wh^t  does  Theorem  8-1  suggest  as  a*  way  of  proving  that 

A  b  n  £  b  *  0? 

2.  Show  that  Ab  +  t~D%  and  that  the  plane  containing  %JB  U  is 

~  ,  .3.  It  follows  from  Exercise  2  that  DeA$C\  What  does  this  tell  ydt* 

*  about  D  -  'A?  \' 

4.  It  is  also  the  case  that  C  -  A  *{B  -  4,  (7  From  this  and 

Exercise  3,  what  can  you  conclude  about  C  -  D?  > 
,         5.  Compare  your  answers  for  Exercises  1  and  4.  Can  you  derive  the 
former  from  the  latter  alone?  If  you  cant  do  so.  If  not,  do  you  have 
any  additional  information  from  which,-  together  with  the  result 
of  Exercise  4,  you  can  derive  your  answer  for  Exercise  1?    "■■  * 
.    •  &  Use  what  you  have  established  in  Exercises  1-5  to  prove  Theorem 
,       9-7.  {No  further  algebra  is  needed.]' 
%         #  7.  Prove:  *  '<  s 

[  Theorem  9r-8  *  *  , 

%  Two  liftes  are  parallel  if  and  oniy  if  they  are  coplanar 
and  have  no  commofl  point.  , 

{Theorem        is  often  used  as  a  definition  of  parallelism  for  lines.  ] 
&  Show  that  a  line  which  is  coplanar  with  two  parallel  lines  and  is  a 
transversal  of  one  of  them  is  also'  a  transversal  of  the  otfrej*. 

PartD       t  *  *  m 

\Ve  have  still  to  pVove  the  lemma  to  which  we  reducedLthe  proof  of 
Theorem 6-1:  ' 

((<£dft  is  linearly  independent  and  (cilfl  q  (a,T\)  — [clxt]  *  [a\Vi 

v  {Incidentally,  we  shall  have  other  uses  for  thijs  lemma  later.]  The 

  following  exercises  (and  faints)  outline"  two  proofs  of  tfas  lemma: 

■  '  .         $  » 
h  Suppose  that  (<%  df)  is  linearly  independent  and  {c,H}  Q  [atlh. 
(a)  Why  does  it  fallow  that  &ct}Q  (atVi? 
ib>  What  remains  &J>e  derived  from  .the  assumption?  What  does 
answer  for  part  (a)  suggest  as  to  how  to  go  about  deriv- 
ing this?  m  w  -  . 
(c)  The  linear  independence  of  (cTcfy  shpuld  remind  you^of  an  ear- 
.  lier  theorem  which       allow  you  to  carry  out  the  suggestion 
of  part  ih)  in  one  cast;                    *  * 
-     <d)  Complete  the  proof  of  the  lemma  by  showing  that  if  {cfH} 
v                C  {<*,&}  then  (c,7?tli)  is  linearly  dependent 

y  *       ,  ...        -  • 

*  A..  '  <S  ' 
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6.  Suppose  that  I  and  no  are  two  copUnar  nonparallel  lines.  "  Let  A 
and  B  be  twQ. points  of  I,  C  a  point  of  m  wh^ch  is  nc*t  on  i,  and  D 
a  point  of  rn  different  from  C.    Then  I  -  Afi,  m  =  cB,  and  the 
hypotheses  for  Exercises  1  -  5  are  satisfied.    So,  by  Exercise  5, 
it  follows  that  1  a  m  #  0. 

7.  By  Tfteorem  9-6,  two  parallel  lines  are  coplanar  and,  by  Theorem 
7-6  [or- Exercise  1(e)  of  Part  C  on  page   293],  they  have  no 
common  point.    On  the  other  hand,  by  Theorem  9<-7,  coplanar 
lines  which  have  no  common  point  cannot  be  nonparallel. 

8.  Suppose  that  1  and  m  are  two  parallel  lines  and  let  *  be  the  plane 
which  contain*  them.    Suppose  that  n  is  a  line  which  is  contained 

m    in  ■»  and  intersects  I  at  a  single  ooint.    It  follows  that  n      I  and 
[by  transitivity  of  parallelism]  n  ]if  m.    It  also  follows,; since 
I  o  m  -  0,  that  n  £  m.    So,  by  Theorem  9-7,  n  ^  m  #  0  [and, 
of  course,  consists  of  a  single  point]. 

Answers  for  Part  D 

1,     (a)    Since,  by  hypothesis';  c  and  3  are  linear  combinations  of  a 
and  b,  so  is  any  linear  combination  of  c  and  3,    [It  may  be 
well  to  call  attention  to  the  fact  that  this  follows  from  Postu- 
lates 47,  48,  the  1 'twist  principle"  '(a  +  S)  +  (3  +*3)  =  (a  +  c) 
+  (S  +  cr)1,  and  Postulate  46,  ] 

(b)  That  [a,  S]  Q  [c9  3j".;   Show  that  {a,  5}  £  *[3,  3]. 

(c)  In  case  (c,  3,  a)  is  linearly  dependent  it  follows  by  Theorem 
6-13  tljat,  since  {c,  3)  is  linearly  independent,  a  €  [c,  3]. 
Similarly,  if  (c ,  3,  S)  is  linearly  dependent, then  S  €  [c,  3]. 

(d)  Suppose  that  c  -  acx  +  Sc2  and  3  =  adx  +  td2.    It  follows 
that  cd^  -  ctc2  «■  afa^  -  4xtfa),    Now,  supposing  that  (c ,  3,  a) 
is  linearly  independent,  it  follows  that  c2  =  d2  =  0  and  so^ 
byoiir  original  assumption,  {c,  3}  C  [a  ],  and  (3,3)  is 
linearly  dependent*    But,  supposing  that  (3,3,  a)  is  linearly 
independent,  (c,3)  is  linearly  independent.    From  t)iis  ton-  ■* 
tradiction  it  follows  that  {c,  3,  a)  is  not  linearly  independent. 
{Similarly^ .  (c*,         is-  nc*t  linearly  4nd#pendent .  Hence,  if  — 
{?,  3}  *C  [a,       then  (3,3,3)  an3  (c ,  3, S)  are  linearly 
dependent/  So,  by  part  (c),  if,  in  addition,  (3,3)  is  linearly 
independent  then  {a,  S}  £N  [3,  3],    H  follows, that 

\  1%  S]  C  |3,  3]  and  so,  by  f^art  ^a)/that  [ca  3]  m  lt.  $].] 
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2,  Another  proqf  of  the  lemma  starts  from  the  argument  you  may 
v.  have  used  in  Exercise  5  of  Part  C.  The  result  established  there  is 

stated  in  part  la),  below.  Prove  each  of  the  following. 

(a)  (e*€  (a,  h)  and  rV  lap  — *  tie  [a,  c] 

ib)  ivc  la,  ti\  and  v'tUi})       |«,  <•]  *  |«,  ti)>.  i 

<c)  <k(/[  C  jaf  6ltr>|alf  and  [o^  J//'m*:  Use 

part  (b)  twicer- the  second  time  with  ^for  v  k 

(d)  Mr,  t/)  is  linearly  independent  and  fe*  of}  £  \a,  V))  — ►  U\  tf| 
_=  [a,  6)  | //in/':  Use  part  lc)  twice-the  second  time  with  7?  and 
'A  interchanged.  This  will  take  care  of  all  cases  except  that  in 
which  c  c  la |  and  c;  €  \b\.  Show  that  this  case  cannot  occur.) 


Prove: 


is 


(a)  (U\  (!)  is  linearly  independent  and '(c*9~J)  Q  [a,  b)\  —•  (a,  b) 
linearly  independent.  j 

<b>  {c\  ct,  e)  C  |a,  ibl  — *  (c*  c£  ^  is  linearly  dependent.'  [//m£:  Use 
the  lemma  proved  in  Exercises  1  and  2.  J 


Part  E 


In  th**^  exercises  we  shall  be  concernjed  with  the  translations 
which  map  a  given  plane  tt  into  itself.  Since,  b^  Definitibn  7-7  [see 
page  ?95)  the  image  of  tt  under  the  translation  a  is  7r  +  a*  the  transla- 
tions we  are  interested  in  are  those  for  which  tt  4-  V  £  tt.  Before  read- 
X  inM  further,  your  experience  with  lines  may  suggest  to  you  what  we 
v  are  about  to  discover,  and  why  it  is  of  interest.  ^ 

1.  Suppose  that  -n  f  a  Q  tt.  Show  that  there  are  points -say,  Q  and/? 
-which  belong  to  tt  an^J  are  such  that  a  -  R  -  Q 

2.  Suppose  thai  P I Q,  and  R  are  points  of  tt.  Show  thai  P  4-  (R  -  Q)€tt. 
[Hint:  Consider  tfre1  *ase  in  which  Q  =  R  and  the  case  in  which 

Q  *  R.h  . 

3.  Prove:  •  *  *. 


tt  +  a  Q  rt  +-*       (Y  e  tt  and  Z  €  tt  and  a*  =  Z  -  Y) 


Part  F 


Suppose  that  C}  is  a  noncol linear  subset  o£ja  plane  tt. 

1.  Show  that  if  P  and  Q  belong  to'ir  then  Q  -  PffB  -  A,C  -A]. 
a  &  Show  that  if  a*€  |B  -  A,C~  A ]  then  there  is  a  point  -  say,  P  -  such 
that  P  €  it.  and  P  —  A  ct. 
3.  Conclude  from  Exercises  1  and  2  that  . 

IB  -A,C  -Al  =  (S 3V3*  (7  c  rr  and  Z  e  ir  and 7-  Z  -  F)} 

Show  that  if  P sn  and  as  IB--  A,  C  -  A]  thenP  -KcTeir. 
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Answers  for  Part  D  (cont.j 

2,  (a)    Suppose  that  c  €  [  a,  K  ]  antf  c  i  [  a  J,    It  follows  that  there  are 

number*'—  say,  c1  and  V,  —  such  that  c  =  ac x  +  Sc2  and 
^  0.    feo,  S  =  a«  (-c^^)  +  c  •  /c^,  and  S  €  [a,  c  ]. 
(b)    Suppose  that  c  £  [  a\  b  ]  and  c  4  [  a  ],    SiAce  a  €  [a,  b  ]  and 
cc[a,  S],,[a,  c]  C  [a,  b  ].    On  the  other  hand,  by  part  (a), 
Se[a,  c),    So,'   since  a  e  [a,  c  ],.  [a,  b  ]  C  [a,  c  ],  Hence, 
[a,  c]  =  [a, 

ic)    Suppose  that  {c,  3}  Q  [  a,  b  ],  c  4  [a  ],  and  2  i  [  c  ],  Since 

c  €*  [a,  S]  and  c  #  a  it  follows  by  part  (b)  that  [ai  c]  =  (a,  b]. 
Since  2.€[a,S]  -  [iS,  c]  =  [  c ,  a  ]  and  3^[c]  it  follows  ^y 
part  (b)  that  [c,  3]  -   [  c ,        ^   [a.S],     .. 

(d)    Suppose  that  {c t  3)  is  linearly  independent  and  {c,  3}  C  [a,  S  ]. 
It  follows  that  3V(c]  and  so,  by  part  (c),  If  c  ^  [  a  ]  then 
[  c*  3  ]  -  =  I  a,  5  ].    Similarly,  if  C  /  [  b  ]  then  [  c ,  3  ]  =  [      a  }  . 
~  |at  b  ].    Since  (c,  3}  is  linearly  independent,  c  #  3,  So, 
if  c  6  [a]  and  c  €  [S]  then  [a]  =  [c  ]  =  Since  fa]  =  [t]t 

[a,  S]  =  [a  ]#    Since  .{c,  3}   Q  [a^  b  J  it  follows  that  if  c  €  [a  ] 
and  c  €  [S]  then  {c,  3}  Q  [  a  ].    But,   since  (c,*3)  is  linearly  1 
independent,  (c ,  3)  ^  [a].    Hence,  it  is  not  the  case  that 
c  €  [a  )  and  c  €  [S]. 

3,  (a)    If  (a,S)  is  linearly  dependent  then  either   [a,  1>  ]  =   [a  ]  or 

[a,  S]  =  [ b  ] . and,  in  either  case,  [a,  jS  J  cannot  contain 
linearly  independent  vectors  c  and  3#  * 
(b)    Suppose  that  {c,  3,  e}  Q  [a,  5].    In  case,  (c,  3)  is  linearly 
dependent,  so  is  {c,  3,  e)#    In  case  (c\  3)  is  linearly  inde- 
pendent then,  by  the  lemma,  [ c,  3 ]  -  . [a,  S ].    In  this  case, 
since  e  €  [a,  S  ],  e  6  [cf  3]  and,  so,  {c,  3,  e)  is  linearly 
dependent.   "  ~   —     


Six 
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.Answers  for  Part  K 


4 


njThe  PurPos*  °i  ^ese  exercises  is  to  prepare  the  way  tor. section 

I.      Let  Q  be^any  point  of  n.    Since   it  7  a  c-       Q  +  a  €  jr.  Let 

-1  R  °Q  a'    THen  Q  R  P°ints  of  *  and  *       {Q  *       "  Q 

Incase  Q  -  R,^p  f  ( R  -  Q)  -  P  e  tt.  Oppose  that  Q  4  R  By 
Theorem  Q-i    QR  -  in  cast?    p  €  qr    8q  doeg   p  f  (r  -  q). 

Incase    P  %  QR  it  follows  that  w   -    P?Sr  and   P-4-  (R  -  Q\ 
P+'(Q  -  >  (R  -  P)i  €  Jr. 

5.      The  only  ii -part  is  established  in  Kxercise   1.    T-he  if-part  is 

established  in  Exercise   I.    [By  Kxercise        if  Q  and  R  are  any 
points  of  it  then  rt  (R  -  Q)       tt#  ]  * 

Answers  for  Part  F  1  •  . 

{A,   B,   C]   is  a  noncollinear  subset  of  it,   tt  -    AfcC.  ^» 

I;      P£  ;»'P  -  A  €  [R  -  A,   C  -  A]  and  Q  €  rr  <=>  Q  -  A  e  [B  -  A,   C  -  A]. 
Hence,   if  p  and  Q  are  points  of  it  then  Q  -  P  -   (Q  -  A)  -  ( P  -  A) 
£  [B  -  A,  C  -  A]P  \  1 

*  •  ^* 

2.  Suppose  that  a  €  [B  -  A,   (?  -  Aj.    Let   P  be  any  point  of  n  It 
follow*  that   A  t  a*£  ».    So,  if  P  -   A  ♦  a  then  Pe  ?r  and 

P  -  A  --   (A  ♦  a)  -  A    ■  2. 

3.  Since  A{  j  it  follows  by  £xercise  I  that  each  member  of 

[B  -  A.  C  -  Aj  is  a  difference  of  points  of  V.    By  Exercise  1, 
any  diffe  rence*of  points  of  tt  belongs  to  (B  -  A,  C  -  A^. 

4.  Suppose  fhat,  P  £  n  and  £  6  [B  -  A,  C  -  A].    Since   P  e  ir 
P  -  A  e  [B#-  A.  C  -  A).    So,  since  a  £  [B  -  A,  C  -  A], 

-    (P  -  A)  I-  a  6  [B  -^A,  C  -  A].     But,  (P  -  A)'+  a  -   (P  +  a)  -  A  , 
and,  since  ( P  f  a)  -  A  €  [  B     A,  C  -  AJ,   P  +  a  £  it 
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9.04  Directions  of  Planes      .  ■ 

In  Chapter  7  we  chose  to  define  the  direction  pf  a  line  /  as  a  set  of 
translations.  As  it,  turned  out,  a  translation  a  belongs  to  the  direction 
of  /  if  and  only  if  it  maps  /  onto  itself.  It  seems  intuitively  reasonable 
to  say  that  a  translation  is  in  the  direction  of  a  given  plane  if  and  only 
if  it  maps  that  plane  onto  itself.  As  you  have  seen  in  the  exercises  of 
Part  E  on  page  384,  these  translations  are  just  those  from  a  first  point 
of  the  given  plane  to  a  second.  Modeling  our  notation  after  that  which 
we  used  for  lines,  we  shall  adopt: 

Definition  9-4 

\tt\  .   {.r:  3v3z<y  *  tt  and  Z  e  tt  andx*  =  Z  -  Y)} 

and  read  '\n\%  as  'the  direction  of  n\  In  words,  Definition  9-4  says  that 
the  direction  of  rr  is  the  set  of  all  translations  determined  by  points 

of  TT. 

In  Part  F  you  have  proved: 

Theorem  9-9 

{Af  B9'C\  is  a  hon^pliinear  subset  of  rr 


[tt]  =  [B  -  AtC  -A] 


and: 


Theorem  9-10 


0 


1% 


(P  t  rr  and  a.e  [tt))  — ^  P  +  a  €  n 
What  are  the  analogous  theorems  about  lines? 

Exercises 
Part  A 

1.  Is  there  any  translation,  which  belongs  to  the  direction  of  every 

plane?  Do  you  think  that  there  is  more  than  one  such  translation? 
Explain.  « 

2.  (a)  Suppose  that  a  and  b  belong  to  [tt]  and  that  (a, V)  is  linearly  in- 

dependent.  What  else  can  you  infer  about  [tt],  a,  and  b? 

(b)  Sifpgose  that  "J,  6*  and  clbelong  to  [nl  What  can  you  infer  about 

(c)  Suppose  that  [tt]  -  [a,V\.  What  cah  yod  infer  about  (a,!))? 

(d)  Suppose  that  [ir\  ±  [a,  Vf  el.  What  can  you  infer  abdut  (a, St  el? 
What  else? 

.    *  .       .  " 
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\The  treatment  here  of  directions  of  planes  is  analogous  to  that  of 
irections  oi"  lines  in  section  7,04.     In'particular ,  Definition"  9 -4  is 
analogous  to  Definition  7-4,  Theorem  9-9  to  Theorem  7-3,  and 
Theorem  9-10  to  Theorem  7-4,  * 

Answers  tor  Fart  A 

1,      Yes,;    0  belongs  to  the  direction  of  every  plane^.    If  a  ^  0  and 

belongs  to  t*he  direction  of  every  plane  then,  by  Theorem  9-10,  «• 
every  plane  containing  a  given  point  P  wuuj^c ontain  P  +  a  and, 
by  Theorem  9-3,  would  contain  the  line*P[a].    However,  on 
intuitive  grounds,   given  any  line  I  through  P,  there  is  a  plane 
through  P  which  does  not  contain  'this*  lisc .    So,  on  the  oasis  of 
3      this  intuition,  therfe  is  no*non«-(J  translation  which  belongs  to  the 
direction  of  every  plane,    [Of  course,  if  the  intuitive  considera- 
tions governing  our  development  of  geometry  were  concerned 
with  a  space  of  fewer,  than  three  dimensions,  we  Would  obtain  a 
different  answer,  ] 

Z,     (a)    [  tt  ]  ~   (a,  b].     For,  tt  contains  three  noncollineac^whts  and, 
*  if  A,   B,   and  C  are  three  such  points  rt  follows  by  Theorem 

9-3  that  [  tt  ]  -  [B  -  A,  C  -  A].    But,  by  the  lemma  on  page 

[proved  in  Part  D  on  page    383],  if  (a,  b)  is  linearly  inde- 
,    pendent  and  {a,  b}  C  [B  -  A,  C  -  A]  then  [a,  b*  ]  =  [B  -  A,  C  -  A], 

(b)  (a,b,*c)*is  linearly  dependent,  ~[See  Exercise  3(b)  'on  page  384.] 

(c)  (a,  1^}  is  linearly  independent.    Since  tt  contains  three  non- 
collinear  points,   [  tt  ]  contains  two  linearly  independent  trans  - 
lations.    So,  if  £  tt]  =   [a,  b  ],  it  follows  by  Exercise  3(a)  on 
page  -384  that  (a,  o)  is  linearly  independents 

\  (d)    Byjpart  (b),  (a,  S,  c)  is  linearly  dependent.    It  follows  that  one 

*    of  a,  b,  ^nd  c  is  a  linear  combination  of  the^others  and,  fio, 
that  [a,  b,  c]  is  either  £a,  b  ],   (b,  c  ],  or  [c,  a].    So,  by  part 
(c}f  (a\S),  (b,  c),  or  (c,  a)  is  linearly  independent. 
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Answers  for  Part  B 

1.  (a)    Yes,  if*they  are  collinear  [and  there  are  noncoplanar  points].) 

No,  by  Theorem        .    .         %  .  ' 

(b)    Suppose  that  f  C  <r  and  let  A,   B,  and  C  be  three  noncollinear 
points  of         [That  there  are  such  follows  from' Definition  9-2,] 
Since  w  Q  oj  these  points  also  belong  to        So,  by  Theorem 
9-1,  v  =  ABC  =o-. 

2.  (a)    Since  (B  -  'A,  C  -  A)      ((B  +  a)  -  (Al  a),  (C  +  a)  -  (A  +  2)), 

(B  -  A,^  C  -  A)  i&  }  inea rly  dependent  \i  and  only  ii  HB  *  a)  'N 
-  (A  fa),  (C  +  a)  -  (A  +  a))  is  linearly  dependent.^  Hence^ 
{A,*  B,  C}  is  collinear  if  and  only  if  {A  +  a,  B  +  a,  C '+  a} 
i&  coilinear^J  •  *  * 

(b)    In  answer  for  part  (a),  replace  ^dependent*  by  *  independent' 
and  *collinear'  by  Noncollinear1.    [Or,  make  use  of  the 
logical  equivalence  of  sentence*  of  the  forms  'p         q1  and 
'not  p  <=2>i\ot  q*.  ] 


S 


o  .1 


* 
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Parte  •  . 

1*  (a)  Can  two  planes  haver,  threfc  points  in  common?  Three  non- 
collinear points?  Explain, 
j       (b)  Suppose  that  n  Q  <r,  where  n  and  a  arts  planes.  Show  th^t 

2.  (a)  Show  that  {4,  tf,  C)  is  coilinear  if  and  only  if  {A  +  a,  B  +  a* 

C  f  a*}  is  coilinear. 
(b)  Repeat  pajt  (a)  with  'coilinear1  replaced  by  'rioncollinear'. 

3.  fa)  Show*that,  for  any  plane  it  and  any  translation  a*  ir  +  a  is  a 

plane.  [////**:  There  are  noncol  linear  points -say,  A,  flf  and  C 
-such  that  7T  -  A^C.  [Explain.]  You  may  find  Theorem  7-9 
helpful.  1 

(b)  Compare  In]  and  \n  +  a*).  ,     '  4 

(c)  Show  that  aeln]  +-+ n  +  a  =  n,  [Hmt:  Use  a  result  you  ob- 
tained c^i  page  384.1 

PartC  .  ^ 

1«  (a)  Suppose  that  {at  h)  is  linearly  independent.  Desc^BMhc  set 

{X:  X  -  Ae  \a,V}}.  [Hint:  Postulate  2(b)  may  be  onJIeJ 

(b)  What  is  the*direotion  of  the  plane  described  in  part  (a)? 

2.  Suppose  that  A  e  n.  9 

(a)  Show  that  there  are  points   say,  B  and  C- such  that  [rr] 
'  "  IB  -  Af  C  -  A).  * 

(h)  Show  that  {X:  X  -  A€  In]}  =  n.  ' 

(c)  ..  Show  that  if  £>  €  4  then  {X:  X  -  D  e  In]}  is  a  pl&ne.  What  is  its 

direction? 

3.  (a)  Show  that  if  tt  and  a  are  pitoes  with  the  same  directioD  and 

7T  H  a  *  0  then  rr  -  cr, 

(b)  What  follows  from  part  (a)  concerning  two  planes  which  have 
the  same  direction?  >  , 

9.05  Planes  with  a  Given  Direction 


In  Exercise  1  of  Part  C  you  have  seen  that  if  (a,  7>Vis  linearly  inde- 
pendent then  there  are  plants  whose  direction  is  [a,  6].  In  fact,  for 

 tt^ 

any  point  A^iA  +'  a)[A  ±  b)  is  such  a  plane.  This  suggests  that  we 
refef  to  fa,  b]  as  a  bidi  feet  ion— the  Indirection  determined  by  [or, 
simply;  -offrrnnAlr.  In  anaiogywth ounHWioQruse  of ^direction*  as 


applied  to  singletransiations,  we  shall  speak  of  (a,  V\'as  a  Indirection 
eyerf  in  case  (a,  6)  is  linearly  dependent.  When  we  wish  to  imply  that 
(a,  6)  is  linearly  independent  we  shall  call  [a;V\  a  proper  bidirection. 
In  analogy  with  Definition  7  -  5,  we  adopt: 


Definition  9-5  (a)  A{a,b\  -  {J:  X  -  Atfotl) 
.  •  (b)  AM  =  {X:X  -  Aein]} 


Jc  8°C 
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3.     (a)    Since  ?r  is  a  plane  it  follows  from  Definition  9-2  that  ir  con- 
tains three  none ollinear_  points  —  say,  A,  Bt  and  C#    So,  by 
Theorem  ,  9 -j.  7r:~   AhC.    By  Theorem  7-9,  D  €  *  +  a  if  and 
v  only  if  D  -  a  €  A  EG.    By  Definition  9-3,  the  latter  is  the  case 

if  and  on\y  if  (D  -  a)  -  A  €  [B^-  A,  C*  -  A],  Since  (D  -  a)  -  A* 
=  D  -  (A  +  a),  B  -  A  =  {&  +  a)  -       +  a),  and  C  -  A  =  (C  +  a) 

-  (A  +  a),  it  follows  that  D  €  ft  +  a  j{  and  only  if  D  -  (A  +  a) 
€  [(B  +  a)  -  (A  f  ah  (C  +  a)  -  (A  -f  a)]  —  that  is,  if  and  only  if 

D  e  (A  +  a)(B  +  a)(C  +  a).    So,  *  +  a  =  (A  +  a)(B+a)(C  +  a).  ^ 
Since  {A,  B,  C}  is  noncollinear ,  so  is  {A  f  a,  3  +  a,  C  +  a}. 
Hence,   n  +  a  is  a  plane. 

(b)  (  ir  ]  =   [  tt  +  a  ],  by,  the  preceding  and  Theorem  9-9. 

(c)  By  Exercise  3  of  Part       on  page  384  and  Definition  9-4, 
*  tt  f  a  C  rr  Jf  and  only  if  a  C^T].    By  Exercise  1(b),  _abovtt, ' 

since  f  tt  r  a  is  a  plane,  rr  +  a  C  tt  if  and  only  if  w  +  a  =  * 
Hence,  a  e  [tt]  if  and  only  if .  tt  +  a  = 

Answers  for  Part 

i.     (a)    Since  a  =VA.+  a)  -  A  and  b  "  (AH)  -  A  it  fQlloyjs'by 

Definition^  9X3  that  {X:    X  -  Ae  fa,  £]}  =  A(A  +  a)(A  +  X). 
"Since  <3,,b)  i s\ine a rly  independent,  {A,  A  +  a,  A  +  bj  is 
noncollinear.    Sb7  tjie  set  ingestion  is  a  plane,  .  % 

(b)    By  Theorem^  9"9,  the  direction  of  the  plane  in  question  is 
[a,  b]. 

Z,     (a)    By  Exercise  1(b)  of  Part  A  on  page  380,,  points  B  a^tttC  can 
be  chosen  in  w  such  that  tt  -   ABC.  B,  C\  is,  ofclurse, 

noncollinear  and  so,  by  Theorem  9-9,  [>  ]  =   [B  -  A,  C  -  A]. 

(b)    In  the  notation  of  part  (a),  n  =  ABC  =  {X:  X  -  A  €  [B  -  A,  C  -  A]} 

-  {X:  X  -  A€[ff]}.  % 

.  (c)    {X:  X  -  D  €  [*])  -  <X:    (X  -  A)  -  (D  -  A)  €  [v]} 

^  {X:   (X-(D-AJ).AI  [tt]}  -   {X:   X  -  (D  -  A)  6 

-  +  (D  -  A).    By  Exercise  3($)  of  Part  B,  this  set 

is  a  plane.    By  Exercise  3(b),  its  direction  jls  that  of  ^. 

3#     (a)    Suppbse  that  *  and  cr  are  planes  such  that  [#]  ~  [cr]  and  that 
A  €.  w      <r.    By  Exercise  2(b),-  jr  =  {X:  X  -  A  €  [tt]}  and  cr  = 
{X:   X  -  A  £  [cr]}.    So,  w&  cr.  . 

(b)    Two  planes  .which  have  the  same  direction  have  no  common 
point.  «• 


This  section  is  analogous  to  part  of  section  7«OS,    In  particular, 
Definition  9-5  is  analogous  to  Definition  ^-5,  Theorem  9-11  to 
Theorem  ?-5#    Parallelism  is  treated  in  section  9.06  which  is 
analogous  to  some, of  th«  remainder  of  section  7,05, 


—j— .Note  that  Exercises  1  and  2  of  Part  C  show  that  A[a,  Sf  and 
A[n]  are  planes  through  A  which  have  ,the  directions  specified  in 
Theorem  9-11,    Exercise  3(a)  of  Part  C  shows  that  there  are  no 
other  such'planes.        ^  «  » 
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From  the  exercises  of  Part  C  we  have: 


Theorem  9- 1 1 


(a)  For  (a,  h)  linearly  independent,  Ala]  h)  is 

the  plane  through  A  with  the  Indirection  [q,  Vl. 

■  .~t —  t 

(b)  A\tt\  is  the  plane  through  A  with  the  direction 


of 


■/■■ 


A* 


/ 


7       f  A- 

/ 

Fig,  9-5 


Exercises 


Part  A 


1.  On  defining  'proper  bidirection'  we  should  check  to  see  that  if 
\t\ct\  [a,  h]  and  [c,  'tf\  is  a  proper  Indirection  then  so  is  [a%V\.  What 
earlier  result  tells  us  .that  this  is  the  case? 

2.  Prove  each  part  of  Theorem  9  - 1 1  by  referring  to  earlier  exercises. 

3.  Show,  similarly,  that  A  en  if  and  only  if  n  =  A(tt},  w 

4.  Suppose  that  c  is  a  non-0  translation  belonging  to  a  proper  indi- 
rection \o]  6*1.  Show  that  either  \c,  a]  =  [a,  V\  or  [c]  61  =  [a,Vl 
[Hint:  This  might  suggest*  to  you  the  lemma  used  in  proving  Theo- 
rem 9  -  L 1  * 

5.  Suppose  that  c  and  cl  are  non-6*  members  of  a  given  bidi rection 
and  that  [cl  *  fid?).  Show  that  the  given  bidirection  is  [c,  ll]  and 
that  it  is  a  proper  bidirection. 


89 


(a)  Show  that  if  /  £  tt  then  [/]  £  [ttI 
|b)  Is  the  converse  of  the  result  iB  part  (a)  a  theorem? 
Suppose  that  (4J  £  [tt j  and  that  /  n  tt  ^  0,  Show  that  /  C  n.lHint 
One  very  easy  solution  is  based  on  Exercise  £  of  Part  A  ai\d  a  cor- 
responding theorem  on  lines.]     j  #  ■  ' 

(a)  Suppose  that  [/J  £  [ttJ,  Show/that  there  is  a  plane  which  con- 
tains /  and  whose  direction  Is  that  of  7r,  •       '. 4 

(b)  How  many  such  planes  are  there?  '  j 
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You  can  save  time  by  treating  Both  . Parts  A  and  B  as  in-class 
exercises.    The  texf  at  the  beginning  of  Section  9.06  as  well  as  Part  A 
whieh  follows  it  can  usually  be  covered  in  the  same  class  period.  Then 
Part  B  of  Section  9.06  can  be  assigned  for  homework. 

Answers  for  Part  A  - 

1.  If  [c,  3  [  is  a  proper  direction  and  [c ,  3  ]  ^  [  a,  S;]  then  (cf  3)  is 
linearly  independent  and  {c,  2}   C'Ja,  S].    It  follows  by  Exercise 
3(a)  of  Part  D  on  page  384    that  (a,  S)  is  linearly  independent  and, 
so,  that  [a,  b  ]  is  a  proper  bidirection, 

2.  (a)*.  Suppose  that  (a,  5)  is  linearly  independent.    By  Exercise  1(a) 

of  Part  C  on  page  386    [and  Definition  9 - 5(a)],  A{._aA  b  ]  is  a 
plane  through  A  whose  direction  is  [a,  b),  '  By  Exercise  *  3(a) 
of  Part  C,  there  is  no  other  such  plane. 

(b)    [Like  (a),  but  use  Exercise   3(c)  in  place  of  Exercise  2(a).] 

3.  By  Exercise.  2(b)  of  Part  C  on  page  38.6  ;  if  A€  rr  then'*  -  A[?rj( 
Since  A  €  A[tt]  it  follows  that  if  it  -   A[tt]  then  A  €  TT. 

4.  Suppose  that  [a,  b*  ]  is  a  prpper  bidirection.    Since  (a,  Sj  is 
linearly  independent,  [a  ]  r>  [b*  J  ^  {ft}.    [For,  if  aa  =  bb  then 
a  =  b       0«.  £  Suppose,  now,_^that  c  +  u\    It  follows  that  either 

\.       ?  *  I  *  ]  or  c  ^[d*  ].  JSinqe  (a,  b)  is  linearly  independent  it  follows 
that  neither  a  nor  b  is  0.    So,  by  Theorem  6-13,  either  (a,  c) 
,     or  (crb)  is  linearly  independent.    Assuming  that  c  €  [a,  B*  ]  it 
follows  that  Jc,  aj^and         cj  are  subsets  of  [a,  "Sj.    So,  by  the 
lemma,  [c,  a]  ■=  [a,  b]  or  [b,  c  ]  =   [a,  S].    [The  last  four  sen- 
tences can  be  replaced  by:   So,  by  Exercise  2(b)  of  Part  D  on 
page  384,  either  [?,  a]  =  [  a,  S  ]  or  [S,  c]  =  [a,  B].  J 

5.  Since^?  *      and  [c]  *  [3]  it  follows  that  cV  [  3  Similarly, 
d<[c].    Hence  [by  Theorem  6-2],  (c,  3)  is  linearly  independent. 
By  the  lemma  for  Theorem  _9-l  it  follows  that  the  bidirection  in 
question  is   [c,  d  ].    Since  (c ,  3)  is  linearly  independent,  it  is  a 
proper  bidirection,  •  . 

Answers  for  Part  B 

1.     (a)    This  is  an  immediate  consequence  of  Definitions  7-4  and  9-4, 

(b)  No*. 

Z.     Suppose  that  A  e  i  r\        Then  I  =  A[/]'and  7  -  A[jr],  Since 
W  C  [ff].  it  follows  from  Definitions  7-5(b)  and  9 -5(b)  that 

i  C  sr.  ,  - 

J*?^3-**  ^  €  i;  -Then  i  ^  Ajl J  £  Afjf]  and  A{ y]  i^a  plane  whose 
I    direction  is  that  of  jr. 

(hr)    Only  one,  since  there  is  only  ohe  plane  containing  A  whose 
direction  is  that  of  t,  . 


r 
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9.06  Parallelism  of  Planes  and  Lines 

In  analogy  with  Definition  7-6  we  adopt: 

Definition  9-6 

(a)  7t,  ||'7r.,~l7r,l  -  [xrj  " 

(b)  /||ir*-M/|  Q  |jr] 

(c)  «r  if  /  *-*  /  ||  n  ' 

r  • -  ~? 


Fig.  9-6  .  ,  " 

So,  parallel  planes  are  planes  with  the  same  direction  and  a  line  is 
parallel  to  a  plane  if  and  only  if  the  direction  of  the  line  is  a  subset 
of  the  direction  of  the  plane. 

In  view  of  Definition  9  -6(a),  you  have  already  proved: 
<  \  ' 

Theorem  9-12    Any  translation  maps  any 
plane  onto  a  parallel  plane.  •  .  1 


, — v  


Fig.  9-7 

[What  earlier  exercise  is  relevant  here?J  Similarly,  in  consequence  of 
an  earlier  theorem,  we  have:* 

Theorem  9-13   There  is  one  and  only  .one  plane 
through  a  given  point  and  parallel  to  a  given  plane. 


Fig.  9-8 


J  Which  theorem  yields  Theorem  9-  13?j  How  many  lines  are  there 
through  a  given  point  and  parallel  to  a  given  plane?  Use  pencils  and 
cardboard  to  illustrate  this  situation!  Given  a  line  arid  a  plane,  do  you 
think  that  you  can  count  on  there  being  a  plane  which,  contains  £he 
given' line  and  is  parallel  to  the  given  plane?  Explain.  Where  have 
you  proved  the  following  theorem?  \: 
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TheQrem*9-i£  is  proved  in  Exercises  3(a)  ami  3(b)  of  Part  B  « 
page   386.  * 

Theorem  9-13  follows*  from  Theorem  9-ll{b)  [and  Definition  j 
9-6(a)]. 

There  are  infinitely  many  lines  thrqugh  a  poinj  A  parallel  to  a 
plane  7.    In  fact  they  are  just  the  lines  A[a~]  for  a  €  [ff],  and  there 
are  as  many  members  of  \tt]  as  there  are  ordered  pai^s  ,of  real 
numbers. 

The  if-part  of  Theorem  9 -14  is  proved  in  Exercise  3(a)  of  Part 
S  on  page   387.    If  there  is  a  plane  cf  containing  i  and  parallel  to  1 
then,  b?  Exercise  1(a),  [I]  C_  [<r]  -  [<*]  and,  so,  I  |j  tt.    This  estab- 
lishes the  only  if-part  of  Theorem  9-14. 
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Tfaeorem  9-14  There  is  a  plane  containing  a  givejx * 
line  aipi  parallel  to  a  given  plane  if  andlonly  if  the 
given  line  and  plane8  are  parallel. 


Exercises  > 
Part  A 

1.  Hold  a  pencil  and  a  piece  of  cardboard  so  that  they  represent  a 
line  parallel  to  a  plane.  *  # 

(a)  Could  the  line  and  plane  intersect  in  exactly  one  point?  Exactly 
two  points?  *  m 

(b)  W£ith  a  second  piece  of  cardboard,  demonstrate  that  two  planes 
can  be  .parallel  to  the  same  line  and  also  be  parallel  to  each 
other.  Draw  an  appropriate  picture. 

(c)  Demonstrate  that  two  nonpar al lei  planes  can  be  parallel  to 
the  satae  line,  *  *  ^ 

.  •  ,  (d)  Demonstrate  that  two  lines  can  be  parallel  to  a  given  plane 

and  (i)  be  parallel  lines-  (ii)  be  intersecting  lines;  (iii)  be  skew 
lines.  Draw  an  appropriate  picture. 
4    t    2.  Hold  two  pencils  so  that  they  represent  two  intersecting  lines. 

(a)  How  many  planes  can  contain  the  lines  represented  by  the 
pencils?  "  ' 

'  (b)  Hold  a  piece  of  cardboard  in  such  a  way  that  it  represents  a 
plane  parallel  to  each  of  the  two  lines.  How  many  such  pfcnea 
are  there?  \ 
(c)  Wha£  can- you  say  about  the  direction  of  any  of  the  planes  found 

in  (b)?  Draw  an  appropriate  picture  of  two  such  planes. 
Id)  What  would  you  expect  to  be  the:in4erse6tkwvo|  afty  tjro^f  the 
/    planes  found  in  (b)?  *  1 

3.  Hold  twoj?encil»  go-that  they  represent  two  parallel  lines. 

(a)  'Hownnany  planes  can  contain  ,  the  lines  represented  by  the 
*  pencils? 

t .     (b)  Hold  a  piece  of  cardboard  so  that  it  represents  a  plane  parallel 
„  to  each  of  the  two  given  parallel  lines  and  (i)  is  parallel  to  the 

plane  containing,  the  parallel  lines;  (ii)  is  not  parallel  to  the 
»     plane  cjtetaining  the  parallel  lines;  (iii)  contains  one  of  the 
'        lines  bul  not  the  other.  Draw  appropriate  pictures  for  (i),  (ii), 
and  (iii).  # 
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Answers  for  Part  A 
■1,"    ,<a)    No,;  No. 
(b) 


cardboard 


.pencil 


(c)    [For  example^  each  of  two  planes  containing  £  line  is  parallel 
to  the  line,  and  to  any  parallel  line,  but  the  planefe  are  not 
parallel  to  each  other.  J  #.  r 

fd) 


(i)  (ID 
2,     (a)    Just  one.    [theorem  9-5}  %  \  <b)    Infinitely  manyC 
{c)    The  directions  of  two  such  planes  are  the  same, 


(d)   "The  intersection  of  two  such 
Exercise  3(b)  of  Part  C  on 


i.  ...  (a)    Just  one.   (Theorem  9-6] 


planes  is  0,  [PaV 
386,1  } 


t  (c)  and 
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(c)  Hold  the  cardboard  so  that  it  is  parallel  to  both  of  the  given 
'    lines  and  intersects  the  plane  of  these  two  lines.  What  can  you 
say  about  the  line  of  intersection  of  the  two  planes  and  the 
two  given  lines?  Draw  an  appropriate  pjcture. 


Part  B 


ERIC 


1*  Prove  each  of  the  following  theorems.  " 

U)  7T  1|  tt  ^  (b)  (nl  ||  &  and  tt,  ||  <t)  — *  tt,  |[  tt2 

(c)  tt,  ||  tt}  — *  tt}  ||  Tr,  | Show  that  this  follows  from  (a)  and  (b).j 
id)  i TTj  ||  cr  and-ir  \\  tt2)  — ^  tt,  ||  tt^  (Show  that  this  follows  from  (b) 

•  and  (c).j  * 

(e)  (/  ||  wand  m  \\  tt)  — •  /  ||  tt 

(f)  </|U  and  ir  ||  cr)  — •  /  M  <r 

(g)  ^  II  tt  — •  Ur  =  tt  or  a  D  tt  -  0)  [#/iftf:  This  is  a  corollary  of 
what  theorem?) 

v  (h)  1\\tt  — ♦(/  £  fror/  H  tt  =  05)' [Hint:  Refer  to  earlier  exercises.] 

(i)     /  C  TT  —  /  ||       '  ( j)  if  =  71  — >  CT  Jj  TT 

(a)  Dg  you  think  that  the  converses  of  parts  (g)  and  (h)  are  true 

on  intuitive  grounds? 
tb)  Do  you  think  that  these  converses  are  theorems? 
(c)  As  you  know,  there  are  skew  lines.  Do  you  believe  that  there 
might  be  "skew  planes'? 
3*  Here  are  four  theorems  about  parallel  lines  and  planes.  Relate 
each  of  them  to  results  stated  in  Exercise  1. 

(a)  Two  parallel  planes  have  no  point  in  common. 

(b)  Lines  which  are  parallel  are,  also,  parallel  to  the  same  planes. 

(c)  A  line  is  a  subset  of  a  plane  if  and  only  if  it  is  parallel  to  the 
plane  and  contains  a  point  of  the  plane. 

(d)  Each  line  contained  in  one  of  two  parallel  planes  is  parallel 
t^he  other  plane.  "  *■ 

4.  Explain. why  3(a)  is  a  consequence  of  Theorem  9-13. 

5.  Prove: 

Theorem  9-15  There  is  one  and  only  one  plane 
which  contains  a  given  point  and  is  parallel  to 
each  -of  two  given  nonparallei  lines. 

-  [Hint:  How  might  you  describe  the  direction  of  such  a  plane?] 
&  (a)  Show  that  if  each  of  two  intersecting  line$  is  parallel  to  a  given 
plane  jthen  the  plane  determined  by  th&se  lines  is  parallel  to 
the  given  plana, 

(b)  Can  you  solve  part  (a)  if 'intersecting*  is  replaced  by  Vx>planar*? 
7.  (a)  Suppose  that  a  line  is  parallel  to  each  of  two  planefc  Does  it 

follow  that  the  planes  are  parallel?, 
ib)  Suppose  that  each  of  two  lines  is  parallel  to  a  given  plane.  Does 
it  follow  that  the  lines  are  parallel? 

(c)  Draw  pictures  to  illustrate  your  answers  for  (a)  and  (b). 
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Answers  for  Fart»A  [cent*] 

(c)    The  line,  of  intersection  of  the  two  planes  is  parallel  to  each  of 
the^given  lines.    [The  figure  (ii)  of  part  {b)  is  appropriate.  1 

If  Part  B  is  used  as  a  homework  assignment  as  suggested  earlier, 
we  recommend  not  making  Part  C  part  of  thrV same1  assignment.  Part 
can  be  a  class  activity  for  the  next  day.  * 

Answers  for  Part  B  *  * 

—  ■  * 

1.     (a)    Since  \rr]  -   fir  J,   tt  1 1  jr.    [Definition  9-6(a)J 

(b)  If  =  [or]  and  [rrp]  =   for]  then  [rj  -  [x2).  •  So,  by  . 
Definition  9,-6(a),  if  ttx  |J  cr  and  irP  j|  <r  then"  nx  |)  a^,  [This 
property  of  parallelism  of  planes"  is,  you  will  notice,  slightly 

i  different  from  trahsifivity  [(d)].    It  is  called  skew  "transitivity. 

As  is  indicated  in'the  notes  for  parts  (c)  and  (d),  reflexivity 
[(a)]  and  skew-transitivity  imply  symmetry  and  transitivity.  ] 

(c)  By  (b).  if  7T}  ||  ?rx  and  ttp  jj  ifx  then  tx  ||  tt2.    Since,  by  (a), 
irx  ||  ttx  it  Jollows  that  if  tt2  ||  ttx  then  1TX  |J  n?, 

(d)  If  7r,  j|  or  and  <r  j|  ir2  then,  by  (c ),  irx  ||  cr  and  "  ir2  ||  cr  and 
so,   by  (b),    7tx  |i  7Tp. 

(e)  If  [4]  -   [m]  anck  [m ]  C  [it]  then  [I]  Q  [tt].    So,  by  Definitions 
7-6  and  9-6(b),  if  I  )]  m  and  m  J|  it  then^J  ||  tt. 

(f)  If  [t]  C,  [tt]  and  [*]  ~  [<r]  then  [I]  Q  {a}.    So,  by  Definitions  « 
9-6(a)  and  (b),  if  f  1 1  w  and  n  1 1  or  then  I  ||  cr, 

(g)  Suppose  that  cr  [  j  r  and  that  A  6  cr  r*\  tt.    It  follows  ty 
Theorem  9-13  that  or  -   tt.    Hence,  if  «r  jj  v  then  (cr  *  tt 
or  cr       w  -  0). 

(h)  Suppose  that  I  j  |  v  and  I  I®tt  4  0.    By^xercise  2  of  Part  B 
on  page  387  [and  Definition  9-6(b)],  I  C  tt.    Hence,  if  I  j|  * 
then  (I  C  i  or  I      f  =  0). 

(i)  If  t  C  tt  then  [by  Exercise   1(a)  of  Part  B  on  page  387  j 
[I]  C  [tt]  and  so  [by  Definition  9-6(b)],  t  jj 

(j)    If  ff  =  c  then  [y]  =  [c]  and  [by  Definition  9-6{a)J  cr  j  | 

2#     (a)    To  establish  the  converse  of  (g),  all  we  need  do,  in  view  of 

part  (j),  is  to  show  that  if  cr  r-\  tt.~  0  then  ff  ||  ^#    On  intuitive 
grounds,  this  seems  reasonable,    [But  it  is  not  trtie  in  a 
spaxe  of  four  or  more  dimensions.  J  Similar  remarks  apply 
to  the  converse  of  (h). 

.  (b)    [Whatever  students  may  think  these  converses  are  not,  as  yet, 
thearems.  They  will  become  so,  in  Chapter  10,  ufter  the 
adoption  of  a  postulate 'restricting  S  to  be  at  most  3 -dimensional.] 

(c)    Not  in  3 -dimensional  space. 


9  m 
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Answers  for  Part  B  [cont.] 


(a)  This-  is  a  consequence  of. Exercise  1(g).  r 

(b)  This  is  a  consequence  of  Exercise  1(e), 

(c)  if -part  from  Exercise   1(h);   only  if-part  from.  Exercise  l(i) 
and  the  fact  that  0  ,ii  not  a  line. 

(d)  This  is  a  consequence  of  Exercises   l(i)  and  (f). 

Two  parallel  planes  have  the  same  direction  and,  by  Theorem  9-13, 
at  most  one  of  them  can  contain*  a  given  point.    Hence,  %y/o  such 
planes  have  no  common  point. 

Consider  a  point,   A,^and  two  lines,  I  and  m ,  such  that  I  m. 
Suppose  that  [l]      [a]  and  ,{m  ]  =   [b].    It  follows  that  a  $  ~6  ?  b 
and,  since   I  ft  m ,  {  a  ]  #  [ E  J.    The  direction  of  any  plane  parallel  1 
to  both  t  and  m  must  include  [a]  and  [  b  J.    So,  by  Exercise   6  of 
Part^A  on  pa^e    *87f  the  direction  of  any  such  plane  must  be 
[a,  b  ),   and  [a,  b*  ]  is  a  bidirection.    Moreover,  any  £>lane  which' 
has  this  direction  is.  parallel  to  each  of  I  and  m.    Since  [  a ,  b  ]  is 
a  bid! rectiomif  follows  by  Theorem  9 -5(a)  that  there  is  one  and 
only. one  plane  —  the  plane  A[  a,  b]  —  which  contains  A  and  has  - 
this  direction,  * 


(a) 
"(b) 

(a) 

(b) 
(c) 


Suppose  thajt^J  and  m  are  two  intersecting  lines  and  [I]  -  [a  ] 
and  [m]  -   [b  ] .    Then,  as  in  Exercise  5,  the  direction  of  both 
planes  is  (  a,  H  J.    Hence,  the  planes  are  parallel. 

No.    Li'  the  lines  are  parallel  then  all  we  know  about  the  direc- 
tion of  a  plane  parallel  to  both  lines  is  that  it  contains  all 
common  directions  of  both  lines.    This  goes  only  "half-way" 
to  specifying  the  direction  of  the  given  plane. 

No.    The  Intersection  of  the  directions  of  the  two  planes  must 
contain  the  direction  of  the  line;    but  this  intersection  may 
coincide  with  the  latter,/  in  which  case  the  planes  will  not  be 
parallel.  j 

N<p,    For  example,  the  lines  might  be  two  intersecting  lines 
and  the  plane  might  be  the  plane  determined  by  them. 


lb) 


TC  391  (1) 

■ ..  .  i 

Answers  for  Part  B  [cont.] 

8,  Two  lines  which  are  contained  in  different  parallel  planes  have  no 
point  in  common  [Exercise  3(a)],    By  Theorem  9-8,  two  such 

i  lines  which  are  coplanar  are  parallel.    By  Tneorem  9-6,  two 
lines  which  are  parallel  are  coplanar, 

[The  if^part  may  be  rephrased   as:    Lines  which  are  the  inter- 
sections of  h  plane  with  two  parallel  planes  are  parallel.    Note,  in 
discussing  this  theorem,  that  we  are  not  yet  in  a  position*  to  prove 
that  the  intersection  of  two  intersecting  planes  is  a  line;    ndr  can 
we  prove  that  two  nonparallel  planes  intersect.  ] 

9.  (a)    Suppose  that  <r  j|  fr,  that  I  intersects  s  and  (f  at  A  and  B, 

respectively,  that  m  ||  i,'  and  that  C  £  m  ^  w.    It  follows  that 
B  -  A  €  [ij  '=   [ml  and,  so,  that  C  +  (B  -  A)  €  m.  Also, 
C  -  Ae  [ff]  =  [o-]  and,  so,  B  +  (C  -  A)  €  cr.    Since  C  f+  (B  -  A)" 
-   B  +  (C  -  A),  m  r\  a  $  0m    On  the  other  hand,  if  m  ^  cr 
contained  more  than  one  point  it  would  follow  that  m  Q  cr  and, 
so,  that  m  ||  cr  and,  so,  i  ||  <r.    But,   since  I  is  a  transversal 
of  0",  I  |4  tr.    Consequently,  m  /">  if  consists  of  a  single  point, 
and  m  is  a  transversal  of  <r.    Similarly,  m  is  a  transversal 
of  ?r.    [We  are  not  yet  in  a  position  to  establish  (a)  without 
the  assumption  that  m  ^>  n  $  0.    Why  this  is  can  be  seen  Ipy  t 
an  analogy^    Suppose  given  a  transversal  of  two  parallel  lines. 
The  three  lines  are  coplanar  and  any  line  which  is  parallel  to 
the  transversal  and  which  is  in  the  same  plane  is  easily  shown 
[Theorem  9-7]  to  be  a  transversal  of  the  given  parallel  lines. 
To  insure. that  the  fourth  line  is  ir>  the  plane  of  the  given  three 
it  is  sufficient  [Exercise  3(c)]  to  require  that  it  intersect  one 
of  the  given  parallels.    However,  there  are,  in  space,  lines 
parallel  to  the  given  transversal  which  do  not  intersect  either 

of  the  given  parallels,    T*he  line  through  any  point  nbt  in  the 
plane  but  parallel  to  the  given  transversal  has  the  desired 
property.    Entirely  analogously,  in  a  space  of  more  than  three 
dimensions  one  may  have  a  transversal  of  two  parallel  planes 
and  a  line  parallel  to  it  which  intersects  neither.    The  trans- 
versal and  the  parallel  planes  all  lie  in  one  3 -dimensional 
subspace  and  the  line  through  any  point  not  fn  this  subspace 
but  parallel  to  the  transversal  has  the  desired  property.  In 
Chapter  10  we  adopt  a  postulate  which  ensures  that  £  is  at 
most  3 -dimensional.    Using  this  it  is  possible  to  prove  that 
any  pax  all  el  to  a  transversal  of  two  parallel  planes  is,  also, 
a  transversal  of  these  planes.    In  fact,  any  line  not  parallel 
to  a  plane  can  then  he  proved  to  be  a  transY.exfi.al  of  fchatplane^ 
[This  is  an  analogue  of  Theprem  9-7.  ] 


,   <*  ■     -  Pajvailtfliiisj  oS  Planva  and  Linen  391 

8.  Prove: 

Theorem  9-16   Two  lines  which  are  contained  in 
v.  different  parallel  planes  are  parallel  if  and  only 
.    if  they,  are  coplanar. 

[Hint:  What  do  you  know  about  coplanar  lines?! 

9,  A  line  which  has  just  one  poinhn  common  with  4  plane  is  called  a 
transversal  of  the  plane. 

(a)  Show  that  if  a  line  is  a  transversal  of  each  of  two  parallel 
planes  then  any  line  parallel  U>  it  which  intersects  one  of  the 

'  planes  is  a  transversal  of  both. 

(b)  Prove:     <  > 

—     Theorem1?  -  \7    The  fatio  of  two  intervals  which  are 
intercepted  by  parallel  planes  on  one  transversal 
. "      of  these  planes  is  the  same  as  that  of  the  corre- 
sponding intervals  which  are  intercepted  by  these 
planes  on  any  other  transversal. 

!  / ;-\"-  ;/    .     ...    '  ■  '  . 

A*        \A'        "/  7  AB  ;  BC    A'B'  :  B'C 

'  ■  v  ■■■«/'  \fj/7- 

■    /V      "  V'/, 
L        *  -  V  w 

1.  Given  a  plane  it  and  a  point  P  4  nt  show  that 

(a)  there  is  a  plane  which  contains  no  points  ofl^  and 

(b)  there  is  a  plane,  different  from  tt,  whose  intersection  with  tt 
contains  a  line. 

2.  Suppose  that  <r  *  jr. 

(a)  Show  that  it  n  n  either  is  empty,  or  consists  of  a  single  point, 
or  is  a  line. 

(b)  Do  you  think  that  tr  h  rr  can  consist  of  a  single  point? 

(c)  Do  you  think  that  if  a  n  77  *  0  then  <r  jj.sr? 

id)  Do  you  think  that  if  /  is  a  line  such  that  /  D  rr\0  then  /  ||  tt? 
(e)  Do  you  think  that  a  line  which  is  a  transversal  of  one  of  two 
parallel  planes  must  intersect  the  other? 

3.  Parte  (c)  -  (e)  of  Exercise  2  suggest  theorems  which  we  have  not 
yet  proved.  As  a  matter  of  fact,  although  the  statements  in  ques- 
tion are  intuitively  reasonable  they; are  not  yet  theorems.  They 
will  become  theorems,  tywever,  in  the  next  chapter  after  we  adopt 

-    an  additional  postulate.  To  see  what  is  involved  here,  consider 
the  following  question  , 


Is  7  n  m  »  0  — *  /  |j  mf  a  theorem? 
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Answers  for  Part  ft  [cont.J 

■9.     (b)  ^  Using  the  notation  of  the  figure,  if  AB  and  A'B5  are  con-  • 
J  current  or  parallel  then  they  determine  a  plane   *  which/  by 
Theorem  9-rl6,  intersects  the  given  planes  in  parallel  lines. 
AB  and  A'B'  are  transversals  of  these  parallel  lines,  and 
the^desirtyl  conclusion  follow^  from  ^Theorem  8-6(b).  For 
the  general  case,  in  which  AB  and  A7!?  are  not  coplanar, 
introduce  as  a^  third  transversal  the  line  through  A'  which  is 
parallel  to  AB.    By  part  (a)  this  line  is  a  transversal,  and, 
by  the  preceding  argument,  the  ratio  of  the  intervals  inter- 
cepted on  it  is  the  same  as  the  ratio  of  those  intercepted  on 
A'B    and  is  also  the  same  as  the  ratio  of  the  intervals  inter- 
cepted on  AB.    [Note  that  the  figure  illustrates  a  special  case. 
In  general,*  there  will  be  four  parallel  planes  and  the  intervals 
which  are  in  question  on  a  given  transversal  will  not  have  a 
common  end  point.    Note,  also,  that  by  using  Exercise  6  of 
Part  D  on  page   325  one  can  obtain  more  precise  information. 
In  the  case  illustrated  in  the  figure,  it'follows  that 
( B  -  A) :  (C  -  B)  -  < B'  -  A'):(C  -  B').  ] 

Thete  is  a  corollary  to  Theorem  9-17  which  is  of  basic  importance 
in  volume  Z.    Suppose  that  7rx»   itpt  <rx,  and  <rp  are'parallel  planes  and 
that  i,  m,  and  n  are  transversals  of  these  planes  and  I  j|  m.  Suppose 
that  £  intersects   *x  and  wP  at  A  and  *B,  respectively,  that  m  inter- 
sects <r1  and  <rp  at  C  and  D,   respectively,  and  that  n  intersects  jr.,  ' 
ff,v  or      and  er    at  A',   B',  C',  and  D'.    It  follows  that  (B'  -  A');(D'  -  C') 
-  (B  -  A) :  (D  -  C).  M  ' 

To  establish  this  suppose^,  first,  that  ^      m.    In  this  case  the 
desired  conclusion  follows  at  once  from  Theorem  9-17  [if  this  theorem 
is  made  more  precise  as  indicated  in  the  note  to  the  answer  for  Exer- 
cise    9(b)}.    In  casev  I  *  m,  let  C"  and  D'J  be  the  points  at  which  I 
intersects  <rx  and  crp,  respectively.    By  the  case  just  settled, 

(B'  -  A'):(D'  -  C)  =  (B  -  A):(D"  -  C").    Since  £  \fm  aqd  j  *  m,m  m 

i  and  m  determine  a  plane  [Theorem  9-6]  and  the  lines  CC''  and  DP" 
are  contained  in  this  plane  [Theorem  9-3].    Since        jj  <r      CC"  |J  DD7* 
[Theorem  9-16].    It  follows  that  C"D"DC  is  a  parallelogram  and,  so 
that  D"  -  C"  =  tD  -  C.    Hence,  <B'  -  A');(D'  -  C')  -  (B  -  A):(D  -  C>. 

Answers  for  Part  C 

(a)  P[v]  is  such  a  plane.    [Theorem  '  9-1 1  (b),  Definition  9-6(a), 
and  Exer.eise  3(a)  of  Part- B] 

(b)  L,et  Q  and  R  be  two  points  of  sr.    Then  PQR  is  such  a  plane. 
{Theorems  9-3  and  9-1}      1  .  .  -  ......  

2.     (a)*  U  o-  o  tt  contains  two  points  .then,  by  Theorem  9-3,  it  con- 
tains a  line.    If  it  contains  a  line  and  a  point  not  dn  the  line 
then,  contrary  to  assumption,  <y.  =  X. 

,  (b)-(e)  fT^^ftions.of  physical  space  would  motivate  a  negative  4 
answento  (b)  and  positive  answers  for  the  others.  All  four 
situations  can  occur  in  spaces  of  more  than#three  dimensions.] 
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(a)  How  would  you  answer  this  question  now? 

(b)  How  would  you  answer  it  if  we  were  to  adopt  a  postulate  ac- 
cording to  which  any  four  points  of  W  are  coplanar? 

4.  As  Exercise  3  suggests,  our  present  postulates  allow  for  the  possi- 
bility that  &'  is  so  "large"  that  queer-seeming  things  can  happen* 
.  in  it.  ¥ot  example,  our  present  postulates  are  satisfied  in  spaces 
which  contain  pairs  eff  planes  which  have  a  single  point  in  common. 
In  spite  of  this,  we  can  prove  the  following  theorem; 

If  a  given  line  is  parallel  to  each  of  two  intersecting  , 
planes  then  the  intersection  of  the  planes  is  a  line  which 
is  parallel  to  the  given  line. 


Prpve  this  theorem. 
5,  Suppose  that,  as  shown  in  the  figu 
linearly  independent,  £(J  |)  X/*,  an 


(A  -  P,  B  -  P,Q  -  P)is 


(a)  What  tells  you  t&at  A,  P,  and  Q  determine  a  plane? 

(b)  How  do  you_kn^w  that  A~PQ  *  ~BpQ? 

(c)  Show  that  AnS  and  COD  are  parallel  planes. 

(d)  Can  Xt?  be  p&rallel  to  P($?  Explain. 

(e)  If  X<?  |j  P'0\  what  can  you  say  about  Acf  D  M?  Why? 

(fX  If  &C*  0,  what  can  you  say  about  ID  -  Q)  :  {B  -  P) 

and  (C  -  h)  :  (A  -  P)l  About  W  and  *A& 


♦9.07  Half-planes 

As  you  will  recall  from  Chapter  1,  half-planes  are  analogous  to 
half-lines,  and  closed  half-planes  are  analogous  to  rays.  Both  half- 
planes  and  closed  half-planes  have  edges  rather  than  vertices.  A 


edges 


Fig.  9-10  . 

closed  half-plane  contains  its  edge,  a  half-plane  does  not.  A  half-plane 
is  determined  when  one  knows  a  point  which  belongs  to  it  and  knows 
the  line  which  is  its  edge. 
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Angwers  for  Part  C  [cont.] 


5. 


(a)  No,  because  our  postulates  are  consistent  with  the  existence 
of  skew  lines. 

»* 

(b)  .    With  thi$  postulate  to  work  with  the  statement  in  question 

would  follow  from  Theorem  9-8,    [The  statement  of  this 
exercise  should,  of  course,  be  compared  with  Exercise  2(c),] 

§umx>ge  that  t  ||  *t  i  ||  cr,  c  *  *  and  A  €  7?  r>  o\  It  follows  that 
A[i]  Ct  y  ff  [Exercise  3(c)  of  Part  B]  and,  since  <r  #  jr,  that 
y  r>  (r  ~  A[lj  [Exercise  2(a),  above]* 

(A  more  familiar  theorem  is:    A  line  which  is  parallel  to  each 
of  two  nonparallel  planes  is  parallel  to  their  line  of  intersection. 
However,  at  this  stage  we  cannot  prove  that  nonparallel  planes 
intersect;    and  it  is  only  during  the  proof,  given  above,  that  we 
find  that  'their  line  of  intersection*  makes  sense.  ] 

\ 

(a)    Since  it  follows  from  the  hypothesis  tha^.t  (A  -  P,  Q  -  P)  is 
linearly  independent,  {P,  A,  Q}  is  noncqllinear .    So,  A,  P, 
and  Q,  determine  a  plane  —  the  plane  AfQ, 


(b) 
(c) 

(d) 

(e) 

(0 


If-  APQ  -   BPQ  then,  by  (a),  {  P,  A,  B,  Q}  is  coplanar.  This 
latter  is  not  the  case  because  (A  -  P,  B  -  P,  Q  -  P)  is  linearly 
independent. 

LA^B]  =  JA  -  P,  B  -  P]  and  [CQD]  =  [C  -  Q,  D  ^  Q).  Since 
CO  ||  AP,  [C  -  Q]  =  [A  -  P],  and  since  DQ  ||  BP,  [D  -  Q) 
Pi    So,  [A'-  P,  B  -  P]  -   fC  ;..Q,  D  -  Q1.  Hence, 
■    '  ■       APB  l|  CQ 

Q  =  A'-  P. 


[APB]  =   [COP]  and,  by  definition  APB  ||  CQD 


Yes„    This  will  be  the  case  if  and  only  if  C 
[Exercise  2(a)  of  Part  A  on  page  385] 

u  ^  WV$  then  AC^  ^  ^L=,  0-    Since  A?  Q  ApQ  and 
W  C  JBPQ,  AT!^Q  1*15  C  SPQ  /->  BPQ  ~  Vfim    So,  if 
AC  |T  TO  then  AC  r\  BD  =  0. 

gyg Thgo^em  8-2,  the  ratios  are  tfre  same.    By  Theorem  8-3, 


Answers  for  Exercises 
l.1"  U) 
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This  set  is  a  plane.  In  fact,  if 
A  €  I  and  LM  =  [  a  ],  it  is  the 


plane  A 
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We  shall  study  half-planes  more  thoroughly  in  Volume  2.  Here,  we 
shall  only  suggest  how  they  may  be  denned  and  how  to  establish  the 
line-plane  separation  property  stated  on  page  31. 

Exercises 

L  Suppose  that  /  is  a  line  and  that  b*i  [/].  Picture,  and  describe,  each 
of  the  following  sets.  ^ 
(a)  \X:-3f9lX  -  Y  *ib)}   "  (b)  {X:  3Vf,  X  -  Y  €  |6>} 

(c)  {X:  3ytrX  -  V  *H>V  }   ^  (d)  {X:  3^,  X  -  Y  =  0*} 

2.  Which,  if  any,  of  the  sets  of  Exercise  1  has  /  as  a  subset? 

3.  (a)  What  is  the  intersection  of  th^  sets  of  parts  (a)  and  (A)  of  Exer- 

cise 1?  Of  parts  <b)  and  (d)?  Explain. 
\    (b)  Do  the  seta  of  parts  (b)  and  (cV  of  Exercise  1  have  a  point  in 
common?  [Hint:  If  i?{  and  fl,  are  points  of/,  ,4  -  i3}  €  [ftV,  and 
4  -  B,  €  |— what  contradictory  conclusions  can  you  draw 
concerning  B,  -  B,?)  .     *  1  v  \ 

(e)  What  is  the  union  of  the  sets  of  parts  (b),  (c),  and  (d)  of  Exer- 
cise 1?  ■■       s  \ 

4.  Suppose  that 7  Q  n. 

(a)  Can  you^find  a  translation  Vsuch  that  TT*  [tt\  but^[/]? 

(b)  Jf  ft*c  [tt]  but  /T^  |/K  what  is  {X:3Yi{X  -  .y€l$}? 

(c)  Suppose  that  h\  and  h]  are  translations  which  belong  to  [tt] 
hut  not  to  {I}.  Compare  {X:  3y„  X  -  ^  €[£]♦}  and  {X:  3V  . 
X  -  Y%|6>}.  '  '  . 

(d)  State  and  prove  [a  result  suggested  by  part  (c). 
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Vocabulary  Summary 

copianar  points 
copianar  lines 
bidirection 
r  plan^?  quadrilateral 


,  plane 

direction*  of  a  plane, 
proper  bidirection 
transversal 


Definitions 


94.  {A,  a,  C,  D]  is  copianar      (fl  -  A,  C  -  A,D  -  A)  is  linearly 
dependent. 

9-2,  tt  is  a  plane  if  and  only  if  (a)  tt  is  a  subset  of  if  which  contains  at 
f    least  three  noncoliinear  points,  and  (h)  V^VyVz  [({X,  Y,Z}  Q  tt 
•  and  {X,  y,  Z}  is  noncoliinear  J  —*VwiWeit~  {X,  F,  Z,  W} 
is  copianar)} 


911 
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This  set  is  a  half-plane,  the 
ppposite.of  thjat  in  part*  (b). 


(d) 


This  set  is  I, 


Sb, 


The  first  and  fourth  contain  I,  - 

(a)  t  [since  3  €  [  b  ];   0  [since  (J and  b  /  [4]]. 

(b)  No,  If  A  belongs  to  botfc  sets  fchen  there  are  points  pf  I 
say,  B.  and  B.,  —  such  that  A  -  B1  =  Sbx  fand  A  -  B2  - 
where  Both  bx  and  bp  are  positive.  It  follows  that  B?  -  B,  / 
=  b<b5  *  bik  Since  B2  -  Ba  C  [i]  and  Stf{4]  it  follows  that 
b2  4-  bx  -  0,  Since  b1  and  b2  are  positive,  this  is, not  the 
case.    Hence,  nb  point  belongs  to  both  sets.  * 

The  plane  described  in  1(a). 

Yqs.    [f]"C  [tt]  and  [tt],   since  it  is  a  bidirection,  contains 
vectors  not  in  [I],  *  V 


(a) 
(b) 


c)  the  sets  described  are  either  the  same  or  opposite  half-planes. 

d)  {X:,  3Yei  X  -  Y  e  [S1  D  and  (X:.^,  X  -  Y  6  [82  ]♦)  are 

the  same  or  have  no  common  point.    [As  the  proof  shows,  no 
conditions  are  needed  on  Sx  and  S2  other  than  that  they  are 
non-0.    So,  this  result  shows  that  no  two  half-planes  with 
-  edge  i  have  a  common  point,  and,  with  S2  6  [i],  th^t  no  such 
half-plane  contains  any  point  of  I,] 

'       Let  3,  =  {X:  3Y£|  X  -  Y€[Sin  ^nd  02  MX;  3y€i 

X  -  Y  €  [bp  ]*}.   Suppose  that .  2t  r>  \52  £  0.    In  particular 

suppose  that  ^  i  'Sjb^  ~  Be  t  &2b2,  where  Bx'  and  B2  belong 

to  I  and  b.  and  bP  are  positive^    Suppose,  also,  th^t 

C  =  B  +  S,b,  where  B  £  i  and  b  >  0.    Since  S    =         -  Bj 

'        +  b?{b?/b4)  it  follows  that  C  -  B  +  <B2  -  B.^b/b.) 

+  bgibbg/bj.    Since  B  +  (B£  -  B,)(bA1)  €i  and  (bb2)/b1  >  0 

it  follows  that  C  €  3^   Hence,  if  Sx  o!52  ^  0  then  34  C  Sa 

and,  by  symmetry,  \  C  3,.    Consequently,  either  3.  =  3„ 

pr  3,  ^  32  -  0.  1  2 


9tp 

^  ^ 
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♦  9-3.  T6c  =  {X:  3T  2^  X  -  A  +  iB  -  A)x  +  (C  -  4)y) 
W.  1     ^jr.J%  3Z  (V  €  tt  and  Z  *  tt  and  x  -  Z  -  V ) } 
9-5.  (a)  AiZh\  -  {X:  X  -  A  e  \a\  h)\ 

(b)  aXtt]%{X:X  -  A€\n\} 
9-6.  (a)  tt1  ||  tt,  — ^Itt,]  -  IttJ 

(b)  /|f  77—  I/]  Q   [tt]  ■ 
■        (C)    TT  ||  /  /  ||  TT 


Other  Theorems 

Lemma*  Ur,  c/).  is  linearly  independent  and  fc*  t/}  C  [a*  fel)  — *  [<%  cf] 

9-1.  For  Mi  fi.  C}  noncollinear,  ABC  is  the  plane  which  contains 
A,  B9  and  C 

Corollary*   Three  noncollinear  points  determine  (uniquely]  a  plane. 
9-2,  ({D,  c  A^C  and  \Dt  E9  F}  is  noncollinear)"^  Aifc 

-  d  £f 

9-3.  A  plane  contains  the  line  determined  by  any  two  of  its  points. 
9-4.  A  line  and  a  point  not  on  that  line  determine  a  plane. 
9-5.  Two  intersecting  lines  determine  a  plane. 
9-6.  Two  parallel  lines'determine  a  plane. 
*  •       9-7.  Two  nonparallel  coplanar  lines  intersect. 

9-8.  Two  lines  are  parallel  if  and  only  if  they  are  coplanar  and  have 

no  common  point. 
9-9,  M,B,  O  is  a  noncollinear  subset  of  tt  — ♦  [tt]  =  [B  -  4,  C  -  A\ 
9-10.  {Pen  and  ae  [tt))  — ♦  P  +  a  e  n        [  { 

9-1 1.  (a)  For  (a,  b)  linearly  independent,  A{a,'b)  is  the  plane  through 
'*       Avtith  the  bidirection  fa*  ft*}. 
^  (b)  A\n]  is  the  plane  through  A  with  the  direction  of  tt. 

9-12.  Any  translation  maps  any  plane  onto  a  parallel  plane. 
9-13.  There  is  one  and  only  one  plane  through  a  given  point  anil 

parallel  to  a  given  plane,  * 
9-14.  There  is  a  plane  containing  a  given  line  and  parallel  to  a  given 

plane  if  and  only  if  the  given  line  and  plane  are  parallel 
"r      9-15.  There  is  one  and  only  one  plane  which  contains  a  given  poitit 

and  is  parallel  to  each  of  two  given  fcoriparallel  lines. 
9-16,  Two  lines  whi(jh  are  contained  in  different  parallel  planes  sgre 

parallel  if  and  only  if  they  are  Qoplanar. 
9-17.  The  ratio  of  two  intervals  which  are  intercepted  by  parallel 

planes  on  one  transversal  of  these  planes  is  the  same  as  that 

of  the  corresponding  intervals  which  are  intercepted  by  these 

planes  on  any  other  transversal. 
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1,  True  or  false? 

(a)  If  a  line  is  parallel  to  a  plane,  it  is  parallel  to  every  line  in  the 
plane. 

(b)  If  two  planes  are  parallel,  then  every  line  which  is  a  trans- 
versal of  one  of  the  given  planes  is  a  transversal  of  the  other 
one  also.  1 

(c)  If  two  planes  are  parallel,  then  every  plane  which  intersects, 
but  is  different  from,  one  of  the  given  planes  intersects  the 

«.        other  one  also,  1 

(d)  If  two  lines  are  parallel,  then  every  line  which  intersects  one 
of  the  given  lines,  but  is  different  from  it,  intersects  the  other 
one  also.  « 

(e)  If  two  lines  are  parallel  and  6ne  is  a  transversal  to  a  given 
plane  then  so  is  the  other. 

\{f)  If  two  planes  cut  a  third  plane  in  such  a  way  that  their  lines 
of  intersection  with  the  third  plane  are  parallel,  then  the  two 
given  planes  are  parallel. 

(g)  If  ABCp  is  a  convex  quadrilateral,  then  {A,  B,  C,  b}  is  co- 
planar. 

(h)  If  ABCI}  is  a  simple  quadrilateral,  then  (A,  Bf  C,  D}  is  co- 
planar. ^ 

2.  Stippose  that  {a,  6*  q)  is  linearly  independent,  and  that  A  -  P  -  a, 
B  -  P    %  and  Q  ~  P  - 

(a)  Draw  an  appropriate  picture  for  the  given  conditions. 

(b)  Is  APQ  a  plane  or  not?  Explain  your' answer, 
(e)  Is  B  in  APQ  or  not?  Explain  your  answer. 

(d)  <Let  C  ■  Q  +  o2  and  D  =  Q  +  lid,  for  some  c(.  For  what  ^ilues 
jbf  rcT  will  it  be  the  case  that  &D  and  XC?  havef a  point  in  com- 
mon? Explain  yojir  answer. 

(e)  Given  the  information  in  (d),  for  what  values  of  'cf  will  it  be 
the  case  that  &B  and       are  parallel?  Explain  your  answer. 


J.  Given  that  A$C  id  a  plane.  ' 

(a)  What  can  'you  say  about  the  points  A,  B,  and  C? 

(b)  What  is  the.  direction  of  AjfrC?  _ 

*  (c)  Show  that  fiBC  +  7  is  parallel  to  A~B~C.  ' 
'  (d)  Which  of  these  points  are  in  ABC  +  cf,  given  that  Hi  [ABC]? 

(!)  A  +  (C  -  B)  +  ~3  ' 

(ii)  A  +  <(£  +     -  (A.+  <$)  •  •  . 

-  (iil)  (B  +  fl5  +  (B  -  A)  +  7 
(iv)  (C .+  7)  +  HB  +  7)  -  (A  +  7)) 
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#  Background  Topic 

r  On  pages  273  and  274  you  considered  vectors  <rand  h  such  that 

a  v  ca,  +  t/a.,  and  6  +  </&.,, 

Vhere  u\*  c/>  is  linearly,  independent,  and  showed  that 

0.  ft. 


I'M        (at     is  linearly  independent        ^»  V1 

^  a.  6.. 


*  0. 


1  Recall  that  the  definition  of  the  determinant  of  the  pair  Ua|t  6j), 
(a,,  b,))  is:-    <  .        **  -  .* 


See  page  175.1  Note  that  it  ftflfaws  immediately  from  the  definition 
that 


•  (1 


\a> 

\a„ 

r  [Explai^J 


In  view  of  this,  t * )  amounts  to  the  following: 

iul-a]  +  u,a.„         +  «.,/?,)  is  linearly  dependent 
12)  '  '  ~ 

n  ft 

o 


[(!<,,  *0  is  linearly 
N   independent] ' 


We^hali  need' similar  results  concerning  the  linear  dependence  of 
to,  6),  where  * 

(**>  a    *iija/+  «*d  ,  «+■  iTsa5  and  V  ==  'uibi  +     6^  +  * 

and  (to;,  uJf      is  linearly  independent.  First,  lets  experiment  a  bit 
-  with  (2).  >  .  /' 

Part  A  V..  ,( 

- .  ^  -     t.  Suppose  tfaattffp  &Uis  iineariy  independent .  In  each  of  the  follow- 
ing casek*  use  (2)  £o  determine  whether  or  nofe  (at  b)  is  linearly 
' dependent.  ^  * 

Ca)  o  *  «t4'  +/£  •  -2/6*=  a*  •  -6  +  «1  *  3  V  •"l 


(b)  a     ut6  4-  a  J,  6  m;3;H^u24 


-  *  — * 


(O-jk'-M,  •  27  +  u,  v  18,  6.  ^  iu,  •  21  +,  u2  •  14  • 


(e)'Wii'2  +  «>-3,1>'»(f  '  .  ;\ 

Recall  that  if  "a  *  fithefi  (a,  b)  is  linearly  dependent  if  and  &nly  if 


o 

ERIC 


6  €  I  at  Use' this  and  (2)  to  prove  ijhe  reak%mber  theorem: 


915 
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Key  to  C  ha pt e  r  T cy 
1.     (a)  False. 

(e)  True. 
^.     (a)  QJ 


(b)  True. 

(f)  i-^alse. 


9 

b 


(c)  True. 
■  (g)  True. 


(d)  False, 
(h)  False. 


(b) 
(c) 
(d) 


(e) 


Yes,  Since  a  and  q  are  linearly  independent  translations^ 
(A,   P,  Q}  is  noncollinear,  ^ 


No.    For  if  B  €  APQ  then  fa,  b,  q)  is  linearly ^de pendent . 
Since  (a,btg)  is, not  linearly  dependent,  B  ^APQ( 

Let   R  e  RD  r\  ACt'    The*ni-  for  some  p  and  q,    R  =  B  +  (D  -  B)p 
"  A  4  (C4;  A)q.    So,   (B  -  \)  4  (D  ^B)p  f;  (A  -  C)q  ^   3.  Since 
B  -  A       b  -  a,  D  «^B   -   (Q  -  B}  +^bd  =  b)  +  bd  ^nd 

A  -  C  =#(A  *  Q)  -  aZ'=  (a  -  q)  -  a2,  it  follows  that, 

(b  -  a)  +  [(q  -  6)  +  Sdjp  +  [(3  -  q)  -  aZ]q  *  3  •  • 

or,  more  conveniently,  that 

a(-l  -  q5  +         +  (d  -  l)p|  fq(p  -  q)  =  3. 

Since  (a,  b,  q)  is  linearly  independent,  p  =   q  =   —  1  and 


(d  -  Dp;  =  -i. 


So, 
* 


d  =  2. 


is  2. 


Hence,  the  only 'value  of  'd*  for  which  BD  r>  AC  #  0 


BD  j  J  AC  if  and  only  if  D  -  B  =   (C  -  -A)t,  for  some  t.  From 
{d},  we  know  that  D  -  B  -    q  +  b(d  -  1)  *and  Cj:  A  =  q  +  a.  nSof 
*     the  given  lines  are  parallel  if  and  only  if  q  +  b(d^-  i)  -  (q  4  a)t 
for  som&  t,  £that  is",  if  and  only  if,  for  "some  "t,-  qjl  -  t)  +  b(d  - 
a  •  -t      cJ.   *Thc  latter  equation  holds  if  and  only  lfr  =   1  and 
-t  ='  0  which  is  clearly  impossible.    So, -the  given  lines  are 
never  parallel, 

(a)    ThSy  are  noncollinear  M  *  * 

'(b)    [B  -  A,  C  -.A]  .  , 

(c>  -{ABC  +  Z]  -  [(8i3)  -  (A  *  3)„  <C  *  h  "  (A  U)}. 

=  [B  -  A,  C  -  A]  <  1  *     N  , 

So,  ABC  +  3  ||  ABC. 
(d)    The  following  points  are  in  ABC  +5: 
(i)   A  +  (C  -  B)  +  3 
f(iv)   (C  +  3)  +  ((B  +  3)  -  (A' +3)1     ■     • "     •    '«  .  . 


1) 


[Reason  for  (i);   A  +  (C  -  B)  €  ABC;,  reason  for  (iv):   Given  *  j-  \ 
expression  equivalent  to  'C  +  (B  -  A)  +  3\  and  C  +  {B  -  A)  €  ABC.j 
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I  a }  and  a,  not  both  0] 

[Hint:  Let'(w|t  uj  be  any  linearly  independent  pair  of  vectors  and 
let  a     ula]  *  um,  and  h*    u]b]  +  tt*6,.| 

3,  (a)  Use  the  result  of  Exercise  2  tojfind  several  ordered  pairs  U,  y) 
,  which  satisfy  the  equation: 

2jc  -  3v     0  [Hint:  Let  a,     2  and  3.| 
(b)  Describe  all  solutions  ,U,  y)  of  the  equation  in  part  (a). 

Suppose  that       u.,,      is  linearly  independent  and  that 
a«  +  u,a.,  +  u:ta:l  and,/?*    ^6,  4  u*  A„  f  «*6;r 

1.  Express  wj  ♦       as  a  linear  combination  of  u^ji.v  and  u.v 

2.  What  three  equations  must  a  and  b  satisfy  in  order  that  aa  f  hb 

3.  Whiit  is  one  obvious  solution  (af  6)  of  all  three  equations  in 
Exercise  2? 

4.  What  kind  of  comnm  solution  must  the  equations  in  Exercise  2 
have  if  (a,  h)  is  linpffly 'dependent?  ' 

>  In  the  situation  described  in  Part  B, 

aa  +  bb  ^  6,6)  +  u2(a,,a  +  6.6)  +  u^ia^a  +  ft,  6) 

*  ■  * 

>  and  so,  since  (wp  u,t  %J  is  linearly  independent,  aa  +  66  -  6  if  and 
only  if  (a,  fa)  is  a  solution  of  the  system  of  equations: 


^  *  *  *  ^ 


+  6,6  ^  0 
a,a  +  6.^6  =  0 
aja  +  6U6  -  0 


"Henct^,  fah  6>  is  linearly  dependent  if  and  only  if  (***)  has  a  solution 
Other  than  (0f  0).  That  is,  (a,  V)  is,  linearly  dependent  if  and  only  if 
)  has  a  nontriihal  solution.  . 
Now,  any  solution  of  (***)  is  also  a  solution  of  each  of  the  three 
♦  systems:  *  % 


(a.a  +  6}6  «  0 
la,a  +  6,6  =  0f 


a,a  t  6,6  -  0  .  la,a  +  6,6  -  0  s 
a,a  4-  6-6'-  0*  ana'  [ata  +  6,6  =  0 


.  Each  of  these  systems  ha^(0,  0)  as  one  solution.  And.  as  we  learned 
,  on  page  175,  the  fir^t  of  them  has  no  other  solution  unless  at62  -  a26, 
,    *      =0.  Since  if  (***)  has  a  nontrivial  solution  then  each  of  the  three 
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From  the  definition  of  the  determinant  of  the  pair,  ((a^  bj), 
(a2,b2))t  and  properties  of  real  numbers; 


axb2 


b., 


It  may  be  useful  to  spend  a  few  minutes  [but  hardly  any  more  ]  here  to 
allow  the  students  to  state  other  forms  for  the  determinant  of  the  given 
pair,  as  such  may  occur  to  them  after  their  having  taken  note  of  the 
above  demonstration. 


Answers  to  Part  A 

I.     (a)    linearly  dependent 

(b)  not  linearly  dependent 

(c)  linearly  dependent 


(d)  not  linearly  dependent 

(e)  linearly  dependent 
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Letting  (u^u^)  be  any^linearly  independent  pair  of  v^ctors^ind,  p 
also,  letting  a  -'U^a,  +  upa?  and  ft  -   u^b^  +upb£,  then,  by  (2), 
^u*iai  +  32a2,  S^bj^  f  u2b2)  is  linearly  dependent  if  and  only  if 


b,  'bP 


-  0, 


Also,  for  a^  and  a?  not  both  0,  {u1a1  +  u?a^t  uibx  +  up b2 )  is 
linearly  dependent  if  and  only  if  She  re*  is  a  real  number  x  such 
that-  '  /  ■  * 

*u\bi  f  u2hP  =  (uxal4+  J?a?)x, 

which  is  to  say  that  (u1a1  +  u?a?!  ^ibx  +  u2b2)  is  Hnea'rly 
dependent  if  and  only  if 


3     (b'x   =  axx  and  b?   -  a2x)    [a1  asd  a2  n,ot  both  0], 


Hence , 


0c=^3     {b1  =  axx  and  b2  =  a£x)  fei  ant^  a2  no^  both  0] 


5  «5, 


(a)    Several  such  ordered  pairs  are;    (-2,3),  ( ^T^i  (8,  -12), 

•      (b)    {(x,y):  3a  (x  -  -3z 'and  y  -  lz))  ^      ^  >  - 

Answers  to  Part  B  * 

1.     aa  +  ^b  ~  u£(aia  4-  b1b)  +  u2(a£a  +  b£b)  +  us(a3a  +  b^b) 

.a2a*^  b2b  =  0     |*  ^  * 

a3a  +  b3b  =  0 

3.  One  obvious  solution  would  be.  a  -  b  =  0. 

4.  '    The  ordered  pair  ^a,  b)  must  be  such  that  a  and  b  are  not  *bOth 

zero,  and  if  (a1,b1)  is  at  common  solution  then,  for  each  k, 
(aj^lcbj^k)  is  a  solution*  * 
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systems  of  two  equations  has  a  nontrivial  solution,  it  follows  thatvif 
<***)  has  a  nontrivial  solution  then 


a  ft  I  '  -0;  L  ^!     °-  and 


0, 


So,  using  (1),  we  see  th^t  if  id,  b)  is  Linearly  dependent  then 


(4) 


.  lb.  b. 


0,1 


6.  6, 


0,  and 


0. 


To  establish  the  converse  it  is  enough  to  show  that  if  (4)  holds  then 
has  a  nontrivial  solution.  We  shall  consider  two  cases.  First,  in 
case  A,  b,  A,  0  \t  ia  easy  to  find  solutions  (a,  h)  of  (***)  in  which 
not'both  a  and  b  are  0.  (Jive  some,  Second, Suppose  that  at  least  one 
of  the  numbers  br  6,,  and  fr,  is  not  0- for  example,  suppose  that 
b.x  v*  0.  From  the  second  two  equations  in  (4)  it  follows  that 

£1,  6.,  +  hx  ■  -m>}     0  and  a,,bA  +  fr,  ■  -a:J     0.  I  Explain.  | 

What,  then,  is  one  nontrivial  solution  of  the  first  two  equations  of 
Is  this  also  a  solution  of  the  third  equation? 
We  have  seen  that'if{4)  is  satisfied  then  ('***)  has  a  solution  other 
then  ((),())  and,  so,  (a,  h\  as  described  in  Part  B,  is  linearly  dependent. 
Combining  this  with  the  result  obtained  two  paragraphs  back  we 
see  that,  for  \u\,  u,,  u.t)  linearly  independent, 

<V\+        •+         "A  f  u,b,  +         is  linearly  dependent 

(5) 

ja,  a. 


A,  ft, 


0f 


a,  a 
A".  A 


0,  and 


0. 


Part  C 


1.  Suppose  that  lu],  u\  uA)  is  linearly  independent,  In  each  of  the  fol- 
lowing cases,  use  J5>  to  determine  whether  or^ot  (a\  b)  is  lineaify 
dependent. 

(a)  a  ~  z/T6  jfc  u*9  ■>  ^  ■  -4,  •  -4  +  i*  -.-6.+   

(b)  a     ufi  +  ~u,  •  -8  f  u[\0,  h  =  ^9  +      •  -12  f  ^15  ' 

(c)  a'=  ii*8  +  tt^O  +  w*4„  b*^  u\\2  +  £i*20  +  iT35 

2.  JJse  t5)  to  prove  the  real  number  theorem; 

For  fft, f  a„a:|)  9*  (0,  0,0),  * 

ia}b2  -  a2bi  -  0,        -  a362  -  0,  and  a,/>}  -  a  A,  =  0) 


(6) 


3^  (6,  «  a,*,  62  -  a^x,  and  6,4  -  a,*). 

'  919 
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Given  that  bj  -  ■  b3  -  0,  (***)  ia  equivalent  to  the  system: 

La  -  0 
■{a^a  -  0 

So  any  ordered  pair  (a,  b)  having  zero  as  a  first  component  is  a 
solution. 

The  first  of  the  two  equations  is  obtained  from  the  third  equation 
of  (4)  and  by  noting  that  ,a1b3  +  b*  -a3  =   0'   is  equivalent  to  that 
equation.    The  second  of  the  se  is  obtained  from  the  second  equation 
of  (4)  in  a  like  mariner. 


From  b3  #  0, 


aib3  +  V 


0,  and  a2bfl  +  br  •  -ac 


0,  we 


have  a2  =  b^^)  and  a.,  =  b2(g3-).    Since  not  all  of  alf  a?,  and  a 


3  ~3 

are  zero  it  follows,  by  (3),  that  the  first  two  equations  have  a  non- 
trivial  solution  because 


b  b  - 
.  P3 


0. 


An  example  of  such  a  nontrivial  solution  would  be  any  ordered  pair 


Answers  to  Part  C 


a'  ~b  suc^  solutions  do  satisfy  the  third  equation  of  (*#*). 

D3 


1.  (a) 

6  9 

9  -"-4 

-4  6 

*  0, 

-4  -6 

-6  -3 

3  -4 

"1 


*  0 


of  the  determinants 


Not  linearly  dependent^becauee  o 
is  not  0. 

(b)  Linearly  dependent  " 

(c)  No^iinearly  dependent 

Z,     In  a  manner  analogous  to  that  used  to  establish  the  theorem  of 
Exercise  2,   Part  A,  we  first  note  that,  according  to  (5),  (a,  5) 
is  linearly  dependent  if  and.  only  if  -  ^p^x   z  0, 

a2b3  *  a3b^  T  °»  and  asbi  "  aib3  :  °.  Further,  (a,S)  is  linearly 
dependent  if  and  only  if,  for  some  x  and  for  at  least  one  of  aol 


and  a3  not  equal  to  zero,  b^,  «  axx,  bp   ~  a2x,  and  b& 
The  theorem  follows,  as  before,  by^n  application  of  the  replace- 
ment rule  of  biconditionais, 


i 


92  o 


Chapter  Ten  * 
Dimension  . 

10.01  Making  Room-But  Not  Too  Much 

In  our  intuitive  discussions  about  f  and  / ,  we  have  tried  to  keep 
alive  the  notions  that  f  is  the  set  of  points  of  what  we  Commonly  think 
of  as  "space"  and  that ,/  is  the  set  of  all  translations  that»afct  on  these 
points.  Our  original  intention  was  to  construct  a  set  of  postulates 
which  would  in  a  formal  way  describe  the  sets  and -So,  in  our  for- 
mal development  of  geometry,  /'  and  S  are'  merely  sets  which  satisfy 
our  postulates.  There  are  many  ^ays  of  satisfying  our  current  postu- 
lates. ^ 

ExercineH 
Fart  A 

1 .  Suppose  that  /  consists" of  exactly  one  poirit  —  say,  O  -  and  that .  T 
consists  of  exactly  one  translation. 

(a)  What  is  ./"? 

(b)  Which  of  our  current  postulates  are  not  satisfied?  ^ 

2.  Suppose  that  /  contains  two  points. 

(a)  Does  it  follow  from  our  postulates  that  ^contains  other  points? 
What  points  must    contain?  Explain. 

(b)  Does  it  follow  that  /  contains  a  line?  May  t  contain  three 
noncol linear  points?  Must  fi  contain  three  noncoilinear points? 
Explain. 

4jt*)  Is  each  point  of  /■  contained  in  a  line?  Need  there  be  more 
than  one  Tine  containing  a  given  point  of  <*!  Explain. 

(d)  Does  it  follow  that  ea*h  line  of  £  is  contained  in  a  plane? 
Explain.  * 

(e>  Does  it  follow  that  contains  a  non~G  translation?  May  .T  con- 
tain two  linearly  independent  translations?  Must  &  contain 
two  linearly  independent  translations? 

3.  Suppose  that    contains  three  noncoilinear  points. 

la)  Does  it  follow  that  #'  contains  a  plane?  Does  it  follow  that  each 
point  of  'is  contained  in  &  plane?  Tliat  each  line  of  is  con- 
tained in  a  plane?  That    contains  [at  least)  two  planes? 

399 


TC  399 


There  have  been  several  indications  —  especially  in  Part  C  an 
page  391        that  we  need  to  have  postulates  which  specify  the  dimen- 
sion of  S.    Even  earlier  (in  Chapter  7],  we  discovered  that  without 
such  postulates  we  could  not  prove  that  each  point  belongs  to  a*  line. 
Difficulties  like  this  last  are  taken  care  of  by  Postulate  49  on  £age  40(3 . 
Difficulties  like  those  in  Part  C  are  taken  care  of  by  Postulate^  41C  on 
page  40  *  .    With  these  new  postulates  we  have  a  complete  basis  for 
3 -dimensional  affine  geometry  —  roughly,  the  geometry  of  incidence 
and  ratio  for  3 -dimensional  space.    Postulates  to  be  adopted  in  volume 
1  will  make  it  possible  to  introduce  the  notions  of  distance  and  perpen- 
dicularity anS,  so,  to  develop  Euclidean  metric  geometry. 

In  Part  A  we  investigate  several  sets  which,"  according  to  our 
postulates,  could  he  E  or  T.    Our  purpose  in  this  investigation  is  to 
demonstrate  that  there  are  features  of  the1  true  sets  fi  and  T  which 
have  not  been  specified  in  our  postulates.    Then  we  investigate  some 
alternate  ways  of  specifying  these  features.    We  recommend  that  Part 
A  be  used  for  class  discussion.    In  this  way,   students  will  more  easily 
recognize  the  relationship  betweeTi  the  exercises  and  our  reasons  for 
adopting  Postulate  49.    These  exercises  usually  precipitate  heated 
discussions.    When  used  for  homework,  the  opportunity  for  such 
spontaneous  discussion  is  not  present.  ., 

Answers  for  Part  A  •  V 

1.      (a)    T  -   {6)1  "  .       ,  ./ 

(b)  .None.    p^ut>  **"a  should  be  checked  for  each  postulate.  ] 

I.  (a)  £  must  contain  all  points  of  the  line  determined  by  the  two 
given  points,  but  need  contain  no  points  other  than  those  of 
this  line . 

(b)  Yes.;    Yes,  ;    No.;    If  £  is  a  line  and  T  is  its  direction  then 
all  postulates  are  satisfied. 

(c)  Yes.  ;    No.  ;    If  £  contains  two  points  then,   given  any  point 
of  6,  there  is  a  point  different  from  it,  and  the  given  point 

*  belongs  to  the  line  determined  by  it  and  any  such  other  point. 

However,  £  may  be  merely  a  line,  in  which  case  each  point 
of  £  is  contained  in  exactly  one  line. 

id)    No.;    As  mentioned,  £  may  be  a  line.- 

(e)    Yes*.  ;    Yes.  ;  No. 

3.     (a)    Yes.;    Yes.;    Yes.;    No.    [if  £  is  a  plane  and  T  is  its  direc- 
tion then  all  postulates  are  satisfied.  ] 

'  ' '.  ;■'  ■  >  "'-T " 
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(b)  Does  it  follow  that  j  contains  two  linearly  independent  trans- 
lations? Three  linearly  independent  translations? 

4.  Suppose  that  $  contains  four  noncoplanar  points. 

(a)  In  this  context,  would  you  give  a  different  answer  to  any  of  the 
questions  in  Exercise  3(a)? 

(b)  How  about  the  questions  in  Exercise  3(b)? 

5.  (a)  It  is  implicit  in  Postulates  1  and  2  that  neither  $  nor  if  is 
empty.  For  example,  from  Postulates  1(a)  and  2(a)  we  can  infer 
%A  +  iB  -  A)*$*\  from  this  and  Postulate  2(a)  we  can  infer 
7?  «  f\  from  this,  1X  X  €     In  a  similar  manner,  prove  *lyx*  i7\ 

(b)  Can  you  infer  the  last  more  simply  from  another  postulate? 

&  (a)  Suppose  that  .7  contains  a  non-0  translation.  Show  that  there 
are  [at  least]  two  points.  [Hint:  Use  the  contrapositive  of  'A  +  a 
-  A  — >  a  *•'&'.] 

(b)  Suppose  that  there  are  two  points.  Show  that  there  is  a  non-0 
translation. 

7.  Show  that  there  are  two  linearly  independent  translations  if  and  | 
'there  are  three  noncollinear  points.  [Hint:  If  A,  B,  and  C 
are  noncollinear  points,  what  translations  do  you  know  to  be 
Hnearly independent?  Given  linearly  independent  translations 
a  and  6,  Hbw  can  you  describe  three  noncollinear  points?) 
8*  Show  that V here  are  three  Hnearly  independent  translations  if 
and  only  if  tjiere  are  four  noncoplanar  points.  / 

The  preceding  exercises  show  that,  as  far  as  our  present  postulates 
are  concerned,  need  not  be  a  very  "roomy"  space.  $  may  consist  of  a 
single  point,  or  it  may  fee  a  single  line  or  a  single  plane.  None  of  these 
possibilities  is  agreeable  with  the  aims  in  this  course.  As  was  sug- 
gested on  page  27,  these  aims  are  somewhat  vague;  but,  at  least,  we 
wish  our  postulates  to  describe  as  completely  as  possible  some  of  the 
aspects  of  the  space  around  us.  So  far  we  have  been  able  to  show,  for 
example,  that,  given  three  noncollinear  points  of  W%  there  are  subsets 
of  #  wh\ch  satisfv^at  least  some  of  our  intuitive  notions  of  what  planes 
should  be  like.  In  particular,  given  thrfce  such  points  it  is  not  difficult 
to  show  that  each  point  of  if  is  containkl  in  some  line,  and  that  each 
lifte  is  a  subset  of  some  plane.  Giv^n  orily  three  noncollinear  points 
there  may,  however,  be  only  one  plane.  To  be  sure  of  enough  space  to, 
move  around  in  we  need  to  be  assured  of  the  existence  of  at  least  four 
noncoplanar  points.  As  we  have  seen/ one  way  to  ensure  this  is  to 
postulate  the  existence  of  three  linearly  independent  translations. 
We  do  so  by  adding  to  Postulate  4:  ;v 

Postulate  48   There  are  three  linearly  independent 
members  of  if. 

i         .  4  .  .......  a 

eric  .       923   ,       /    '  • 


TC  400 

Answers  for  Part  A  [cent.] 

(b)    Yes.  ;    No.  '  / 

4,  (a),  (b)   Iii  e*ach  case,  the  answer  for  the  last  question  should  be 

changed  to  'Yes,', 

5,  (a).  R  -  A  €  T        A  +  a  €  fi 


yS  =   (A  f  a)  -  A  (A  +  a)  -  A  €  1\ 

a  €  T 

t  m~~~~ — 

3*  x  €  T 
x 

(b)    Ytsf  from  the  postulate  '6  e  J\    [Also,  from  '  B  -  A  c  T1.  ) 

(a)  Suppose  that  a  ^  0.    Since   A  +  a  =   A  =^>  "a  =        it  follows 
that  .A  f  a*  *  A.    Sinct>  A  +  a  €  tl  it  follows  that  ■  \ 

3Y  3X   Y  *  X'    Hencc'  3J  *  *  3  =*  3Y  3X  Y  *  *\ 

(b)  Suppose  that  A  ^  B'.    Since   R  -  A  =  '&  =>  A  -   B  it  follows  . 
that   B  -  A  *  u\    Since   B  -  A  €  T  it  follows  that  3-*  x  ^(T 
Hence,  3y  3X   Y  *  X  =>  3^  x  #  3,  x  \  . 

\ 

Suppose  that  {A,   B,  C)   is  noncollinear.    It  follows  that 

<B  -  A,   C  -  A)  is  linearly  independent  and,   so,  that  3^  3^*  (x,  y)\ 

is  linearly  independent.    Hence,  3^  3y  3?   {X,  Y,   Z}   is  non-r 

eollin^ear  — >  3^  3-»  (x\  y)  is  linearly  independent.    Suppose  that 

(a,b)  is  linearly  independent  and  suppose  that  A  €  £„■  Since 
a  -  |A  f  a)  -  A  and  b  =»  (A  +  S)  -  A  it  follows  that  {A,  A  +  a, 
A  f  b}  is  noncollinear  and,   bo,  that  3X  3y  3^  {X,   Y,   Z}  is 

noncollinear.    Since,  as  indicated  in  Exercise  5,  3V  X  e  g  it 
follows  that  A 


3^3^  (x,  y)  is  linearly  independent 

3Y  3  7  Y'   ^        noncollinear,  ^ 

8.'    [Merely  insert  extra  letters  in  answer  for  Exercise "  7  and  replace 
'noncollinear4  by  1  noncoplanar' .  ] 
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Harts  B  and  C  make  a  reasonable  homework  assignment  to  follow 
the  introduction  of  Postulate  4Q.    We  recommend,  however,  that  you. 
give  at  least  two  illustrations.  off:_paragrapk  proof*  appropriate  lor 
Exercise   1  of  Part  B.  . 

Answers  for  Part  B  \  / 

j  \ 

1.     (a)    Sine^v  by  49,  T  has  threelineariy  independent  members  it 
certainly  ha*  two  linearly  independent  members.    So,  {as  in 
Exercise  7  of  Part  A],    £  ha,s  three  noncollinear  points, 
(b)    Sinde  £  contains  four,  points  [by  Theorem  10-1],  given,  any 
point  of  E,  there  is  another.    Sinc£,  given  two  points,  there 
is  a  line  containing  them  [Theorem  7-1],  any  point  of  g  is  ' 
contained  toa  line.  '  [Note  that  we  can  now  be  certain  that 
{A,  B,  C}  is  collinear,  by  Definition  7-1,  if  and  only  if  A, 
B,  and  C  are  contained  in  some  liQe^J 
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As  is  shown  in  Exercise  8  it  follows  that  N 

||  Theorem  10-1    There  are  four  noncoplanar  points. 


I  As  is  also  shown  in  Exercise  8,  we  might  have  chosen  Theorem  10-1 
as  our  new  postulate,  and  called  Postulate  4^  Theorem  10- 1\] 

Part  Bos   -  V 

1,  (iive  a  short  paragraph  proof  for  each  of  these  statements. 
/         •    (a)  There  are  three  noncollinear  points  in  <* . 

\  (b)  Each  point  is  contained  in  a  line, 

(c)  Each  line  is  a  subset  of  a  plane. 

(d)  No  plane  contains  all  points  of 

(e>  Any  plane  contains  at  least  three  lines.  J 
if)  There  are  at  least  six  lines  and  four  planes. 

(g)  Given  any  line,  there  is  another  line  parallel  to  the  given  line. 

(h)  iTtven  any  plane,  there  is  another  plane  parallel  to  the  given 
plane. 

m  (i)  Any  plane  fyas  a  transversal.  ,-. 

2.  (a)  How  many  lines  does  any  plane  contain? 

(b)  How  many  planes  does  9  contain? 

(c)  Given  any  line,  how  many  lines  in  ^  are  parallel  to  that  line? 

(d)  Given^any  plane,  how  many^ planes  are  parallel  to  that  plane? 


PartC 


Suppose  that  a  *  0.  Draw  a  figure,  and  complete  these  sentences. 

+     -*  -  -* 

(a)  Since  a  *  0,  (  «  )  is  ^  -.  

(b)  If  {a\  |/j  and  A*  I)  then  A  +  a\  -  [. 

ie)  If  iaeil]  and"  then  (a\  V)  is  

id)  If  iat\l]  and  h^\l\)  then  (a\  V)  is 


(e)  Show  a  vector  h  such  that  Jfa*,  V)  is  linearly  Independent. 
2.  Suppose  that  (a,  h)  is  linearly  independent.  Draw  a  figure,  and 
complete  these  sentences. 

(a)  If  iaj  in]  and  htllrr])  then  [ir|  -  . 

(b)  If  (a  *  \tt.  and  b€\n]  and  A  €  ir)  then  A  +  (a  +  TTfl)  * 
tc)  If  {a,  £  aT  C  4W4  then  (a\  X  2l«  -    '  -  '  ' 

(d)  Describe  a  translation  e'such  that  (a*,  t>,  c)  is  linearly  inde- 
pendent. 

3*  The  figure  shows  three  linearly  independent  translations,  at  b*r 
and  c.  Copy  the  figure  on  page  402. 

(a)  Given  a  plane  ^  such  that  i^J  =  [a,  61,  is  it  the  case  that  c€ 

(b)  Suppose  that  R  is  a  point  of  irx  and  that  tt,  is  a  plane  that  con- 
tains R  and  has  direction  lht  ~c\m  Then  i?  f  tt1  D  it2.  Describe 
three  other  points  of      D  urr       ■      \  ■ 
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(c) 


(e) 


(£) 


By  part  (a),  £  contains  three  noncollinear  points,    So,  given 
any  line  in  £,  there  is  a  point  of  £  not  on  this  line.  By 
'Theorem  9-4,^the  given  line  and  any  such  point  are  con- 
tained in  a-  plane. 

By  Theorem   1Q~1  there  are  four  noncoplanar  points.  Since 
no  plane  can  contain  all  of  four  such  points,  no  plane  contains 
all  points  of  £. 

Any  plane  contains  three  noncollinear  points  and,  by  Theorem 
■  9-1,  any  two  of  three  such  points  are  contained  in  just  one  line 
and  no  such  line  contains  all  three  points.    Since  three  pairs 
can  be  chosen  from  three  objects,  it  follows  that  any  plane 
contains  at  least  three  lines.    [This  theorem  does  not  depend 


on  4g. } 


(g) 

(h) 
(i) 


Since,  by  Theorem   10-1,  there  are  four  noncoplanar  points 
and  any  three  of  four  such  points  are  contained  in  a  plane,  and 
no  plane  contains  all  four  points,  there  are  at  least  as  many  . 
planes  as  there  are  triples  which  can  l>e  chosen  from  four 
objects.    So,  there  are  at  least  four  planes.    Since  no  three  of 
four  noncoplanar  points  can  be  collinear,  any  two  of  four  non- 
collinear points  determine  a  line  not  containing  the  other  two. 
Since  six  pairs  can  be  chosen  from  four  objects,  there  are  at 
least  six  lines. 

iGiven  any  line  i,  there  is,  by  part  (c),  a  plane  containing  I, 
IThis  plane  contain^  a  point  not  on  1.    If  A  is  any  such  point 
ihen  A[i]  ||  I  and  A  [I]  *  i.  ' 

jiLike  answer  for  part ^(g),  but  use  part  (d).  ] 

Let  A  be  any  point  of  the  given  jalane.    By  part  (d)  there  is  a 
point  not  on  this  plane,    Then  AB  is  a  transversal  of  the  given 
plane. 

each  part,  an  acceptable  answer  is  1  infinitely  many*.  ] 


(a)  linearly  independent 

(b)  t 

(c)  linearly  dependent 
{d)  linearly  independent 


(a)  [a,  t]  . 
(bj  V 

(c)  linearly  dependent 


3.     (a)  No. 

•    (b)    [Vx  R  +       £  wx  r>  3T2] 
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(c)  Point  A  is  shown  in  the  figure.  In  your  copy,  show  the  position 
v;                    of  the  point  A  +  (a  +  T  +  jjjfc  a$d  labeljtjfl\ 

(d)  What  oan  you  say  about  tjt^^quence  (a,V9  c,  B  -  A)? 

(e)  Can  you  visualize  the  position*  pf  a  point  C  such  that  (a,  £t~ct 
C  -  A)  is  linearly  independent? 

4.  Given  the  linearly  independent  sequence  (a,V,  cf  (I)  and  a  point  A,"  % 
consider  the  planes  A[a\  ff\  and  A[c,  cf}. 

(a)  How  do  you  know  that  A[a\  h*}  is  a  plane? 

(b)  Do  A  [a,  b)  and  Ale*  if]  have  a  point  in  common? 

(c)  How  many  points  do  A[a\  b)  and  A\t\  df]  have  in  common? 

5*  Suppose  that  A  €  tr,  D  n,9  [nx ]  =  lqj>\,  and  [ttJ  -  [ct  J).  Show  that 
rr,  n  jr.,  -  {^4}  if  and  only  if  (<£  6*  c*  c?)  is  linearly  independent. 

6.  Suppose,  given  the  linearly  independent  sequence  (a\  b\  c]  ~ct)  and 

the  point  A,  that  /  -  4taT,  and  rr  =  (A  +  c}. 

(a)  Is  /  parallel  to  :r?fc 

(b)  Do  /  and  n  have  a  common  point?  ^ 

7.  Consider  a  line  /  and  a  plane  7r,  where  /  =  A\a)  and  tt  5[7^. 
Show  that  if  /  jf  it  and  t  n  tt  =  0  then  there  are  four  linearlyinde-  * 
pendent  translations.  [Hint:  You  know  that  (6*  cT  is  linearly  in- 
dependent, that  a  i  1%  c\  (Why?),  and  that  B  -  A  f\a% %  cl<Why?).) 

&  Modify  your  work  in  solving  Exercises  6  and  7  to  show  that  there 
exist  nonparallel  planes  which  have  no  common  point  if  and  only 
if\ there  exist  four  linearly  independent  translations.  [Hint  In 

Exercise^  wjisider  planes  AL^pjlnd  B[c\  d]  and  show  that  some 
four  of  a,  6,  c,  d%  and  B  -^pSWst  be  linearly  independent  if  the 
planes  are  nonparallel  and H|ave  no  common  point.] 

As  is  shown  by  Theorem  10-1  and  -  perhaps,  better -by  parts  (g), 
(h),  and  (i)  of  Exercise  lof  Part  B,  Postulate  %  ensures  that  W  is  roomy 
enough  for  us  to  move  around  in.  In  short,  Theorem  10-1  may  be 
taken  as  asserting  that  A 

W  is  at  least  3-dimensional. 

It  is  customary,  when  dealing  with  vector  spaces,  to  say  that  a  vector 
space  is  at  least  n*dimen$ional  if  and  only  if  it  has  at  least  n  Hneariy 


(e)    No.    [Unless  you  can  visualize  4-dimensional  space.] 

4.     (a)    By  Theorem  9-1 1(a),    For,  since  (a,  S,  c,  3)  is  linearly  inde- 
pendent, so  is  (a,  £). 


(b)  They  have  the  point  A  in  common., 

(c)  Only  one,  th^e  point  A,    For,  suppose  that  B  belongs  to  both 
planes.    Then  there^ are  numbers  —  *ay»  a,  k  c,  and   d  — 
such^hat  _B  -  A^=  aa  4-  Sb  and  B  -  £  =  3c  +  3d,    It  follows 
that  aa  +  bb  ~  cc  +  3d  and,  since  (aNB\  c,  3)  is  linearly 
independent,  that  a=b-c==d  =  0.    So,  B  =  A. 

5,  %   The  if-part  is  proved" in  the  answer  for  Exercise  4(c),  Suppose, 

then,  that  as  ^  sv,  =  J[ A}  •  ^Suppose,  now  [to  test  tor  linear  inde- 
pendence]^ tha^  aa  +  bb  =^cc  +  3d.    It  follows  that  P,  where 
P  -  A  +  (aa  +  SbJ^  =  A  +  (cc  +  3d),  belongs  to  both  planes.  So, 
P'=  A  and  aa  +  5b  -  3  ='  cc  +  3d.    Since  (a,  S)  and :  (cf  ctjisfce 
linearly  independent  it  follows  that  a  =  b  =  0  and  c  -  d  =  0, 
Hence,  (a,  b,  c,  3)  is  linearly  independent,    [Note  that  it  has  been 
proved  that  there  exist  two  planes  which  intersect  in  a  single  point 
if  and  only  if  there  are  four^linearly  independent  translations. 
Combining  this  with  the  result  of  Exercise  2(a)  of  Part  C  on  page 
391,  it  follows  that  there  exist  two  planes  whose  intersection  is 
neither  0  nor  a  line  if  and  only  if  there  exist  four  linearly  inde- 
pendent translations.  ]  \  . 

6.  (a)    Since^  (a,  S,  c,  3) _is  linearly  independent,  so  is  (a,  S,c).  So, 

a  ^^S,  c  ]  and  [a]  £  [b,  c  ].    Hence,  i  >H 

(b)    If  Pel  a  ff^jaen  there  are  numbers  —  say,  a,  b,  and  c  — 
~    such  that  P*  A  *  aa  =  (A  Vd|  +  (Sib  4  3c), ^  From  this  it  ^  _^ 
follows  that  aa  =  3l  +  Sb  +  cc  and,  since  1  #  0f  that  {a,Sfc, 
is  linearly  dependent.    Since  the  latter  is  not  the  case, 
i  a  f  =  0.  iThe  answer  to  the  question  is  *No^'. 
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Support-  that  I  ^rr  ^nd  I  ^  ?r  ^  jZ>     It  follow  a  that  fl|  and, 
^  so^  that  •  a  4  [  S,  c  ].    Stnce  [  S,  c  ]  is,%a  bidjrrfsction,  ^b^c^  is  linearly 
^irujrpondc'nt  and  it'  follows  by  Theorem-  6-13  that  (a,5,  c)  is 

Midepcnderir.    If'B^-  A  €  [  a,  b,  c  j  then  B  plus  some  linear 
in  of  b  nnd  c  would  equal  A  plus  some  multiple  of  a 
\Airi  rqfgjjm  r\t  described  in  Either  of  thee  e»  equivalent  ways  would 
bi\lorij>  tp^both  ir  and  #.    Since  there  is  no  such  point,   B-  A^a\.b\  e  }, 
"Sjnce  J*.  b^c)  is  linearly  independent  it  follows,  by  Theorem  6-13, 
th*t  kb,\:(  B  -  A),  is  linearly  independent.    So,  there  are  fouf 
linearly  independent  translations;    ["Note  that  it  has  been  shown  in 
Exercises  6s  and  7  that  there  exist  a  line  and  &  plane  which  are  not 

♦  parallel  and  do  not  tnterstx:t  if  and  pnly  if  there  are  four  linearly 
independent  translations.  ]  *  .  *  4 

Suppose  that  (a/b.  c,  J)  is  linearly  yidej&ndent .    Since        b)  and 
(b,  c )  are  linearly  independent,   A[a,  b^j  and  (A  f  3)jb,  e  ]  are 
planes.    Since  (a,b\c)  is  linearly  independent,  c*4  [  a,  b]  and,  so, 
[a,  b  ]  *  [b,  c  |  and  the  planes  are  not  parallel.    If  the  pianos  had 
a  point  in  common  then  the're  would  be  numbers  —  saX*  a» 
and  c  —  such  that  v\  +  "(aa  f  bbx}       (A  +  3l)  I  (bV,  +  cc)  and, 
since    I    /  0,   (a,at>,c,3)  woulfi.be  linearly  dependent.    Since  the 
latter  is  ^ot  the  case,  the  planes  have  no  common  point.  .Hence, 
iff  he  re  exist  four  linearly  independent  translations  then  there 
exist  two  planes  which  neither  are  parallel  nor  have  a  common  . 
point.  /  ^    .  *  , 

Suppose,   now,  that   5r  and  cr  are  planes  such  thaft^ft  U  a"  and 
9^  ^  <r  l^SL  m*We  may,  of^course^  assume  that  ^  =  A(a,  b]  and 
tr  ■-■  B[c,  d  |,  wherte  (a\  b)  and  (c\/J$  are  linearly  independent. 
Since    if ' ^  cr    ■   0^  it  follows  that  B  -  A  ^  [  a,  b,  c\  3],    Since   ir  J/f  cr 
it  follows  that  [  a\  b]  ^ ,  [  c,  3fc.    Since  (r,  3}  is  linearly  independent 
it  follows  by  the  lemma  to  Tneoreqn  9-1  that  {c,  3}  *(/  [a,  b  ]# 
Suggoste  that  c       a>  b  ].    Since   (a,  b)-  is  linearly  independent  it 

*  follows,  by  Theorem  6-13,  that  (a,  S'c)  is  linearly  independent."     *  f 
"Since   R  ■  A'^a.^c]  i\  to\l  ows,  by  Theorem  6-13^  that 

fa,  btc,  B-A)  is^  linearly  independent.    So,   if  c  4  [  a,  %  ]  then 
(a.b.c^B  -  A)  is  linearly  independent.    Similarly,  if  3  4  (  a?  S  ] 
then  {a,  b,  3,  B  *  A')  j$  linearly  independent.    Since,,  as  shown, 
previously,  one  of  c   and  3  must'  fail  to  belong  to  fa,  t>  ]f  it 
follows  that  there  exist  four  ^linearly  independent  translations. 
He nc*?,  if  there  exist  twq  planes  which  ne'ither  are  parallel  nor 
haj/e  ,a  common  point  then  there  exist  "four  linearly  independent 
translating,  *  " 
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In  discussing  this  page  make  sure  that  students  are  aware  of  the  ^ 
equivalence,  as  a  postulate,  of  Postulate  4^  and.  any  of;  . 

%   *.  t         ^°         planes  intersect  in  a  single  point. 

[See  note  tq  the  answer  for  Exercise   5  of  Part  C.  ]  * 

Any  line*  and  plane  either  are  parallel, 
or  have   [at  least)  a  point  in  common. 

[See  note  to  the  answer  for  Exercise  7.  ] 

Any  two  planes  either'are  parallel  or  , 
have    [at  least]  a  point  in  common. 

Point  out-that,  in, pa rticular ,   having  adopted  Postulate  4*0,  each 
of  these  three^sente^ices  is, 'now,   a  theorem.  >  [Their  proofs  are  given 
in 'the  answer  tor  Exercise  br  in  the  answer  for  Exercise  7,  and  in  t^e 
second  part  of  the.  answe  r  .for  Exercise  8,  respectively.] 

*  *  •  * 

vNext,  point  out  that  the  first  of  these  three  theorems  and  the  result 
of  Exercise  of  Part  C  on  page    391  have,  as  an  immediate 

consequence:  ^  '  .  % 

The  intersection  of  a£y  twp  planes 
>        is  either  empty  cVc-^line .  t;  ^ 

or,  equivalently ; '  b. 

Two  planes  which  Have  a  point  in  conp- 
*      man  have  a  line  as  thewir  intersection. 
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-  #    ^gaio,  because  of  the  discussions  usually  precipitated  by  the 
exercises,  we  recommend  Part  D  as  class  discussion  exercises, 
Part#  E  and  F  provide  a  homework  assignment  to  follow  duch 
discussions.  ' 

Answers, for,  P^rt  D 

1.     (a)    2  (lj)   most;    Z;  dimensional 

(c)    Z\   dimensional;  vector;^  ep^ce> 

L. 


Yes.;   Such  a  subset  is  caU0^  ^p.r^e  r  bidirection. 


x 
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independent  members.  So,  by  definition,  Postulate  4H  can  be  abbrevi- 
ated to: 

*  *  * 

.  "     /  is  at  least  3-dimensional. 

On  the  other  hand,  Postulate  49  puts  no  upper  limit  on  the  number 
of  1  inearly  independent  translations.  As  a  consequence  of  this  our 
present  postulates  allow  for  the  existence  of  planes  which  intersect  at 
a  single  point,  of  a  line  and  a  plane  which  have  no  common  point  but 
flfre  not  parallel,  and  of  skew  planes.  As  far  as  our  intuitive  notions 
of  /*'  go,  there  should  not  be  room  enough  in  for  such  situations  to 
occur.  According  to  Exercises  4-8  of  Part  C,  ruling  out  any  of  these 
possibilities  amoqnts  to  adopting:    *  •  %  . 

Postulate  4I0  .There  are  not  four  linearly 
independent  members  of  J\ 

m 

By  the  definition  mentioned  in  the  preceding  paragraph,  Postu- 
late 4I0  amounts  to  saying  that  it  is  nc^the  case^that  V  is  at  least 
4-dimensional.  More  simply:  ^ 

rf'  is  Qt  most  3-dirhensional.       •     *  , 

As  was/ shown  by  Exercise  5  we  might  have  adopted  the  following 
theorem  as  a  postulate  in  place  of  Postulate  4I0.  • 


> ;  ■  No  two  plants*  intersect  in  a  single  point.  ' 

Other  alternatives  to  Postulate  410  were  suggested  by  Exercises  ^6 
and  7: 

A  line  which  is  not  parallel  to  a  given  * 
plane  contains  a  point  of  th^t  plane. 

lor:  A  ljne  and  a  plana  which  have*  no  common  point  are  parallel.] 
and  by  Exercise  8: 

Two  nonparallel  planes  have  a  nonen\pty  intersection. 

Ion  Two  planes  which  have  no  point  in  ceftamon  are  parallel.] 
'Any  of  th£se  alternatives  to  Postulate  4J0  may  be  taken  as  asserting 
that  : 

^  is  af  most  3-dimensionaL 
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Two  parallel  planes 
—  no  points  in  common 


Two  nonparallel  planes 
—  must  intersect 


♦  Fig.  10-1 

The  first  and  third  of  these  may',  in  view  of  earlier  theorems,  be  com- 
bined into: 

>     %  j*  % 

Theorem  10-2   The  intersection  of  two  nonparallel  planes 
is  a  line. 

Note  that  Postulate  4I0  ^equivalent  to:  \    '  t 

Any  four  members  of  3~  an?  linearly  dependent.    ,  '      ■  ^ 

Since  Postulates  49  and  4J0  amount  to  saying  that  :T  is  exactly 
3-dimensional  we  may  summarize  Postulates  40  -  410  in: 


i 


Postulat^4A   3r  ,  under  function  composition, 
is  a  3-cnmensional  vector  space  over  ffl. 


[Postulates  40  -  4H  are  given  on  page  191  and  are  summarized  suc- 
cinctly in  Postulate  4"  on  page  191.]  As  the  <M  suggests,  wl  shall  have 
another  bunch  of  parts  to  include  in  our  final  Postulate  4.  These  will 
be  introduced  in  the  second  volume. 


Part  D 


Suppose  that,  instead  of  adopting  Postulates  4y  and  410,  we  choose 
to  adopt  the  following  statements  as  postulates: 

(i)  There  are  two  linearly  independent  members  of  .ST. 

(ii)  Any  three  members  of  3T  are  linearly  dependent. 


U  (a)  Statement  ii)  teUs  m  4hat  our  space  is  at  teast 
sional.  • 
(b)  Statement  (ii)  tells  us  that  our  space  is  at  


^-dinien- 


(c)  Statements  (i)  and  (ii)  can  he  summarized  as  follows: 

•  * 

ST  is  a  -  ■>    ,  ■ 

'  2.  Do  you  suppose  that  our  3-dimensional  vector  space  ST  has  a  sub- 
set which  satisfies  (i)  and  (ii)?  If  so,  do  we  have  a  name  for  this 
kind  of  subset? 
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3.  Under  the  assumptions  made  for  this  part,  how  might  you  describe 
tf?  Which  of  the  following  would  you  expect  to  be  theorems? 

(a)  .  There  are  four  noncoplanar  points. 

(b)  There  are  three  non&llinear  points. 

(c)  Each  two  points  are  on  a  line. 

(d)  (liven  any  line,  there  is  another  line  parallel  to  it. 

(e)  Two  lines  have  at  most  one  point  in  common. 

(f )  Two  lines  can  have  different  directions  and  still  not  intersect 

(g)  Two  lines  are  either  parallel  or  they  intersect. 

4.  (live  a  reason  for  rejecting  any  of  those  statements  in  Exercise  3 
which  you  did  not  select  as  possible  theorems.  \ 


Part  E 


Part  F 


1.  Repeat  Exercises  1  ancj  2  of  Part  D  with  (i)  and  (ii)  replaced  by; 

There  is  a  non-0  member  of  if. 

Any  two  members  of  7  are  linearly  dependent. 

2.  (a)  Write  statements  similar  to  (i)  and  (ii)  of  PartD  which,  to- 

gether with  Postulates  40  -  4M,  can  be' summarized  as: 

^      •  under  function  composition, 

is  a  4 -dimensional  vector  space,  * 

(b)  Describe  some  of  the  "peculiar"  situations  which  would*  occur 
in  #  ir  Postulates  1-3  and  (*)  were  satisfied. 

(c>  Give ^meoT the  numbered  theorems  in  this  and  earlier  chap- 
.  ters  whioi  would  not  be  theorems  if  Postulate  4'  w&re  replaced 
by(*>.  \  [  7 

3.  (a)  Show  that  the  direction  of  a  line  is  a\l-dimpalsional  vector 

space. 

(b)  Show  that  the  direction  of  a  plane  is  a  2-dimensional  vector 
*'    space.  < 


1.  (a)  Consider  the  plane  OUV  [so,  {0f  U,V.)  is  noncollinear].  Show 
that  k 

O  +  (U  ~  0)p  +  (V  -  0)q  -  O  +  (U  -  0)r  +  (V  -  0)s 

if  and  only  if  p  =  r  and  q  =■  s. 

Xh)  Consider  the  plane  0[u\  v\[m>,  (ET,^)  is  linearly  independent]. 
State  and  prove  ^  result  similar  to  t$kt  of  part  (a). 

(c)  What  do  the  results  of  parts  (aT  and  (b)  tel!  you  about  a  plane 
and  the  seM?  x  m  of  all  ordered  pairs  of  real  numbers? 

(d)  What  analogous  result  have  you  previously  established  con- 
cerning lines?  1  ■ 
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Answers  for  Part  D  [cont.] 

3.  '  Under  these  assumptions  £  m&  a  plane.    Statements  <b),  (c),  (d), 

(e)  and  Jg)  are  theorems.    [In  fapt,  {c)  and  (e)  are,  as  we  have 
shown  in  Chapter  7,  independent  of  any  postulate  of  dimensionality.] 

4.  By  Exercise  8  of  Part  A  on  page  4G0,  (*a)  of  Exercise  3  contra- 

f   diets  assumption  (ii}.    Statement  <f)  contradicts  (g)  which,  by  (ii) 
and  Theorem  9-7,  would  be'  a  theorem  under  the  present  assump- 
tions.   Moreover,  by  the  method  used  in  the  second  part  o If  the 
answer*  for  Exercise  8  of  Part  C  on  page  402,  it  could  be  proved 
that  (£}  impjies  the  existence  of  three  linearly  independent 
translations. 

Answers  for  Part  E  ' 

1,  The  assumptions  considered  in  this  exercise  tell  us  that  6  is  at 
least  and  at  most  i -dimensional.    They  can  be  summarized  as 
follows:  ^  '  ■ 

T  is  a  1 -dimensional  ^ctor  space. 

Our  3 -dimensional  vector  space  ^.T  has  many  1 -dimensional  sub- 
spaces.    Wfer  have  called  them  proper  directions. 

2.  (a)    There's^  four  linearly  independent  members  of  T. ;   Any  five 

members  of  %  are  linearly  'dependent/'1 

(b)  s  If  (&)  were  added  to  Postulate  1-3  [and  5]  then,  as  proved. iri 

the  exercises  for  Part  C,  there  would  exist  pairs  of  phine,s  Vr 
'   *       which  have  exactly  one  common  point;   there  would  exist  lines  3 
and  planes  whfch  are  not  parallel  but  do  not  intfcr&ect;  and 
there  would  exist  skew  planes*    £  would  contain  3 -dimensional  \ 
"hyperpianes"  [defined  in  analogy  with  Definitions  7^2  and 
9-2]  which  would  have' many  of  the  properties  which  planes 
have  in  our  3-dimensionaI  space.    For  example,  two  st^ch  > 
hyper  planes  would  be  parallel  or  have  a  plane  as  their  inter- 
section.   A  hyperplane  would  be  .determined  by"  four  noncoplanar 
points,  by  a  ^plane  and,  a  line  tr*n#s^se  to.it.^  Each  hyper- 
plane would  be  **just  like"  the  3-dmierT5r|anal  space  w*»  are 
*     studying  and,  for  example,  ih  analogy  witrT^Tieorem,  9-7,  we 
.    cou^d  prove  that  two  nonparallel  fcbknes  contained  in  Jhe  same 
hyperplane  intersect  in  a  line.  *  flriiact,  the  proof  would  be 
precisely  that  of  Theorem  10-2.J  .  m 

(c)  Of  course  all  the  theorems  of  earlier  chapters  would  remain  : 
theorems.    Theorem  10-1  would  also  be  a  theorem,  but  '# 
Theorem  10- 2  would  not.    [What  would  take,  the  place  of 

'  Theorem  1&~2  has  been  indicated  above.  }   * 

3.     That,  for  any  a  and  S,  [a]  and  [a,  S]  are  vector  spaces  has  beeri 
proved  in  Parts  A  and  B  on  pages  ■  \92  and  193.    It  remains  only 
to  be  shown  that  if  a  *  0  then  [a]  i«  I  -dimensional,  and  that  £f 
(a,b)  is  linearly^ndependent  then  [  a,  6*]  is  2 -dimensional, 

(a)   SupooieSthat  a^.tf,    Then  (a)  is  linearly  independent  4hd  ^ 
*  6  KI*  i*  \  ifi  at  lea«t  l-dimensional^  ^Supposing,  nc^St 

that  {H,  £}  &.[»]•  we  need  to  show  that  (b,  c)  is  linearly 
dependents   Tfiis  is  obviously  the  case  if  b  =  3.    On  the  o$«r 
hand,  iffU  5  then  \t]  -  [b  1  and  since  c  €  [t]  i 
is  linearly  ^ejiendent.  ;  So,  [a  J  is  at  most  1 -dimensional,  _ :r' 
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Answers  (or  Part  E   [cont.  j 

<b)    SttPB°»e  that  (a.  5)  11  linearly  indepeodent.    Since  . 

Ja,  bj  C  Ja.  b  |  it  follows  that  { a,  fi  J  is  at  least  I -dimensional. 
\  On  the  other  hand,  by  Exer,cise  3{b)  of  Part  D  on  page  584 

[a,  bj  is  at  most^-dimensional. 

Student*. wbo»e  interest  in  4-dimensional  space  is  aroused  by,  say 

""fi  »0niUlt  H-   R  Mannin«-  g^om^try  of  Four  Dime-neon's, 

??  Z  'J92  '    lBut'  thCy  WU1  find  U  tou*h  going.]  SeT,?aTso,  ^  

M.  Yi  faommerville,  An  Introduction  to. the  Geometry  of  N 
Dimensions,   Dover,   19S8.  ~  ~ 

Answer;  for  Part  F  » 

I.     (a)  I  [Compare  .with  Theorem  7-H,  ]   Suppose  that 

(*)   O  ♦  (U  -  Q)p  HV  -  0)q  =  O  MU  -  0)r      (V  -  0)s. 
It  follows  that  (U  -  0)(p  -  r)  ♦  (V  -  0)(q  -  a)  *  ff.  Since 
•   iO    U.  V)  is  noncollinear,  (U  -  O,  V  -  O)  is  linearly  inde- 
pendent.   It  follow,  that  p  -  r  ■-   0  =  «,  -  8.    Hence)  if  (*,  ' 
then  p  =   r  and  q  s.  s.    On  the  other  hand,  <*)  holds  trivially 
it  p       r  and  q  -   s.      'I  Sy  ■*  * 

(b)    [Merely  replace  '(U  -  O)'   in  the  preceding  by  and 
'(V  -  O)'  by  'v*.  and  delete  the  sentence  beginning  with 
.         Since'.  .  *  t 


(c) 


Corresponding  to  any  3 -termed  sequence  of  noncollinear  points 
of  a  plane  there  is  a  «ne -to-one  correspondence  between  the 
points  of  the  plane  and  the  members  of  fix  fi,    [By  (b),  instead 
of  three  points,  ojxe  may  start  with  one  point  of  the  plane  and 
two  hnearly  independent  members  of  the  direction  of  the  plane  ] 


M  (d)    Theorem  7-15.  ,.    .  * 


*  .s'y 
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2.  Suppose  that  {(),  U,  V,  W)  is  noncoplanar.  [Draw  a  figure.)  • 
>    (a)  Is  there  a  point  -  say,  A  -  such- that  A  -  O  is  not  a  linear  com- 
bination of  U  -  O,  V  -  O,  and  W  -  O?  Explain.  * 

(b)  State  and  prove  a  result  analogous  to  that  of  Exercise  1(a). 

(c)  Formulate  aj\d  answer  a  question-like  that  of  Exercise  1(c). 


10.02'  Intersections 


Now  that  we  have  postulated  that  ./  -  and,  hence,  H'-is  3-dimen- 
sional  we  are  in  a  position  to  tidy  up  some  of  the  theorems  on  lines 
>and  pi^es  which  were  proved  in  Chapter  9.  {You  have  already  done 
much  of  the  necessary  wbYk  in  Part  Cr of  the  preceding  exercises.] 

before  doing  this,  let  s  recall  a  problem  which  arose  in  Chapter  7 
in  connection  with  collinearitjk1  Having  defined  'collinear',  by  referring 
to  colli  near  pomis,  we  wished  >t*^make  sure  that 

if  {A,  B,  C\  is      inear  then^there 
is  a  line  which  contains  A4  B  and  C. 

This  was  easy  to  do  in  case  A  *  B.  [In  that  case,  AH  is  a  line  which 
contains  ^4  and  B  and,  if  {A,  B4  C}  is  coU inear,  alsocontains  C.I  The 
cases  in  which  B  *  C  and  C  ^  A  are,  of  course,  treated  in  the  same  way; 
butsthat  in  which  A  -  B  -  Q could  not  be  settled  at  that  time.  You  can  / 
now  see  why.  Use  the  notion  of  dimension  to  do  so.  [Hint:  Recall  Exer- 
cise 1  of  Part  A  on  page  399.  In  the  context  of  this  exercise,  what  is 
the  dimension  of  #?1  We  can  now  settle  the* matter  by  proving  that 
each  point  belongs  to  some  line.  [Which  of  Postulates  4ftf  and  410  is 
useful  in  doing  this?) 

You  may  ft&ve  thdtaght  of  a^imllar  problem  involving]poplanar'  and 
'plane'.  Suppose, that  {A,  B,  C,  D]  is  coplanar.  Does  it  follow  that  there 
is  a  plane  which  contains  A,  J3,  C,  and* D?  As  in  the  previous  case,*1 
it  is  easy  to  see  that  tKere  is  suf^i  a  platie  in  case  {A,  Bf  C]  [or  {B,  C, 
.D},  or  {C,  D,  A}f  or  {D,  A,  B}]  is  noncollinear.  One  way  to  complete 
the  argument  is  to^show  that  ih  the  remaining  case  there  is  a  line 
which  contains  Ay  B,  C,  and  and  then  4*>  show  that  each  line  is  $ 
subset  of  some  plane..  Do  this.  * 

The  last  theorem -eEa^h  line  is  a  subset  of  a  plane.'— has  another 
application.  Reeall  that  wfe  were  able  to  show  that  two  parallel  lines 
are  coplanar.  But,  up  to  this  point  we  could  not  have  proved: 

*  l\  II  I*       A  and  /s  are  coplanar  « 

i  Explain: 

The  preceding  problems  are  not  very  exciting.  The  more  interesting 
problems  are  those  whose  solution  requires  us  to  4sume  that  there 
is  not  too  much  room  in  8T.  The  question  as  to  whether  %  contains  skew 
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(a)    No.    Since  {O,  U,  V,  W}   is  noncoplanar,  (U  -  O,  V  -  O,  ' 
W  -  O)  ifi  linearly  independent.    By  Postulate  4I0< 
(U  ■  O,  V  -  O,  W  -  O,  A  -  O)  is  linearly  dependent.  So, 
by  Theorem  6-13,  A  -  O  €  [U  -  O,  V  -  O,  W  -  Q]m  ] 

(h)    For  {Of  U,  V,  W}  noncoplanar, 

O  +  (U  -  0)p  +  (V  -  0)q  +  (W  -  Ojr  •     ■  v 

=  O  +  (U  -  0)s  +.{V  -  QH  +  (W  -  0)u 

if  and  only  if  p  -   s,  q  -  t,  and  r  -  u. 

[The  proof  is  too  like  that  given  in  answer  to  Exercise  1(a)  to 
bear  repetition  here.  ] 

(c)  Given  any  4 -termed  sequence  of  noncoplanar  points*  there  is 
a  one-to-one  correspondence  between  the  points  of  £  and  the 
members  (ordered  triples  of  real  number  s  J  of  EXgXfi, 


As  shown  in  Exercise  1  on  page   399,  in  the  absence  of  dimension 
postulates  £  might  consist  of  a  single  point  —  and  the  dimension  of  6 
would  then  be  0*    If  so,  it  would  not  be  the  case  that  each  point  of  £ 
belongs  to  a  line,  f  Postulate  4g,  however,  makes  it  possible  to  show 
that  each  point  of  £  belongs  to  a  line,    A  weaker  postulate  — 
3^  5  ^  (J  —  would  do  as  well,  for  this  purpose.  *  r 

The  proof  that  if  {A,  B,  C,  D}  is  coplanar  aind 
collinear  then  there  is  a  plane  which  contains  1  A,  B, 
carried  out  by  using  definitions  and  Theorem  6^13. 
sets  {A,  Bf  C},  {B,  Ct  D},  {C,  D,  A}  and  {D,  A, 
prove  that  {A,  "B,  C,  D}  is  a  subsel  of  a  Hn#  by  considering  two 
cases  —  that  in  which  two  of  A,  J3,  C,  and  D  are  different  and  that 
[treated  above]  in  which  A  =  B  =  C  =  D,  .If,  fc*r  example,  A  ^  B 
then,  by  definition,  C  and  D  [as  welj  as  % A  and?B]  belong  to  the  line 
X§-  because  {A,  B,  c}  and  {D,  A,  5l}  are  collinear.    $  hat  each  line 
is  a  subset  of  a  plane  is  Exercise  1(c)  of  Part  6  on  page  401, 


{A,   B,  C}  is  non- 
C,  and  D  can  be 
In  case  each  of  the 
B}  is  collinear^we 


The  proof  of: 


i1  and  4^  are  coplanar 


is  treated  in  two  cases.    In  case  i,  £  4g  use  Theorem  §-6,    In  ca^e 


tx  -  l2  use  ^xercise  1(c). 


937 
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planes  is  an  example.  As  w^have  seen,  this  is  settled  by  Theorem  10-2 
which  is,  essentially,  equivalent  to  Postulate  4J0>  In  view  of  this 
theorem  we  can  restat^the  theorem  you  proved  in  Exercise  4  of  Part  C 
on.  page  392  as  follows: 

I Theorem  10 -*3  A  line  which  is  parallel  to 
fcach  of  Awo  nonparallel  planes  is  parallel 
to  their  intersection. 


Fig,  10-2 

Hera  is  amXher  theorem  which  depends  essentially  on  the  assumption 
that    is  at  most  3-dimensional:  h 


Theorem  10-4    A  lihe  and  a  plane  which  are 
not  parallel  intersect  at  a  single  point. 


This  theorem  has  two  useful  corollaries: 

*  i  Corollary  1    A  line  which  is  a  transversal 
of  one  planers  a  transversal  of  any 
J    'parallel  plane. 

Corollary  2   Parallel  lines  are  transversals 


of  the  same  planes. 


{Notice  in  what  way  these* corollaries  are  stronger  than  the  results 
used  in  proving  Theoreni  9-15.]  We  can  also  beef  up  Theprem  9-14: 


Theorem  10-5   A  plane  which  intersects  one 
of  two  parallel, planes  intersects  the  other, 
and  the  intersections  are  parallel  lines. 


Fig.  10-3 

93s 
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.  *n  proving  Theorem  9-17,  we  assumed  that  a  given  line  was  a 
transversa]  of  each  of  certain  parallel  planes.    By  Corollary  1  it 
would  now  be  sufficient  to  assume  that  the  line  is  a  transversal  of  one 
of  the  planes.    We  also  had  to  assume  that  a  line  parallel  to  the  given 
transversal  intersected  one  of  the  planes  in  order  to  show  that  it  was 
a  transversal  of  each  of  them.    Now  that  Corollary^  is  available  this 
assumption  is  no  longer  necessary. 

That  neither  of  the  corollaries  to  Theorem   10-4  holds  if,  contrary 
to  Postulate  410,  there  are  four  linearly  independent  translations  is 
£Agv  to  prove.     For,   if  ybjj)  is  linearly  independent  and  A  e  £  then 
<Ala]  is  a.trattjYg^sal  of-A[b,  c  ]  which  does  not  inte r sett  the  parallel 
plane  (A  f  d)[b,  c  ]  [if  it  did,  some^  multiple  of  a  would  be- the  sum  of 
d  and  some  Hne  a  recombination  of  b  ^nri  c.  contrary  to  the  linear  inde- 
pendence of  '(a,b,^  d)h   and,  while  A{a.]  is  a  transversal  of  A[E,  c  ], 
the  parallel  Hne  (A  +  H)f  a]  is  not  [if  it  were,  the  sum  of  3  and  some 
multiple  of  a  would  be  a  linear  combination  of  b  and  c  ]. 

Theorem   10-5  is  not  quite  correct,  since  it  leaves  open  the  possi- 
bility that  the  first-mentioned  plane  might  be  the  first  of  the  two  parallel 
planes.  f 


408    ^DIMENSION  . 

Finally,  we  can  now  settle  two  questions  brought  up  on  page  390: 

1!  Theorem  10-6    (a)  cr  \\  tt  +~>  (a   •  n  or  a  D  n  -  0) 
I  /  (b)  m  7T      1/  C  n  or  /  n  tt  =  0) 

ICompare  Theorem  10-6(a)  with  Theorem  9-8- which  we  could  now 
rewrite  as: 

/  ||  m     >  {/  and  m  are  coplanar  and  (/  =  m  or  /  n  m  r  0)) 

Do  you  see  the  effect,  on  Theorem  10-6£a),  of  Postulate  4J0?] 

Proofs  of  Theorems  10-2  t  hrough  10-6  can  be  obtained  by  putting 
together  results  you  have  already  proved.  As  indicated  by  the  hints 
for  some  of  the  following  exercises,  it  will  be  a  good  idea  to  repeat 
some  of  the  work  you  have  already  done,  j 

Exercises 

1.  (a)  Show  that  the  intersection  of  two  planes  which  have  two  points 

in  common  is  a  line.  * 

(b)  Show  th^t,  two  planes  which  have  one  point  in  common  h^ve 
another  point  in  common. 

(c)  Show  that  two  planes  which  axe  not  parallel  have  a  common 
point. 

(d)  Prove  Theorem  10-2.  4 

— —  — ^ — 

\Hinl:  For  part  (b),  show  first  that  planes  A[a\  b)  and  Ale,  dt\  have  a 
point  other  than  A  in  common  if  and  only  if  (a,  bn  t\  3)  is  linearly 

dependent.  For  part  (c\  show  that  A[df  b)_andB[c,  ct\  have  a  point 
in  common  if  and  only  if  B  -  A  6  ("a,  V9  d].  Next,  show  that  if 
k\  <?)  is  linearly  independent  and  [t\  d]  #  (a\'b)  then  and"? do  not 
both  belong  to  [a,  Conclude  that  if  [a*  6*j  and  [c,  are  two  proper 
^directions  then  either  (a,  bt  cl  or  (dt%3)  is  linearl^independent. 
Show  that,  in  the  first  case  B^-  At  [at~b~c\  -  fa,  b\  c~d]  and,  in  the 
second,  B  -  A  *{a,  b,  cf]  =  fa,  £7%  eft  J  * 

2.  Prove  Theorem  H)-S/f/fmfc  iigr^ 

and  an  earlier  exercise  may  be  sufficiifSk  If  you  have  doubts,  re- 
peat the  work  of  the  earlier  exercise] 

3.  Prove  Theorem  10-4.  [As  ^  Exercise  l(c)T  your  principal  tool  is 
the  fact  that  if  a  ^  [£f  c\9  where  (5*,  c5  is  linearly  independent,  then 
(d,  fc,  ^  is  linearly  independent.  What  theorem  tells  yon  this?j 

4.  Prove  Corollary  1  of  Theorem  10-4.  [Hint:  It  is  helpful  to  realize 
that  a  line  is  a  transversal  of  a  plane  if  and  only  if  the  line  and 

-  f  plane  are  not  parallel  One  part  of  this  is  Theorem ,10- 4.  Where 

did  you  prove  the  other  part?) 

5.  Prove  Corollafy  2  of  Theorem  idM. 
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Taking  into  account  results  obtained  in  Exercise  %l   of  Part  B  on 
page  what  remains  to  the  proof  of  Theorem  10-6  are  the  proofs 

of: 

_(a)    Q-  r>  %  -  0  =o  a-  ||  n 

'    (b)    t  rs  rr  ^  0         f  ||  it 

As  noted  on  page  403,  each  of  these  can  [and,  in  fax:t,  has  been]  proved 
by  the  use  of  Postulate  410. 

Theorem   10-6fa)  is  analogous  to  the  displayed  form  of  Theorem 
9-8,     But,  because  of  Postulate  41Q  there*  is,  no  need  in  Theorem  10-6(a) 
for  a  clause  analogous  to  %i  and  m  are  coplanar*.    There  would  be  no 
need  for  this  phrase  in  Theorem  9-8  if},  in  place  of  Postulate  410,  we 
had  assumed  that  there  are  no  three  linearly  independent  members  of  T. 
On  the  other  hand,  the  analogous  clause,  *cr  and  it  are  cohyperplanar* ,  * 
would  be  required  in  Theorem  10-6  if  Postulate  4in  were  not  assumed 
to  hold. 

Answers  for  Kxe rcise_s 

1.     {a)'  By  Theorem  9-3,  two  planes  which  have  ^two  points  inxommon 
have  the  line  determined  by  these  points  as  a  subset  of  their  ' 
intersection.    By  the  corollary  to  Theprem  9-1,  the  intersection 
cannot  conta^i  any  other  joints. 


{b)    We^may  assume  that  the  planes  in  question  are  A[  a,  b]  and 
A[c,d](    By  Postulate  410,  there  are  numbers  ~  say,  a,  b, 
c,  and  d  — ^  which  are  not  all  jgero  and  a?e  such  tl^at 
aa  +  Sb  =  cc  +  3d,    Since  (a^b*)  and  (c,  cf)  are  1'inearly  inde- 
pendent it  follows  that  aa  +  bb  #  S\    [if  it  were  (J  then  a,  b, 
c,  and  d  would  all  be  0.  ]   Hence,  A  +  aa  +  b*b  is  a  point  other 
than  A  which  is  common  to  the  two  planes, 

(c)    We  may  assume  that  the  planes  are  A[a,  b*  ]  and  B[,c,  cf], 

where  [a,  B*  ]  #  [?,  3].    Since  (c ,  3)  is  linearly  independent  it 
follows  by^he  lemma  to  Theorem  9-1  that  either  c  ^ [  a,  b  } 
or  d  ^[  a,  b  ],    Since  (a,  5)  is  linearly  independent  it  follows, 
by  Theorem  6-13,  that  either  {a,  b*,c)  or  (a,  S,  3)  is  linearly 
independent.^  In  the  first  case,  since  it  follows  by  Postulate 
410  that  _[aub,_c,  B  -  A)  is  linearly  dependent,  it^follows  that 
B  -  A€  [a,  fo,  c  ].   So,  -  B  plus  some  multiple  of  o  is  the  sum 
of  A  and  some  linear  combination  of  a  and  b.    In  other  words, 
the  plane s^have  a  common  point.    The  second  case  — *  that  in 
which  (a,  b,  3)  is  linearly  independent       leads  to  the  same 
conclusion.    Hence,  two  nqnparallel  plane's  have  a  common 
point.      *  /.  ...       .  ..  %  ...   

id)    Given  two  nonparallel  planes^  these  planes  have  a  common 

point,  by  (c),  and  so,  by  <b),\have  two  common  points^  Hence, 
*    by  (a),  tfteir  intersection  is  a  ^ine. 

2#     By  Theorem  10-2,  two  nonparallel  planes  intersect  in  a  line*    By' 4  - 
Exercise  4  of  Part  C  on  page  392,  a  line  parallel  to  each  of  two 
such, planes  is  parallel  to  their  line  of  intersection.    [Rather  than 
Theorem  10-£,  it  is  sufficient  to  refer  to  Exercise  1(c), ,  above.  ^ 
Doing  so  will  better  bring  out  the  relation  of  Theorem  10-3.  to  ,    *  . -: 
that  of  Exercise  4  on  page  392^]  - 

%         .  '  ■  .• .  • 
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Answer^  for  F'.xereisrs  [cont,^ 


3. 


W  suppose  the  lint-  and  plant-  in  question  to  be   A[  a  J  and 
B[b,e>j,   where  (a)   /  [b,  c  |  and,   so,   aV[b,  c].    Since,  also,  1 
(H,  c)  ^is  linearly  mdependent.it  follows,  by  Theorem  6-13,  that 
(a,4>,  c)  is  Unearly  independent.    Since.'by  Postulate  410, 
(a.b.c.R  -  A)  is  linearly  dependent  it  follows,   again  by  Theorem 
6-1  S,  that    B  ;  A  e  ['a,  b,  c  |.     Hence,  the  sum  of  B  and  sczmc 
member  of  [  brf_eL  is  the  sujn^of  A  and  some  member  of  [a  J.  In 
otht-rv  wo/ds,   A[  J")  and   H[b,  c  ]  have  a  common  point.    If  they  had 
two  points  irt  common  t^en,  by  Theorems  and  9-1,  the  line 

would  be  a  subset  of  —  and,   so,  parallel  to  —  the  plane.  Since 
the  latter  is  not  the  ease,   the  line  and  plane  intersect  at  a  si 
.point. 


-      4.     By  n 


>eorem    1U-4       line  which  is  not  parallel  to  a  plane  is  a 
transversal  of  that  plane.     On.  the  other  hand,  a  line  which  is  a 
transversal  to  a  plane  intersects  the  plane^but  is  not  a  subset  of 
it^-and  so,   by  Kxerciso    Mc)  of  Part   B  on  page  *Q0  ,   i9  not  parallel  ■ 
to"  the  plane.    So,   to  prove  Corollary   I   we^must  show, that  a  line 
which  is  not  parallel  to.i  plane  is.   also,   not  parallel  to  any  parallel 
plane.     Hut  this  is  equivalent  to  the  result  of  Exercise    1(f)  of  Part 
[Cor  re  sponttin^  sentences  of  the  forms 
r4   and  '(not   r  and  q)  not  p'   art'  logically 


H  on  page 
*1p  and  q)  =3 
equivalent.  ] 

f  ||  m  and  i  [J  it  then  r*  tt.  [See  Exercise  }(c)  of  Part 
page  *on  .]  , 


B  on 


wERiC  . 


9^ 


■7. 
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Suppose  that  <r  >  *  0  [and  t^at  a  *  jrj  and  that  jr.,  H  tt,  .  It 
follows  that  o  H  ttx  and,  so  that  v  |j  ^  So,  ,by  Theorem  10-2, 
<r  ^  ?r1  and  cr  nfrp,drc  lines  and,  hy  Theorem  9-16,  are  parallel. 

Using  .results  of  .Kxe  rcise    i%  of  Part  B  on  page  i90  [specifically 
parts   (#),   (h),  (i),   and  (j)j  all  that  rerrvains  is  to^prove: 
(ap\  o    ^  n  ■;  '  0  =f>'  a-  ]  |  7T 

(b)     t  O  7T         0  I   I  I  7T 

It  will  be  simpler   [and  sufficient]  to  prove  the  contr  apes  itives  of 
(a)  and  (b).    The  cont rapositive  of  (a)  is  an  jmrftediate  conse- 
quence of  Theorem   10- 1.     That  of  (b)  is  a  consequence  of  Theorem 
10-4. 


A  sequence  (ax  an)  of  members  of  a  vector  spa^ce^is  said  to 

s,pan  the  space  if  and  only  if  each  member  of  the  space  is,  af^near 
combination  of  terms  of  the  sequence.    Tin?  sequence  is  called  a  basis 
for  the  space  if  and  only'if  it  spans  the  space  and  is  linearly  independent. 
Intuitively,  t*en  [and  also  formally),  a  basis  is  a  spanning  sequence 
without  redundant  terms. 

Part  A  and  the  text  leading  to  Definition  10-1  can  be  used  to 
^ promote  class  discussion  of  the.  idea  of  a  basis.     Parts  B,  C,  and  D 
can  be  used  as  a  single  homework  assignment,  but  it  is  unreasonable 
%o  have  e^ch  student  do  each  of  the  exercises  in  Part   D      Instead  each 
student  can  work  all  exercises  of  Parts    B  and  C  and  then  students  can 
team  up  for  Part  D,  with  each  team  preparing 'and  presenting  the  dis- 
cussion for  just  one  of  the  exe  r cises.  ' 

Answers  for  Part  A  *  > 

1.      Yes,     Any  sequence  with  repeated  terms'  is  linearly  dependent 
[Theo  rem  6  ~  3  ( b )  ] 

*  4 

I.      No*    'Any  sequence  with  S  &s  a  term  is  linearly  dependent. 

[Theorem  6-3{a)j       *  .  -  *  * 

3.  By  Postulate  410,j  (a v  a\, ,  a3,  S)  is  Hmsarly  dependent. 

4.  Yes,  by  the  definition  of-linear  dependence.  - 

If  d  were  0  then,  since  bO  -  u"  and  (a\,a?,a3)  is  linearly  inde- 
pendent, it  would  follow  that  %  b,  and  c  are,  alao,  0. 

Since,  by  Exerciser  4,  a\a  +  a^b^f  a3c  f  b*d      6  and,  by  Exercise 

5,  d  *  0,  it  follows  thafi>  =  a^-a/d)*  a\>(-b/d)  +  a3(-c/d).  So', 

there  exist  numbers  x,   y,  and  z  such  that  b  ~  a\x  +  a\v  *+  a  z 

7.      Yes,  for  We  conclusion- in  Exerqise  f6  made  no  use  of  any  special 
properties  of  the  translation  S.     '   .     "  •   ,  , 

8'  T  •„  ' 

9.     Yes.;  %al3  +  a^b  +  a3c'  =  (a12)(a/2)  +  (a.,3)(b/3)  +  (ag  •  -1}.  -c 


5. 
6. 
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6,  Prove  Theorem  10-5. 

7.  Prove  Theorem  10-6.  [Hint:  tyost  of  this  has  been  done  on 
page  390.] 


10.03  Bases^for,/  - 

i  In  this  chapter,  we  have  postulated  that"  t£iere  are  three  lineafty 
independent  translations,  and  that  any  four  translations  are  linearly 
dependent.  This  and  the  postulates-  that  teU  us  that  ,/  is  a  vector 
space  combine  to  give  us:  x 

>   ■   J  is  a  3-dimensional  vector  space 

We  shall  now  investigate  some  important  properties  of  the  3-dimen- 
sional vector  space  >  . 


Part  A 


Exercised  ^ 

<  

Suppose  that  (at,  a,,  a:l)  is  linearly  independent. 

1.  Does  it  follow  that  cu,,  a„  and  a1  are  three  vectors?  Explain. 

2.  Can  any  of  the  vectors  a?,  a.,,  and     be  0?  Explain  your  answer. 
.  3.  Suppose  that  The  /\  What  can  be  said  of  (a*,  av  a.v  fel? 

4.  Based  on  your  answer  in  Exercise  3,  are  we  justified  instating 
that  there  are'  numbers  — say,  a,  6,  c,  and  d  — not  all  zero,  such 
th^it  a}a  +      •+  a/     6ci  =  0^  Explain  your  answer.  *j 

5.  Show  that  the  number  d  of  Exercise  4  is  not  zero. 

6.  Using  the  results  of  Exercises  4  and  5,  show  that  there  ^re  num- 
*  bers  x  y,  and  z  such  that   .'  .  m 

-  •  *  -+ 

&  =  a^x  +  a,^  +  a.^.  '  • 

7.  Does  it  follow  from  Exercises  4,  5,  and' 6  that  each  vector  in  cT  is 
a  linear  combination  of  av  av  and  aa?  Explain  your  answer.  > 

8.  WJiat  is  another  name  for  [a,,  ~av  a*]? 

ft  h  each  vector  in     a  linear  combination  of  0^2,  o^3,  and ^  •  —1? 

Explain  your  Answer. 
Itf.  Suppose  thrft  a  ±  0,  fe  *  0,  $ncl  c  *  0.  Prove  that  [eT,a, a'fc,  a^cl  » 
11.  Prove  that  eafcta  translation  is  a  linear  combination  of  alf  and 


In  the  preceding  exercises  we  have  fpuncfthat  each  translation  is  a 
linear  combination  of  any  three  linearly  independent  translations, 

*  *  •  s      ■  *   • >; 
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Anawers  for  Part  A  ^cont.];  -  * 

10.  Any  linear  combination  of  axa,  a*,?b,  and  a3'c   is  a  member  of  T. 
For  the  rest,  it  is  sufficient  [by  Exercise  7]  to  prove  tnat  if 
(a1,a.;I  a3)  is  linear  ^'independent  and  a  £  0,  b  ^  9,  and  c  ^  0. 

#   then  (axa,  apb,  a34F)  ia  ^i'ne*arly  independent.    Suppose,  then,  'that 
(a1a)d  f  (a.,b)e  f  (a3c)f-<=  3.    It  follows?  that  a\(ad)  +  a\,(be) 
+  a3(cf)  -  ~6  and,  supposing  that  (alfa?,a3)  is  linearly  independent 
•    that  ad  ^   0,  be  =  0,  and  cf  =  0,    Assuming* that  a;  b,  andV  are 
nonzero,  it  follows  that  d  f   e  =   f  =   0.    So,  under  the  indicated 
^assumptions,  (a^a,  aab,  a^c'V  is  linearly  independent. 

11.  in  Exercise  10,  all  that  Jieeds  to  be  shown'  is  that  if  (a1,a?>a3) 
+       is  linearly  independent  t£en  so  is  (a^a^.a^-  ax).    Suppose,  then, 

than  a^a  +  a?b  +  (a*3-  -.a^jc  =  tf.    It  follows  that  ax(a  -  c)  +  a\,b 
+  a3c   -  (J  and,%assuming  (alfapia3)  linearly  independent, 
a-c   -b^c-0.    It'follows  at  once  that  a  =  b  =  c  -  0. 
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LJhis  result  is  a  consequence  of  Postulate  4l0  and  Theorem  6^  13.)  In- 
-Woducing  a  word  which  is  often  used  in  discussing  vector  spaces,  we 
may  state  this  result  as: 

(  5  )  '   Each  3-termed  linearly  independent 

.sequence  of  translations  spans 

{Similarly,  as  we  notpd  long  ago,  any'  bidirection  is  a  vector  space 
and,  as  we  .proved  mote  reoently,  such  a  vector  space  is  spanned  by 
any  linearly  independent  2-termed  sequence  of  its  members.  (Locate 
the  references  referred  to  by  'long  ago'  and  'more  recently'. )j 

There  are  many  sequences  which  span yT  but  which  are  not  linearly 
independent.  For  ex*npie,  if  a\,  a.,,  a.v  and  a\  are  translations  such 
that  (a|f  a:l)  spans  J  then  so  does  the  sequence  (av-a.tf  p*,  a*).  In 
fact,  it  follows  from  ('■ )  that  % 

a  sequence  of  translations  spans  :/?  if  it  has 
a  3-termed  linearly  independent  subsequence. 

9 

[Explain.]  y  *  ■ 

Having  a  sequence  of  translations  which  spans  ,T  we  know  that 
each  translation  is  a  linear  combination  of  terms  of  'if  and,  of  course, 
each  such  iipear  combination  is  a  translation.  It  is  helpful  if  we  can 
also  be  sure  that  each  translation  is  a  linear  combination  Of  members 
of  the  sequence  "in  only  one  way".  By  Theorem  6-8  this  is  the  case 
if  [and  only  if]  the  sequence  is  linearly  independent.  It  is  customary 
to  call,  a  linearly  independent  sequence  which  spans  $  vector  space  a 
basis  far  the  space.  [The  plural  of  'basis'  is  'bases',  pronounced  as. 
*bas'eez\j  In  particular:  I 

*  y 

Definition  10- 1    (av  .  .  .  ,  an)  is  a  basis  for  ,T  if  and  only  if 

*   k  * 

t  (i)  (Oy  .  .  .  f  a^)  is  linearly  independent,  and 
.  I  -  Ui)  la*,  .  .  .  ,aj  -  t  '       ,       .  '/ 

'    *  ■  V  ; 

So,  we  can  restate  (*)  as:  ' 

Theorem  10-7   Each  3-termed  linearly  independent 

sequence  of  translations  is  a  basis  for  <T. 

•  •  ■ 

*Up  to  now,  Postulate  49  has  not  been  referred  to  in  our  discussion 
of  bases.  Together  with  Theorem  10-  7  it  tells  us  that  there  is  a  basis 
for  j.  [As  Exercises  10  and  11  of  Part  A  indicate,  it  follows  that  there, 
are  many  bases  for  T.\  In  addition  to  this,  Postulate  49  makes  it  possi- 
ble to  show  that  the  bases  specified  in  Theorem  10-  7  are  the  only  ones 
there  are. 
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By  Postulate  4«of  Ja,  b\c\  cf)  is  linearly  dependent.    So,  by 
Theorem  6M  3,  if  (?,  b, e)  is  linearly  independent  then  c!  €  [  a,  S,  c  J. 

Mong  ago\  refers  to  Part  B  on  page  193;    'more  recently*  refers 
to  the  lemma,  to  Theorem  9*1. 

Given  any  sequence  of  vaetora,*  a  vector  which  is  a  linear  combi-. 
'  nation  of  the  terms  of  some  subsequence  is,  also,  a  linear  combination 
of  terms>of  the  given  sequence. 


Answers  for  Part  B 
l.x  (a) 


(b)#Yes.    {By  Postulate  49,-tbere  are  three,  linearly  independent 
translations  and,  by  Exercise   3(b)  of  Part  IX  on  page  *84, 
t\re.S  Nearly  independent  translations  ^annot  all  belong  to 
[a,  b],  |   Here  is  a  picture  which  describes  such  a  translation. 


,  Any^translation  c  which  maps  /poiuts  of  a  plane  with  direction 
[a,  bj  out  of  that  plane  is  a  translation  which  does  not  belong 
to  [a,  b].-  9  * 

.(c)  No,      r     ■   V  * 

2;     #  (alf  a2>  a3)  is  linearly  independent  then  so  is  (aa,a2)  and,  if 
^a>»  a2-I  CH^TT]  then,  by  the  lemma  to  Theorem  9-1,  . 
[a1,  a2  ]  =  [  a,  b  ].    If,  in  addition,  a3  €  [a,  %]  it  follows  that 
aa  6  I  ai»  a2  ]>  thus  contradicting  the  linear  independence  of 

-*        -**  *  ^ 

<ai»  a2»  as};  -  Si^nce,  by  Postulate  49,  there  exist  three  linearly 
independent  translations  it  fallows  that  the  re*  is  a  translation  which 
does  not  belong  to  [a,  &].       '    *  '  ' 

3.     By  Etferciee  2,  no  sequence  with  fewer  than  three  terms  spans  T. 
By  Postulate  "4^  no  «equence;with  more  \hari  three  term«s  iff 
r-     linearly  independent.    So,  each  basis  for  J  must  be  a  3-term 


sequence  and-}  by  definition,  be  linearly  independent. 


jrrn,ed 


'  9 it 
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/ 

Part  B 

1.  (pf  Draw  arrows  to  represent  a  translation  a" and  a  translation  Ij. 
(b)  Is  there  a  translation  which  does  $ot  belong  to  [«,  61?  flf  your 

answer  is  'Yes.',  describe  such  a  translation;  if 'No.',  tell  why  ] 
ic)  Might  your  answer  for  part  lb)  have  been  different  if  you  had 
chosen  different  translations  in  part  (a)? 
.2.  Prove  thaVt-ibr  any  a  and  b,  then*  is. a  translation  which  does  not 
a  belong  to  [a\  b\  [Hint:  Suppose  that  («*,  a*f  a*)  is  linearly  inde- 
.  pendent  and  that  (av  a.,}  C  [a\  b\.  What  follows  about  [a*,  a*]?. 
^  About  n*  and  [ri*  /?*|?)  .  « 

3.  Prove: 

Theorem  10-8    Each  basis  for  .f  is  a  3- termed 
linearly  independent  sequence  of  translations. 

[Hint:  By  part  (i)  of  Definition  10.-  1  and  Postulate  4n),  each  basis 
for  ./■  has  at  most  3  terms  (and  is  linearly  independent).  Can  a 
,  ,  basis  for  /  have  fewer  than  3  terms?! 

4.  Prove: 

I(  Theorem  10-9 
j     —  •  ■*  ■ — •  —  *  — *  —  * 

I     \al9a29-a:{]     v        iat,  a,,  aM)  is  linearly  independent 

PartC  *  '      1    /  .  § 

\$  Suppose  that  Ui,  h)  is  linearly  ir^deptindent. 

(a)  Dd  you  believe  that  there  is  a  vector -say,  c  —  such  that  ia\b\  c) 

is  a  basis  for  ./"?  f 
ib)  Try^to  use  Exercise  2  of  Part  B  [and  a  well-worn  theorem]  to 
show  that  there  is  such  a  vector  c.<  v 

2.  Suppose  that  a  *  0  [that  js,  suppdse  that  (a)  is  linearly  indepen- 
dent). 

(a)  Do  you  believe  that  there  is  a  vector -say,  V-such  that  (a,  b) 
is  linearly  independent?      *      ,  /  '  ,  - 

(b)  Try  to  prove  that  there  is  such  a  vector  &. 

'tO  Afe  there  victors -say,  V  and  t-*-guch  tfcat  (a%\  cl  is  a  basis* 

'    for  .r?  •  *  .  «  , 

*'  •  ■  *  . 

-  3.  Does  0  belong  to  any  basis  fq/  .7?  Explain. 

4,  Suppose*  as  In  J3*prcise  1,  that  (a,  $  is  linearly  independent.  Let  A 
be -any  points  •  * "  "* ■  ■* 

(a)  What  can  you  say  about  {A,  A  +  ~a\  A  +  ~b)? 

(b)  'Is  there  a  point  — ^y,  /J -such  that  fi  ^[of^]?  Explain. 

;         Ic)  If  there  is  such  a  point  asl?,  what  can  you  say  about  '(a,  T, 
,  B  -  A)?      '  a 

5,  Suppose  that,  as  in  Exercise/S,  a  *  Q.  Giv0  an  argument  which, 
like  that  of  Exercise  4,  uses  what  you^knovv^aboutpoints^  lines  and 

.  4'  ,  ,  planes,  to  show  how  to  find  vectors  S and  c'such  that  {a,  %  13  is  a  ' 
l  basis  for  J . 
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Answers  for  Past  B  (contj 


4.      As  pointed  out  on  page  410,   it  follows  from  Postulate  4ao  And 

Theorem  6-t  3  that  eachk  3 -termed  linearly  independent  sequence 
spans  T.    This  establishes  the  if-part  of  Theorem  10-9.    On  the 
other  hand,  if  (a^.a^.a^)  spans   T  it  cannot  be  linearly  dependent. 
For,  if  (a\  ,  a.,,  a\j)  is  linearly  dependent  then,  by  Theorem  6-2, 
[a^,  Spf  ag  ]  is  a  bidirecti^n  and,  by  Exercise  2,   no  indirection 
contains  all  members  of  T.    This  establishes  the  only  if -part  of 
Theor^Mi'  10~<£. 

[As  a  result  of  Theorem   10-9,  we  can  show  that  a  3 -termed* 
sequence  of  members  of  T  is  a  basis  for   T  either  by  showing 
that  it  is  linearly  independent  or  by,  showing  that  it  spans  T, 
»       We  need  not  go  to  the  effort  of  yhowing  botn.  ]  * 

Answers  for  Part_  C  • 

l.#     (a)    Yes.  * 

'(b)    By  Exercise  I  of  Part  B  it^follows^  that  there' is  a  transla- 
(  t*ion  —  say,  c  —  such  that  c  /  [a,  b  ].    Since   (a,S).  is  linearly 

independent  it  follows,  by  Theorem  6-13,  that  (a^^c)  sis 
-linearly  independent.  Sq',  *  by  Theorem  10-9,  (a,b,c)  is  a 
basis  for  T. 

I.     (a)'  Yes.     *  *  ,         \    '  • 

(b)  ^   By  Kxe  rcise^  J^of  Part  B,  there  is  a  voctor  —  say,  5  —  such 
"'•that  6V  [,a\  a  ]^--   [a].    Since  a  4  3  it  follows,  by  Theorem 

6-13,  that  {\,  b)  is  linearly  independent.  / 

(c)  Ye»,    This  follows  from  part  (b)  and  F.fcercitfe  1(b). 

3,  No.    A  basis  is,  by  definition,  lintarly  independent  and  no  sequence 
one  of  whose  terms  is   6  is  linearly  independent. 

.*'.'•  * 

4.  (a)    This  set  is  noneollinear, 

(b)    Yes.,    For  by  postulate'  4g,   not  all  points  belong  to  one  plane, 
,      (c)    This  sequence  is  linearly  independent.  * 


Let  A  be  any  point,    Since. a  ^  3,  A(  A  4-?'^)  is  a  line.    It  has  pre- 
viously been  shown  that  there  is  a  plane  containing  this* line,  Let 
B  be  a  point  of  such  a  plane,  which  does  not  belong  to  A(A  +  a),4 
[Or,  let  b  be  a  translation  in  thd  direction  of  such  a'plane  whhrh 
does  not  belong  to  [1     }.  Then  (vBt--A)  {or  is*Un«arLy  - 

independent  and  we  can  continue  as  in  Exercise  4a 
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The  exercises  of  Part  C  suggest  two  proofs  for:  ^ 

Theorem  10-10 
(a)  Each  noh-0  translation  is  a  term  of  some  ' 
basis  fijr.^. 

(b1  Eacm^linearly  independent  translations 
areistats  of  some  basis  for  J\ 


Part  D 


Tell  which  of  the  following  are  theorems  and  justify  your.answer. 

1.  If  A,  flf  C,  thd  /)  are  noncoplanar  points  of    then  (B  -  At  C  A, 
t)  -  A )  is  a  basis  for  ,7 .  • 

2.  Ui,  6,  r)  is  a  basis  for  ./  if  and  only  if =  [V,  h\~c\. 

3.  If  (a,  ht  c)  is  a  basis  fof  ./  and  O  €tf,  then 

.    ■  ~  .  '« 

•    S  -  {X:  3^32  X  -=  O  +  <i  4-      +  «^  ,  . 

4.  If  a  €  ./  ,  there  1*5  a  basis  (a,  6,  c)  for  tV". 

5.  If  a  V  0,  there  is  a  basis  (a,~h,'e)  for  ,-/\ 

6.  If  ia,  h,  c)  is  a  basis  for  J  then  a  4  [b\  c\.  %  - 
•  !  ■  7.  IM  *  B  then  (B  -  A)  is  a  basis  for  fXZfj. 

8*  If  1^        }i  is  noncullinear  than  (£  -  4,  C  -  4)  is  a  basis  for 

tO-04  Component*  oM/ectors     *  * 

.Suppose +that  (a,,  a*,  a")  is  a  basis  for  :f.  Then,  each  vector  belongs 
to  Da,,  a,,  a.,],  the  set  of  linear  combinations  of  aj,~f*2,  and  a*.-  [Explain 
this.]  It  follows  that,  for  each ~x,  there  are  numbers  x,,      and  x.  such' 

that     •  '  <  . 

_ — ■■-  t  .  +       ..  .  . —       -  -  .     . ...  . — 


Fig.  18-4 


itxercL 


emeu 
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•  1.  Given  that  Tcft,  «*,,  a* )  is>*^asis  for     show  that,  for  each  51  there 
is  exactly  one  triple  (*,,  *2,  Xj>  suc&  thafc.x**'^,.  +  <?*a  +  a^,,. 

950  ' 
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Answers  for  Part  D 

1.  Theorern,  by  Definition  9-1  and  Theorem  10-7. 

Z.  Theorem,  by  Theorems  1*Q;7*  ar^  1 0-9 ; 

3.  Theorem,  by  definition  of  'basis'  and  Postulates  1(a)  and  2(a). 

4.  tNot  a  theorem.  1  - 

5.  ThV^rem^  by  Theorem  10-10{a).  1 

6.  Theorem,  Vy  definition  of  'basis*  and  Theorem  6-13. 

7.  Theorem,  by  Theorem  3-2(b)  and  j^brem  7-3, 

8.  Theorem,  by  Definition  7-1  and  TttSS^em  9-3. 

Explanation  asked  for  in  line  2,  is  merely  that  by  definition,  a 
basis  for  T  spans  .?. 
*      •  # 

Sample  Quiz  -  ^ 

1*     Tell  what  is  means  to*  say  that  a  given  sequence  of  vectors  is  a 
basis  for  T. 

i:    Suppose  that  (a,  S\  c)  is  a  basis  for  T."    Tell  which  of  the  following 
are  also  bases  for  T  and  which  are  not.    Justify  your  answers, 
a)    (a,  a  +  b,  a  +  b  +  c)  «  . 

(b)    (a  -  b\  b\  a  +  S)  '  "      *  * 

<c)   (a  +  £  -  c,  a  -  bf  ©V-a  i  S  +  c ) 
Key  to  Sample  Quiz  x         '    „  ^ 

1.     The  sequence  has  as  itp  terms  three  linearly  independent  vectors. 

z'     L$X  is  a  basis  for  T>  for  the  sequence  consists  bf  three  linearly 
independem  vectors;.    Thia  is  easy  to  show,  for  to  say  that  aa  + 

^,b,+ :'-(a  +  °  +  *)c  "  ?  implies  that  a(a  +  b -r  c).+  S{b»+  c)  4  cc, 
-  0,  and  the  Jatter  together  with  the  linear  independence  of  (a,  c 
implies  that  a  -  b  =  c  =  0.  *  • 

'    '  W*^  /for  ^VTa  -X7'^  a  >  S  ]7  "Alternately" 

(a  -  b,  bf  a  f  h)  is  linearly  dependeht  for  a  +  S  =  (af-'S)!  +  S2 

i£l  is  ^  basis  for        for  the  sequence'  consists  of  three  linearly 
independent  vectdrj#    Thia  is  easy  to  sh6w,  for  to  say  that 
<a  +  TS  •  c)^  4  U  -  $  +  c)b'4  ^a  +  f  +  ?)c  =  «  implies  that  ' 
.     a(a ■+  b  -  c)  +  >{a  -  b  +  c)  +  c(-a  +  b^-f  cf  =  3,  and  the  latter 
together  with  the  linear  independence  of  (a,  S,  c)  implies  that  •  . 
a  =  b  =  c  -  o  ,  ■>  ■ 

■  ■  *  . 
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2.  Is  thji1  converse  of  Exercise  1  a  theorem?  That  is,  is  it  thi?  c^s<>  that 
if  i«,t  « «..)  is  a  sequence  of  vectors*such  that  for  ebch  x  there  is 
uxactly  one  triple  u*r  .x,,'.v;l)  siietftKat       <i*x5  ■+  «*r,  +  a*jc.v  then 
»  <rt>  is  a  basis  for./'?  If  you  think  that  it  is  a  theorem,  {irove  it. 

If  not,  give  a  counterexample 

A*>  a  result*  of  the  above  exercises,  we  are  assured  that,  for  a  given 
basis  for  .  /  ,  there  is  exactly  one  triple' of  numbers  associated  with  a 
tfiven  vector,  and  there  is  exactly  one  vector  ussociatted  wif  h  a  given 
triple  of  numbers.  Put  another  way,  given  a  basis  for  then?  is  a 
one-to-one  eorrespondence  between  the  members  of./  and  the  triples 
of  real  numbers.  *   #  *  f 

One  consequence  of  the  one-to-one  correspondence  between^transla- 
tions  and  triples  of  real  numbers'is  the  following.  Suppose  that,  wi£V 
respect  to  the  basis  (a,  hf  <:•>,  'cf  corresponds  to  the  triple  {dlf  rf„  tf(1). 
Then,  •  ^  *    >  .        ~  ' 

*  "  d  -  ad]  -f  (yd,,  -h  edr 

So,  in  a  sense,  'part"  of  d  results  from  a*  "part"  from  V,  and  "part" 
from  c.^This  suggests  our  nexi  definition.  f  • 

Definitions -2    If  Ci/|f  iL,'u:{)  is  a  basis  for  J 
and       a  —  u^a%  +  w.,a'  4  w.ta 
then  a |f  a,,,  and  a:l  are,  respectively,  th$  /irs/> 
secbncC,  and  //u'rrf  components  of  a  with  respect 
to  the  given  basis.  Also,  (a},  a.,,  a:i)  is  the      *  s 
*N  component-triple  of  a  with  respect  to  this  basis,  M 

t  » 
[Instead  of  saying,  that  tfie  components^  a* are  a]f  pv  atid  av  respec- 
tively, or  that  the  fcdmponerit-triple  of  a*  is  (a,,  av  a;j),  we  shall  often 
-but  ipnpfroperlyr-say  that  the  components. of  a* are  (a,,  a,,,  a^X*] 

J^to*    ^  "  (      '  ^ 

Part  A  ^  * 

1.  Suppose  th$t  ("a",  &*, el  i's  a  basis  for  \T.  #  - 

la)  If  (/  -  ao*  +  6  :  —2  +  r3  then,  wiih  respect  to  the  given  basis, 

the  triple.  eorres£ond^to  d,  an^kthefi^t,  second  and. 

i  third  components  of  d  are  1  ,  ,  and  _!T. 

r#         6b)  If  e     0,  then  the  first,  second  and  third  components  ofe^re 

#  (c)  If /^has  ^om^nents  (3^  2,  -1?  then/*^  . 
id)  If  the  components  of  #  are  (0,  1,  0)  then  ^  = 

1  -  ■ 


/ 
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^An&wers  for  Exerciser* 


Svnq|*  a  basis  forYT  spans  T,  there^is  at  least  one  such  triple. 
Since  avbasis  is  linearly  independent  it  follows  by  Theorem  6-8  / 
that  there  is  at  most  on^  such  triple; 

2.      The  converge  is#a  theorem.    If,  idv  each  x,  there  is  at  least  one  . 
such  triple  then  (a,,  a^,  ag)'  spans  T.    If,   for  each  x,  there  is  at 
most  one  such#tripfe  then  there^is  at  most  one  such  triply  for  t5 
and,  by  Theorem  6-7,  (a^a^.Sg)  is^linearly  independent. 

*  .  > 

Consider  the  correspondence  • 

a  —  (a     a,?f  a3) 

between  members  eff  T  and*  members  of  ft  x  ft  x  ft  which  holds  when 

Since  T  is  a  vector  space  over\he ".reals,   each  member  (a1,a^ia3)  of 
£X  £x  ft  corresponci^  with  exactly  one  n¥e"mber  'a  of  TV   Assuming  that 
{ax,  a^-*,  ag)  spans  T  amounts,  by  ciefinition,  to  assuming  that  each" 
membe  r  of  T  cor  re  s  ponds  with  at  least  one  membe  r  of.  ft  X  ft 
Assuming  that  (a1(S;j)a3)  is  linearly  independent  amounts,  by  Theorem 
6-8,  to  assuming  that j\o  jne^rri be r  of  T  corresponds'with  Jwo  members 
of  ft  X -ft  X  ft,    Sof  if  (ax,  a2,a3)  is  a  basis  for   T  then  the  correspondence 
in  ques^tion^^  one-to-one  between  all  of  T  anoWll  of  &-X  ^ 

Exercise  Z   shows  tliat  the  correspondence  in  qtres'tion  has  thtp 
property  only  if  ( a x ,  ap ,  a3 )  is  a  basis  for  T.  '  r    J  ■ 

The  exerctses  on  page  413  together  with  Parts  A  and •  B  .follow - 
tng   provide  a  medium  for  introducing  the  language  gS  components, 
'The  exercises  of  Parts  A  anti  B  also-  help  to  point  out  the  inornate 
relationship  between  addition  of  vecfors  and  multiplication  of  a  vector  # 
by  a  real  number,  and  addition  of  fhe*  components  [with  respect  to\a 
particular  b^sis]  and  multiplicati'on  q£  the  components  by  a  real  number/ 
If  p  rope  rly  planned,   Parts  A  and  B  and  the  discussion- pn  pages  4I5!\- 
417  can  be  presented  in  one  class  period,  with  a  homework  assignment 
of  Part  A  on-paees   418  -419.*  '  T 

Answers  (OY  ^Pttt  A  ,#  s 

*k  rf  (a)    (5,  5;    -Z;   3  (b}    0;   0;  * 

TC  414  {]f  V  /; 

is)    a3  +*BZ  +"?• -I*' ■  ■      (d)/S  ' 

.      -  <e>  -Sa.-i.S4-*  cZf  Si  i  S-^  -SH-^i  S4  i  S^  -^i^  44»---li  5-)        -  -  - 
.  (f)    a2  +  S-  -1  f  c3;   a4  4  +  c6;  *(4,  .-£,  6)  ;  ' 

*    (g)    a{a.-f        S(b  +'  e)  +  cT(e  +  f);  (a  r  d,  b  +  e,  c  f  f)    ^  . 

M    a1{a1b}'  +  a^a2b)  +  ^(a3b);   a^bj/'^b;  <%b  | 

2,     |a)    By  Ex%rcUc  l(b)#  ^  «/. 

{b^   SuppOse^thSt  the  components  [with  respect,  to  the  given^ba»is  * 
(a,#  a2,  aa)j  are  (a1(  a#,  a3}#    Then  a  j=  •axa1  +  a2a2  f  ^ag  ^ 
and,  scs  -  t 

-a  =  -{a1a1 .+  a^2  +  asa^)  =  -<S^1)  +  -(aaaa)  i-  -(a3a3) 

♦    ^or  each  component  of  —a  is  the.  opposite  of  the  corresponding 
"  component  of  a, 

k)    By  ExerciseVl(g).  (d)Q&f  aserciae  l{h). 
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(e)  Ifc{3,-4,  2)  are  the  components  of  ft  and  (lf'-5,  3)  are  the  com 
ponents  of  /*then  ,  • 

•  and  J *  ihcrcRfnponents  of  K  +  iaw-  \ 

(f)  If  ;  has  components  <2,  -1,  3)  then 


>2  ^ 


and      j,2  has  the  components 


(g)  if  <«,&,  tf)  are  the  cpm^onents  (tf  A.  and'iki,  «?,  /)  are  the  cornpo- 


nents  of  m  then 


^        %  ■     V.  JG414C2) 

Theorem   10-11   s.bows  that  the  correspondence        u  4 

determine^,  as  in  TC  413  by%a  give^n  basis  fa. ,  a:,,  a^)  is  an' 

^    isomorphism  between  T  and  the  vector1  space  of  3-aimensipnal  measure' 
vectors  discussed  insectten  ^,06.  ,  [See,  "in  particular,  Exercise  I  on 
*page-  207 ,  ]  As  vector  spaces,  these,  two  MWve  the  *same  structure*'. 
As  a  coRSt^ufqnce ,*  any>  two  3-di9iertsional  vector  spaces  are  isomorphic 
*v  and,  ,  more  generally,  two  vector  spaces  of  the  same  finite, dimension 
*    nre  isomorphic,     [For  example/  any  two. proper  Indirections  are  isomor 
%  phic,  for  each  is  isomorphic  with  the  space  of  2 -dimensional  measure  . 
»  vectors.    Derivatively  from  this,  any^jalane,  considered  in  isolation,  is 
t.'*jvist  like"  an*y  other  plape «,  }  .  ; 

Answers  for  Part  A   [cont.'J        *  '    *  *  * 

3/  - 


*  V 


k  +  m 


and  the  components  of  V  f  m  are 


(h)  If  4,/a,,  and  a.{  are -the  first,  second  ^pd'third  components  of 
then    *  ■  .  \t~ 


.  »nd  the  first,  second  and  thirt^components  ofnb  are . 


2.  Prove: 


Theorem  10-11    For  an^  basis  for  J 

(a)  each  component  of  0  is  0, 

(b)  each  component  of  —a  is  the  opposite  of  the 
corresponding  component  of  a,        .  . 

(c)  each  component  of  a*-r  bis  the  sunj  of  the 
corresponding  components  of  cT  and  V, 

td)  eadi  component  of  ~aa  i&  thapix>duct^f  the 
corresponding  component  df  a* by  a. 


3*  Here  i$  a  figure  representing  a 
linearly  in^pendent  triple  of 
vectors  (ST, ,  Copy  the  fig- 

ure on  your  paper  and  draw 
arrows  four  the  vectors'  corre- 
sponding to  each  df  the  triples 
I  given  beiow^An' arrow  for  the 
V  vector— say  e~  corresponding  to 
■  •,  drif  2)  is  shown  in  the  figure.] 
(a)  u:  (1,0,0) 


*:U.g,2) 


(b)  A:  (3,0,-1) 
(d)"S  (~3f  1,-2). 


> .  955 
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4*  Suppose  that  la9  6>  v)  is  a  basis  for and  that 

'  d    a'2  4-  63  +  e  '  - 1.  / 

to)  Show  that  («5f*fcV  .^0;  e3>  is  a  basis  for  ,/.  *         *  * 
/  '  -Id)     -  («5)          f  (A  "~10)  + 7e3)  _J_f  so  the  first,  second, 

and  third  components  of  (/with  respect  to  the  basis  (ok,  6*-  -10, 

<:3>  are   ,  _   L_,  and  ..  -  .  ' 

(c)  The  first,  secondhand' third  components,  of     with  respect  to 

the  basis  (u,  62,  v  -  —I)  are        -  "    ,   and 

because 

e/  ^  a"          4-  (62)   4  c*'  -1 

» 

.Part  B 

Suppose  that  tif|f  a.„  «:|)  is  a  basis  for      and  that  OcK.  Complete 
the  following: 


1.  If  12,  1,  4)  are  the  components  of  b  with  respect  to  Uiv  u\*  then 


6 - 

and  0  4-  6*  = 


2.  If  P  is  a  point  of  f-  such  that 


P  --'  O  -4  (il A  4  V,7  4-  V  ■  -1) 

— »  •  ■ 


then  P  -  O  -  a}  _i_  4  u„ .  „  4-  "« 

and  the  components  of  P  -  O  with  respect  to  {uju^uj  are  

3.  If  (a r,  a, ,  a;|)  are  the  components  of  d  -  0  with  respect  to  {u^li^'u^ 
then  *  # 


4.  State  the  converse  of  the  conditional  sentence  in  Exercise  3. 


fti.QS  Coordinate  Systems  for  £ 

I   ,  '  •    *•  t 

In  Section  3.08  you  learnedjhat,  given  any  point  0  in  %t  the  map- 
ping of  :T  into  which  maps  a  on  0  +  a* and  tne  mapping  of  ^  into  ^r 
which  maps  i4  on  A  -  0  are  inverses  of  each  other.  [Explain.  By  what 


A'0*-A 


Fig.  10-5 


V 


TC415* 

» 

4,     (a)    Qy  .Theorem  10-9.  it  is  sufficient  to  show  that  (af>,  £••-!(),  c3) 
spans*T.*  But,  this  is  obvious..  For-,  given  anyjf,  there  are 
numbers  —  say,  a/b.#  aind'C  —  such  that  "3  -  aa  '+  bb  +  cc  . 
=  ta5)(a/5)  +lB'.-lQ)(b/-10>:t  (c3)(</3)^  *  " 

l*      (b)    2/5;    -3/id;    -1/3;  .2/5;,-3/l0;    -1/3.  '/ 

\       (C)    2;  t3/2;  >;    2;    3/2;-  1. 

Answers  for  Part  B    »       '     .  ' 

1.  *u\2  *  uP  *  u34;    0.  +  '<5j2  +  u,?  +  u34) 

2.  4;    7;    -.1;  (4,7,^1) 

3.  '    O  +  (u1a1  f.u2a2  >  ugaa) 

4.  If  A  6  £  such  that  A  =  O  I ^una24  u3a3  that  the  "components 
*   of  A  -  O  with  respect. to  (u\,tu2,  u3f  are  (a^,  agl  a3). 

*"  TC  415-417 

The  first  mapping  maps   T  into  £  by  Postulate   l(b-);   the  second  is 
a  mapping  of  8  into  T  by  Postulate  1(a).    That  each  is  the  inverse  of 
the  other  results  from  Postulate  '2.    [Fox;  more  details,  see  section 
3,08  and,  especially,  the  accompanying  commentary.  ] 

A  -  O.  is  the  position  vector'of  A  with  respect  to  O. 
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postulate  ,is  thelirst  mapping  a  mapping  of*./  into  By  what  postu- 
late^ the  second  mapping  a  mapping  of  &  into .?*?  Why  is  each  of  the 
two  mappings  the  inverse  of  the  other?)  It  follows  that  these  two 
mappings  establish  a  one-to-one  correspondence6  between  the  points 
in  # 'and-  the -translations  in*;/ .  (In  Chapter  8  we  made  use  of  this 
one-to*me  correspondence.  How  .did  we,  there,  refer  to  the  translation 

Jn  the  preceding  section  you  have  seen  that,  given  any  basis  (ut,'uv 
«,)  for  T,  there  is  a  one-to-one  correspondence  between  triples  of  real 


R  *  R  \  R 


(au  ar  a,)*  >G  ■♦  (u,  as  +  u2  a:  -  a,) 

Fig.  10^6 


•numbers  -that  is,  the  members  of     x  :fi  x  lM-  and  the  members  of. 'T . 

Composing  these  two  one-to-one  correspondences  We  see  that,  given 
any  point  O  in  t  and  any  basis  («*,  u.,,  «* )  for  .-7",  there  is  a  one-to-one 
correspondence  between  the  triples  of  real  numbers*  which,  are  the 
members  of     x  &  x     and  the  points  which  are  the  members  of  g. 


.i-.V- 

.  s      ■  / 


(a„  a,,   »0  t  (u,  a,  ♦  a,  a,  *  u,  s,) 

Fig.  10-7 


:This  correspondence  can  be  described  by^ saying  that  to  any  triple  (aif 
asf  «3)  there  corresponds  the  point  O  4-  (u,ot  +  u'a2  -M3a3)  and,  to  any, 
points  there  corresponds  the  component-triple  of  A  -  0,  with  respect' 
L to  the  basis  («„  us,  «3>.  This  suggests,  the  following  definition. 
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r 


Definition  10 -3^  If  0.e  is  a  basis /or 

,  ./.'and  -    '  *  • 

i  i 

...  •  -  «*., 

i  theri*a„  a2,  and  a3  are,  respectively, 'the  first, 
-  secohdr  and  third  coordinates  of  A  wjth  respect  • 
to  the  given  point  and  the  given  basis.  Also, 
(a,  ,  a,„  a3)  is  the  coordinate-triple  of  A  with , 
respect  to  tliis  point  and  basis."  '        '    •  * 

[As  in  the  case  of  components  of  translations,  we  shall  sometimes  say 
-  improperly-  that  the  Coordinates  of  A  are  (a,,  a.„  a,,)  When  -  properly 
-(a,,  q2,  a3)  is  the  ^ordinate- triple  oiA.]  v 

•  '      '  "  '  I  Coordinates  ot  /) 


'     '  Components  of  A    O  ..     •  » 

Fig.  10-8 

A  correspondence  between  triples  of  real  numbers  and  points  of  & 
of  the  kind  described  in  Definition  10-3  is  called  [after  the  French 
mathematician  Ren&  Descartes]  a  cartesian  coordinate  system  for  %. 
Other  correspondences  between  triples'of  real  numbei%  arid  points  are 
also  called  coordinate  systems  for  &,  but  we  shall  have  little  to  do  with 
other  than  cartesian  coordinate  systems. 

You  have  seen  that  many  results  concerning  points,  lines,  .planesj 
and  other  geometric  figures,  such  as  triangles  and  quadrilaterals,  can 
be  established  by  usmgWanslations.  In  Section  8.05  yoii  sawjhat 
establishing  such  results  is  sometimes  simplified  by  using  position 
vectors  from  an  arbitrarily  chosen  point  6,  The  use  of  a  coordinate 
system,  based  on  a  point  O  and  a  basis  {ulf.u2,~us)  for  W%  is  another  way 
of  studying  geometric  figures.  This  procedure  makes,  it  possible  to 
solve  a  problem,  in  geometry  by,  -first,  translating  it  into  a  related 
problem  in  the  algebra  of  real  numbers,  solving  this  problem,  and, 
then,  interpreting  its  solution  to  obtain  the  solution  <of  the  original 
problem.  Often  it  is  simpler  to  work  directly  with  translations,  m  ^ 
have  done  in  the  past;  but' sometimes  this  "coordinate  method"  of 
solving  geometric  problems  has  advantages.  In  later  sections  we  shall 
give  some  illustrations  of  the  use  of  this  method.  • 
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,  Exercises 


J  ■ 


Part  A 


1.  Copy   the   figure,-  showing  a 
point  0,  and  a  basis,  (u},  u,^ 


for  ■/':  On  your  picture,  graph 
and  label  the  points  whose  ay 
ordjnates  are  given  below, 
(a)  /».U,  2..0)  (b)  Q:  (*,  0,  1) 

(d)  S:  (0,  0,-1!  (e)  T:  1) 

(g)  (/ •  (1,0.0)  (h)  U,:  (0,  1,0) 


(c)  /?:  (0,  2,  1) 
(f )  f/:  (I,  ID 
(i)  f/,:  (0,  0t  1) 


2.  Referring  to  the  points  in  Exercise  1,  complete  the  following: 


(a)  Since  P  -  O  =  uy 
P  ~  O  tire  


+  u« 


;,  tlie  components  of* 


and 


(b)  Give  the  components  of  Q  -  O,  R  -  0,"$  -  O,  T  -  O,  jf/  -  O, 
f/,'  -  O,  f/,  -  O,  and  i/,  -  O 
3.  Referring  to  the  points  in  Exercise  1,  complete  the  following: 


(a)  P  -  R  ^  [O  + 


+  u.. 


+  u.,  ~  /►  u:i-  „]%    Therefore,    P  -  R  -  u 

+  w           and'  the  components  of  P  -  R  arfe 


.+  «... 


'    (b)  Give  the  components  of  the  vectors  P-T9Q-S,S-Q  and 

4.  (a)  Suppose  that  A  is  a  point  of  Of  ul  ].  Can  you  say  anything  about 
the  first  coordinate  of  A?  About  its  second  coordinate?  About 

its  third  coordinate? 

— *  \  - 

(b)  Suppose  that  A  e  Oiu.X  Answer  the  questions  in  part  (a). 

(c)  Complete  the  following:  ,  \  ■  *  . 

A  e  QluJ     ►  the  first  coordinate  of  A  id 
 and  th§  Second  coordinate  of  A  is  . 


5.  In  each  of  the  following  exercises  you  are  given  the  coordinates  for 
a  pair  of  pointy  A  an£$  B.  Your  job  is  to  ^describe  the  coordinates  of 
the  points  of  AB,  *  ■•■ 

(a)  A:  (2f  0,  0)^  B:  (-3,  0, 0).  - 

(b)  A:(0f2,0),#:  (0,4,0)  '  > 

(c)  A:  (0,0,0),  B:(0,  0,  3) 


TC*418 


2. 


(a)    !;    2;    0;-  1,  2,  0 
1 


(b)    Q  -  O 
•S  -  O 

w    u  -  o 


j i  0,  1 

0,  0,  -1 
3    3  1_ 
2  '  2  9  2 
0,   1,  0 


3. 


(a)  M,  2,  0,  0,  ^ 

1,  0,  0,  -1 

(b)  P'-*T:  |,  3,^T  ; 

S  -  Q:   -j,.  0,  -2 


R  -  O:   0,  2,  1 
T  -  O:   j,  -lf-.  1 
Ux ':-  O:   1,  0,  0 
Uq  -  O:  0,  0,  1 


Q  -  Si         0,  2 


4,     (a)    Some  real  number;   zero;  zero 
(b)    Zero;   sonife  real  number;  zero 
>       (c)    Zero;  zero 

'(a,  0,0),  for^any  a. 
Y-a   (b)    (0(  a,  0),  for  any  a, 

*  (c)    (0,  0,  a$,  lor  any  a.  is> 


1,  "if  0 


In  discussing  th^c&rtesian  coordinate  system  determined  by  a  point 
O  and  a  basis  (up  fc2>^3),  O  is  called  the  origin  [of  the  ccx>r4inate  sys- 
tem]; the  points  O  +:  u!fO  +  u^aadO  4-  i^arecaUed//i€^r^a^ 


r>  4- 


and  Mird  ^ni^  points,  respectively;  knd  the  lines  0[ut]f  0[mJ,  pnd  0[u^ 
are  called      jgrsl,  secand,  md  third  coordinate  axes.     v" '  ■ 
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■■  *  * 

»?  '  « 

Note  that  a  point  beiofigs  to,  say,  the  second  coordinate  axis  if  and 
only  if  its  first  and  tAi/xf  coordinates  are  both  0.  Make  siipilar  remarks 
concerning  the  other  two  coordinate  axes.     ■    ■  ** 

6.  (a)  Is  0[u.,f  u:i]  a. plane?  Explain  .your  answer.  ■  - 

«  — ■ — —  '        «    .  ^  ■  # 

t  •  '(b)  Since  0{^,  u\)  =       __  },A*0(u2,~uJ  if  and  only  if  the 

#  first  coordinat^of  A  i»  , ,    t  , 

^      <©)  Make  a  statement  about  Ofi/Jf    j  like  that  which  you  obtained 
by  completing  part  lb).*  - 

(d)  Repeat  p&rt  (c)  for  Olu^uJ.  < 

7.  For  each  of  the  following  exercises,  describe  a  pla^ie  which  con- 
tains the  three  points  whose  coordinates  are  given 

.   •        (a)  (0,  1,3),  (0,3,  6),  tO,  6,' -7) 

(b)  CI,  0,  5},  (t2,  0J5),  (7,  0, 0) 

-  .    (c)  (3,  0,  0),  tf,  -  2,  0),  (-*3,  3,  0) 

8.  (a)  Show1  that,  there  is  only  one  plane  which  contains  the  points 

whose  coordinate  are  given  in  Exercise  7(a).  [Hint:  Suppose 
V        ■  that  the  points  in  question  are  A,  B,  and  C,  respectively.  You 

need,  of  course,  to*  snow  that  (B  -  A,  C  ~  A)  is  linearly 
independent -that  is,  you  need  to  show  that  if  (B  -  A)a 
■  .  +  (C  -  A)b  *  0  then  a  =  b  =  0.  Do  this  by,  first]  expressing 

ft  -_A  ar&C  -  A  as  linear  combinations  of  the  basis  vectors. 

•  «,„  and  u,r  Knowledge  of  determinants  (pages  273, 274)  will 
be  helpful  but  is  riot  necessary  ]  ' 

(fa)  Is  there  more  than  one.$ane  which  contains  the  points  whose 
coordinates  are  given  in  Exercise  7(b)?  /• 
»   (c)  Repeat  part  (b),  but  for  Exercise  7(c). 


The  planes  0[u,,,  u3),  0[u.v  a,],  and  0\u-  ~u.^  are  the  first,  second,  and 
third  coordinate  planes,  respectively  [with  "respect,  of  course,  to  the 
cartesian  coordinate  system  determined  by  the  point  O  and  the  basis^ 
^Ut,  u.,,  uJT.  Note  that  a"pomtWohgsi»^sayVthe7Trsl  coordinate  plane, 
if  and  only  if  its  first  coordinate  is  0.  Whaf,  can  you  say  about  the  co- 
ordinates bfta  point  which  belongs  to  the  first  coordinate  plane  and, 
also,  to  the  first  coordinate  axis?  Is  there  such  a  point?  Is  there  more 
than  one?  '  '.      '  •  - 

m  .   t    /  .*•'*•. 

;  9.  Suppose  that,  with  respect  to  a  coordinate  system  with  origin^, 
the  first,  second,  and  third  coordinate  axes  are  the  lines  /^and 
.         /3,  respectively,  and  the  first,  second,  and  third  coordinate  planes 
»■  -  are  tt,,'  it3,  and  irg,  respectively.  Use  what  you  know  about  the  co- 

i.        ordinates  of  points  on  the  coordinate  axes  and  planes  to  simplify 
each  of  the  following:       *  1 

(a)  A  n  *,  .     <b)  tt2  n  tt3     •■'  (c)  %  n  #§i      <d)  4  n  tt3 
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Answers  for^Part  A  [cont.j 

(a)    Yes.;   Since  *(ua,  J2 ,  us)  is  a  basis  for  T,  (ug,  u3)  is  linearly 
*.    f      independent.    So,  by*  Theorem*  9 -11(a),  0{u2,  us  ]  is  a  pla,ne. 
<b):  X  -  Q€  [u£,  u3  ];,  0   f  .  .  "« 

(c  >  A  €  0[u3t  Uj  ]  if  and  only  if  the  second  coordinate  of  A  is  V. 
(d)    A  £  0[ulf  u2  ]  if  and  only  if  .the  third  coordinate  bf  A  is  0, 


7;     (a)    0[ua>  usj   ^  lb)  0[uQ,  uj  (c)  Of^,  ^] 

8.  (a)    Using  the^notatipn  of  the  hint,  B  -  A  =  u22  4  u33  and 

C  -  A  =  u25  4-,  u3  •  -10.    Suppose  that  (B  -  A)a  +  (C  -  A)b  = 
U  follows  that.  Up (2a  +  5b)  +  u3(3a  -  10b)  ^  (5  and,  since 
(u^,u3)  is  linearly  independent,  that  2a  +  5b  =  0  and 
3a  -  10b  =  0.    Solving  fo.r  'a'  and  kb'  [by,  for  example, 
•multiplying  the  first  equation  with  1  Zm  and  adding  the  result 
with  the  second  equation]  shows  that  a  =  0  and  b  -  0.  So, 
(B  -  A,  C  -  A)  is  linearly  independent  and,  hence,  {A,  B,«C}. 
t     is  a  subset  of  just  one  plane,    [The  solution  is  much  simplifiSH 
by  using  the  results  mentioned  on  determinants.    It  is 
sufficient  to  add,  after  the  first  sentence,  abov^;'  Since 
(u2,u3)  is  linearly  independent  and  2  •  -10  -  5*3  =  -35  #  0 
it  follows  that  (B  -  A,  C  -  A)  is  linearly  independent.  Hence 
{A,  Bf  C}.  is  a  subset  of  juet  one  plane.  ] 

(b)  As  in  part  (a)  [but  with  new  values  for  \A\  \B\  and  -C], 
„  B  -  A  =  u,  •  -3  and  C  -  A  =  u,  •  6>  iL  •  -5,    So,  if 

r  (B  -  A)a  +  (C;-  A)b  =  U  then  u\(-3a  +  6b)  +  u  (-5b)  =  5 

apd,.  since  (ulf  uJ  is  linearly  independent,  -3a  +  6b  =0 
and  -5b  =  0  —  that 'is,  a  -  0  and  b  =  0.    So,  . .  .  . 

(c)  In  this  case/'        A  =  u%4  f  u2  *  - 2 ' and  «C  -  jA  =  u     -6  *  iL3. 
.    |fir  inspection,  (B  :  A)3  +  (C  -  A)2  =         So,  {A,  B,  C}  is 

.  collinear  and  is  a  subset  of  infinitely  many  planes.    [Using  ■ 
determinants,  it  rs  sufficient  to  note  that  4 •  3  -  -6  •  -2  =  0  « 
i*x  order  to  conclude  that  (B  -  A,  C ■  -  A)  is  linearly  dependent,] 

*  '  •*     .  : 

The  intersection  of  the  first  coordinate  plane  and  the  first  coordi- 
na£e  axis  consists  of  the  origin.  ■  ♦         t  . 

'  -  ."  .  •  * 

9.  U)    {O}    '    J;    .      (b?  ix        /   ,  "  (c)  i?  (d)  {O} 


liy  as  suggested  earlier.  Part  A  is  used  as  a  homework  assign- 
ment/ we  do  not  recommend  Part  B  as  part  of  th^s  same  assignment. 
Rather  Part  B  can  be  used  a«  in-class  exercises  to  reinforce  the  work 
of  Part  A, and  to  identify  possible  misconceptions*    Part  C  serves  as 
a  good  class  summary  of  the  wo^k^oh  coordinate  systems. i  This  is 
difficult  for  students  to  do  alone,  however.    Because  of  tjie  way  we 
nanje  the  points  in  our  noncopianai6  quadruple/  students  frequent^  do. 
not- realize  that  a  choice  of  origin,  first  coordinate  axis,  ete.  has  been 
made,    Part  D  can  then  be  used  ae  a  homework  assignment 
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'  •  •  "         ,     -'  *  / 

Part  B  *  %  ■  /  "  ^ 

* ,  Suppose  that  (O,  is  a  quadruple  of  *!bn6oplanar  points. 

(That  is,  (O,  U x,  I/,,  U3)  is  a  4-termed  seqiieo.ce  whose  terms  are 
.•>•'       points,  and  the  set  {O,  (/,,  Ut,  U^jjn  noncoplan^r.) 

"l,  (a)  Show  that  (Ut  -  O,  */4  -  0,  t/a  -.0)  ffa  Basis  for  ./.    .  ' 


(b)  What  are  the  coordinate  axes  of  the  coordinate  system  deter- 
mined  by  the  basis  (Ut  -  O,  V2  -  O,  t/;)  -  O)  and  O?  What 
Are  the  unit  points?  What  are  the  coordinate  planes? 

(c)  Give  the  coordinates  of  O,  Uv  U.,f  and  0r      v  r 
2.  If  A  has  coordinates  (3f-2fl)  then  -  . 

A*  O  +  (i/,  -  0)_  +  (t/2  -  O)  +  (£/3  r  0)  

.  Therefore,  A  -  O  =  ^   and  the  components  of  A  -  O 

t  are  _   . 

!    •  3/  (a)  Describe  how  one  cp  use  the  basis  (£/,  -  0,  U2  -  O.  U^  -  O) 
•**  to  assign  a  triple  of^real  numbers  {av  av  a3)  as  coordinates  of 

any  given  point  A.  i* 

(b)  Describe  how  one  can  use  the  given  basis  to  assign  a  triple 
ibfpb.,,      as  components  of  A  -  O.  * 

(c)  Is  there  any  relationship  between  tha  triples  (ap  a2,  a3)  and 
\bv  b2, 63)  determined  in  parts  (a)  and  (b)?  Explain  your  answer, 

4.  Jf  A  and  B  have  coordinates  (at^c2>  aM)  and  (6?,  6S,  dp,  respectively, 
*  ^  with  respect  to  the  basis  (tfV-  0,  0.'  -  OZUZ-  Q)  then^  " 

.  \  ■        ^o  +  ^  :  ; 

■  \  ■  fl  ~  0  -f         :  ' 

5-4   _ 

and  S  "  ^  4  has  the  components  {  :   iZ). 

P*rt  €  '• 

.  You  have,  seen  in  Part  B  how  a  quadruple  of  noncopianar  points 
can  be  used  to  determine  a  unique  cartesian  coordinate  system  for  If. 
Discuss  the  possibility  of  using  a  noncopianar  set  {Q$  lfv  l/Jf  U^}  to 
determine  a  cartesian  coordinate  system*  . 


Answers  for  Part,  B 


1.     (aj    Since  {O,  U2,  U3}  is  noncopianar  it  follpws  by  Definition 

9-1  that;"(tT^     0/*U2  -  O,  U3  -  O)  is  linearly  independent. 
*         Uenco,  by  Theorem   TO-7  [or,  Theorem  10^9  and  the  definition 
'  V  of  VUkaifl'],  {U1  -  0,  Up  -  Ot  U3"  -  O)  is  a  basis  for  T. 


(b)  The  fij-st^  second,  and  third  coordinate  axes  are,  respectively, 
OUr  OU2,  and  OU3.  The 'first,  second,  and  third  coordinate  ' 
planes  are,   respectively,  OU2U3,  Ol^gU1>  and  .OL^U2 . 

(b)  (0,0,0),  (1,0.0),  (0,1,0),  and  (0,0,1),  respectively. 

2.  3;    r2;    1;   (Ut  -  0)3  +  (U2  -  O)- -2  +  (U3  -  0)1;  (3,  1) 

3.  (a)    The  coordinates  to  be  assigned  to  A  should  be  the  components 

of  A  -  O.    So,  in  order  to  assign  an  ordered  triple  of  real 
numbers  to  any  given  point  one  must  know  the  components  of 
the-  translation  A  -  O  with  respect  to  the  given  basis, 

<b)    The  components  of  A  -  O  are  precisely  the  numbers  b,,  bp, 

and~b3  such  that  A  -  O  =  (Ua  '  Q)b1  +  (U2  -  0}b2  +  (U3  -  6)bs. 

(c)  The  coordinates  of  A  with  respect  to  O  and  (Ux  -  £>,  U2  -  O, 
Uo     O)  and  the  components  of  A  -  O  with  re&pect  to     .    ^  ■  . 
(Vx  -  O,  Ug  "  Of  U3  -  O)  are  precisely  the  same  real 
numbers.    This  follows  from  Theorem  2-1  and  the  fact 

that  (U1  -  O,  Us  -  O,.  U3  -  O)  is  a  basis  for  T. 

4.  *    (Ux  -  0)az  +  (Ua  -  0)a2  +  (Ufr  -  0)a3";\(U1'-  Q)hx  >  (\J2  ^)b2 

'     +  (Vs  '  ("x  -  0)(b1  -  aa)+  (U2  -  0)(b2  -  a2  )  +  (U3  -  0){bs  -  03); 

.(b/-  ax,  ba  -  as?  b3  vaa)  1 

The  points  U^,  Us,  and        are  often  called  the  unit 'points  (first, 
second,  and  third,  respectively)  of# the  coordinate  system  discussed  in 
Part  B,    Given  any  four  noncopianar  points,  one  may  define  a  coordi~ 
nate  syetem  by  choosingpone  point  £s  origin  and  the  other  three  —  in 
any  order       as  unit  points,    So,  one  has  a  choice  of  14  coordinate 
systems.    This  is  the  reason  for  staVting  Part  B  with  a  4-termed 
sequence  of  points  rather  t^jan  with  a  Bet  of  four  points. 

Answers  for  Part  G 

■  -  «  « 

To  determine  a  cartesian  coordinate  system,  as  in  Part  B,  based 
>on  the  points  O,  Ulf<  U2,  and  U3,  ane  rnu«t  decide  Which  of  these  four 
points  is  to  be  taken  as  the  origin^  .^Then,  one  must  dec ide^which  of  the 
remaining  points  is  to  determine^  [together  with  the  chosen  origin]  the  Z 
first  coordinate  %xiui  and  which  is  to  determine  the  'second  coordinate 
axis,    Giver^  only  the  set  of. four  noncopianar  points,  there  are  24  - 
coordinate  systems  which  may  be  obtained  by  using  t^grn  i*v  the  way 
described.  .  '. 
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Part  D 


Suppose  that  we  have  a  coordinate  system  for  *f  with  origin.  S  and 
basis  (uit  u2t       Complete  the  fojjowing. 

1.  (a)  O  has  the  coordinates       ,  % 

(b)  u}  has  the  components   ,  .  "  ^ 

(c)  o  +  7?;  =  o  f  IT,  +   +  «3: 

thty coordinates   l . 


Answers  for  Part  D  1 
1.     (a)    (0,0,0)  ?      v  '    <b)  (lfo,0)' 
2y'(a)    (0,  1.  1);    (0;  1,  1)  • 
*  *     (b)    11/0,4);  (1,0,-4) 
.   *      /*  *  (c)"Ja;   b:   c;    (af  b,  c) 

,  and  so  O  +      has "     3,    2,   -l,  3, 


—  •  «  * 
^)    L;   0;  .0;   U,0,  0) 


2.  (a)  u.,  +  u3  has  the  components  

has  the  coordinates  

lb)  J^t  +  u:i4  has  the  components 
+  u  fi)  has  the  coordinates  


-,-andO  +  (u2 
— aitf  ti^Aul 


(c)  If  a  has  the  components  (a,  6,  c)  then  a  =  u. 


and  O  +  a  has  coordinates 


3,  Suppose  that  A  has  coordinates  (2,-1,  3).  Then. A  =  04+  ur 
+  a,  —  +   If  o*tias  components  (5,-3, 2)  then  a  =  l7r 


+  u„ 


Also, 


-  O  +■  uj^Ll.  + 
Thus,  A  -f  xThas  the  coordinates 


'  •  5.  -3/V 
\     I,  -1,   3;  ,  5,  .•  -3.  2 
7,    -.4,  S 
(7,  -4,  5) 

4.     (a)    (4,7,  10) 

(c)  (0,  0,  0) 

if-.--').      I;    2;    3;    3;    -2;  4;   4;    0;    7;  (4,0,7) 
6.     (a),  (2,6,  -5)   '  J'    (b)  (-2,  7,  -2) 

(d)  (7,  5,  -12)  f       (e)  (5,  1,  -6) 


.  (b)   (-1,  3,  -2) 

(d)   (a  +  d,  b  +  e,  c  |  f) 


(c)j^f,4, -6} 

(f)  (io,4,-ny 


4.  In  each  of  the  following  exercises  you  are  given  a  point  A  and  its 
.  coordinates,  and  a  vector  a  and  its  components.  You  are  to  find  the 


coordinates  of  A  +  a. 
(a)  A:  (3,  5,  7) 
a:  (X,  2,  3) 
A  +  a* 
(c)  A:  (— 1,  —2.  —3), 
jf>  a:  (1/2,  3) 

.4  +  a:  


(fa)  A:  (1,  2,  5) 
a1(-2,  1,-7) 
„  i4  +  a:  ^ 


(d)  A:  (a,  6,  c) 
al  (d,  e,  f) 
.  A  +  a: 


— * 

tliat  d  has  components  (1,  2,  3)  and  T>  has  components 
2,  4).  Then  .  ^ 


and  \ 

■  #■ 

Therefore, 


a*  ^-  iT  =  — _  4-  "Jj^  + 


and  so  a  +  6*  has  the  components 


■ :  f. 


6.  Suppose  that  a,  b,  and  c  have  the  components  (1,  2,  -3),  (V4, 1, 3i 
and  (1,  4,  -2)  respectively.  In  each  exercise  you  are  given  a  linear 
combination  of  these  vectors.  You  are  to  find  its  components. 
(sd«i+7  (fa)  0*4-6**7  J 

(c)  a2   ^  .  (d) ^3  +^--1  ' 


DI 


SION 
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*7S  Suppose  that  A  has  coordinates  (1,  2,  3)  and  that  B  has  coordinates 
(5,  3,  1).  Then,  j. 
(a)  B  -  A  has  components  *  i  , 

(fa)  [B  -tA)t  has  oomponents 


Answers  for  Part  D  [cont.j 
7. 


(c)  ^4  >  (B  -  A)t  has  coordinates 

(d)  . Recall  that 


'   AB  -  {X:ltX  =  A  +\&-A)t). 
Therefore,  % 
X  €  AB  if  and  only  if  X  has  the  coordinates  (  ,  l_f  — 

(e)  X  *Xl?  if  and  only  if 

-»       .         — + 
X  -  ulx}.  f  UjjXjj,  +        wherq,  for 'some  real  number  f, 


8. 


V 


\x,     1  +  (5  -  l)t  = 


(a)' 
(c) 
W) 

(f) 
.(g) 

(h) 
(i) 

(a) 
(b) 

(e) 

(d) 
(e) 


2t)  ;   '  "• 

2t)  [for  some  t] 

r 

2t 


-(1  +  4t,  2  t  t,  3 
(1  +  4t,  2  +  t,  3 
1  +  4t;  2^  t;  3 
(3/5/2,2) 
0;  1 

1/2  .  •    '   •       .     %  . 

[Various*  answers,  «ach  to  be  obtained  by  substituting  for 
in  tKe  answer  for  part  (d).  ]  •  .  . 


ax)t,  (bj,  -  a. 


a1  +  <b2  -*a1)t;  aa 


Hi  <bs 
>  (ba  - 
+  (h2  - 


-  a2)t,  a3  +  (b3  *va3H) 
a3  +  <bg  "  a3)t 
2  .  v~2  .  -2,.,  *a  +  <bgSa3}t  V-  ■  • 

i  -  t   [Assuming?  of  cour  se  that  A  #  .  C  Compare  with 


(bs 


a2)t; 

a„H; 


Theorem  8-14.  ] 


(f )  Since  for  <  - 
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r 


■*  1  +  4  -  4  «  3 
=  2  +  1-4  =  5 
-  3  +  -2  ■  4 "«  2 


*  Note  that  interchanging  the,  'a's  and  *b*s  rin      }  yields  another 
set  of  parametric  coordinate  equations  for  AB.    Of  course,  the  same" 


value  of  *t^ 
pointy  of  A 


it  follows  that  C 
on  Xh\ 


_)  are  the  coordinates  of  a  point 


(g)  What  vaiueiof  ff  in  the  equations  (*)  wili  yield  coordinates  of 
the  poiD,t  4?  Of  the  point  B?  * 

(h)  What  value  of  V  in  the  equations  {*)  will  yield  the  coordinates 
of  the  midpoint  of  Xb?  \  • 

(i)  Give  the  coordinates  of  three  other  points  of  JGf. 


^-Suppose  that  A 
(h^bz,  Then 
(a)  (S  -  A)t  has  components 


aQ>  and  &  ^oordfeates 


[other  than  l/l]  will  yield  the  coordinates  of  different 
w^en  usecS  in  the  two  s«ts  of  equations.    Each  like  has 
as^many  sets  of  parametric  coordinate  equations  as  there  ar)P  choices 
of  an  Ordered  pair  of  points  belonging  to  the  line.    One  can,  for  « 
example,  given  the  coordinate s^  of  A  and  B,  use  {£}  to  find  the 
coordinates' of  two  points  of        and,  using  these  coordinates^  write  new 
equations  of  the  form  (it)  for  S3.    In  particular,  when,  as  in  £xerc$»$ 
1  of  Part  A,  students  are  given  coordinates  of  two  points  and  asked 
,for  parametric  equations,  each  student  might  givd^a  different  answer, 
all  of  which  answers  might  be  correct.    But,  this  is  not  likely  to  occur. 

The  fact  that  two  types  of  parametric  equations  [coordinate  and 
vector]  are  introduced  in  the  exercises  of  this  section  sometimes 
causes  confu s ion*  .This  is  aggravated  by  the  inclusidnofrfcwo -point 


(b)  A  +J&  -  A)t$i&8  cxx)rdinates  .  °   

<c>  C  eAB+—  fbrsoTOO  'i,  C  has  coordinates  (  —f  ,  - 

(dl  CeAEf    *  C  »  0  4-  l?scf.  t ^c2  +  l?3c3  where,  for  some  U 


coordinate  equations.    TJd  help  avoid  confusion  we  recommend  using 
Exercises  1  -  3  of |tert  A  and  Exercise**!  -  3  of  Pa'rt"^  as  ciasg  1 
discussion  exercise^V  The  Exercises  4-8  of  Part  A  and  Exercise s  *  - 
4-9  of  Part  B  canto^  one  homework  assignment.    Part  C  makes  a  ^ 
.good .class  activity  for  individuai  work.  /Part  1?  carf  be  »ied;4s* a  home- 
work assigfitaent  but  Part  E  cap  be  very  complicated  for  some  studentl* 
We  recommend  that  Part  E  be  used  as  the  basis  of  a  class  discissions 
and  demonstVation,  .         \  .        v; •  '  ".'..!  :■',',.•>'  t.- 


3E 


<e)  If  the  coordinates  of  the  point  C  and  the  real  number  t  are  re- 
4    lated  as  in  the  last  three  equa^ons  in  part  (d);  in  what  ratio 


*  10.06  Equation^  Lines  423 

10.08  Equations  of  Lines  .  ' 

In  the  last  exercises  you  tooted  that  if  the  coordinates  of  A  are 
(a,,  a,,,  a^.and  the  coordinates  of  B  are  (/>,,  b.,,  with  respect  to  a  co- 
ordinate system  whose  basis  is  («*,'«„  u.%)  and  whose  origin  is  O  then, 
for  each  X*ti\ 

,  XtXSxt  and  only  %X  =  O  +  if,*,  +        +  7^, 
where,  for  some  i, 

■       ."  f*.  =  G,  +      -  a,)f, 

U,  -  a,  +  (6*  -  a*)f. 

The  equations  <*)  are  called  parametric  coordinate  equations  of  *A~8 
with  respect  to  the  given  coordinate  system.  (The  variable  T  whose 
values  serve  to  single  out  points  of  AS  $  called  a  parameter.] 

Exercises  . 

In  each  of  the  following  exercises,  assume  that  a  cartesian  co- 
ordinate system  with  origin  O  has  been  established. 

Part  A  ■•  ' 

I;  Write  parametric  coordinate  equations  for  Kb,  given  that  A  and  B 
have  coordinates:  t    «  . 

(a)  (12';  10,  8)  and  (-5,  -5,"0)  ■   (b)  (6,  3,  0)  and  (0,  2,  6) 
"  (e)  (-4,  t4,  -4)  and  (4, 4,  4)      (d)  (1,-1,-1)  and  (-2, -2,  "2) 
(e)  (a,  0,  0)  and  (1,  2,  3)  (f )  (1,  0,  0)  and  (1,  1,0) 

2.  For  each  part  of  Exercise  1,  solve  each  of  the  parametric  equations 
(*)  for In  which  part  can  you  not  do  this?  Draw  a  figure  for  this 
part. 

awfcfr,  ^  ct3,  you  may  gplvethe  parameti-ic  equa- 
tions (*).  for  V  to  obtain:  ' 

Since  (*,,  x,,  xj)  are  coordinates  of  a  point  of  Is  if  and  only  if  there  is  a 
value  of  V  such  that  all  three  of  these  equations  are  satisfied  it  follows 
thai  the  equations  of  AS  can  be  written  as: 
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Answers  for  Part  A 


I. 

(a) 

xi 

=   U  -  17t 

(b)  xx  - 

6  - 

6t 

X2 

=   10  -  15t 

3  - 

•t 

X3 

=  8  -  8t 

X3  = 

6t 

(c) 

xl 

=   -4  +  8£ 

-    id)  xx  = 

1  - 

3t 

i  ' 

Xn 

=   -4  +  8t 

-1 

-  3t 

=  -4  +  8t 

-1 

+  3t 

(e) 

xi 
x? 

=  t 

•  It 

(f)  xx  = 

1 

t  . 

(a) 

X3 

t  = 

4 

-  3t 

x1  -  12      x2  -  10 
-17      '  -15 

x3  -  8 

-8  <■ 

0 

(b) 

t  = 

x^^  -  6      x_,  - 
-6"  J  "  -1 

3 

xrt  *■ 

-f 

(c) 

t  - 

Xx  +  .4      x2  + 
8       "  8 

4 

xa  +  4 
8 

(d) 

t  = 

x,  -  1      x0  + 

i. 

x3  +  1 

'3 

(e) 

t  = 

-  *j.  ^  !^ 

1        2  3 

(f;    t  «=  but        cannot  be  expressed  in  terms  of  either 

-  0, 


3  * 


It  will  turn  out  that  each  of  the  three  equations  summarised  in 
i*^the  coordinate  equation  of  a  planer  —  the  plane  which  contains 
*AB  and  is  parallel  to  one  of  the  coordinate  axes,  'These  planes  are 
called  projecting  planes  for  AS..  wi#h  respect  to  the  given  coordinate 
system.   Note  that,  mostly  by  Theorem  9-15,  there  is  a  unique  jdaiye 
which  contains  a  given  line^  I  and  is  parallel  tb  a  giypn  line  u  {/f  L 

Of  course,  any  two  of  the  three  equations  summarized  in  {&)  * 
imply  the  third. 
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These  equations  are  called  two  point  coordinate  Equations  for 
[Notice  that  (**)  summarized  three  equations. h-^^ 

'  * 

3.  Write  two-point  coordinate  equations  for  the  line  Afif,  ^iven  that  A 
and  B  have  coordinates:  „ 
(a)  (12,  10,  8)  and  (-5,  -5,0)        (b)  (1,  2,  3)  and  (2, -1,  4) 

(c)  (-4,-4,  -4)  and  (4,  4,  4)  ,(d)  and  (-2,-2,2) 
(e)  .<0,  0,  0)  and  (1,2,  3)~              (f)  (0,  0,  0)  and  (1,  1,  1) 

4.  Given  P  with  coordinates  (-7,  4,  0)  and/?  with  coordinated,  0,  2), 
decide  which  of  the  points  whose  coordinates  are  given  below  be- 
long \o  PR. 

(a)  (-3,2,1)    '     *      (b)  (1,8,-2)     .  (c)  (2,  i  }) 

(d)  hV,  I  S)  '  (e)  (9,-4,4)  (f)  (-11,  6,  -1) 
(g)  (8.  -3.  4)                (h)  (2,  -7.  6)     r         (i)  (-23,  12,  ^4) 

5.  (a)  For  each  of  the  points  of  Exercise  4  which  belongs  to  P$,  tell 

the  ratio  in  which  the  point  divides  the  interval  from  P  to  R. 

(b)  Is  there  a  point,  of  PR  in  the  first  coordinate  plane? 

6.  Given  theiines 

KB  with  parametric  equations: 


-  3  +  I 
=  1  -  2t 
=  2  +  s 


and  tlS  with  parametric  equations:       |jc2  —  5  -  2s 
.      "      v  U3.  -  3s 

Determine  whether  the  lines  intersect  and,  if  they  do,  give  the 
coordinates  of  the  point  of  intersection.    '  ■ 
7.  Given  the  lines  - 

Kb  with  parametric  equations; 
axid  fnf  with  parametric  equations: 

;«  1  + 

.  Determine  whether  the  lines  intersect  and,  if  they  do,  give  the 

coordinates  of  the  point  of  intersection, 
&  Suppose  that  A,  B  C,  an£  D  have  coordinates  (1,  2;  l),r(0f  5,  2), 
(fy  5,  4),  and  (—1,  8,  3)  respectively.  Determine  whether  aS  and* 
C£>  intersect,  and  if  they  do,  give  the  coordinates  of  &e  point  of 
intersection. 


PartB 


Suppose  that  A  and  B  are  twojpoints  of  a  line  /•  Let  O  be  any  point. 
Recall  that  the  position  vector  a,  with  respect  to  0,.of  the  z®intA is, 
by  definition,  A  -  O.  ^ 
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Answers  for  Part  A   [c ant , ]  '  \ 

"    xt  -12      xP  -  10      x«  -  8  f 
3t     (a)  TTJ7 —  =     \L 25 —  ~  *-8 —    (Note  that  equivalent  equations 

are  obtained  by  replacing  the  denominators  1  —17*;  *  — 15'  and 
*  -8'  by  numerals  for  ^multiples  of  the  corresponding  numbers 
by  any  nonzero  number,  ]  , 


[or:   x^  +  4  -  x2  +  4      x3  +  4, 


I. 

I 

3 

xi  _ 

1  ~ 

1 

i 

4.     [We  may  use  either  (ft)  or  (#6)  to  describe  PR: 
X,    -   -7  +  8t 


x,  +  7    i  xP  -  4  x„. 


8 


x,  2t 

f  3 


To  use  the  former,  we  would  substitute  for  lx1',  'x2'f  and  4x9' 
and  see  if  the  resulting  three  equations  were^  satisfied  by  the  same 
value  of  't*.    The  two -point  equations  are,  perhaps,  a  bit  more 
convenient  for  the  purpose  at  hand*  ]      ♦  >  f 

—  3  +  7       2-4  1 

(a)  — — -  -    -4     ~  I     S°f  the  Point  with  coordinates  (-3,  lt  I) 

belongs  to  PR. 

(b)  — g —  #     ^    =  -y    So,  -not  in  .PR. 

(c)  *  ^  f      So,  not  in  PR. 

(d)  '   Z$m±  I  ,  i§ZlLlJ*  l  "gZi    SOy  in  PR. 

>>^T^  =  ^  So,  Vn^ PR.  ~~~  — 

(f)  — ^  1  =  =  —  ,  So,  in  PR, 

(h)  ^rl"1  *  "1^  4  #  J      So,  not  in  PR. 

(i)  t=  ^      So,  in  M, 
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Answers  for  Part  A  fcoiit.f 

}'  tTh*  points  in  question  are  those  of  parts  (a),  (d),  (e),  (f), 

^J^'  Had  We  u,sed  Parametric  equations,  the  desired  ratios 
could  have  be«n  found  by  substituting  into  't/U  -  t)'.  However 
since,  for '  PR,  t  -  *s/2  w«  c*n  still  do  the  equivalent.  ] 

<a)    1  <«>  <e) '  -2         ,  (f)   -1/3  (i) 

(b)   |To  find  such  4  point,  we  must  find  a  point  of  PR  such  that 

xx  0,  We  may,  again,  use  either  the  parametric  or  the  two- 
pomt  equations,  ,  We  give  both  methods,  ]  .,  ^ 

Using  parametric  equations: 

For  such  a  point,  0  ~-   -7  +  8t,  so  t  ='lfa.  :  Hence,  „ 
x2  =  4  -  =  j  and   Xg  =  2.1  *  So,  the  it  is 


a  point  of  PR  irvthe  first  coordinate  plane,  and  its 
•  coordinates  are  (d,         7/4),  '     '  * 

Using  two-point  equations: 

For  such  a  point,  ±±Z  ,  !k  ,  Solving  any 

two  of  these  equations  we , find 'that  x2  =    1/2  and 
~.x3 >  7/4.  So, 


6.  To  find  a  point  common  to  the  two  lines,  we  must  find  values  of  • 

«    and  't'  which  satisfy  the  three  equations: 

1  -  t  =  2  +  s 

"  3  +  t  =   5  -  Is 

l  -  Zt  -  3s  . 

Solving  She  first  two  yields^  =  ■  Since  these  values  ' 

satisfy  the  third  equation  AB  and  CD  intersect  at  the  point  • 
■t       whose  coordinates  are  (5,-1,  9). 

7.  U  -  t  =  2  4  s  and  3  +'t  =  5  -  Zs)  if  and  only  if,  (s  *  3  and  t  *  -4). 
^     Since  1  -  2  -  -4  *  I  +.  3  •  3,  fhe  lines  have  no  common  point. 

8.  Parametric,  coordinate  equation's  for  AB  and  CD  are:  ( 

xx  =  i  -  t  -..Xj  =  6  -  ?t 

 :  2;+  H  _»ndL  _xSf.'.-.JjLJt-  1  '  ----- - 

•        '  X,     =       i  t  '     Xg      =      4--    ^  , 

•       F°,r  the/t  t0  b^'a  P°int  common  to  the  lines  there  must  be  a  first 
yalue  of  %t   and,  a  second  value  of  T  such  that  Ahe  first  and  second 
sets  of  equations  yield  the  «ame  coordinates  for  the  respective 
i    value*  of  .t  .    For  simplicity,  then,  we  replace  the  parameter  in 
;      the  second  set  of  equations  by,  say,  • ,'  and  look  forVolutions  of: 

'  \:r'  ■  ■  .  •     i  - 1  *  6  -  *i  .    .  * 

2  ♦  U  =  5  +  3s  .  ' 

•  "  1  +  t  *  4  -  m 

Solving  two  of  these  and  checking  in  the  third  yields  s  =  1,  t  =  2 

<  to*  i*°  the  point  of  intersection,  has  coordi-. 
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/  . 


1.  Since  A  *%B  and  {A,  B}  Q  I  it  follows  that  /'=  AB?  Complete: 

V  \ 

5 

i  •  r 

«  2.  Complete  the  following  without  using  'A'  and  'B': 

t  /  ~-  3,  r'  --   ;  


l//m/:  Recall,  for  one  thing,  that  B  -  A  =  (B  -       -'  (A  -  0).J 
The^equation: 

is,  for  a*  *  6*  a  parametric  vector  equation  for^he  line  determined  by 
the  points  ,  whose  position  vectors  are  a  and  6.  What  this  means*  is 
that  the  position  vectors  of  points  of  this  line  are  just  the  values,  for 
the  various  values  of  *t\  of  the  right  side  of  (1).  Equation  (1)  is,  of 
course,  equivalent  to:  . 

(2)  .  *      r  =  all  -  t)  +  Vt 

This  suggests  a  more  symmetrical  form  of  equation  whidh  serves  the 
same  purpose  as  (1)  and  (2)  is: ;  "  '    f    ,  . 

(3)  f =  aa  +  T>b   [a  f  h  =  1} 

Given  the  position  vectors  a' and  6pf  two  points,  a  givefi  vector  r  is  the 
petition  vector  of  a  point  on  the  line  containing  these  points  if  and  only 
if  there  are  numbers— say,  a  and  6— whose  sum  is  1  and  which  sat- 
isfy (3).  .       .  .:\  \    .  :  -  :  '  ; 

3.  (a)  Assume  as  given  a  basis  (ut9^uv  u*)  for  ST  and^  taking  the 
point ,0  as  origin  both  for  coordinates  and  for  position  vectors, ' 
: ;        v  explain  the  relation  of  the  parametric  vector  equation  (1)  to 
the  parametric  equations  (*)  on  page  423*  ,  * 

(6)  For  what  value  of  V  do  the  equations  (*)  give  th£>eoordinates 
of  the  point  which  divides  the  interval  from  >i  to  S  in  a  :  6? 
[Hint  Kecal!  Theorem  8- 14.1 
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Answers  for  Part  B 


A4(B-  A)t 

a  +  (b  -  a)t 
MB  -  AH; 
h  -  B  -  O. 


[For,  R  = 
and  R  -  O 


A  4 
-  r, 


(B  -  A)t  and  only  if  R  -J>  =JA  -  O) 
•  A  -  O  -  a,  and  B  ~  A  -  b  -  a,  where 


In  ''coordinate  geometry'*  it  is  customary  to  use  'x^  *x2' ,  and 
*a  ,  or  *x\  4y\  and 
coordinates,  of  points, 
4  r 


z*  as  variables  whose  values  are  interpreted  as 

_   _  r.  In  "vector  geometry*'  it  is  customary  to  use  . 

as  a  variable  whose  values  are  interpreted  as  position  vectors  [or 
"radius  vectors'*].    These  conventions  motivate  our  somewhat 
oscillatory  cnoice s  of  notation*  * 
,      Students  may  recall  equation  (2)  as  equation  <1)  on  page  346. 

3.     (a)    Since  r,  a?  and  b,  are  R  -  Q,  A  -  O,  and  B  -  O,  the  compo- 
nents .of  7,  a,  and  b  are  the  coordinates  of  R,  A,  and  B. 
Furthermore ,  by  *Theo^m  10-11,  the  vectors  in  question 
satisfy  (1)  if  and  only.vii  their  components  satisfy 

(b)    By  Theorem  8-14,  a  point  R  whose  position  vector  is  given 
by  equation  (2')  divides  the  interval  from  A  to  B  in  the  ratio 
t/(i  +  t).    The  same  holds  when  thtf  coordinates  of  R  are 
.   given  by  In  order  for  t/(l  -  t)  to  be  a  :b  we  must  take 

t  =  a/(a  +  b).    [Obtained  by  solving  4t/(l  -  t)  =  a/b'  for  *t\] 


■S 
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4.  The  vector  equation  (1)  is  appropriate  for  use  in  situations  where 
it  would  be  natural  to  use  fAfT  in  referring  to  a 'given  line.  What 
form  of^vector  equation  would  it  be  natural  to  use*  in  describing 
a  line  AUty  A.  *  . 

5,  Suppose  tRat  A  has  coordinates  (aft  a.,, «.,)  and  thaUhe  nan-(f  vector 
c  has  components  <e|f  c\,  c:l).  Write  parametric  equations  for  the 

coordinates  xJ  of  a  point  of  A\c),  \Hint\  If  you  *ye  not  clear 

as  to  what  is  wanted  here,  see  equations  <*)  on  page  423.) 


The  equation: 

(4)  r=~a+ci  s  \ 

is,  like  (1),  a  parametric  equation  for  the  position  vectors  of  points  of 
a  line.  In  the  case  of  ( 1 ),  the  line  in  question  is  the  line  which  contains 
the  points  wh^ge  position  vectors  area  and  b.  In  the  case  of  (4),  the  line 
in  question  is  the  line  whose  direction  is  [c]  and  which  contains  the 
point  whose  position  vector  *s  a,  Corresponding  with  (1)  we  have  equa- 
tions (*)  on  page  423  which  are  parametric, equations  for  the  coordi- 
nates of  points  of  the  line  through,  say,  A  and  S.  Corresfxmdiftg  with 
(4)  we  hgve  similar  equations: 


(.**) 


In  these  equations,  (a,„  a„  a:()  are  the  coordinates  of  a  point  A  of  the 
line  and  (ej,  c3,  c3)  are  the  components  of  some  non-3*  vector  in  the 
direction  of  the  line.  [The  components  of  such  a  vector  are  sometimes 
called  direction  numbers  oLtha  line-r--of  course,  with  respect  to  the 
given  coordinate  system.]  .   ..  •* 

'  *.  , 

6.  In  each  of  the  following  exercises  you  are jgivett  the  coordinates  of 
; '  a  point  A  and  the  components  of  a  vector  c.  Using  (**)  as  a  model, 

write  pjarametric  equations  for  the  coordinates  of  points  on \AIcJ. 

(a)  A:  (0,  1,  2)  (h)  A:  (2,  6,  1)  ■  . 

ct,  <2,  4,  -1)  r.  (2,  4,  -1) 

(C)  A:  (3»  -2,  I)  *           (d)  A:  (4,  -2,  -3) 

•  c  (2,0,  -4)  '  -      >  c:  (-1, 0,  2) 

(e)  A:  (5, -6,  3)  (f)  A:  (4,  7, -if 

c:  (0,  2,  0)  c; .  (0,  0,  0) 
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Answers  for  Part  B  [eont. 


4.     r  =  a  f  c t   [Some  students  will  have  already  Recalled  that,  for 

{A,  B}v  C  I,  B  -  A  e.[t]  and  that,  for  A  €  I  and  a  €  [I],  A  +  a  €  I.] 

^#  *  xi.  "'  ai  +.ci*i  x-  =   a2  *  c2tf  x3  -  a3  +  c3t 


In  volume  Z,  where  we  pan  use  mutually  perpendicular  coordinate 
axes,  it  will  turn  out  that,  (or  such  a  coordinate  system,  the  direction 
numbers  of  a  line  are  proportional  to  the  cosines  of  angles  determined 
by  the  line  and  the  coordinate  axes.    [Which  angles  may  bd^-specified 
by  choosing  a  sense  on  the  line  and  on  each  of  the  axes,  ]  the  cosines 
of  these  angles  ar«;  then",  called  direction  cosines  of  the  line.  Of 
course,  students  -are  not  yet  prepared  to  discuss  these  matters. 

6.   .  (a)    xx  --  Zt  lb)  xx   =  2  "+  2t 

x?  -  .1  +  4t  t      1.  x?  -  *>  +  4t 

X3    =    1   ~  t  v  .  X3    =    1    -  t 

(c  )    xx  -  3  f  it     •  (d)  x/>  4  -  t 

-    '  '.\  x^  =  -2  %  -^2 

.  ,  x3  =  1  -  4t  ■     x3  =  -3  +  2t 

.    (e)    xx  5    .  .  (£)  xx  -  4 

xP  =  -6  +  2t  •                      x2   s  7  '  * 

x«  -  3  x«  =  -1 
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^7.  Consider  the  various  sets  A\c\  described  in  Exercise  6. 

(a)  Are  there  any  of  these  sets  which  are  not  lines? 

(b)  Are  two  of  the  lines  described  in  Exercise  6  parallel? 

(c)  Is  the  same  line  described  twice  in  Exercise  6? 

*  (d)  Are  any  of  the  lines  of  Exercise  6  parallel  to  any  of  the  coordi- 

nate axes? 

(eY  Are  any  of  the  lines  paralfel  to  any  of  the  coordinate  planes? 
.  8.  Suppose  that  A  has  coordinates  (1,  2,  3)  and  that  B  has  coordinates 
(2,4,-3). 

*  (a)  Use  (*)  to  write  parametric  equations  for  XM. 

(b)  Use  (**)  to  write  parametric  equations  for  A[c\,  where  c 
±  =E-A. 
"     '(c)  Compare  your  answers  for  parts  (a)  and  (b). 

9.  Suppose  that  A  has  coordinates  (0, 1,  2)  and  that  c  has  components 

.  ■  ^    (3,5,7).    ■  -  4  ¥   .  f 

\  (a)  Use  (»*)  to  write  parametric  equations  for  A[c\. 

(b)  Use  (*>  to  write  parametric  equations  for      where B  =  A  +  c! 

(c)  Compare  your  apswers  for  parts  (a)  and  (b). 

PartC 

1.  If  /  is  the  line  which  contains  two  given  points,.  A  and  6,  then,  as 
you  know,  [/]  =  [B  -  A],  You  also  know  that,  for  c  *  0,  \aa]  =  [a\. 
.  Suppose,  now  that  A,  Bt  C,  and  D  have  coordinates  A:  (2,  3,  5), 
B:  (4,  2,  6),  C;  (6,  3,  9),  and  D:  (8,  2,  10). 
/  (a)  What  are  the  components  of  B  -  A? 

(b)  Wlhat  are  the  components  of  Z)  -  C? 

(c)  What  can  you  say  about  the  lines       and  tB? 

2*  Repeat,  j^xercise  1  when  the  coordinates  of  the  given  points  are  A; 

(3,  5,  1),  B:  (2,  1,  4),  C:  (4,  6,  3),  and  D:  (2,  -2,  5). 
3.  In  each  of  the' following  exercises,  determine  whether  or  not 

Mfco.  "  • 

(a)  A:  (3,  2,  -1)  (b)  A:  (2,  4,  0) 

B:  (4,7,4)  •«-    5:  (-1,-2,-3) 

*—  ;f  o.  (3,    n  J  —        C:  <4,v8,  ;  

0:  (6,24,16)  -D:  (9,3,7)  ■  ' 

(c)  A:  (4,  7,  0)  '  <dM:  (2,0,4)  "* 

.    B:  (3,6,0)  «  S:  (4,0,-1) 

••v..-..      :  C:  (-2,4.0)       •  ,  C:  (1,0,4); 

*  B:  (-4,2,0)-  D:  (2,0,2) 

C4.  In  each  of  the  following  exercises  you  are  to  and  coordinates  of  a 
point  D  such  that  Xb  is  parallel  to  £xL 
(a)  A:  (2, 4,0)  »         (b)  A:  (1,4,7) 

.      1  S:  (1,2,"5)  B:  (2,9,1) 

£.-(8,4,  0)  C:  (3,-2,4)  ; 

v  /  (e)  A:  (2/4,0)  (d)  4:  <3,<5, 0)  1 

\.  4XU,2,0)  B;  (4,3,0) 

C:  (4,1.0)      '  -.    C:  (2,6,0)  . 


9?l) 
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Answers  for  Part  B  [cont.] 


?„     4a)    The  set  described  in  part  (£)  is  not^a  line.    [As  should  be  the 
c a s Sjpc e  A[0j  =  {A},  the  parametric  coordinate  equations 
for  A[u]  yield  only  the  coordinates  of  A,  ] 

(b)  The  lines  described  in  (a)  and  (h)'  are  parallel -since  the 

1    direction  of  each, is  described  by  the  same  vector.    The  l^nes 
described  in  (c)  and  {d)  are  also  parallel  since 
.  ^      [ux2  +  ua.  -4]  -  +  u32], 

(c)  The  same  line  is  described  in  (a)  and  (b).    This  can  be  dis- 
covered in  several' ways:  {i)  Use  the7equations  for  one  line  to 

find  coordinates  of  a  point  on  that  line,  and  use  the  equations 
of  the  other  ta  show  that  the  sarne  point  belongs  to  it.    (ii)  Note 
that  replacing  *t'  in  the  equations  of  (b)  by  *t  -  V  yields  the 
equations  of  (a).    This  means  that  any  coordinates  obtainable 
from  either  set  of  equations  is  obtainable  from  the  other* 
[That  different  lin&s  are  described  in  (c)  and  (d)  can  He  shown 
by  showing  that  one  coordinate  triple  —  for  example,  (3,  —2,  I) 

which  satisfies  (c)  does  not  satisfy  (d).  ] 

■% 

(d)  The  line  described  in  part  {e}  is  parallel  to  the  second  coordi- 
nate axis,  since  fts  direction  is  [ 5*^2]. 

(e)  The  lines  described  in  (c)  and  (d)  are  parallel  to  the  second 
coordinate  plan*  since  their  direction,  [ux  -  is  a  subset 
of  the  direction  [u3,  u,  ]  of  this  plane.    And,  Sy  part  (d),  the 
line  described  in  gart  fe)  is  parallel  to  both  the  first  and  the  . 
third  coordinate  plane.  * 

8.  '  (a)-(c)  The  equations  obtained  in  answer  to  (a)  and  (b)  are,  of 

course';  the  same : 

xx  =    1  4  t  • 

3^2   =  2  +  2t       _  * 

x3  =  3  -  6t 

9*    4^)^{c)  The  equations  obtained  in  answers  tp  (a)  and  (b)  are: 

xx  -  3t   •        .  .  , 

..     .         .  X2,  = .  1  +  5t  .     .   •  .  ^ 

Answers  -for.  Pari  C  ±  .V^_„:J!   '  

iv  (a)   (2.-1,1)  (b)  (2#  -1,1)  (c)  AB  jj  CD 

2.     (a)  (*19-49S).  '\        ib)  (-2,-8,  2)  .      <c)  AB  ^  cS  * 

3„     In  parts  (a)  and  (fc),  AB  j|0CD;  in  parts  ib)  and  <d),  AB  Jf  CP. 

4*     [In  each  part,  tone  n«^da  to  find  a  point4  D  'belonging  to  C[B  -  A],  ^ 
The  simplest  choice  is  C>  <B  -  A)  but,  of  course,  for  any  t  #  % 
C  +  (B  -  A)t  will  do  as  well.    An  «a^y  check  is  D  -  C  €.{B  -  A]/] 

<a)   n,2,5)  <b).  <4939  -2)         Jc)  0,-1,0)  {&}  i$t4,Q) 
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*  1.  Consider  the  points  A,  B,  C,  and  D  whose  coordinates  are  4-  (1 

-2,  3),  S:  (2,  -3^5).  C:  (-1,  4,  -3),  and  D:  (-2,  5,  -5). 
.  (a)  Show  th»t%.A<?  and  intersect 

.(b)  In  what  rntio  doe§the~point  fohnd  in  part  (a)  divide  the  inter- 
;     ^  •    *        yal  from  'Ajo'CTjhe  interval  from  B  to  D? 

(c)  What  follows  about  A  BCD  from  the  result  obtained  in  part  (b)? 

(d)  Obtain  the  conclusion  you  reached  in  part  ;c>  in  another  .way. 
.  2.;  Suppose  that  {AT,  B,  C,  D]  is  noncoplanar.     .      '  '  " 

•  "<*>  p£awa  figure  and' mark  on  it  the  midpoints  P,  Q,  R,  and  S  of 

AS  "CP*  BD,  and  XC,  respectively. 
>  ,  .   *    (b>  Using  A  as  origin  and  (B  -  A,  C  -'A,  D  -  A)  as  a^asis  for  .7, 
- r«.      fihd  the  coordinates  of  P,  Q,  R,  and  S. 
'v  ie)  Show  that  ^ and  ^intersect. 
,f      <d)  ™at  do^  yo«r  work  in  part  (c)  tell  you  ^bout  P$  and  - 
"7  ,  *     <e>^Formulate  a  theorem  concerning  the  segments  joining  the 
.  midpoints  of  opposite  widest)!' a  tetrahedron,  ['tetrahedron  is  a 
syjjgsnyni  foT^iangular  pyramid'.]  • 

.      1  Suppose  thati^C  and  ^tire  position  vectors  of  four  . noncoplanar 
points.     .  • 

?•       (a)  What  can  you  say  about  (V  -  7,  7  -  ~£dt  ~  7)1 

<b)  Suppose  Jhat*  a  +  b  +  c  + d  =  0  and  "St  +  bb  +  7c  +  Id  =  0. 
■;.      .      What  can  you  say  about  afar  +  6  +  c  +  d)l  About  (6*  - 
,  +  (c  -  a V  +  (rf     cOd?  About  />,  e,  and  d? 
<c)  Prove:  y 


Theorem  10-12   If  at  %7;  and  cf  are  position 
vectors  of  no'ncoglanar  points  and  a  +  b  +  c  +  d  =  0 
then       *  "  •     '  ' 

*'aa  +  VbjfTc  +  Hd  -0*  if  and  only  if  . 

"     v 0,  b  =  0,  c 0,  and'd  =  0. 


4.  Reconsider  Exercise  2.  Suppose  that?,  7,7,  and    are  the  position 
vectors  of  A,  B,  C,  and-f),  respectively. 

UD.What  are  the.  position  y«^o^^  n^i'of-fi%^,  and  S? 
(b)  The aquation:  r  • '      ,  '     .-    '    '  .  .  *  ' 

.   '.'  ^      .  •  ■  '      •    .  •  * 

.«        is  a  parametric  vector  equation  of  Pq.  U$e«your  results  from 
■5?*  ^  to  re??ite  this  equation  in  terms  of  the  position  vectors 
a>  *V  <\  'and  (it  and  writer  similar  equation  for       using  V 
'■■     ,  akr^rameter,;  s  ■*■/•■ 

;  .(0)  Use  'gbeoreii^-^^  and  you* ^juatioas  from  part  (b)  to  show 
that      and      bisect  each  other. 
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Answers  for  Part  D 
1.     (a)   AC:  xx  ^  1  -  2t 
*  xa  =  -2  +  6t 

=  3  -  6t  . 


BD: 


x1  =  2 


4s 
-3  +  8» 


x3  =  5 .  -  1 0s 


AC  and  BD  intersect  at  the  point  whose  coordinates  are  given 
by  t  -   1/2  and  s  =  1/2. 

(fa)    Since,  for  the  point  of  intersection,  t* :  (1  -  t>  =  8  :  ( 1  -  s j  -  J, 
this  point  is  the  midpoint  of  both  intervals  and,  so,  divides 
e*ac  h  in  1  :  1  • 

(c)    ABCD  is  a  parallelogram.     '  ■  1 

id)    The  components  of  B  -  A  and  C  -  D  are  [for  both]  (I,  -1,  2). 
So,  B  -  A  =  .  C  -  D.    C  4  AB  since  the  components  of  C  -  B 
are  (-3,7,-8)  andf  so,  C  -  B  i  [B  -  A].    Hence  [by  Theorem 
8-16],  ABCD  is  a  parallelogram, 

(a)  '  ' 


{b)    Since  P  -  A  -  {B  -  A)|,  the  coqrdinates  of  P  are  {£,  b,  0). 
Since  Q  -  A  =  (C  -  A){1  -  j)  4-  (D  -  A)|,  the  coordinates  of  Q 
are  (0,  f ,  2-).    Similarly,  the  coordinates  of  R  are  (|,  0,  |) 
and  those  of  S  are  (0,  j,  0),  ■:.  " 

(c)    It  is  a  reasonable  guess  that  ?3  and  RS  have  the  same  mid*  » 
point.    This  ifli  quickly, checked  by  noting  that,  for  each,  the  « 
.    coordinate s^of  its  midpoint  are  (1/4,  1/4.  i/4).  Sin^e 

^Af  fifc  Cl  DIj8*noncd^lanar'  tp»  'Q*  ^5  i*  noncoUinear  and, 
fo,  PQ  and  ^5  have  no  other  common  point.    [A  more  pedes- 
trian approach  is  to  find  parametric  equations  of  ^3  and 
•  ^   and  proceed  as  in  Exercise  1(a),.    A  more  inspired  approach 

is  to  note  that  ABDC  is  a  simple  quadrilateral  and  use  Theorem 
8-20{b)  —  thus  avoiding  the  sornewhat  cumbersome  use  of 
coordinates. }         .  ■    *  s 

(4)    PQ  and  RS,  bisect, ea<;h  other, 

(e)    The  three"  segments  which  join  thri,  t^idpc^lnty  of  opposite,  iidit^^- 
of  a  tetrahedron  intersect  at  their  «$wnmon  midpoint. 
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Answers  for  Part  B  (cont.} 


3. 


4. 


(a) 


(b) 


etc.,  {b  -  a,  c  ~  a,  3  -  a)  is  linearly 


(a)  Since  b  -  a  ~   B  -  A, 
independent.  , 

(b)  Suppose  that  a  +  b  +  c  +  d       0  and  aa  f  bb  +  cc  +  3d  =  d.    It  _ 
follows  that  j*(a  +  b  f  c  _+  id)  =  (5  and,  so,  that  {aa  +  €b  +  cc  +  3d) 
-  (aa  f  ab  t  ac  f  ad)   -  '6.    Hence,   (b  -  ajb  f  (c  -  a)c  +  (3  -  a)d 

0  and,  since  [by  part  (a)]  .{b  -  a,  c»-  a,  3  -  a)  is  linearly 
independent,  that  b      c   -   d  =   0.    Since  a  +  b  *+  c d       0,  "* 
a       0  also. 

(c)  The  proof  is  contained  in  the- preceding  arguments  except  for 
noting  that  if  a   -  b  =  c    -  d  -   $  then  aa  f  Sb  f  cc  +  3d  3, 

[Theorem   10-  1 1  is,  of  course,  analogous  to  ^he  corollary  to 
Theorem  8-15.    Theorem  B-15  has  a  similar  analogue  of  , 
h        which  Theorem  10-12  could  be  considered  a  corollary.  ]  J 


p   ■   a]  ♦  bi,  q 


OS 


k  ♦  3|,  r  =      f  3£,  S 


i~2  +        [if,  as  in 

Exercise  2,  position  vectors  are  taken  with  respect  to  A  then 
a  -   (5.    The  preceding  formulas,  howeve r , '  hold  for  any  origin. 
The  symmetry  which  results  when  the  origin  is  unspecified  is 
often  of  more  value  than  the  simplicity  which  sometimes  results 
from  a  special  choice  of  origin.    This  is  one  reason  why  vector 
methods  are  often  more  efficient  than  coordinate  methods.] 


RS:  x  MS  ♦  £)^Y±  ¥  &  *  c?5f 


(c )    [To  find  where,  if  at  all,  PQ  and  RS  intersect  we  look  for 
value*  of  '  s'  and  't*  which  give  the  sanje  value  for  'x'.  ] 


-1  -  t  ,  1 
a  — z —  +  b  — 


'  £  ■*  '  "'t  i  2* 


-*  S     ,     7*  1  - 


+  c*4  +  3 


1  -  s 


2    ■  2     -2-2         2     "     2  2  2 

(.*)      a(l    -  t  -  •)  f  fijl   -  t)  +  C<t  *  8)  f  3(8  4  t  -   1)  a  U 

Since  a,  S,  c*,  and  3  are  position  vectors  of  nbncollinear  points 
and  sirifce         *'  . 

(1    -  j  *>*)  +  (S   -  t)  +  (t  -  •)  +  (8  +  t  -  1)   a  0 

a 

it  follows  that  (*)  is  satisfied  if  and  only  if  8  ■+  t  and 
3  =  t .  —  that  is,  if  and  only  if  s  =  1/2  =>  t.    So,  PQ  and  RS 
bisect  each  other* 


Sample  Quiz 

1,     Suppose  that  (a*,  S,  cV  is     basis  for  T,  that  O.is  the  origin,  &nd 
that  A,  B,  and  C  have'eoordinates  (2,  ~3f  1),  (-1,  2,  4),  ancl 
(2,  —  7,  1),  respectively,  with  rqspect  to  the  coordinate  system 
determined  by  O  and  the  given  basis. 

(a)  Find  the  coordinates  of  all  points  X  such  that  A,  B»  C,  and 
X  are  the  vertices  of  a  parallelogram. 

(b)  Find  the  coordinates  of  the  point  of  intersection  of  the  medians 
of  AABC.    [This  point  is  cajled  the  cehtroid  of  AABC.  ] 

(c)  Given  that  the  points  you  found  in  (^J  are  Xa,  X^,  and  X3, 

show  that  the  centroid  of  AX-^^X^  is  the  centroid  of  AABC, 

i 

4.     Suppose  that  A  has  coordinates  (6,  -3,  5),  that  B  has  coordinates 
(-9,  7,  7)  and  that-  a  has  components  (2f  -4,  6)  with  respect  to  a 
given  coordtnate  system.  ^ 

(a)  Write  parametria  equations  for  A[a], 

(b)  Compute  the  coordinates  of  M  such  that  B  is  the  midpoint 
of  AM, 

(c)  Show  that  A,  A  +  a,  B,  and  B  -  a  are  the  vertices  of  a 
parallelogram.  \ 

1.  (aj,    (5,-12,-2),    (-1,6,4),  (-1,-2,4) 

(b)  (1,-8/3,2)"  " 

(c)  The  centroid  of  AX  has  coordinates  (1,-8/3/2). 
Compare  witii  (fo). 

2.  (a)    x1  =  6  4-  2t,    X2  =  -3  :  4t,    xa  ■=  '  5  +  6t 

'(b).  (-24,  17,9)  * 
(c)    [Many  solutions.  J 


J  0.06  Equations  of  429 

id)  Show  that,  even  if  {A,  B,C*D}  is  coplanar,  it  shall  follow  that 
P($  and  have  the  same  midpoint.  Conclude  that  if  a  simple 
quadrilateral  is  not  a  parallelogram  then  th#  midpoints  of  its 
diagonals  and  of  a  pair  of  opposite  sides  are  the  vertices  qf  a 
parallelogram. 


Part  E 


c 

Recall  the  two- point  coordinate  equations  of  lines  which  were  in- 
troduced in  Part  A  on  page  423.  If  A  and  B  have  coordinates  (op  a.„ 
a:i)  and  (bi9  b2,  b.A)  then  the  parametric  equations: 

x,  -  a,  +"       -  a3)*  ^  '  < 

can,  each,  be  solved  for  T- assuming  that  6,  *■  a]f  6,  *  k„  and  6, 
I  °n  doing  so,  we  note  that  (x},x.v  jra)  are  coordinates  of  a  point  of 

>1Z?  if  and  only  if 

%  *t  - 

Something  similar  to  this  can  be  done  if  the  restrictions  tliat  bt  *  aif 
b:  *  a2,  and  bt)  t     are  not  all  satisfied. 

/  1,  What  is  AB  in  case  none  of  the  three«restrictions  just  mentioned 
are  satisfied? 

2.  Suppose  that,  A  and  B  have  coordinates  {2,  6,  -1)  and  (5,  4,  -1). 

(a)  Write  parametric  coordinate  equations  for 

(b)  Use  yourj|^er  for  part  (a)  to  find  two  equations,  neither  of 
which  ecjffl  B  the  parameter,  and  which  are  satisfied  by  the 
coordinatSrorjust  these  points  which  belong  to  £3. 

ic)  What  do  you  know  about  the  third  coordinate  of  any  point  of 

M? 

id)  Describe  the  set  of  all  points  of  V  whose  third  coordinate  is  -1. 
-  —  J  What  kind  of  set  is  it,  and  ho w4&  it  related  to  the  coordinate 

planes  or  axes?] 

3*  In  solving  Exercise  2  you  should  have  found  that  the  line  iQf reT 
/ferred  to  there  can  be  described  fcy  the  two  equations; 

*  •  ■  *  '••'.*' 

.  •  Vou  also  should  have  noted  that  the  second  of  th^se  equations  is 
trat&fied  by  the  coordinates  {y^y^y^  t)f  just  those  points  which 
belong  to  a  certain  plane  whiqh  is  parallel  to  the  third  coordinate 
plane. 
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id)    In  any  case,  (*)  is  satisfied  if  s  •-   l/l  =  t.    So,  in  any  case, 
PQ  and  RS  have  the  same  midpoint  [but,  they  may  have  other 
points  in  common].       Consider    the  quadrilateral  to  be  ABCD 
and    assume   that         ft  BC.    to  the  notation  of  this  exercise, 
P  and  Q  are  the  midpoints  of  the  opposite  sides  AB  and  CD, 
and  R  and  S  are  the  midpoints  of  the  diagonals  BD  and  Xc. 
We  have  seen  that  PQ  and  RS  have  the  same  midpoint-  By 
earlier  results  [Part   B  on  page  we  know  that,  since 

AC       BC,  { P,  Q,   R}   is  not  collinear.    Hence,  the  intersection 
■  *  of  PQ  and  RS  must  consist  of  their  common  midpoint  —  in 

short,  they  bisect  each  other.    Hence,   PRQS  is  a  parallelogram* 

Answers  for  Part  E 

"   1   * 

-UJPi  V-Si'  bo  -   a^,  and  b3  =  a3  then  B  a  A  and*  so, 
AB  -  AA  -   {A}.        ,  , 

2,  (a)    x,    ■   2  f  3t 

x2  =  6  -  It 

(b)  Xl      2  =  X2  *  6     x     =    J{  ^ 

(c)  It  is  -1. 

(d)  It  is  the  plane  which  is  parallel  to  the  third  coordinate  plane 
and  contains  the  point  O  -  iL  whose  coordinates  are  (6,  0,  -1). 
For,  D  belongs  to  this  set  if  and  only  if  D  =s  O  +  u^s^  uPt 

+  u3  •  - 1 ,  for  some  choice  of  values  of  *s*  and  *t\    So,  the 
set  in  question  is  {X:   3X  3y  X  =  (O  -  us)  +  uxx  +  u£y}  ,  and 
*    this  is  {O  -  u3)[u1,  uP  ]. 

TC  43I)<1) 

3.  (a)    One  such  translation  is  -u3;  but  the  stufe  of  this  and  any 

member  of  [ulf  u2  ]  will  do  as  well,  .  .*  •  ■ 

{h}   It  is  reasonable  to  guess  that  the  equation: 

(*)  Sa,  I  *  -  xg  I  6 

3  -2 

represents  another  plane  containing  the  Jine  SS.    Since  t*}  » 
places  no  restriction  on-  'x3%  (xlfx2,x3)  satisfies  (*)  if  and 
only  if  there  are  numbers  m  and  t  such  that    ,  'r 


x1  -  2  +  3s 
x2  -  6~  2» 


gquiy*lently,         x%  =  2  +  3s  +  Ot 

xs  •=?  o  +  0s  +  it  r 

So,  if  C  hag  coordinate*  (2,6,  0}  and  a  ha*  components 
"(3,  -*2,t>)  then  the  egg^inates  of  a  point  P  are  given  by  £*^v 
if; and  only  if  P  €  C[af  ^      Hence,  (*}  represents  a  plane*  * 
which  is  parallel the  third  coordinate  axis  and  whose 
direction  conUina/u^^f  ua  •r2.   ••    :\.   ,'  •  ^ ■ :.; v. 
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4. 


(a)  Describe  a  translation  c*which  maps  the  third  coordinate  plane 
onto  the  plane  whose  equation  is  \  ^  —  J\  [Hint.  e*niust  be  a 
linear  combination  of  the  ^erms  of  the  basis  (u^  u^lu  j  of  the  co- 
ordinate system,  j 

(h)  Theorem  10-2  might  now  suggest  something  about  the  first 
Of  the  two  equations.  Make  a  guess  and  think  of  way?  of 
checking  • 

Considerthe  line  through  points  4  and  B  which  have  coordinates 
<3,  9,  l)and(4,  2,  1). 

(a)  Repeat  parts  (a)  and  (b)  of  Exercise  2. 

(b)  Describe' two  planet?  whose  intersection  is  XB\ 

(c)  How  is  /Of  related  to  the  ctfordinafe  planes  and  .axes? 
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■r 


If  you  recall  the  similarities  between  Theorems  7-1  and  9-1  and 
between  Theorems  7-5  and  9-11,  it  should  be  clear  that  we  can  ex- 
pect that  vector  equations  and  coordinate  aquations  of  planes  will  be 
similar  to  those  of  lines.  For  example,  if  {A,  Bt  C}  is  noncol linear  then 
there  is  a  unique  plane,  ABC  which  contains  A,B,  and  C,  and  a  pdintj? 
belongs  to  this  plane  if  and  only  if ,  fof  some  numbers  s  and  t9 

R  -  A  +  (B  -  A)s  +  (C  -  A)t. 

As  in  the  case  of  the  line  AS,  if  a,  6,  c,  and  r  are  the  position  vectors  of 
Af  Bt  C,  and  R,  with  respect  to  some  point  0,  it  follows  that  A  eA^Cif 
and  only  if, ior  some  s  and  t,  •  ^ 

.  .  \  '  ■  -. 

1    r*  =  a  +  (b  -  a)s  +  ic  -  ~a)L  ^ 

[Explain,]  If,  now,  we  choose  a  basis  (up"tt2, for  ST  then  the  eoordi- . 

nates  r  say  (x^xit  x£—pi  a  ifipint  Ra  A^C  must  satisfy  pqff*mptrir  g£ 
oi^inate  equations:  <  „ 


(*>, 


where  (ap  a,,  a,)  are  the  coordinates  of  A  [or,  equivalent!?,  are  the 
components  of  the  position  vector  A  -  O],  etc,  [Explain.] 

In  th0  following  exercises,  we  suppose  that  a  coordinate  system 
based  in  some  point  0  and  some  basis  (If,,^,      is  chosen. 


This  result  can,  of  course,  be  generalized  to  apply  to 
any  equation  of  the  form  of  For  example,  the  equation: 


+  i 


-  5 


is  satisfied  by  the  coordinates  of  ^ust^those^points  which  belong 
to  the  plane  whose  direction  is   [ux,  u^4  +  u<,7  ]  and  which  con- 


(a) 


(b) 


tains  the  point  whose  coordinates  are  (Q,~l,5)  [or,  for  that 
matter  (-217,  -1,  5)]# 

As  mentioned  earlier,  the  plane  represented'by  (*)  is  the^ 

f»rojecting  plane,  parallel  to  the  third  coordinate  axes,  for  AB, 
In  case  the  axes  were  mutually  perpendicular,  this  plane 
would  customarily  be  described  as  the  projecting  plane,  per- 
pendicular to  the  third  coordinate  plane,  for  AB,  or,  as  the 
xxx2 -projecting^  plane  far  A]§,  ] 

Since,  for  each  point  of  AB,  x3  =   -1   [see  Exercise  Z], 
this  last  equation  represents  the  projecting  plane  for  AlS 
parallel  teethe  second  coordinate  axis  arid  [the  same]  projecting 
plane  for  All  parallel  to  the  first  cpordinate  axis. 

*    •     In  general,  the  three  equations  summarized  in  the  two- 
point  coordinate  equations  of  a  line  represent  three  planes 
projecting  the  line  parallel  to  the  three  coordinate  (axes.  In 
case  one  of  the  denominators  represents  0,  two  of  these 
planes  coincide  in  a  plane  parallel  to  the  other  two  axes. 

The  subject  of  projecting  planes  deserves  to  be  discussed 
in  class  in  connection  with  the  present  exercise.    See  also, 
the*  following  exercise; 

-  3  +  t 
=  1 


-  2i  x0 


I   [Evidently,*  the  first  of  the  parametric 


equations  puts  no  restriction  on  ,x1*.   .It  merely  serves  to 
specify  the  parameter-value,  associated  with  a  point  on  the 
line,  in  terms  of  the  first  coordinate  of  the  point.] 

f 

The  plaije  w£ich  is  parallel  to  the  second  coordinate  plane  and 
contains,  say,  the  point  whose  coordinates  are  (0,  2,  07;  the 
plane  which  is  parallel  to  the  third  coordinate  plane  and  con- 
tains, say,  the  point  whose  coordinates  are  (0,  0,  i).  fl 

is  parallel  to  the,  first  cloc 


to^ea<4v-of 


of 


the  second  and  third  coordinate  planes, 

A  line  like  *A&  is  contained  in  eacli  o|  iniinitely  many 
planei  parallel  to  the  first  coordinate  axis.    The  two  of- these 
each  of  which  is  parallel  tp  one  of  the  other  axes  are  called 
the  projecting  planes  of  the  line,  >  \ 

In  discussing  Exercise  3(b)  of  Part  E  we  came  upon  an  example 
<*). 

>■       ■        .     XL   =*'  2  +.-3S  .4"0t  '  ■ 

%    \  •  xa  ~  6  *  z*  +.m  1  .  ■; * .  ; 

■  .       =  0  +  b«  +  it  , 
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Exercises 
Part  A 


1.  Consider  the  points  4,  B,  and  C  whose  coordinates  are  (f,  2,  3), 
(2,5,  7),  (3,  1,  1). 

(a)  Show  that  {A,B,  C)  is  noncollinear. 

(b)  What  are  the  components  of  £  -  4?  Of  C  -  A?  Of  (B  -  A)s 

+  ce  -  a«? 

<c)  What  are  the  coordinates  of  4  +  (fi  -  A)s  +  (C  -  A)f? 
(d)  For  each  point  X,  X  cAitC  if  and  only  if,  for  some  s  and  /,  the 
coordinates  U,,  x8f      of  X  are  given  by  the  equations: 


[Complete.  I 

(e)  Give,  as  linear  combinations  of/ffie  terais  of  (u\,  u*,  i/3),  two 
translations  which  are  ternuLtfi  a  basis  for  [A^C]. 

2.  Write  parametric  coordinate  equations  for  the  plane  containing 
the  points  whose  coordinates  are;  • 

(a)  (1,  0,  0),  (0,  1,  0),  and  (0,  0,  1) 

(b)  (1,  1,  1),  (0,  0,  0),  and  (0,  0,  -1) 

(c)  <3.  4,  0),  (2,  5,  0),  and  (1,  -5,  0)  *       .  ,  /  V 

3.  Write  parametric  coQ*$inate  equations  for  the  plane  AXb\~c]  where 
[in  each  of  the  following  parte]  the  first  triple  gives  the  coordinates 
of  A  and  the  second  and  third  triples  give  the  components  of  6  and  c, 
respectively.  . 

(a)  (1,0,0),  (-1,  1,  Qfr.ei.O,  1) 

(b)  (1,  1,  1),  (-1,-1,-1),  (~i, -1,-2). 

(c)  (3,  4,  0>/Kl.  1,  0),  (-2,  -9,  0)  i 
[Compare  your  answers  in  Exercises  %  and  3.]  ^ 

4.  Suppose  you  had  a  problem  to  solve  which  involved  only  points  in 
a  given  plane         If  you  wished,  to  use  coordinates  and  hoped  to  , 
make  your  algebraic  workas  simple  as  possible,  what  would  be  a 
good  choice  for  O  and  for  (7Tf .      «!)?  * 

JkJJ^jxttrdinatea  to  show  that,  in  AABC,  the  medians  from  A  and  - 
from  C  intersect  at  a  point  which  is  i  of  the  way  along  either  of 
them  from  vertex  to  midpoint  of  opposite  side.  J 


When  studying  coordinate  equations  of  lines  we  found  that  it  wa$ 
possible  tp,  "eliminate*  the  parameter  from  the  parametric  equations 
of  a  line  so  as  to  obtain  the  two-point  equations  of  the  line.  Similarly, 
U  ib  possible  to  eliminate  both  parameters  from  the  parametric  co- 
ordinate equations  of  a  plane  and,  thus,  describe  the  cooidiftatcb  of 
points  belonging  to  the  plane  without  using  parameters,  We  start 
with  a  rather  simple  example. 
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At  least  the  first  two  exercises  of  Part  A  should  be  used  to 
illustrate  the  discussion  on  page  430,    The  algebra  involved  in  Part  B 
can  become  very  involved  for  s,ome  students.    These  exercises  are  best 
treated  under  teacher  direction.  ■> 

Answers  for  Part  A  J 

™™ .  ■» 
I.     (a)    The  components  of  B  -  A  and  C  -  A  are  {L,  3,4)  and 

{2,  -1,  -2),  respectively.    Since  neither  vector  is  (f,  linear  * 
dependence  would  require  that  each  component  of  one  be  the 
same>muit£ple  of  the  corresponding  corinpgnent  of  the  other. 
Since  this  is  not  the  oase,   (B  -  A,  C  -  A)  is  linearly 
independent  and,  so,  {A,  B,  £}  is  noncollinear. 

(b)  (lf/3,  4);    (2,-l*-2);    (s  +  2tf  3s  -  t,  4a  -  2t) 

(c)  -  <V+  s  +  2t,  2  +  3s  -  t,  3  +  4s  -  2t) 

(d)  1  +  s'+  2t;   2  +  3s  -  t;    3  +  4s  -  It  * 

"  "  (e)    [The  translations  B^-  A  and  Cv  A  are  the  most  natural  choice.} 
.      31  +  u23  +  u34  and  ux2  -  u2  -  u32  ,  r 

I.     (a)    Xl  -   1  -  s  -  t      '  (b)  x,  -  1  -  s  -  t  (c)  x.  -  3  -  s  -  2t 

x2  =  s  x2  =  1  -  s  -  t  x2  ^  4  +  e  -  9t 

X3   =    t       -  •     Xg    =    1   -8  -  2t  Xg  ;=;0 

3.  [Same  answers  as  for  Exercise  2.] 

4.  O  -  Al/^u1       B  -^A,  u2  =   C  -  A,  Ug  ^[ux,  u2  ]    [The  choice  of  u3  . 
is  immaterial,  as* long  as  (ux,  u2,  us)  is  linearly  independent.  It 
would  never  be  referred  tc«  in  solving  such  a  problem/  so  there 
would  be  no  need  to  make  a  specific  choice.  } 

5/    To  make  use  of  symmetry,  it  is  helpful  to  modify  the  procedure 
de$cribedin  Exercise^  4  and  choose  O  -  B,  u2  -  A  -  B,  and 
Up  =  C  -  B.    The  coordinates  of  A,  B,  and  C  are,  then  (1,0,0), 
{0,0,  0),  and  (0,  1,  0).    Those  of  the  midpoints  of  EC  and  BS  are 
(0,  j,  0}  and  (f,  0,  0}.    The  coordinates  of  the  point  2/3  of  the  way 
from  A  to  the  midpoint  of  BC  are  (1  +  §  •         0  4  f  •  j,  Q  +  f  •  0). 

Those  of  the  point  2/3  of  the  way  from  C  to  the  midpoint  of  BA 

*      are  (0  +.  f  •  |,  1  +  f  •  -Z,  0  +  f  •  0).    So,  the  points  are  the  same. 
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1.  Consider  points  A,  B,  and  C  whose  coordinates  are  (1,-1,  1), 
(3,-1,  2),  and  (2,2,  1). 

(a)  Write  parametric  coordinate  equations  for  AZ?C. 

(b)  Sofre  two  of  these  equations  for;  V  and  Y.  [flmfc^Ihoose  the 
*     two  equations  for  which  this  is  easiest  to  do  ] 

(c)  Use  the  equations  you  obtained  in  part  (b)  to  eliminate  V  and 
V  from  the  third  of  the  parametric  equations  for  A$C. 

(d)  Why  must  the  coordinates  U,,^,^)  of  any  point  of  ASc  satisfy 
the  equation  you  obtained  in  part  (c)? 

(e)  Why  'must  any  point  whose  coordinates  satisfy  the  equation  of 
part  (c)  be  a  point  in  A&C?  [Hint:  Given  coordinates  (xv  x2,  x3) 

K  which  satisfy  the  equation  of  part  <c)f  how  can  you  compute 
values  of  V  and  from  which  you  can  gqt  the  given  coordinates 
by  using  the  parametric  equations  from  part  (a)?) ' 

* 

The  only  thing  special  about  Exercise  1  is  that  it  is  particularly  easy 
to  scftve  two  of  the  parametric  equations  of  AAc  for  V  and  *t\  [Why?] 
The  parametric  equations  of  any  plane  are  of  the  form:' 
.  >        \xx  ~  at  +■  6jS  +  c,/ 

*   -  x2  "=^aa  +  b2s  +  c,2t 

[What  is  (ap  a,,  a3)?  What  are  (6P  62,  6S)  anA(cp  t^,  c3)?]  These  equa- 
tions can  be  rewritten  in  the  form;  4 
'     .    hts  +  q{  =      -  a, 
v  *  ^  j      +  c2f  =.  x,  - 

W  t  <V  =  sz  -  a2 
and,  whenever  it  is  possible  to  solve  some  two  of  these  equations  for 
V  and  'f  then  substitution  in  the  third  equation  yields  a  single  equa- 
tion which  is  satisfied  by  the  coordinates  of  just  those  points  which 
belong  to  the  given  plane.  [Whether  or  hot  it  is  possible  to  solve  some 
two  of  the  equations  for  V  and  ff  depend*  on  what  the  triples  (bv  6a,  b3) 
and  (cJf  c2,  c3)  happen  to  be.  Make  a  conjecture  as  to  the  relation 
between  the  vectors  having  these  components  in  case  no  two  of  the 
-equations  can  be  solved  for  V  and -V .} 

/  * 

2.  For  each  of  the  planes  A[b,  cj  of  Exercise  3,  Part.  A,  find  a  single 
equation  representing  the  plane. 

* 

1.  What  points  have  coordinates  which  satisfy  the  equation: 

.'  ■  •* 

0x,+Qxt'+Qxa=4  .[J: 


PartC 


ifd#0?lfd  =  0? 


99i 
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Answers  for  Part  B  ^ 

1.     (a)  xx  =  l  +  2aft  ;  ; 

x2  =  -'1  +  Os  i  3t 

Xg      =        1      +     S     +  Ot 

(b)  From  the  second  and  third  equations,  s  =  x«  -  I  and 

t  Mx2  +  l>/3.      9  .  ' 

(c)  Substituting  from  the  results  of  part  (b)  into  the  first  equation 
and  simplifying: 

3xi  "  xs  * ^xs  =  r2 

(d)  For  any  point  of  AfcC,  its  coordinates  must  be  given  by  (a) 
for  a  proper  choice  of  values  of  *s'  and**t\    These  values  can 
be  computed  in  terms  of  the  second  and  third  coordinates  of 
the  point  by  using  the  equations  in  part  (b).    The  equation  of 
part  (c)  is  just  another  way  of  saying  that  these  values  of  *e' 
and  't*  and  the  first  coordinate  of  the  point  satisfy  the  first  of 
the  equations  in  (a), 

(e)  If  Xy,  x2,  and  Xp  satisfy  the  equation  in  part  (c)  and  s  and  t 
are  determined  from  xP  and  x3  by  the  equations  of  part  {b> 
then  x2>  x3,  s,  and  t  will,  automatically,,  satisfy  the  second 
and  third  equations  of  part  (a)  and,  because  xlf  x^,  x-  satisfy 
the  equation  of 'part  4c),  xx,  s ,  and  t  will  satisfy  $he  first 
equation  of  part  (a),  \  > 

[A  correct  conjecture  is  that  no  two  of  the  equations  can\be  solved 
for  's'  and  't*  if  and  only  if  the  vectors, with  components  (a-,a2/as) 
and  (hvbP,b3)  are* linearly  dependent.    It  is, just  in  this  case  that 
ABC  is  not  a  plane.  ]  .  .m  .m 

2-. .    (a)    xz  +  x2  +  Xg  =  1  (b)  xx  -  x2  =  0    -         (c)  Xg  =.  0  . 

Answers  for  Part  C  1 

* 

1.     No  points.;   All  points  of  S.  * 
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2,  Consider  the  equation:  2xl  -  &x2  -  x2     5, . 
"  (a)  Show  that  the  parametric  equations 

fx,  i  +  is  +  it 


represent  a  plane  whose  points  are  just  those  which  satisfy  the 
given  equation,  IHir^  Does  it  matter  what  letters  we  use  as 
parameters?  Could  we  use  'xav  in  place  of  V?j 
(b)  Give  two  other  sets  of  parametric  equations,  each  of  which 
describe  the  same  plane. 
*3.  Show  that  the  equation: 


a}xl 


=  d 


is  an  equation  of  a  plane  if  and  only  if  not  all  of  a3 ,  a„  and  a,  are 
zero,  [Hint  For  the  only- if  part  consider  the  case  where  all  of 
aif  Oj,  and  a,  are  zero.  From  this,  you  should  be  able  to  show  that 
.  the  equation  is  not  one  of  a  plane.  For  the  if  part  consider  the  case 
where  not  all  of  av  a,,,  and  are  zero  and  make  use  of  the  notions 
discussed  i«  Exercise  2  and  Part  B,j 

10.08  Determinants 

In  Chapter  4,  on  (pages  173-175),  we  discussed  methods  for  solv- 
ing systems  of  linear  equations.  Systems  such  as: 

A 


a) 


ft: 


8x  +  2y  m  17 
5*  +  2;y  =  11 


are  said  to  be  independent  because  the  equations  of  the  system  have 
just  one  common  solution.  (What  is  the  solution  of  (1)?)  Systems 
such  as: 


—   3* . 6  — — —  

6*  -  Sy  *  12 

are  said  to  be  dependent  because  the  equations  of  the  system  have  the 
same  solutions,  that  is,  are  equivalent.  And,  systems  such  as: 


(3) 


6x  -  8y  =  12 
6*  -  8y  *•  13 


are  said  to  be  inconsistent  because  the  equations  T>f  the  system'  have  no 
common  solution,  .  ..  ... 
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Answers  for  Part  C  A 

2,     <a)   Using^x^  in  place  of  4»*  and  *xQ*  in  place  of  't* 
.parameters,  the  parametric  equations  become: 


3. 


as 


5  *  3 
I  *  2  ** 


Ex3 


<b) 


*3    -  *3 

This  last  system  is  equivalent  to  the  single  equation 
'  ^xx  "  3x2  *  Xa  '  ^he  solutions  of  the  parametric 

equations  are  the  solutions  of  the  given  equation,  and 
the  parametric  equations  represent  the  plane  represented 
by  the  given  equation. 

*An  example  of  each  df  two  typical  kinds  of  other  sets  of 
parametric  equations  which  students  might  offer; 


X,  = 


5  A  2 


and: 


x«  = 


However,  if  the  student  chose  to  locate  three  points  of 
the  plane  described  by  the  given  equation  staph  as,  for 
example,  the  points  whose  coordinates  are  {1,  -1,0), 
(°i  -1*         and  (Zi  0,  -1),  that  student  might  offer  the  set 
of  parametric  equations:  • 


x,  = 


<x 


2 


i 

-1 


s  +  t 

+ 1 

*3  ~  Z*  ~  t 

In  such  cises  it  may  be  well  to  ask  the  strident  to  demon- 


strate t'hat  his  parametric  equations  do  represent  the  same 
plane  as  that  of  the  given  equation.    As  an  exercise,  the 
students  could  be  asked  to* use  the  parametric  equa- 
tions to  *rite  a  single  equation  which  describes  the  same 
set  of  points.    They  may  do  this,  of  course,  by  "eliminating 
the  parameters'*  from  the  given  parametria  Equations. 
Suppose,  first,  that  the  given  equation  is  an  equation  of  a  plane. 
Now,  if  all  of  a.,  a2,  and  a3  are  zero,  then  the  given  equation 
is  satisfied  by  the  coordinates  of  each  point  of  &  provided  d  -  0 
and  no  point  of  £  "provided  d  #  0#   In  either  case  #^  the  given  equa 
tion  is  not  one  of  a  plane,  a  contradiction,   Sp,  not  all  of  a&>  aa> 
~ai*d  as  are  zero.  t . 


timis  represent*  Plane,  so  dogstne 
result  occurs  in  case  a^  #  0  and  irv  < 


casi 


equation,   A  similar 
Thusr  ip  any 


'  case,  #aix1  +  a2x^  +  adx^  *  d*  is  an  equation  of  a  plana. 

If  you  did  not  review  solutions  of  simultaneous  linear  equations 
while  studying  Chapter  4,  we  suggest  that*  before  beginning  thi§  * 
section,  you  review  these  topics  with  y^r  Jatudenta,   Page*  ~ 
175  should  help  you  with  this  task.         )  I 

The  solution  to  system  (1)  is  (1^3).    |  ■ 
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As  mentioned  earlier  on  page"  174,  there  is  an  eifey  way  to  tell 
whether  a  system  is  independent,  T?he  system: 
(4)  a,x  +,  6,y  <c,  • 

i$  independent  if  and  only  if  (the  determinant) 

a. 


*  0. 


{If  this  determinant  is  0  then  either  the  system  is  dependent  (the  equa- 
tions are  equivalent)  or  the  system  is  inconsistent  (has  no  solution).] 
The  operation  indicated  by  the  vertical  bars  is  called  the  determi- 
nant operation.  For  the  pairs  iav  6,)  and  (a2,  b2)  the  value  of  the  deter- 
minant operation  is  the  number  aA  -  'cL6,.  That  is,  * 


The  sequences  (a,,  bt)  and  {a.,,  62)  are  called  *Ae  rows  of  the  deter- 
minant; (a,,  a.)  and  (6,,  fc„)  are  called  f/ie  columns  of  the  determinant. 

When  thrf  value  of  the  determinant  for  the  system  (4)  is  not  0,  the 
common  solution  of  the,  equation^  in  (4)  is  given  by  the  formulas: 


x  «* 


K 

f  . 

cl 

<v 

«, 

»,■  y  -  - 

«* 

A 

Determinants  have  several  simple  properties.  Some  of  these  you 

should  discover  in  doing  .the  exercises  of  Part  A.  - 

:  -    '         _  ^  *    _  •         •   /    .  _      ■  ■   ■  , 

Part  A  '   „  '< 

$     Simplify  [or:,  evaluate]  each  of  the  given  determinants. 


*  I.  Ca) 
2 


2-  3 


«M3  -5 


#  (b) 


2  t 

3  4 

7  2 

3-6 


(0 


'2  ■•.7 
-&  3 
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Answers  for  Part  A  *  . 

I.     (a}  .5     [2.4-3.1]         (b)  5     "[2-4-L3]         '  '         '  ... 
.2.    Ja)  41    [3.2--5-7]      (b)  -4,1  {?—$  -  2*3]  (c )  41  [2*3  -  7.-5] 

TC  435(1) 

3,  (a)    -2  [3.4-  7*2]         (b)  4       [-6.4-  -14.2]       (c)  4     (3.-8  -7.-4] 

4,  (a)    34    [6*8-2.7]         (b)  34     [(4-8  -  4*7)  +  (2.8  - -2.7)] 

5,  fa)   2     [1-8 -.2*3]'        (b)  2       [1.(8 -  2-3)  -  2(3  -  1.3)1 

fr    Note  that  "dete  ^minanting,,  [as  fax^as  jwe  introduce  it  here]  is  a^ 
function  from  pair*  of  pairs  of  real  numbers  to  real* numbers.  [Comjfe^ 
with  squaring  as  a  function  from  real  numbers  to  real  numbers.  ]  So,  the 
determinant  of  a  pair  of  pairs  is  a  real  number  —  just  as  the  square  of 
a  real-  number  is  a  real  number,    f  he  word  •determinant'  is  sometimes 
used  to  refer  to  the  symbol  formed  of  a  p^ir  of  vertical  lines  enclosing  a 
square  array  of  numerals.    We  shall  occasionally  u§e  the  word  in  this 
sense.    We. do  so,,  for  example,  when  we  speak  of  the  yalue  of  a  deter- 
minant. » 

Thir<Torder  determinants  are  —  better,  the  third' or de r  determinant* 
ing  function  is  —  introduced  on  page  462.  «       f  „.  v 


10.08  Determinants  #435 


TC  435  (2) 


3.  fa) 

4.  (a) 

5.  (a) 


3  7 

2  4 
6  2 

T  8 

1  2 

3  8 


(b) 
(b) 
(b) 


-6  -14 

2  4 


(c) 


3  7 
-4  -8 


4 

4 

2 

-2 

7 

8 

7 

8 

Answers  for  Part  B 
1. 

•axb? 


PartB 


1  2 
3-1-38-2-3 


*1 

bl 

b2 

a) 

a2 

ai 

b2 

bia2  =  »iba  '  ifebj  = 


ai  a2| 


al  a2 


bJ  b. 


Each  of  the  five  exercises  in  Part  A  illustrates  one  or  more  rules  for 
computing  with  determinants.  For* example,  Exercise  1  suggests  thatV 
two  determinants  have  the  same  value  if  the  first  and  second  columns 
of  one  are,  respectively,  the  first  and  second  rows  of  the  other.  Briefly, 
"interchanging  the  rows  with  the  columns  of  a  determinant  does  not 
change  its  value."  This,  as  well  as  the  rules  illustrated  in  the  other 
exercises,  is  easily  derived  from  the  definition. 

Prove  each  of  the  following  theorems.  * 


<b)    The  proof  is  given  in  the  hint.    The  justification  for  the  steps 
are,  in  turn,  Exercise  1,  Exercise  2(a),  and  Exercise  1. 


3.  (a) 


<b) 


ajC  agc 


1  "S 
ajC  <a 


V  b2 


(alC)b2  -  (a2c)b1  =  {aib2  -  a^Jc  = 


al  -bl 

c  = 

ai  as 

a2  ba 

bl  .b2 

1. 


a,  6. 


a,  6, 


2.  Ca* 


.(c) 


id) 


6.  6. 


°3 

(b) 

a2 

b1c  b2c 

bi 

b2 

ai 

c  = 

blC 

b* 

c 

ai  a2 

a2 

bx 

ai 

a^c 

bi 

ai 

b! 

jaA 

a2 

c  - 

bi 

b2c 

a£c  b2c 

a2 

ba 

k 

b2 

4.  (a) 


using  the  definition.  It  is  still  worthwhile,  however,  to  notice 
that  part  (b)  can  be  derived  from  part  (a)  by  using  Exercise"  1* 


aj+Cj  a£+,c2 


(a1  +  c1)b2-(a2  +  ca)bj 
teiba  *  aabi^  +  (caba  "  c2bi) 


1*.  K 

=3 

12 

a,  6, 

la,  % 

6»  a* 

o,  b% 

3.  (a) 


Justify  each  of  the  three  steps  in  this  argument.] 


b,+c. 


O.C  OjC 


°1  ^ 


*v  A 


(b) 


b2  +  c. 


al  a2 


b!  b2 


al  a2 


bi  b2 


0,c  a, 


^.4-    A  A 


bX  b2 


aa  a2 


[Prove  part  (b)  by  using  Exercise  1  and  part  (aKProve  part  (c), 
below,  by  using  Exercise  2(b)  and  part  (a).] 


a2  +  Clt 


(e)  ja,  a 


f&,e  b.te 
4.  (at)  la,  f  c,   a,  +  e, 

(b)  State  three  simi 


id) 


6,  4 


a,  of 

b,  k; 


Oj  a, 

6,  6, 


bi  b2+Cj 


ai  +  Cl  a2i 

hx  t  c2  y 


b, 


32 


ar  results  which  you  can  derive  from  part  (a) 


by  using  either  Exercise  1  or  Exercise  2 
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.  \ 


5.  (a) 


0, 

o,  a, 

[Hint  Use  one  of  your  results  from  Exercise  4,  then  use  Ex- 
ercise 3(c).  Notice  that  Exercise  2(b)  tells  you  that 


4 


-  0.  Why?) 


(b)  State  three  similar  results  which  you  can  derive  from  part  (a> 
by  using  Exercise  1  or  Exercise  2. 

M^ny  df  the  applications  we  shall  make  of  determinants  depend  on 
thg  following  fundamental  theorem  concerning  a  system  of  two  equa- 
tions in  V  and  Y:  t  • 

t. 

Theorenl  A  • 
The  system  of  equations: 


{atx  +  bty  -  c, 
{eye  +  b$  =  c2 


has  a  unique  solution  if  and  only  if 

and,  in  this  case,  the  given  system  of  equations  isequivalent 

to:     /  -:  ■  ' 


x  = 


ic2  6, 


a,  c2 


JSee  Part  B  on  pftges  174-17$]  This  is  easy  to  remember  if  you  com* 
pare  the  common  denominator  of  the  two  fractions  with  the  given 
system  of  equations  and  then  note  how  the  numerators  of  the  fractions 
compare  with  th&  denominator.  It  may  also  bte  helpful  to  compare  this 
theorem  with  a  simpler  one; 

The  equation  'ax  *  d  has  a  unique  solution  if  and  only  if  ; 
a  #  0;  and,  in  this  case,  the  given  equation  is  equivalent  to 


'*  *  cla'. 


Answers  for  Part  B  [coh.t.] 


(a) 


a^  +  bxc    a2  +  b5c 


bx  +  b2c  b. 


loo 


There  is  a  frequently  useful  corollary  of  Theorem  A  which  deals 
with  solutions  of  a  system  of  equations  lite: 


V), 


fax  +  by  =  0 
la,*  +  by  =  Q 


Such  a  system  always  has  at  least  one  solution.  [Explain.]  But,  there 
are  many  situations  in  which  we  wish  to  know  whether  there  are 
numbers  x  and  y  which  are  not  both  0  and  which  satisfy  the  given 
equations  (*).  In  other  words,  we  wish  to  know  whether  (*)  h"as  a  solu- 
tion other  than  (0,0)  or,  as  it  is  sometimes  put,  whether  (*)  has  a  non- 
trivial  solution.  Now,  since  (0,  0)  is  a  solution  of  (*)  it  follows  that 
<*)  has  a  nontrivial  solution  if  and  only  if  (*)  does  not  have  a  unique 
solution.  So,  as  a  corollary  to  the  first  part  of  Theorem  A  we  have: 

Corollary  : 
The  system  of  equations* 

/       Aaxx  +  by  =  Q 
\a3x  +  by  -J) 

has  a  nontrivial  solution  if  and  only  if 


v.  jo, 
J  U  K 


*  0. 


Part  C 


1.  For  each  of  the  following  systems  of  Agnations,  use  Theorem  A  to 
determine  whether  the  system  has  a  unique  solution  and,  in  case 


(b)  |4*  +  2y  *  9 
16a:  +  3y  *  7 


(d> 


it  does,  to  find  this  solution 
(a)  |4jc  +  2y  «  7 
|5*«*  3y  8 
(c)  13*  -  7y  »'  12 
'    \2x  +  5y  =  8 

 2.  Which  of  the  following  systemsjhave  nontrivial  solutions? 

f>   .  W'JI&c  +  21y  -  0  "(b)  flSxV  26y "= Q 

(10*  +  Uy  «  0  v       (4*  -  7y  -  0 

3.  Explain  why  the  following  is  equivalent  to  the  corollary  to  Theo- 
rem A  ,. 


-5x  .+  By  -  11 
Ax  -  Sy  =  0 


a: 


6,  b, 


0  if  and  only  if  tfeere  are  numbers  x  and  y,  not  both  0, 


.such  that  (a,*  +  6ty  -  0  and  a,*  +  6^ 
[Hint.  Recall  Exercise  1  of  l>art  B.J 


0). 
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System  (*)  has  the  solution  (0,  0).    So,  it  has  at  least  one  solution. 
Answers'  for  Part  C 
4  2 

»  2  4'0,  the  system  has  a  unique  solution.    It  is 
(9/2.  -3/2).    [By  The  orem        the  solution  is  found  by  solving: 


] 


1.     (a)  Since 


7 

2 

4 

7 

S 

3 

-  and  v  =  - 

5 

8 

(b)  No  unique  solution. 

(c)  Unique  solution.    It  is  (4,0). 

(d)  Unique  solution.    It  is  (-55,  -44). 

15  21 

2.  (a)    Has  a  nontrivial  solution,  for  =  0# 

10  14 

(b)    The  only  solution  is  {0,  Q)m    That  is;  there  are  no  nontrivial 
*  solutions* 

3,  To  say  that  there  are  numbers  x  and  y,  riot  both  zero,  such  that 
ax*  +  b1y  =  0  and  a2x  +  b2y  =  0  is  to  say  that  the  system: 


i 


axx  +  bay  =0 
,a2x  +  b2y  ±  o 
has  a  solution  other  than  (0,  0)  —  that  ist  has  a 


nontrivial  solution.  Also, 

7 


J.: 


'■4 
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Suppose  that  (c,  c5  is  linearly  independent  and  that,  for  certain 
numbers  a.,  a,,  6},  and  b„  ^ 

>  3 

(*)  o  *  ca,  +^   and  U  =  ~cbi  +~3b2.       j  *  , 

What  we  wish  to  know  is  whether  or  not  (a*,7ft  is  linearly  independent. 
In  other  words,  what  we  wish  to  know  is  whether  or  not  the  equation: 

qg  +  66  =  0 

has  any  solution  other  than  (0,0).  [Explain.]  In  vipw  of  (*),  this 
amounts  to  asking  whether  or  not  the  equation: 


c<ata  +  6,6)  +  H(a2a  +  b%b) 
"  «* 
has  any  solution  other  than  (0,  0).  (Explain.]  Since  (c9  ~3)  is  linearly 
independent,  this  amounts  to  asking  whether  or  not  the  system; 

/      rfl|a  +  6,6  =  0 
>   •  /        \a^a  +  626  =  0  ' 

>v  ■  <  -  ' 

has  a  solution  othpr  th<an  (0, 0).  Since  (0,  0)  is  [obviously]  a  solution  of 
this  system,  wh^l  we  wish  to  know  is  merely  whether  or  not  this 
system  has  a  unique  solution.  What  is  the  answer? 

Exercise*  I 

Pfirt  A         /  ^ 

Assuming  that  (c,  e/)  13  linearly  independent,  use  determinants  to 
determine  which  of  the  given  pairs  are  linearly  independent. 
/  Sample.  M  +  dk, c& '+ .<&) 


7, 

*r-tt  3} 


*  • 

  -Solution,  |i  3{  ;  / 

«4  ^  6  =-2*0  >v 

r  ■  s      2  4} 

Answer.  ?  [linearly  independent*  or  lix^early  dependent'] 

h  &  •♦ifa  +  2  •  -i)  '2.  fift/A  '  ;  ?? 

•7.      '+  ^7, 7-- 5 <&)  &  {-^5  -  3,  ^ 

s<  c  el  4 ?u,~S  + 3iu    "      m  (S^lfei  +^  •  -125) 
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It  may  be  helpful  for  you  to  freview  the  commentary  for  page* 
373  -  374.    The  exercises  in  Part  A  of  this  section  are  the  s«ime  as 
those  in  the  Background  Topic  on  those  pages. 

Here  are  some  suggestions  for  the  use  of  Parts,  A  -  F,  i^ges 
438  -  447.    Following  an  illustrate*!  discussion  of  the  text  preceding 
Part  A,  Parts  A  and  B,  make  a  reasonable  homework  assignment. 
We  recommend  that  you  use  Part  C  in  class  to  illustrate  the  applica 
ftorf*  of  Theorem  10-14.    Following  this,  Part  D  can  be  used  for 
homework  but  we  recommend  that  you  permit  your  students  to  team 
for  this.    The  algebra  needed  in  these  exercises  is  a  little  involved, 
and  there  is  nq  point  %o  doing  subsequent  exercises  based  on  the 
results  of  an  algebraic  error.    Part  E  is  another  class  exercise  to 
illustrate  applications  of  Theorem  10-15.    Finally,  Part  F  can  be 
used  as*  an  individual  homewdrk  assignment. 

Answers  for  Part  A  '  1 


1.     linearly  independent 

5  5 


1  -1 


=  -5  -  5  =  '-1Q  *  0 


2.    linearly  independent 
3  3 

0  -4 


early  dependent 
2  1 

=  6-6  =  0 


5.    'linearly  independent 
0  4 


<4.    linearly  independent 


-  0  -  1  =  -I  #  0 


9  -1 


6.    linearly  independent 

1  rl 


0  -  36  =  -36  #  0 


1  -1 


-1  -  1  =  -2  *  0 


7,     linearly  dependent 
5  -5 


-7 


=  -35  -  -35  =  0 


9,     linearly  dependent 

y  9 
li  11 


99  -  99 


8,    linearly  independent 
-Z  -2 


-2 


h  -4  -  4  =  -S  *  0 


10,   linearly  dependent 
0  61 

P  -125 


0?  0 
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Part  B 


In  Exercise  3  of  Part  C  on  page  437,  you  showed  that  one  corollary 
to  Theorem  A  is: 


I*) 


^  0  if  and  6nly  if  there  are  numbers  x  and  y9  ndt  both  0, 

such  that  a,*  +  6^-0  and  a.2x  +  6^  »  0 

1.  Use  (*<)  to  prove  the  following 

Theorem  IB- 13^  For^|f  72^  linearly  independent, 
(ulo1  +  u±Q,,,  u]bl  +  u.,b,)  is  linearly  depfcntfent 


6,  bm 


0. 


I  Win/:  Complete:  (i^a,  +  +  Kfcjfly  =  *V  ) 

— ±  )]        v     *     "        ;  1 

2.  Use  Exercise  1  and  an  exercise  from  Part  B  on^page  435  to  show 
that  <a,  h  +  ac)  is  linearly  dependent  if  and  only  if  CafT>)  is  linearly 
dependent.  [Hint^  For  any  a  and  T,  there  are  vectors  -  say  l7f  and 
a, -such  that  («*,  5p  is  linearly  independent  land  {a*1>}  £  f«!f 

.  u,l\ 

3.  (a)  One  solution  U,  y)  of  i3jc  -  2y  -  0'  is  (2,  3).  What  are  some 

other  solutions?  * 

(b)  Use  ^xercise  1  to  prove: 

Jot  (a,  .a,)  *(0, 0)f  .  '     ,  .  ■  ' 

atx  -  a£  =  0  fr*  3,  (*  «      and  y  =  off)  ^ 

fi/sn£  Choose  any  at  and  ul,  such  that  Gti$  uj  is  linearly  inde- 
^  ^     pendent  and  let  "a  *  lijd,  +  1T2^  andT==  T^y  4-  a**.  RecalUhat, 
fop  a     0*  (a>  V)  is  linearly  dependent  if  and  only  ifV«[a5.] 

(c)  Describe  ail  solutions  of  the  Equation  *5x  +  3y  =  0*. 
-4.  Suppose-that^**, ,  u^,  t^)  is  Hne^y-independent  and  that 

o  -  UjO,  +  a^a*  +  '  V,<^  andT  «  7T}61  + 1*^  f  "ua63. 

<a)  Show  that  (a,  V}  is  linearly  dependent  if  and  only  if  the  system: 


fa,*  +  -  6 
(.a,*  +  fe^y  =*  0 


hag  a  nontriviai  solution. 

'iocs.. 
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Answers  fox  Part  B 


1. 


Supposejhat  <u1,  u2)  ^is  linearly  independent.    Now,  the  sequence 
(^1*1  ♦  u?a2>  uxbx  +  u2b2)  is  linearly  dependent  if  and  only  if  there 
are  numbers  x  and_y,  not  both '0f  such  that  {u^,  +  u2a2)x  4 
+  <u,bx  +Ugb2)y  =  0  or,  equivalently^such  that  u.^x  +  b^y)  - 
+  u2(a2x  +  b3y)  =   0,    Now,  'since  (u1,  ua)  is  linearly  independent, 
the  latter  is  the  cage  if  and  only  if  axx  +  b^y  -  0  and  a^x'f  b2y  =  0, 
and  these  last  equations  have  a  nontriviai  solution  if  and  only  if 


a^  a2 


=  0. 


Let  (ulf  u2) 'be  linearly  independent  and  su<ph  that  {a,  S}  Q  [ux.u2]. 
Then,  for  some  numbers -say,  ax,  a$J  bu  and^b?-^2  *  u^a^  ^j^2 
and  b  =  uxb.  +  u^b2 .    So,  for  any  c„  S  +  ac  =  uifb1  +  ) 
+  u2(b2  +  a2c).  >  Jt  follows  by  Theorem  13-1  that  (a,  B)  Is  linearly  \ 
dependent  if  and  only  ,if 
/ 


=     0  V^v 

and  (a,        ac)  is  linearly  dependent  if  and  only  if 

=  0. 


/ 


b1  4  axc 


But,  by  Exercise  5(a)  on  page  436  the  two  determinants  have  the 
saxhe  value #  Hence,  one  determinant  rs  0  if  and  only  if  the  other 
is  0  and,  %pt  one  sequence  is  linearly  dependent  if  and  only  if  the 
other,  is  linearly  dependent*  0 

|a)    All  solutions  of  the  giveji  equation  arXgKthe  form  '{2a,  3a)'  for 
some  a,  That  is,  (p(  q)  is  a  solution  of  43x  -  2y  *■  0'  if  and 
only  if  3t  (p,q)  =  (2t,-3t)t  V.  ' 

(b)    Choose  u^  and  ^  $o  th&t  (^^J  is  linearly  independent  and 

let  a  -  uxax  4  Ugag  and  %  =  uxy  S-u^x.    By  Theorem  10-13, 

aiK  "  a2v  =  0  if  and  only  if  (a,5)  is  linearly  dependent,  For 

Uj^jtg)  *  (0,  0),  a  #  tf^and,  so,  ja^  ^5  is_  linearly  dependent  if 

an^i  only  if  thdre  exists  a  real  nuniber  t  such  that  S  *:St  — 

that  is,  {since  (uv  u2)  is  linearly  independent]  such  that  ^ 

y  *  axt  'and  x.  -  a2t.  So,  for a24  /  <0f  4)^,%^  -       «  0  f 

if  and  only  if  3t  i%  *'  aat  and  y,    ;a1ti    {Note  that  we/have  > 

used  a  resvilt  concerning  vector  spaces  to  prove  pne  which 

concerns  only  real  numbers  *  J  '      ,  ,  \  . 


(c)  All  lp,  q)  ^ch  that  3^  (p  =  -3t  and  q  =  St  J. 


;;.:v...... 
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<b)  Show  that  if  (a,  #  is  linearly  dependent  then  each  of  the 
determinants  ~ $~ 


«•  f>i 

1 

a,  6, 

,  and 

6S 

a.  A 

°4 

18  0. 

(c)  Show  that  if  nach  of  the  determinants  in  part  (b)  is  0  then  <&,, 
-a%).  ib2\  -a^),  and  <6al  -a:j)  are  solutions  of -<*).  [Hint  (6pW|) 
is  obviously  a  solution  of  the  first  of  the 'three  equations  in\*). 
Show  that  it  is  also  a  solution  of  the  second  equation  if  and  only 
if  a  certain  one  of  the  determinants  in  part  (bris  0,  and  |hl 
it  is  a  solution  of  the  thin!  equation  if  £nd  only  if  another  i 
these  determinants  is  0.  Give  similar  arguments  for  ib2t  — a,) 


and  ibr  -<*,).} 

<4>  Show  that  if  the  three  determinantsMn  part  (b)  are  0  then  (*) 
has  at  least  one  nontrivial  solution.  \Hint  Assuming  that  the 
determinants  are  0,  you  know  three  ways  of  finding  a  solution 
of  <*).  All  that  remains  is  to  show  that  (»)  still  has  a  nontrivial 
solution  in  case  all  three  of  these  ways  give  the  trivial  solu- 
tion (0,  0M 

* 

From  Exercise.  4  and  'Exercise  1  of  Part  B  [page  435]  we  obtain  a 
'very  useful  theorem: 


Theorem .10-14_BForji?|f"i^LJ)  linearly  independent, 

(K,a,  +  u7a,t  +  *T,a3,  «,6,  -Pafo  +  ~u3b3)  is  linearly 
^ dependent  .   ,  •> 


*3 

t 

A 

) 

V 


=  (0,0,0), 


Explain.  Compare  this  theorem  with  Theorem  10-13.  [The  — 
lage  o£wjiti«^4iiedetedBiinaats  in  this  order, instead  of  in  the  1 
given  in  Exercise  4(b),  will  appear  later.]  ' '. 

Determinants  like,  ^hose  in  Theorem  10-14  appear  in  two' ways 
when  we  introduce  a  coordinate  system  and  use  equations  to -represent 
planes.  As  you  know,  given  a  coordinate  system  on  an  origin  Oe& 
and  a  basis  te, ,  ut,  u3)  for  a  plane  ?r«an  be  described  by  giving  para- 
metric  equations;  •  "  '  < 


(1) 

1 ; 
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(a) 


(a,b)  is  linearly  dependent  if  and,only  if  there  are  tiumbtfrs  x 
and- yt  not  both  0,  such  that  ax  +  Sy  *  (J.    This  is  so  if  and 

tf,-?lC5lXJ,biXi>  +  b2y)  +  ^a^x  +  b3y)  -  1 

Sijfce  (U^u^Ug)  is  linearly  independent,  we  have  that  4a,  S) 
is  linearly  -      -      -      -  -  w 

y,  not  both 


dependent  if  and  only  if  there  are  numbers  x  and 
0,  sucfh  that  a2x  +  b,y  =  0,  a0x  +  b 
0. 

has  a  nontrivial  solution,  the  proof  is  finished'. 


a3x  +  b3y  .= 


iV  =  0,  a2x  +  b2y      0,  and 
Since  the  latter  is  the^ase^if  and  only  if  (*) 
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(b) 


(c) 


"      *  v 

Suppose  that  (a,  S)  is  linearly  dependent,^  Then,  by  (a),  the 
system  {*}  has  a  nontrivial  solution.    So?  each  two  equations 
in  (*)  has  a  nontrivial  solution.    Hence,  each  of  the  given  fc 
determinants  is  *0.  '  '• 

<>  • 

Suppose  that  each  of  the  givc'n  determinants  is  0,  Since 
\hi*  -a;)       a  solution  of  the  first  equation,  we  will  be 
[essentially]  finished  if  we  can  snow  that  it  is  also  a  solution 
of  each  of  the  other  equations  in'  (*),    In  making  use  of  the 


second  equation,  we  see  that 


-a, 


a^« 


=  0,   Similarly,  a^b^ 


b3al 


b2  a 


2*\ 


=  0  so 


that. 

<b3> 


<hlt  -a^)  fs  a  solution  of 
-a3)  are  solutions  of  (*). 


(*L    Similarly,  {b2,  -a2)  and 


(d)   If  at  least  one,  of  a  and  b  is  non-3  then  one  of  the  three  splu-  * 
•    tions  from  part  (c)  is  nontrivial.    If  both  a  and  S  are  (J,  [then 
each  ordered  pair  of  reals  (x,y)  is  a  solution  of  (*}.    So,  in 
any  case,  there  is  a  nontrivial  solution  of  (*).  1 

The  order  in  which  the  determinants  aye  given  in  Theorem  10-14  is 
a/esirable  one  since,  as  we  shall  see  they  are,  in  this  order,  the 
(ulvu2,  u3)  components  of^a  vector  which  is  interestingly  related  to  the 
sequence  •(u1a1  +  u£a£  .4  i^ag,  u.b1  +  u^b^  4  usb3U   In,  particular  if 
(ulfu2,  u3)  is  orthonormal  then  the  first  vector,  if  not  0,  generates  the 
orthogonal  complement  of  the  bidirection  which  has  the  given  sequence, 
as  a  basis.    More  generally,  see  part  (b)  of  Theorem  lQr25<bn  page  445. 
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In  these  equations  (av  a2f  a-)  are  the  coordinates  of  a  point  A  e  tt,  while 
(pv  pv      and  t^,  ^,  </;|>  are  components  of  vectors  p  and  g  — that  is, 

(2)  ?  =  u,p,  +         +  ?iP3  and  +  ttjfc  + 

-such  that  | </l  is  the  bidirection  of  tt.  A  point  belongs  to  w.if  and  only 
if  its  coordinates  are  the  values  of  the  right  sides  of  equations  (1)  for 
some  values  of  the  parameters  V  and  't'.  Of  course,  a  system  like  (J) 
need  not  represent  a  plarie.Sucb  a  system  will  represent  a  plane  if  and 
only  if  the  vectors  p  and  q  given  by  (2)  are  linearly  independent.  So, 
one  consequence  pf  Theorem  10  - 14  ife  that  the  system  ( 1 )  of  parametric 
equations  represents  a  plane  if  and  only  if  >  - 


(3) 


Pi  P* 


P:S  Pi 


Pi  Pi 


*  (0,  0,  0), 


Note  that,  with  respect  W^the  same  coordinate  system,  any  plane  can 
^JiCSi^bed  by  each  of  many  systems  of  parametric  equations  like  (1 ). 
I  Explain.  |  We  shall  see  in  tl|e  next  section  how  to  tell  whether  two 
such  systems  represent  the  same  plane. 


PartC 


U  In  the  following,  you  are^iven  systems  of  equations  like  (1).  You 
are  to  decide  which  of  the  systems  are  parametric  equations'for  a 


plane  and  which  are  jiot. 


<a) 


(c) 


+  3s  -  5/ 


*t  4  +  2s  -  3* 
xt  -  5  ~  2s  -  3* 

x,  =  -3  +  10s >  4* 

*  -2  V.5S  -  2/ 
x;  -  1  -  5s  +  2* 

2*  tor  each 'of  the  parametric  equations  in  Exercise  1  which  are  para- 
,  metric  equations  .for  ^  plane,  ^ive  the  components  of  two  vectors 
—  say//?  and      such  tha£      c/i  is  the  bidirection  of  the  plane*. 
J  <  *3.  fop  6ach  part  61'  Exercise  1  which  gives  parametric  equations  for 

 — plane,  write  pa*amefric -aquations  4br  the  ^piaae  which  pass«& 

.    \  V:,  'through  thq  origin  and  is  parallel  "to  that  plane.  ^' 
.  -       'w-  ■         '  "*  '  ^  ,       >•       '      '  - 

From  our  work  in  Part  B  on  pages  431^432,  we  <can  see  that  an 

aquMion  like:  ,        ■   "  ^  '  -  .  / 

■(PL  *  n  *  •  ^  * 

reprpsents  a  plane  if  and  only  if  *  ,  . 

(6)  •  *  '.  l*h%>,  m.t1  m$  *t0,0,0),'        V  ,  "  ■  ; 


1 
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Explanations  caUed  for      the  text:    Exercise  4(b),  together  \srith  inter- 
changing row  a  and  columns  of  the  given  determinants,  establishes  tfce 
only-if  part  of  Theorem  10-14.    Exercises  4(c)  and  4(d)  in  conjunc- 
tion with  Exercise  4(a),  and  interchanging  rows  and  columns  of  the^ 
given  determinants,  establishes  the  if  part  of  Theorem  10-14. 

Choosing  any  point  Of  a  given  plane  and  any  basis  for  the  bidirection 
of  that  plane  yields  three  ordered  triples  —  say,  (alva2Va3),  (px,  p^,  p^), 
and  (qx,  qr,  q3)  —  which  may  be  used  to  write  equatipns  like  (1)  for  that 
plane  * 


Answers  fo?r  Part  Q 
1  *     (a)    Plane,  since 

(b)    Plane,  since 


(c)    Not  a  plane,  skpee 


(d)    Plane,  since 


-  (0,  -24,  -12)  f  (0,0,0). 

-  (-1,  -3,  -5)  *  (0,0,0). 


10  5 
-4  -I 


(0,  0,  0). 


s  (-1,0,0)  *  (0,0,  0), 


Making  use  of  sentence  (2),  we  have; 

t        (i)    for  part  (a)  (Z,  -2,  4)   and  (-3,^3,6) 

<ii)    for  part  (b)  (3,-1,0)  and  (-5,0,1). 

(iii)    for  part  (d)  (0,1,0)      and  (0,  0f  -i) 

[Of  course  in  each  case  any  two  independent  vectors  which  are 

linear     combinations  of  the  given  two  will  do.    But,  it 

requires  a  bit  more  work  than  was  done  here  to  get  Such, answers.] 

[There  are,  of  course,  many  answers'for  each  part.    We  give  the 
mostjarect  one.  ] 


fa) 


2s  -  }t 


(b) 


x2 -  -2s 


3t 


=  4s  +  6t 


tx  =  3s  -  5t 


(d) 


Xrt  =  s 


x£  =  s 
xrt  -t 
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lff  say,  mt  *  0,  (4)  is  equivalent  to  the  system: 

and  the  vectors  with  components  |-m2/mr  1,  0)  and  (~m3/mr  0,  1) 
are  linearly  independent  since 

1  0 


*  0. 


^ Similar  arguments  apply  to  the  cases  in  which  m2  #  0  and  m3  *  0, 

If,  condition  (5)  is  not  satisfied  then  (4)  is«satisfied  by  the  coordi 
nates  of  any  point  if  f   -   0  or  of  no  point  if  f  #  0, 
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/  \  Sample  Quiz 

1,     Here  is  a  system  of  equations: 


v  - 


{ 


axx  +  agy  =  a3 


f3x  - 
\8x  + 


Solve  for  #x*  and  'yft  expressing  your  answer  in  determinant  form. 
2,      Consider  the  system  of  equations: 

-  5y  =  a 
by  =  16 

(a)  .Solve  the  given  system  for*  'x*  fand  •y'. 

(b)  Give  values  for  *a*  and  *b\  such  that  the  solution  set  of  the 
system  is  empty.  «  v 

(c)  Give  values  for  *af  and  *b'  such  that  the  solution  set  of  the 
system  is  a  linear  function. 

|d)'  Give  values  for  'af  and  *b*  such  that  the  solution  set  of  the 
system  contains  exactly  one  ordered  pair  of  real  numbers. 

Key  to  Sample  Quiz  -j,  s  ^ 

1. 


b„ 


and   y  = 


a 

16 


b 


-5 

b 


,'ab  +  80 
3b  +  40' 


1  48  -  8a 
•  ~  3b  +  40 


[b  *  -40/3  J 


(b)  Choose  b  =  -40/3  and  a  4  6. 

(c)  Choose  b  =  -40/3  and  a  -  6#  . 
(d}    Choose  b  ^  -40/3  and^a-aay  real  number,* 
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[Recall  how  to  transform  an  equation  like  (4),  which  satisfies  (5),  into 
an  equivalent  system  of  parametric  equations  which  satisfies  (31.,  What 
points  satisfy  (4)  if  condition  (5)  is  not  satisfied?]  If  (4)  represents 
a  plane  xr  containing  the  point  A  with  coordinates  (c,,  a,lt  a3)  then 
/  +  a.m.,  +.  a:1m:)  and,  so,  (4)  is  equivalent  to: 

(6)        (x,  -  a,)m,  '+  (x.i  -  a^)m2  +  (x:i  -  a3)m^  =  0 

Conversely,  any  equation  like  (6)  for  which  (5)  is  satisfied  describes 
some  plane  which  contains  the  point  A.  We  need  to  find  an  easy  way 
of  determining  when  two  equations  like  (6)  [or  like  (4)1  describe  the 
same  plane.  But,  first,  there  is  a  more  basic  question  to  answer:  Does 
every  plane  have  an  equation  like  (4)?  Equivalently:  Does  every  plane 
which  contains  A  have  an  equation  iike^6)?  The  answer  to  these  ques- 
tions is  'Yes.'.  Briefly,  any  plane  can  be  described  by  parametric  equa- 
tions like  ( 1 )  and,  by  eliminating  the  parameters  from  these  equations, 
one  can  obtain  from  them  an  equation  like  (4)  which  describes  the 
same  plane.  Althoughiyou  can  already  "reduce"  a  particular  system  of 
parametric  equations  like  (1)  to  an  equation  like  (4)  [by  solving  two  of 
the  parametric  equations  for  V  and  V  and  then  substituting  in  the 
third],  there  is  much  to  be  gained  by  carrying  out  this  procedure  "in 
general" -that  is,  without  using  special  numerical  values  for  the  nine 
variables  ap,  .  .  .  ,  and  'q3'  in  the  equations  (1). 


PartD 


Consider  the  parametric  equations; 

■ 

(1) 


and  assume  that  the  condition: 


is  satisfied. 


Pi  H 
9*  % 


IP,  Pi 


Pi  A 

4> 


•»  (0,  0,  0) 


1.  Assumption  (3)  says  that  at  least  one  of  three  determinants  is 
not  0.  This  suggests  considering  three  cases -that  in  which  the 
first  determinant  is  not  0,  that  in  which  the  second  is  not  0,  and 
that  in  whic*B  the  third  is  not  0.  Explain  why,  in  each  case,  two  of 
<  the  parametric  equations  in  (!)  can  be  solved  for  V  and  *(. 
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Answers  for  Part  D  "  i  ' 

I.     This  follows  directly  from  Theorem  'A.    [Here  is  one  such  explana 

ti6n:    Suppose,  first,,  that  *  0.    Under  this  assumption, 

the  equations: 

Jx2  =  as  +  p2s  +  q2t 

\*3  ~-  a3  +  p3s  +  q9» 

or,  t(he  equivalent  equations: 

fx,,  -  a?  t.  p?s  *qst        ■  . 

1X3  "  a3    =    P3S  +  <M 

can  be  solved,  by  use  of  Theorem  A,  for  's'   and  't'.] 
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Z.     Consider  the  aystem; 


fPi»  +  qx"t  =  Xj  -  ax 
LP28  +  qat      xg  -  ay 


which  is  equivalent  to  the  fiyat  two  equations  in  (1)  on  page  440 
Since  .''re.  "v  • 

Px    9x1       •  *  .  ' 

*  °<  il  follows,  by  Theorem  A,  that  this  system  has  a 

P2    <fe    ■  • 

unique  solution,  and  is  eauiviaient  to? 


nique  solutiqn,  and  is  equi^lent  to: 


9 

xi_ai  <3i 

Pi-  x1"a1 

s  - 

x2-ag  qg 

-.  .   t  =  - 

Pa    x2  7  as 

Pi  «Jx 
Pz 


Px  1X 
Pa 
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■  t  ■ 

2.  Let  s  consider  the  third  case— that  in  which 

#■ 

Pi  P* 


(7) 


#  0. 


Use  determinants  to  solve  two  of  the  parametric  equations  in  (1) 
for  V  and  'f.  {Hint:  Rewrite  those  equations  as  'pta  +  qtt  - 
-  a/,  etc.) 

3*:  Substitute  the  expressions  you  obtained  for  V  and  V  in  Exercise  2 
into  the  third  parametric  equation  like  (1).  {kint;  Since  we  are 
trying  to  obtain  an  equation  like: 


(6) 


it  should  save  trouble  later  if,  before  substituting,  you  rewrite  the 
third  parametric  equation  in  (1)  as  up3«*-  q%t  +  (*3  -  a3)  =  0'.] 

4,  Simplify  the  equation  you  obtained  in  Exercise  3  by  "clearing  of 
fractions/'  Then  use  the  definition  of  'determinant'  to  rewrite  the 
resulUin  the  form  of  (6), 

5:  The  result  of  Exercise  4  should  be  an  equation  like  i6)  in  which 
'/».,*,  at  least,  is  replaced  by  a  determinant.  If  you  have  not  already 
done  so,  transform' your  result  into  one  in  which 'm/  and  *m/  are 
also  replaced  by  determinants. 

6.  We  began  by  noticing  in  Exercise  1  that  condition^  (3)  suggested 
three  cases;  from  Exercise  2  on,  we  have  been  dealing  with  the 
third  case.  Looking  at  the  result  you  obtained  in  Exercise  5  for 
this  case,  what  equation  do  you  guess  you  would  have  obtained 
in  the  second  case?  In  the  first  case?  If  you  have  any  doubts  as  to 
the  correctness  of  your  guess,  repeat  your  work  in  Exercises  2-5 
for  one  of  the  other  cases.  .  . 

In  the  preceding  exercises  you  have  seen  that,  under  theAssuxnption 
(7)  of  Ex&fcise  2, "the  system  consisting  of  the  fi^t  two  parametric 
equations  [in  (1)J  is  equivalent  to: 


(8) 


<?2 


Pi  9* 


So,  the  system  (1)  of  parametric  equations  is  equivalent  to  the  system 
consisting  of  these  two  equations  and  the  equation  you  obtained  in 
Exercise  3.  [Explain.]  The  latter  equation  is  equivalent  to: 


1*1  f  c 
ERIC 


(9)  (*,  -a,) 


p* 

Pal 

Pz 

Pt 

Pi  Pi 

+     Ug      -  Cg), 

m 

Q3\ 

«?3 

9i 

1 

=~0 


ft 
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Answers  for  Part  D/  fcont.l 
—   f  1  J 

3.     Following  the  directions 


in  the  hint,  we  obtain  the  Equation: 


"Pa* 


X, 

fl 

Pi  <u 

P2  <fe 

Pa 

X2  "  a2l 

Pi  «JX 

p2  q2 

+  <x3  -  a,)  =  0 


4. 


"Clearing  fractions'"  an4  simplifying,  we  obtain,  in  turn: 


■Ps 


7>3(<xi 

/ 


Pi 

*1 

♦  (x3  -  a3) 

Pi  <Ji 

"  la 

xa  "a2  12 

Pa 

x£  "  aS 

P2  «32 

=  0 


+  (x„  -  a,) 


2  -ap^iJ-qaCPi^; 
«3i 


aa)  -Psixj  -  ax)) 


Pi 

Ps 


=  0 


I    U1:a1)(p2q3-p3qs)'+(x2-a2)(p3q1-p1q3)  +  (x3-a3) 


> 

(x1'fai) 

p2 

p3 

+  (x2 

-a2) 

P3. 

Pa 

Pj. 

Pa 

If 

* 

i  ■ 

+  <x3  -a3) 

i 

q2 

q3 

^3 

Si 

Is 

si' 

I 


~  0 


Pi  <*1 

I 

=  0 


The  last  result  is  an  equation  in  the  form  of  (6). 

[The  final  result  should  be  the  last  result  in  the  solution  of 
Exercise  4.  ] 

You  would  obtain  an  equivalent  equation  in  each  case,    To  see  this 
It  should  be  sufficient  to  note  the  argument  for  the  second  case  can 
be  obtained  from  that  just  given  for  the  first  case  by  a  cyclic 
>  substitution  of  Subscripts  —  *3>  for  '2\  *  V  for  #3\  and  %V  for  >:. 
•1*.    Now,  note  that  the  same  substitutions  transform  the  result  *  : 
obtained  in  Exercise  5  into  an  equivalent  equation.    Finally,  the    • ''" 
third  case  c^n  be  obtained  from  the  second  by  the  same  substitution 
of  subscripts. 


Answers  to  questions:  ' 

Given  coordinates  which  satisfy  (9)  the  corresponding  values  of 
'a*  and  't^  can  be  found_by  substitution  in  (8)^ 


M?>  q  1  *•  *  line  if  (p^)  is  linearly  dependent  and  p  and \q  are 
not  both  5.    It  is  {A}  in  case  p  =  If  =  q.    If  (p,  q)  is  linearly  dependent 
then  the  set  described  by  |9>  is  e.    (So,  (9)  describes  A(p,  qj  only  'if 
{pf      is  linearly  independent.  ]  i;  ■  . 


1 
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l:Your  answer  for  Exercise  5  may  not  be  the  same  as  (9).  But,  from  what     Simplifying  this,  we  obtain,  in  turn 
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you  know  about  determinants,  it  should  be  obviously  equivalent  to  (9).] 
U  follows  that,  under  the  assumption  (7),  the  system  ( 1 )  of  parametric 
equations  is  equivalent  to  the  system  consisting  of  the  equations  in 
(8)  and  (9).  In  particular,  if  this  assumption  is  satisfied,  coordinates 


•(*,  +  3)  •  0  +  (x,  +  2)  ■  -r-40  +  (x3  -  1) 


-40 


0 


(x2  +  2)  +  (x,  -  1)  =  0 

Xn  +  X   =  —  1 


ixv  x.v  x.A)  satisfy  (9)  if  and  only  if  they  can  be  obtained  from  the  para-  jL, 

metric  equations  by  choosing  appropriate  values  for  V  and  Y.  [If  you  . ls  an  eQuat«»  which  is  equivalent  to  one  of  the  form  of  sen- 

had  coordinates  which  satisfy  (9),  how  might  you  find  corresponding 


tences  (4),  namely: 


values  for  V  and  Y? 
^   Finally,  in  answering  Exercise  6,  you  should  have  discovered  that 
the  procedure  which  led  to  equation  (9)  under  the  assumption  (7)' 
would  lead  to  the  same  equation  in  each  of  the  other  two  cases  covered 
b^  (3).  Hence, 

the  plane  which  is  described  by  the  parametric  equa- 
tions (I)  [in  case  (3)  is  satisfied]  is  also  described  by 
the  single  equation  (9). 


So,  since  any  plane  can  be  described  by  parametric  equations  it  fol- 
lows that  any  plane  can  be  described  by  a  single  equation  -  and,  in  (9), . 
we  have  a  sjgfrle  rule  for  writing  an  equation  which  describes  the 

plane  Alp,  ~q\,  given  the  coordinates  of  A  and  the  components  of  p 
and  q.  Since  A&C  -  A\B  -  A,C  -~A)  we  can  also  use  (9)  to  obtain  an 
equation  for  ABC,  given  the  coordinates  of  A,  B,  and  C.  [Of  course,  the 
preceding  remarks  apply  only  if  (p,  ~q)  is  linearly  independent  and 

{A,  B,  C)  is  noncol  linear.  What  kind  of  set  is  A\p,'q]  \t{p,~q)  is  linearly 
dependent?  What  set  is  described  by  (9)  in  this  case?]  f 
As  an  example,  consider  the  parametric  equations: 


xxmx  +  *,m2  +        =  f 


and  describes  the  same  plane  as  does  the  system  of  equations  (*). 
Our  results  on  describing  planes  by  equations  may  be  summarized  in* 

Theorem  10-15  Suppose  that,  with  respect\to  a  given  co- 
ordinate system,  the  coordinates  of  A  are  (a„V,  a3)  and  the 
components  of  p*and  q  are  (p,,  p.,,  p3)  and  (qx,  q\q.A),  respec- 
tively. With  respect  to  the  given  coordinate  syst 
(a)  the  parametric  equations:    '  \  / 


\ 


(*) 


x,  *\  -3  +  10s  +  4t 
x2  =|  -2.+  5s  -  Zt 


As  we  have  seen,  it  is  easily  checked  that  these  are  parametric  equa- 
tions for  a.  plane.  Since  {—3,  t-2,  1)  is  a  solution  for  (*),  we  can  make 
use  of  (9)  as  follows  to  write  i  single  equation  for  this  plane: 


x.  =  af  +  p,s  +  qxt 


Kt  =  a.. 


+  p2s  4-  q3t 
+  p3s  4-  q3t 


describe  the  set  Afp,  ~q\;  and  this  set  is  a  plane  if  and 
only  if  v 


(t) 


Pi  Pa 


1*  1} 


Pi 
9, 


Px  Pt 


9» 


*  Co.  ox' 


and 

(b)  the  single  equation: 


(*,  -  a,) 


Pz  Pi 

Pt  Pt\ 

+  (Xj .-  o3) 

V?2  «3 

'Ik: 

-  0 


represents  A\ptq\  if  and  only  if  this  set  is  a  plane-that 
is,  if  and  only  if  the  condition  <f)  is  satisfied,  " 

The  advantage  of  writing  the  three  determinants  in  if)  in  the  order 
-^given  should  be  clear  when  you  look  at  the  order  in  which  these 

detenninanEs  appear  in»the  single  equation  for  the  plane  4fp,lS  given 
in  part  (b)  of  the  theorem. 


'  5  -5 

'+  u,  -  - 

-5  10 

10  51 

-2) 

+  <*,  ~ 1) 

. 

1=0 

•  - 

-2  2 

2.  4 

4«  -2| 

1017* 
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\ 


i 

PartE 

1.  In  each  of  the  following  parte  you  are  given,  firsts  the  coordinate^ 
of  a  point  ^4  and,  second,  the  components  of  two  vectors  p  and  q. 

(i)  Use  determinants  to  check  the  vectors  for  linear  inde- 
pendence. 

(ii)  In  case  the  vectors  are  linearly  independent,  write  para- 
metric equations  for  the  plane  A[p,~q\  and,  also,  write  a  sin- 
gle equation  for  this  plane. 

(a)  <2, -1,&;U,  4,6),  <~2,  3,  5) 
^b)  (8,  7,  -5);  (4,  -2,  6),  (~6,  3,  -9) 
(fc)  (4,  -3,  0);  (-2,  -5,  6),  (2,  5,  -4) 
v      id)  (9,-6,  -  3);  (7,-14,  0),  (-3,  6,  5) 
%  In  each  of  the  following  .parts  you  are  given  coordinates  of  three 
!  points  A,  B,  and  C. 

(i)  Use  determinants  to  check  the  points  for  noncollinearity. 
(ii)\  In  case  the  points  are  noncollinear,  write  parametric  equa- 
tions for  the  plane  ASc  and,  also,  write  a  single  equation  for 
this  plane. 

(a)  (2,  -5,  9\  (4,  1,  15),  (1,  -7,  6)  > 
<b)  (4,  6V  ^4)'.  (6,  3,  1),  (10,  10,  -6) 
•  (c)  (-3,  -3,  3),  (3,  1,  l)r  (-1,  -6,  8) 
(d)  (-7,  9,-7),  (  -1,0,  8}#  (~9,  12,-12) 

We  have,  now,  three  ways  of  describing  a  plane  with  respect  to  a 
given  coordinate  system.  We  may  use  parametric  equations  like: 


(1) 


x,  m  a,  +  p,s  +  qtt 
x,  =  a:  + p,,s  +  q.,t 
1*3  =  03+  p3s  +  g3t 


or  we  may  use  a  single  equation  iike: 

 46>  -  ui}mt  +~ix2  -  oa)m2  +  ix3  -*a3>»r3  -H, 

f 

or  we  may  use  a  single  equation  like: 


(4) 


In  (1)  and  (6),  (ar  a2$  a3)  are  the  coordinates  of  a  point  A  which  belongs 
to  the  described  set.  In  (1),  ipt9p^pn)  and  (qt,  q>f  g3)  are  components  of 
vectors  p  and*?— 

P=^Pt  +  £zPi  +  %P,  and*?=  ^,9,  f       +  M3  \ 
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Answers  for  Part  E 

1,     (a)'  (p,q)  is  linearly  independent,  since  t 

Parametric 

2  +    r,~  2s 
-1  +  4r  f  3s 

3  +  6r  +  5s 


4  6 
3  5 


6  1 
5  -2 


1  *. 
-2  3 


c 

'  1  - 1 

xx 

< 

<X3 

A  single  equation  for  Af  jS,  q]  is: 


2xx  -  llx2  +  Hx3  =  54 


[This  was  obtained  by  simplifying  -  2)  *  2  +  (x£  +  1)*  -17 

Hx3  -  3).  U  =  0\]    '  *  .     >         ,.  - 

[b)    (p*q)  is  linearly  dependent,  since 


3  -9 


6  4 
-9  -6 


4  ~2 
-6  3 


-  (0,  0f  0),  So,  A[p,  q  J.  is  not  a  plane. 
Ac)    (p,  q)  is  linearly  independent,  since 


-5  6 
5  -4 


6  -2 
-4  2 


-2  -5 
2  5 


=  (-10,4,0)  #  {0,Qt(f).    Parametric  equations  for  A[p,  q  ]  are: 

=     4  -■  2r  +  2s 


x2  =.  -3 -  -  5r  .+  5s 


x  3 

V.  3 


6r  -  4s 


A  single  equation  for  A[p,  q]  is: 


5xx  -  2x2  =  26 


[This  was  obtained  by  simplifying  *{x1  -  4)  •  -10  +  (x2  +  3)- 4 
+  x3-0  ■=  0\] 

(d)    (p,  q)  is  linearly  independent,  since] 


( 

-14  0 

0  7 

7 

-14 

6  5 

* 

5  *-3 

-3 

6 

) 


(-70,  -35,  Q)  *  (0,  0,  0).    Parametric  equations  for  A[p,  q  ]  are 


0**         5L+  ._'7r 3s_ 


+  5s 


A  single  equation  for  X[  p,  q  ]  is:  1 

{This  was  obtained  by  simplifying  t{x1  -  9)*  -70  +  (x2  +  6).  -35 


/ 
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Answers  for  Part  E   [cont.j     "  < 

2.     (a)    P  -  A*  and  C  -  A  have  components  (2,  6,  6>  and  (-1,  -2,-3), 

2      6  \ 


respectively.  Since 


6  .  6| 
-2  -3 


6  2 
H3  -1 


-1  -2 


-  (-6,0,2)  *  iO,V,<0).AB  -  A,  C.-  A)  is  linearly  independent. 
So.  (A,  B.  C)  is  nq^|> linear. 

Parametric  oquatio^  J^r  ABC  are: 

xt  a    ;2  4  2r  -  a 

xJ?--5  +  6r-2s 

x~   -      9  +  6r  -  3s 

A  single  equation  for  ABC  is; 

l        which  is  obtained  by  simplifying  '{*x  -  2)  •  —6  +  {x2  +  5)«6 

♦  (x?  -  9)*  2  =  0\ 
(b)    B  -  A  and  C  -  A  have  components  (2,  -3,  5)  and  (6,  4,  -2), 

2     -31  \ 


respectively.  Since 


-3  5 
4  -2 


5  2 
-2  6 


6  -4j 


(c) 


-  (-14.  34,  26)  *  (0,0,0),  ^B  -  A,  C  ~  «A)  is  linearly  inde- 
pendent.   So,   {A,  B,  C}  is  noncoJlinear. 

Parametric  equations  for  A§C  are: 

4  f  2r  f  6s 

6  ~  3r  +  4s 

=   -4  +  Sr  -  is 

A  single  equation  for  ABC  is:  • 
7x, 

which  Ls  obtained 
.+  (x3  f  4)  *  26  - 
rxx  =   -3  +  6r  +  2 


17x. 


13«3  =  -22 


llifying  ,{x1  -  4)*  -14  +  <xg  -  6).  34 


-3  +  4r  -  3s  ;  7%x 

i  -  2r  ■*  <># 


l?x^  -  13x3  =  -9 


(d)    B,  *  A  "and  C  -  A  bave  components  <6,  -9,  15}  and  \-Z,  3,  -5), 


^respectively.  -$ince 


( 

-9  151 

15 

6 

6  -9 

3  -51 

-5 

-2 

■ 

•  i 

1-2  3 

) 


-  (0t  0,  0).  (B  -  A,  C  -  A)  is  linearly  dependent.  So,  {A,  B,  C 
is  collinear, 
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*  such  that  the  indirection,  of  the  set  described  by  (1)  is  [p\  qft.  And,  in 
studying  (6)  a'hd(4)-it  will  beconveijien^  to  consider  the  vector  m  whose 
proponents  ^  (m4^m,, 

we  frave  seen,  the' condition  that  either  (6)  or  (4)  describes  a  plane 
ls/just,  fttiat  m  *  0.  The  condition  under  which  the  parametric  equa- 
tions ( 1 )  describe  a  plane  is  given  in  Theorem  10  -15(a).  Part  (b)  of  this 
theorem  tells  how\to  find  an  equation  like  (6)  Tor  a  plane  which  has 
previously  been  described  By  parametric  equations  [like  (1)].  Coi>:^ 
versely,  gi vert  an  equation  like^6)  which  describes  a  plane- that?  is,  % 
one  for  which  m  *  6- it  is  eas$  to  find  parametric  equations  [lifae'(l)]  .* 
which  describe  the  same  plane.  If,  for  example,  m,     0,-  we  can  obtain 
such  equations  by  replacing  \x.2  -  a  J  and  '(x,  -  a^Y  in  the  following 
equations  by     and  f\  , 

mi  "  *  "    mi  ; 


Answers  for  Pa^t  F 
1  ;>     p  and  q  have  co 


f  Since 


4  -2 

-2  3 

( 

-9/2  -6|' 

3 

I 

V 

3  -9/2 

) 

<0,  0fQ)/(.p,£)  i» 


2. 


linearly  dependent.  *  So,  trje„giv§n  parametric  equations  do  not 
desc  ribe^a  plane,  '  — ^ 

p  and  q  have  components  (6,  -3,  8)  a#vd  (-2;  1,8/3),  respectively. 

6:  **3]\  • 


Since 


-3-8 

\  '8/3 


8  .6 
8/3  .  -2 


-2 


1 


-»  — *  .  •                         ■ .  « 

inearjy  independent-  So,  the  given  parametria  equations 

desc  ribe  a  plane.  *  :  .  *  ,% 

A  single  equation  like  (6)  which  describe^  the  same  plane  is: 


5)«-16+(x2  +  7)t  -32  l'(xq  -6)*0; 


A  single  equatiop  like  >4)Vhic  h-de  scribes  the  s  am  q  plane  is; 


-9 


a.,  +  1  •  (x, 


(Explain  why  this  works,  and  show  how  to  obtain  parametric  equations 
like  (I)  for' a  plane  described  by  art  equation  like (4Vfor  which  m\  ^  0.) 
Finally,  given  an  equation  like  (6)  it  is  easy  to  find  an  equivalent  equa-  ^ 
tioh  like  (4)  i^erely  by  taking 

,/S  ■    *  ,  /*  =  a,mj  +  a2m,z  +  a,m^.  *  * 

And;  given  an  equation  like  (4)  Which  represents  a  plane  it  is  easy  to 
find  an  ^equivalent  equation  like  (6)  by  taking  for  (cp  a.v  a3)  the  co- 
ordinates of  any  poi^t  of  this  plane.  Note  that,  in  these  procedures  for 
changing  from  (6)  to  (4)  and  from  (4)  to  (6),  the  vector  rn  is  not  changed. 


Since  {m1,m^(km3)  =  (2,  -4,3)  #  (0,0,0),  the  given  equation 
cjesc  ribes  .a  plane,  #vr    .  -    ■  ■  fc 

Now,  since  the  equation:  - 

,    "  XjJ  *  i  +       +  3)2  +  *(x3  -  4)*  -3/2      >      -  '  ' 

is  equivalent  to  the  given  equation^ >arar£)et^ic  equations  which 
describe  the  same  pla*rje  as  does  the  giv^n  equation  are: 

!,=  H2r-f? 

*•  * 

»  =  -3  +  r 


x3:i  *  ^  + 


(T*hese  gixe  obtained  by  fetting  r 


x2  +  3  and  s 


-4.] 


A  single  equation  l^ke  {4}  which  describes  the  sanie  plane  is: 


Zx, 


**9  +  3x3 


26 


A- 


•*1 


lh  each  exercise  ^to are  given  equations  lilje  (1),  (6),  or  (4).  page 
446,  In  each  case,  check  whether  t£e  ^iv^equatipns  describe  a'pland. 
If  t>hey  ^io,  wrik*  equations  of  each%of  the  other  two  kinds  which 

rf<i>a<r*rtKtt  thio  marine*  nlnn«  *  ^ 


describe -the  same  plane. 


4.     Since'  (mlt  rr^  ,       }      iKfajg)  *  t^,  0,  0),  the  given  equation 
.-describes  a  plane  - .  ' 'v';;^'-     4  " 

_  1 .  _  r^  An  jgq^Ation  lijjg  <61  whift>i  d«£ribea  the  samejplarte  ilt  ^ 

[There  are,  of  course,  many  correct  answers/]  £inc*  the  equation: 

is  equivalent  tp  the  given  equation,  parametric  equations  which 
.describe  the  same  plane  as  does  the  given  equa,tidflraxe; 


% .  3^  j^-  -  1  )1  -  U,  +  3$         -  4)^  0 : 


'  5..  x\     x  ,  ^  x%  *>  'Q 


LX3  = 


*,^.rf..+  2-t 


3 


•ikk: 


"4  .• 


■ 


[These  are  obtained  %  Hatting  8  =  x2  And  t  =  x3V]* 


4 
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Answers  for  Fart  F  [cont.] 

S.     Since  (mum2lA9)  -  <i,-i(-U*  (0,0,0),  the  given  equation 
describe*  a  plane. 

An  equation  like  (6)  which  describes  the  sam'e  plane  is: 


[Ther^-a^e,  of  course,  man^  correct  answers,  ]  Since  the  given 
equation  is  equivalent  to  'x,  «   ^  +  parametric  equations 

which  describe  the  .same  plane  as  does  the  given  equation  a^re: 

r  +  s 


1 


[Yhe'se  are  obtained  by  letting  r       xp  and  s   -  x^/ ] 

6.     Since  |mrma;m3J  -  (I,  -3,  -2)  *  f0.  0,  0),  the  given  equation 
describes  a  plane. 

An  equation  like  <6)  which  describes  the  same  plane  is: 


(x^  -  0).  1  ♦  (x5  -  2).       +  (x3  +  3J. 

!"  t*       of   rmirflu        t-*>-i«-»»r  ~  *P 


[There  are,  of  course,  many  correct  answers,  1  S*ince  the  given 
equation  is  equivalent  to    2?      lx2  +'2x  \  .parametric  equations 


which  describe  the  same  plane  are: 

=   3r  f  £s 


fMrfking  use  of  the  equation  like  (6),  It  is  easy  to  obtain  the  follow 
ing  parametric  equations  for  this^same  plane: 

•      ' .  .  fxa   -  3'r  +  2a 

%  i  * 

<  xa  =     2  *    r  ' 

^  =   "3  + 

There  are,  of  course,  many  correct  answers,  no  one  of  jphich  can 
be  construed,  to  be  the  "best"  one,]  •  » 


Jt 
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10.10  Determinants  and  Equations  of  lines 

There  is  one  morejproblern  concerning  the  description  of  planes  by 
equations  which  remains  to  be  solved.  Suppose  that  we  are  given  two 
description*  of, planes  each  of  wfyeh  js  like  (1),  (.4),  or  (6)  on  page  446. 
How  can  we  tell, whether  they  describe  the  same  plane  or  different 
planes?  Since  a  plane  is  parallel  to  itself  and  since  no  two  parallel 
planes  ftave  a  point  in  common,  we* can  solve  this  problem  if  we  know 
how  to  tell  whether  two  descriptions  of  planes  describe  parallel  or 
non parallel  planes.  [Explain.]  Since  it  is  easy  to  change  from  one  kind 
of  description  to  the  other  it  will  be  sufficient  to  solve  this  problem  for 
equations 'like  (6),  As  we  shall  see,  the  same  procedure  will  apply  to 
equations  like  (4)  -or  to  two  equations  onfc  of  which  is  like  (4)  and  the 
other  Irk  a  (6).  So,  let's  .consider  two  equations:' 

•  ,r 

<6>      "  (x,.-  a,)m,  +  U,  -  a,,)m,,  +  fx,  =  0 


(6'! 


It  is  reasonable  to  suspect  that,  in  case  these  equations  represent 
planks  rr  and  <r/the  direction  of  n  will  be  determined  in  some*way  by 
the  vector *m  and  that  of  a  will  be  determined  in  the  dime  way  by  the 
vector  nt  where 


m  ~  uxm{  +\u,m,  '+  w;jm:J  and  rT^u^n^  +  u2n2  +  ~w3H 


\ 

In  fact)y  we  might  guess  that  [tt\  isAdetetr mined  by  [ml  and  [crj  by  [n].  If 
this  is  t*orrect  then  it  will  be  the  case  that  77  |j  a  if  and  only  if  [ry]  -  (n], 
[Explain.]  Since  (6)  and  (6')  dfscribe  planes  if  and  only  if  m  and  n<are 
non-6,  vVe  may  state  our  guesjs  by  saying  that 

,    [(&)  and  (&')  describe  parallel  planes  if  and  only  if  in  ~ 
|and  n  are  nqn-Ofand  (mfli)  is  linearly  dependent/ 

•  ' 

[Explain.  I  .  4 

We  can  obtain  some  more  confidence  in  the  correctness  of  <*)  by 
notirifc  that  its  if-part  is  almost  obvious.  To  make  it  quite  obvious,  note 
that  (6)  and  (6')  are  equivalent^  respectively,  to 

■  * 

#         ^  .  X\mi   *  X2m*  +  ~ f  ' 

and:  .   (4')'v  xxnx ;  +  x,n*  +  *3/i3  *  g*  \'"' 
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The  discussion  which  begins  here  is*  a  lengthy  one!    In  it  we  show 
how  to 'determine  if  two  equations  like  (6)  and  (6')  describe  the  same 
or  different  planes.    For  your  students  it  is  the  result,  stated  and 
illustrated  on  page  A5$  that  is  important.    It  is  a  very  easy  result  to 
apply,  a  very  difficult  one  to  obtain.    Much  of  the  work  on  the  ensuing 
pages  should  be -developed  by' the  teacner  and  class  together.    It  is. 
muclj  too  involved  for  most  ^students  to  do  alone.  '  However,  when 
guided  by  the  teacher,   students  are  able  to  understand  the  argument, 
and  to  contribute  small  parts  of  it  from  time  to  time.    A  student 
should  not  be  disked  to  reproduce  this  argument. 


The  explanation  asked  for  near  the  beginning  of  section  10.10 
might  be  that  in 'case  the  descriptions  describe  nonpa rallel  planes  they 
de|cribe  different  planes,  and  in  case  thev  describe  parallel  planes 
they  describe  the  same  plane  if  and  only  if  there  is  a  point  whose 
coordinates  satisfy  both. 

Explanations  called  for  in  text; 

If  [n]  is  determined  by  [m]  and  [a]  is  ^determined  [in  the  sarne 
way]  by  [n  ]  "then  [ffl  -  [ff]  if  and  only,  if  [m]  -   [nj.    So,  by  definition, 
7r  j]  <r  if  and  #nly  if  [m  ]  -  [n  ]. 

For  m  *  3  *  n,   [m]  =  [  n  ]  if  and  only  if  (m,n)  is  linearly 
dependent,  v 

Equation  (4'5,  if  n  -  mk,  is  equivalent  to  ,x1(m1k)  +  x2(m2k) 
+  x^m^k)  =  g*  and  for  k  *  0,  this  is  equivalent  to  (4"). 

If  f  ^  g/k  then  the  planes  described  by  (4)  and  (4")  have  no 
common  point;    if  f  =  g/k  then  (4)  and  (4")  describe  the  same  plane. 
In  either  case,  the  plane  described  by  (4)  is  parallel  to  the  plane 
described  by  (jhjtet 

■  Having  esflrelished  (#^)  all  we  need  do  is  establish  its  converse. 
So  it  is,  sufficient  to  establish  the  contrapositive  of  the  converse  of 
Now,  this,  latter  is  equivalent  to:  *  ' 

s         If  (m,'n)  is  linearlyindependent  or 
rn  -  3  or  n  =  3  then  (6)  and  (6') 

do  not  describe  parallel  planes. 
%   ■  -  ■  ^ 

We  already  kjjow  that  if  rq  =  6  or  n  =>  6  then  (6)  and  (6')  do  hot  * 
[both]  describe  planes.    Sp,  what  remains  to  be  proved  is: 

If  (m,  n)  is  ^linearly  independent,  then  (6) 

and  (6')  da. not  describe  parallel  planes.  .  <} 

.i  * 

.  Clear  lya  this  follows  from  .the  stronger  statement  '(3  J}.    Hence,  it  is*  

sufficient  to  prove  (^^J.  *        .      .  *  ;  ' 
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where  f~  axmx  +  a^rn,  +  a{m.  and  #  =  +  +  63n3.  Now,  as- 
suraing  that  m  aiuj  n*are  non-U  and  (ro,  ft)  is  linearly  dependent,  it  fol- 
lows that  there  is  s*>me  number  -  say,  k  -  such  that  *f  =  mk  and  k  *  0< 
(Explain. Hence,  equation  (4')  is  equivalent  to; 

(4")  ^m,  +  x2m^  +  x,m:j  «  g/A  [Explain.] 

It  should  now  be  obvious  that,  when  m  and  n  are  nori-0  dependent  vec- 
tors, the  plana  described  by  (4)  is  parallel  to  the  plane  described  by 
(4").  [Consider  two  cases*  that  in  which  /'  #  g/k  and  that  in  which 
f^glk.]  Since  (6)  is  equivalents  (4)  and  C6")  to  (4"),%»  have  estab- 
"  lisned  the  if-part  ef  (  •  ): 

If  m  and  n  are  non-<T and  (m,  ~n)  is  linearly  . 
-  ('• ,)        dependent  then  (6)  and  (6')  describe  parallel 
planea       -  ,  j 

To  complete  the  proof  of  (  )  it  will  be  sufficient  to  sho/.that 

(V)    tiim,  n)  is  linearly  independent  then  (6)  and  (6') 
.    V    describe  nonpar al  lei  planes.  ' .    "'  » 

' ,  [Explain.!  !Xo  guess1  how  we  might  be  able  to  prove  (%),-. note  that  we 
\  could  replace  'nonp,aralIei#  planes'  by\'planes  whose  intersection  is  a  * 
line'.  So,  assuming  that  (m,  n)  is  linearly  independent,  we  might  try  to 
«show  that  any  three  points  whose  coordinates  satisfy  both  (6)  and  (6') 
are  collinear.  This  would  lead  to  the  consideration  of  six  equations 
~tfare#  obtained  by  substituting  the  coordinates  of  the  three  points 
/  in  (6),  and  three  obtained  in  the  same  way  from  (6').  It  wouldn't  be 
impossible  to  prove  (*,)  in  this  way,  but  there  should  be  something- 
simpler.  Looking  for  a  simpler  way,  9  we  might*  remember  that  the 
collinearity  of  three  points  amounts,  by  definition;  to  the  linear  de-?\ 
pendence  of  two  translations!  [Explain.]  £lso,  if  the  $hree  points  be- 
long to  a  plane  then  the  two  translations  belong  to  the  bidirection  of 
-Jthat  plane.  So,  we-could  prove      by- showing  that  if  (m,!&  i&  linearly  - 
independent  then  any  two  translations,  which  belong  both  to  the  bi-  . 
direction  of  the  plane  described  by  (6)  and  to  the  bidirection  of  the 
.  plane  described  by  (6')  are  linearly  dependent.  This  gives  us  an  easy 
" .  j^oblem  tojrtart  on;  What  condition  must  the  components  of  a  vector 
e  satisfy  if  e  belongs  to  the  bidirection  of  the  plane  described  by  (6)?  It  ^ 
turns  out,  as  we  shall  see,  that  this  condition  is  *a  rather  simple  one 
and,  after  learning  a  bit  more  about  using  determinants  to  solve  pairs 
of  equations,  it  will  be  easy  to  prove J*2).  Moreover,  it  will  be  easy  to  ; 
conipute  the  components  of  a  non-3?  vector  in  the  direction  of  the  line  of 
intersection  of  the  two  planes. 

''  V  '       :        ":-'v'£<:-  !  1027  ■ 
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Exercises 
Part  A 


In  these, exercises  we  shall  assume  that  (m,  n)  is  linearly  indepen- 
dent and  we  sh^Jl  consider  the  planes  n  and  a  which  are  described  by 
the  equations: 


16) 


and; 


(6')       (x,  -  &,)/!,  f  U;  -  bjnt  +  (x,  -  &.,)*.,  =  0, 
respectively.  %  «  ^ 

1.  Why  does  it  follow  from  our  assumptiortfthat  equations  (6)  and  (6') 

do  describe  planes?  r~T# 
52*  What  are  the  coordinates  of  a  point  wfiich  you  can  be  sure  lies  on 

the  plane  rr  described  by  equation  (6)? 
3%  (a)  Suppose  that  c*[it]  and  that  Ptir.  What  can  you  say  about 

*p  +  7.?   \  ■*  { 

(b)  Suppose  that  P  and  P  +  c  both  belong  to  tt*  What  can  you  say 
about c?  ■ 

4,  You  know  that  the  point  A  whose  coordinates  are  (a},  a2,  a:t)  belongs 

to  rr.  You  also  know  that  c«  [tt]  if  and  only  if  A  4.cc  n.  Assuming, 
tW 

■* 

what  are  the  coordinates  of  A  4  c?  Derive  from  (6)  an  equation 
which  says  ,that  4  +  C€ir, 

5,  What  is  a^  equation  which  is  satisfied  by  (c,,  cv  c3)  if  and  only  if 
i          :  ■.  (c, ,  c2#  c,)  are  thfc  cctoponents  of  a  vector  c 'which  belongs  to  the.bi- 

direction  of  the  plane  described  by  (6)?         „  ,  * 

6,  Repeat  Exercise  5  for^he  plane  described  by  (6').  ■ 

You  have  seen  in  the  preceding^exercises  that  (ciVc,,  c3)  are  the  com* 
ponents  of  a  vector -say,  c  —  inwf  D  [cr]  if  and  only  if  (c„  c2»  c3)  is  a 
^sohstiontjfthe^rsteinr         - —  —  .    *   ^  — — 

(10)  '         ,+  c*m*  +        * 0  •   •  *  i 

In  order  to  prove  (*2)  on  pqpe  449,  weyWisIi  to  show  that,  if  (m,  n)  is 
linearly  independent,  ail  sugh.  vectors  c  are  linearly  dependent.  In 
terma  of  the  components  of  m  and*n,  the  condition  that  (m^  n)  is  lin- 
early independent  is: 


(ID 


«2  W3 


m3  m, 


»3  «j 


*  (0,  0,  0) 
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It  may  require  the  majority  Af  a  class  period  to  complete  the  dis- 
cujssion*on  pages  448  -  449.    In  view  of  this,  we  recommend  just  Pari 
A  a$  a  homework  assignment*  *  The  material  found  on  pages  491  -  455, 
including  Part  B,  is  best  treated  in  class,  so' that  emphasis  can  be 
placed  on  the  result  derived  (Theorem  10-16  and  its  corollary)  rather 
than  on  the  derivation  itself.    After  a  brief  illustration,  Parts  C  and  D 
make  one  reasonable  homework  assignment  and  Parts  E  and  F  make 
another*  i 

ft 

Answe  rs  .for  Part  A  ^ 

1,      Because  the  linear  independence  of  (m,  n)  implies  that  neither  m 
nor  n  if  3, 

Z. .  »(a^ ,  a2 ,  a3 ) 


3.  (a)    P  +  c  €  t 

(b)  ct  M     '  ,  L 

4,  The  coordinates  of  A  4  c  ar?  (ax  +  c1,  a^  +  c^,  a*4  c3).  [This 
'   follows  from  the  fact  that  A  *  c  =  O  +  {{A  -  O)  4         for  then 

A  4  t  =  G  +  31(a1  +  c.)  4  uP(a2  +  c2i  4  33<a^  +  c3).    The  latter 
result  gives  the  coordinates  of  A  +  ?.  ]   Making  use  of  this  in  (6), 
we  obtain,  in  turn: 

("1*1  \  ci*  "  ai)mi  +  (<as>  +  c2>  -  +  (<*3  +  c^)  -*£n»9  =  0 

c1m1  4  c2m2  4  c3m3  =  0 

-  So,  A  4  c  e  *  if  and  only  if  this  last  equation  is  satisfied  by  the 
components,   {cx,  c2,  c3),  of  c,  . 

5.  cxm1  4  c2ms  4  c3m3  =  0.    >  ^  * 

6, rt    c,n,  4  c^n^  4  c^iU  =  0. 
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{By  What  theorem?]  So,  our  problem  is  to  discover  what  we  can  about 
the  solutions- of  a  system  like.  (10),  assuming  that  the  condition  (11) 
is  satisfied,  « 

Since  we  shaii  deal  with  other' systems  like  (10),  we  shall  jrestate' 
gut  problem  hi  the  "a,  bl  c,  x,  y,  z-notation"  "We  used  earlier  in  this 
chapter.  1  See,  for  example,  Theorem  A  on  page  436  ]  In  tljese  terms, 
we  are  interested  in  the  solutions  (x,  y,  z)  of  the  system: 


|a,x.+  bty  +  ctz  =  0  . 


b.j  +  c,,2  =  0 


a, 


c,  a, 


a. 


& 


*  (0,  0,  0) 


A 


,  Solving  (12),  subject  to  (13),  turns  out  to  be  rather  similar  to  what  you 
did  in  Part  D  of  Section  10.09  in  order  to  transform  the  parametric 
equations  (1),  subject  to  (3),  into  the  equation  (9). 

Part  B,  ,  .  .  * 

■ ;.  .    In  these  exercises  you  will  learn, how  to  find  all  solutions  of  the 

system  (12),  above,  subject  to  the, condition  (13). 

v  * 

„  .  1.  Assumption  (13)  says  that  at  least  one  of  three  determinants  is 
not  0.  This  suggests  considering  three  eases -that  in  which  the 
first  determinant  is  not  0,  etc.  Explain  why,  in  each  case,  the  equa- 
tions in  (12)  can  be  solved  for  two  of  the  variables  V,  y,  and  V  in 
terms  of  jthe  third.  * 

2.  Let's  consider  the  third  case -that  in  which  v 
(14) 


a,  b, 


#  0, 


.  Use  determinants  to  solve  (12)  for  V  and  y.  [Hint.  Rewrite  ,the 
equations  as 'o,^  +        -*j*\*te:j    '--  - 

3*  On  the  basis  of  your  answer  for  Exercise  2,  show  thatu2)  is  equiva- 
lent to  the  system: 


c. 

z,  y  - 


K 

:erlc 


[Hint  Recall  the  properties  of  determinants  which  you  established  / 
in  Part  B  of  Section  10.09.]        •  ( 


103',) 


M 


V 
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f  T^e  theorem  referred  to  in  connection  with  (11)  is  Theorem  10-14. 
Answers  for  Part  B  *  • 

1,     Given  the  condition  (13),  the  System  (12)  reduces  to  onenof  the 
form:  "  .  jjjg 

'    '   fPaxi  4  Pa**  =.P3 

is  a  nonzero  term  in  (13),    [For  Example,  given 
*  0,  the  system  (1-Z)  reduces  to  the  following:  * 


where 


Pi  P2 


that 


V  C2 


-axx 


\  \b2y  +  c3z  = 

In  this  case  *px  ~  b%,  xx  =  y,  p£  =  ca,         =  z,  ^a1xl  etc/] 

Given  the  condition  (14),  we  are  asked  to  solve  the  system: 


^x  +  blY  =  -C] 


a2x  +  b2y 

/ 

This  system  is  equivalent  t&:  . 


x  - 


|-Clz  bJ 


ix  bx 


i2  b2 


y  ~ 


ay  -cyz 


a. 


-c-z  /  a 


3,     The  system  (12)  is^equivalent  to  the  system  given  in  this  exercise 
because  . 


hci2  bi| 

J-c22  b2J 


|c2  b2 


rz  =  "  — 


b2  c2 


and 


►  1 


^2  ca 


*  -Z  a 


z. 
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*  4..  For  any  solution  (x,  v,  5)  of  (12)  there  is  a  number  t  such  that 


*i 

i 


Show  that,  in  terms  of  such  a  number  t,  the  solution  in  question 
t  is  given  by:  ' 


V' 

6, 

t 

I')  ■ 

X  — 

a. 

5.  Show,  by  substitution  in  the  system  of  Exercise  3,  that,  for  any 
value  of  ff9  the  numbers  determined  by  (  )  satisfy  the  equa- 
tions (12).  ' 

6.  You  have  shown,  subject  to  the  assumption  (14)  of  Exercise  2, 
that  numbers  U,  y,  z)  satisfy  (12)  if  and  only  if  , 


a.;  «, 

1 

C,  0, 

a,  6, 

■■%(*- 

6  c 

t,  y 

c2  a, 

and  2  = 

Do  you  think  that  this  al$o  holds  in  the  other  two  cases  covered 
by  (13)?  Explain.  * 


The  result  proved  in  PartB  can  be  stated  as  follows: 

Theorem  B 
For 


< 

V  ^ 

a, 

'    *  (0,0,  0), 


la,*  +  6,.y  +  f,z  =  0  and  o,^ "+  ft^+^y-  0) 


6,  c, 

o,  6, 

and  2  - 

k 

[This  results  simila/  to  that  in  Exercise  3(b)' of  Part  B  on  page  439.] 
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Answers  fog  Part  B  [cont.] 
4.     In  terms  of  the  number  t,  z  = 


t  and,  using  this  result  in 
the  equations. in  Exercise  3,  we  see  that 


lag  b2 


i  N 

8  bJ 


a'l 

b! 

b1  Cl 

t  = 

a2 

ba 

and 


ai  :hi 

cl  ai 

t  = 

t. 

a2  ba 

y 


Hence,  the  solution  in  question  is  given  by  (*), 

Substituting  from  ,(#)  into  the  system  of  Exercise  3  results  in  two 
equations  of  the  form  *a  =   a*.    This  shows  that,  for  any  t,  the 
numbers  determined  by  (*)  satisfy  the  system  of  Exercise  3, 
Since  this  system  is  equivalent  to  (12)  —  subject  to  the  condition 
(14)  —  we  know  that/  for  any  t,  ^numbers  determined  by  (*) 
satisfy  (12), 

2)-unde«r  the  assumption, that  either  the  second  or 


Yes:  Solving_(J2 

the  first  of  t^peterrninants  in  (13}  is  nonzero  will  yield  the  same 
equations  (*).  *The  argument  given  in  TC  443(2)  for  Exercise  6 
of  fart  D  applies  here  also. 
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Details  which  are  jeft  to  the  reader/: 

The  equation*  describe  different  planes  because,  for  example, 

(5,  -4,6)  are  the  coordinates  of  a  point  which  is  in  the  plane  described 
by  the  first  equation  but  [since  (5  +  6)*  -6  +  (-4  +  4)  •  -4  +  (6  +  2)»  4 
^  .0]  does  not  belong  to  the  plane  described  by  the  second  equation. 


Explanation  called  for  ,in  text: 

If  (6)  and  (6J)  describe  n^jjparallel  planes  then  rn  #  U  #  n  and 
(6)  and  {6')  do  not  describe  parallel  planes.    So,  by  the  cqntrapositive 
of  (*a}f  if  (6)  ajad '{&')  describe  nonpar  ailel  planes  then  (m, n)  i»      ■  - 
linearly  independent;    [The  c ontr ap^» itive  of  (*1)  is  equivalent  tos 

If  (6)  and  (&')  do  not  describe  parallel  olanes  then 
fc  (yrt,?t)  is  linearly  independent  or  m  =?  u  or  55"  =  O. 

The  assumption  that  (6)  and  (6*)  describe  nonparallelr planes  implies 
the  antecedent  of  this  conditional  as  well  as  a™  ^  $  and  n      3*-^  j 


>m  ,  ■/:^■:■/'■'^:;"r', 
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We  can  now  apply  this  result  to  the  situation  dealt  with  in  Part  A  !  .  W^bompute  the  determinants,  in  this  case,  4s  described  injll);  and 
[page  450],  If  the  vectors  m  arid  n  whose  components  are  (m,,  ma,  ma>      note  that  :>.. 


and  In,,  nv  n3)  are  non-0  then  e^ch  of  the  equations: 

(6)        U,  -  /»,)/»,  +  U.  -*ajm„  +  (x,  -  a,.)m,.  =  0 

#  -  - 

(6')        U,  -  6t)n,  +  (x.,  -  62)«,  +  (*.,  -  6a)«3  -  0 


2  -2 

3  9 


-2-  3 
9  -2 


3  2 
-2  3 


=  (24,-23,  13)  £.{0,0,.  0). 


So,  the  equations  <*)  describe  nonparallel  planes  and  these  planes 
describes  a  plane.  A  veetor^with  components  e,r  c.,)  bfcongs  to  the  inter^  a  Iina  whose  direction  is  that  of  the  vector  with  compo- 
intersection  of  the  bidirections  of  these  plane%  if  and  onlv  if  neirts  «SM, 13).  4^ 


of  the  bidirections  of  these  plane%  if  and  only  if 

m 

'    mtt\  +  m2c2  +  ot3c3  =  0  and  ^cy*  n2c2  +  n3c3  =  0. 

[We  haVe  modified  equations  (10)  slightly  to  conform  mor^  closely 
with  the  statement  of  Theorem  B.J  Also,  by  Theorem  10- 14,  (ra,  n)  is 
linearly  independent  if  and  only  if  . 


K  As  a  second  example  consider  .the  equations: 


l(x,  + 


-  5)3"+  (*2  +  4)2  +  (*3  -  6)  ■  -2  =  0 


,  l|x,  +  6)  •  ^-6  +  (x2  +  4)  •  -4  +  (x,  +  2)4  =  0 
Computing  the  determinants  described  in  (11),  we  note  that 


m3 

«, 

(••- 

*,  c2  = 

if,  and  c3  « 

In  other  words,  the  intersection  of  the  Indirections  of  the  two  places 
_i&  precisely  the  direction  nf  the  non-0  vector  whose  components  are-  ; 


.  the  determinants  given  in  the  left  side  of  (11).  In  particular,  the  inter- 
section of  planes  defalked  b#  (jSrkand  (6')  is  a  line- that  is,  the  planes 
are  nonparallel.  v  ,y  ":  .|  « 

'I       Although  the  dis^l^ic^  an  pages  448  -4S3Kshowing  lu*^  to  deter- 
mine whether  twd^uations  describe  tl^fce^ 
*axi&,tov&ffi,  tbe/«&iH  -i&'easy.to  *a»pi^^ 


i  .'• '  '♦./*)♦  •      {(«, ^ •5)3 .+.  (^..+  4)2  +.0^.'»#5«^a 


ERIC.; 


Theorem  10-16'  Suppose  ttiat,  with  iresp^t  toa  ,giv^n  coortii-  r  «. 

nate  systetn,  the  components*  of  m  and  ~n  are  (/n, , &Jhm^ 
.t  and  <«j,  n^,  «^ Respectively.  With  respect  to  the  giyen*oordi- 
'^nate^systesnj  the  e<juatidnsi-  v  •  v*  '  .<: 


independent;  and,  in  -  ■  -  ;  ■ ' "  ■' :  ''r '  "*>  "        v*iv'' ' '; ' 


(ii) 


<  •  •■  "  ' 


•  are  the  compose»%x>f « ^^is6a-C  v^cjrln  ihe  tix&Gon of tha  ^-^ 


.... 


10.10  Determinants  and 


Equati 


ions  of  Lines  455 


We  also  have  the  corollaries^  '     -  > 

Corollary  1    The  equations  (i)  describe  parallel 
planes  if  and  only  if  rn  and  n  are  non-0  and 
(ra,  n)  is  linearly  dependent. 

Corollary  2    If  (m,  n)  is  linearly  independent  then  the 
line  of  intersection  of  the  planes  described  by  the 
equations  ii)  is,  itself,  described  by  the  system: 


TC455 

Answers  for  Part  C  ^ 

Taking  the  hint  in  ExercisS  1,   single  Equation's  for 


v 


are: 


x,  = 


x, 


r2  + 


c3  + 


m, 

m., 

where  (c},  c,,  c3)  are  the  coordinates  of  any  chosen 
point  C  whicfi  is  common  to  the  two  planes. 

[Expi  airj-l.  Both  Theorem  10-16  and  its  corollaries  apply  equally 
well  if  equations  (i)  are  replaced  by: 


Hart  C 


xlrn]  +  x2m2  +  x;m3  =  /' 


[Explain. 


Here  are  six  descriptions  of  planes. 
;'  t  7r{:  4*,  -  fix,  '+  2z,  =  5 


7T* 


4x,  4-  &c2  -  2x, 


7 

10 


7T4 


It* 


\xt  =  -3r  4-  4s 
U3  -  2  -  r  .+  2s 

fxt  =  J  +  r  4*3s 
L  =  4  4-  r  4-  2s 

l*p -'¥"■+  r 

*,  =  1  +  2r  -  3s 
[x  -  2  +  r 


1.  Whifch  of  these  planes  are  parallel?  [Hint  Find  single  equations 
whic^  describe  7r4,  tt&,  and  ?rr] 

2.  Do  any  two  of  these  descriptions  describe  the  same  plane? 

3.  Find  an  equation  for  the  plane  parallel  to  ir2  which  contains  the 
,  '  point  >vhose  coordinates  are  (1,  2,  3).         •  K\ 


Zx1,-  3xp  +  x3  =  '  10/3 

lx1  f  3x?  -  xn  -  0 

Tr^,  and  7T5  are  parallel;  ?r4 

.      7T4     -    7T^   and   7T3    -  7Tfi 


[for  tt5] 
[for,  *J 


ts«   and  tt6 


One  such  equation  is  *Zx1  +  3x, 
simplifying  the  equation  k(x^ 


and  tt6  are  parallel 

3  •  V'"  • 

-  x3  ■•    5'.     [This  is  obtained  by 
114  4  (x-,  -  2)6  +  (x3  -  3^.  -2/=  O-.-J- 


'  TC  456(1)  "  ; 

One  set  of  parametric  equations  for  the  required  plane  is: 

x1-!4£r-3s 
=  2  -    r  +  2s 

*3  =   3  *    r  \        »■  . 

[The  ^lane  described  by  these  equations  clearly  has  the  same  bidirec- 
tion  as  tt6,  '  namely  [  p,  q.J,  where  p  and  q  have'  component  a  (2,  -1,1) 
and  (-3,2,0),   respectively,  and  also  very  clearly  contains  tfce  point 
with  coordinates  (-1,2,3).] 

wx  ^        intersects  the  thirfcl  coordinate  plane  jn  the  point  whose 
coordinates  (x,  y ,  0)  satisfy  the  system: 

J*  4x  -  6y  =  5 

'    -  14^  +  6y  »  7  ' 

So,  TTj*^  ff2  contains  .the  point  with  coordinates  (3/2,  l*/6,  0).  Also, 
Jfj  ^  ^  has  the  direction  of  the  vefftor  m  whose  components  are* 

/  h6 


6  -2 


.1 


~6 


=  (0,  16, 48). 


Thus,  by  Corollary  2  of  Theorem  10-16,  parametric  equations* for 


=  3/2 


^  a  1/6  +  16r 


6,     Any  line  parallel  to  both  <?1  and  j%  is  parallel  to  >j  So,  by 

Exercise   5,'  any  such  line  is  in  the  direction  of  the  vfector  whose 
components  are  {9,  16,  48).  •  Thus,  pararnetric  equations  for  the 
required  line  are:  , 


^X3 


37  ^ 
-96  +  16r 
4Lf  48r 

J/19- 
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4.  Find  parametric  equations  for  the  plane  parallel  to  7rri  which  con- 
tains the  point  with  coordihates  (1,  2,  3). 

5.  Find  parametric  equations  for  the  line  of  intersection  of  tt.  and  tt.,, 

+  -  — . 

[Hint:  This  is  the  line  A\r]  for  any  point  A  e  tt,  H  7t*  and  any  non-(1 
vector  ^  1 1  t  j  O  { 7r.. }.  An  easy  choice  for  >\  is  the  point  at  which 
n^O  n,  intersects  one  of  the  coordinate  planes.  | 
ft.  Kinc^parametrie  equations  for  the  line  which  is  parallel  to  7rf  and 
to  rr,  and' contains  the  point  with  coordinates  (-37,    96,  42), 


Part  D 


1.  Show  that,  for  . 

m 

/  b. 


1  ■ 

Ic.  «■ 

G,  6, 

<•*., 

«..  b., 

*  (0,  0,  0) 


the  solutions  of  the  system: 


I*) 


u,x  +  6jC+  c.,z  -'d.t 


h 


are  given'parametrically  by: 


a,  6, 

.v  «  y.  f 

C2 

a,  6, 

where       v,,  *„)  is  any  chosen  solution  of  f * ).  [Hint.  Interpret  the 
equations- in  (  )  as  equations  of  planes  with  respect  to  some  coordi-" 
na'te  system.  Then  proceed  as  in  Exercise  5  of  Part  C.J 
2.  Find  several  solution^  of  each  system: 


(a) 


3*  -  5y  +  7z  -  2  • 
2*  4-  y  7  z  =  3  , 


•(b)  \x  +'2y  -  32  =  0 
l3x  -  y  +  4z  =  0 


Part  E 


Here,  are  descriptions  of  a  plane  tt  and  of  lines  /,  tn,  and  n 

* 


tt;  5x,  -f  3x, 


4x,  =•! 


X,  '=  1  +  r 
* "  =  3  f  2r 


m: 


xt  =,1  4-  3r 

-  2  -  r  , 
X  =  -2  4  3r 


x,  =  2  +  2r 
x„  =  1  4-  6r 
-  3  4-  7r 


uc 


1.  Find  the  coordinates  of  a  point  in  which  /  intersects  tt.  [Hfht:  Begin 
by  Yielding  a  value  of  V  suoh  that  the  corresponding  coordinates 
given  by  the  equations  for  /  satisfy  the  equation  for  tt.  Do  this, by 
obtaining1  an  equation  whose  solution  is  such  a  valfife  of  V.J  • 

2*  -Show  that  m  (j  tt.  [Hint:  By  a  procedure,  like  th^f  use  in  Exercise  1, 
sh&v  that  m  H  .ft  ^  0.} 

3.  Show  that  n  Q  tt.  \ 

1  «'•";•.    ■  : 
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Answers  for  P&rt  I) 


r  PftiM: 
he'dete 


Since  the'determ  inant  triple  is  nut  (0,0,0),   it  gives  the  compo- 
nents of  a  vector  in  the  direction  of  the  lint1  of  intersection  of  the 


planes  described  by  <*).   And,  if  (xr 


jlution  of  (*), 


wc  Ycv  zo'  ls  anY  ^P1 
it  follows  that  (xOJyot'z0)  are  the  coordinatt-s  of  a  jfoint  in  the 
intersection  of  the  planes  described  by  (*).     Herfce,   by  Corollary 
I  of  Theorem  10-16,  the  given  equations  are  parametric  equations' 
for  the  line  of  intersection  of  thcyc  planes.,  and  the  coordinates  of 
all  such  point's  are  the  solutions  for  (*).  , 


fa) 


The  line  of  intersection  of  the*  planes  described  by  the  given 
equatipns  intersects  the  third  coordinate  plane  in  "the  point 
(x,  y,  0).  which  satisfies  the  system: 

"3x  -  5y  2 

LZx  +    y  3 

This  point,  therefore,  has  coordinates  (4  7/1  3,  S/l  3,  0).  The 
line  of  inte  rsection  of  the  given  planes  is  in  the  direction  of  m,* 


whose  c|mponents  are 


-5 


I 


7  3 


H  2 


3  x-b\ 


\ 


(-2,  17,  13). 


(b) 


So,   all  the  solutions  of  the  given  system, are  of  the  form: 

(17^13  -  lrt  *>/n  f  17r,    13r),  for  some  r. 

An  analysis  similar  to  that  in  part  (a)  shows,  that  all  the  sola-, 
tions  of  the  given  system  are  of  the  form: 


(Sr,    -13r,   -7r),  for 


ome  r 


Answers  for  Part  E 


3. 


If  i-  intersects  ir  then  there  is  an  r  such  that  5(1  +  r)  +  3(3r) 

-  4(3  f  2r)  =   1.    The  only  such  value  of  *rf  is  4/3.    So,  the 
coordinates  of  the  point  of  intersection  of  i  and  jr  are  (7/3/4,  17/3). 

If  m  intersects   v  then  there  is  an  r  such  that  5(1  +  3r#)  t  3(2  -  r) 

-  4(-2  +  3r)  =  1;  that  is,  such  that  19  =  1.  Since  19.  *  1,  m  does 
not  intersect  rt.  'Hence  m  ||  jr.  <  , 

r 

The  pbints  common  to  n  and  ' Tt  4re  such  that  5(2  +  2r)  +  3(1  +  6r) 
'  4(3  *  7r)  =  1,  for  some  r.    This  is  the  case  if  and  only  if  1  =  i# 
So,  for  each  r,  the  point  whose  coordinates  are  (2  +  2r,  1  +  6r, 
3  +Jr)  is  a  point  of  tt.  f  Thus,  each  point  of  n  is  a  point  o^  ».  That 

is,   n  Q  tt.  ■  w 
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Fart  V 
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l.  Prove: 


Theorem  10-17  Supposes that,  with  respect  to  a 
given  axjrdinate  system,  the  components  of  7*and  p 
are  l/^  /,,  /.,)  and  (/>,,  /;.,,  p.t),  respectively.  With  re- 
spect to  the  given  coordinate  system,  the  equations: 


and: 
*(ii) 


/,.v,  +  l,x.,  +  l:tx:f 


xl  =  a,  f  pxr 
x,,  =  a.,  f  p.,r 


describe  a  plane  and  a  line  which  are  parallel  if  and 
only  if  /  and  p  are  non-O^and  '. 

'   '|P,   f  ^  +  '3P3  = 

and,  in  this  case,  the  line  is  a  subset  of  the  plane  if 
and  only  if  ' 

/iak  +  hai  f  (ft  ==  *■  ' 


2.  Prove: 


Coroitery    The  equations  (i)  and  (ii)^represent  a  plane 
and  a  transversal  to  this  plane  if  and  only  if  /  p  4 

f  lJh  +  (,P:,  ^  0. 

3.  In  each  of  the  following,  you  are  given  equations  for  a  plane  n 
and  a  line  1.  You  are  to  determine  whether  tt  J|  T 

(h)  tt:  6^  -  7*,  .-       -  12 

fx,       "+  2r 


(a)  tt:  3xt  +  %  -  7 

lx}  *  2  +  2r 
7:  U,  -  1  -  4r 
U"  -  2  -  7r 


<c)  tt;  4x,  +  7x7s-  x,  =  ^5 


/:  \X2  -  6  r 


(d)  tt:  -9s,  -  4*2  +  2xa  -  16 


*}  -  4  f  3r 
x,  -  -2  ~  2r 
U3  =    7  +  3r 


f*t  =>  3  -  2r 
/:   *2  -  -5  +  2r 
Ua  =  8  -  5r 


4.  (a)  For  those  parts  of  Exercise  3  in  which  tt  |)7f  determine  whether , 

(b)  For.  those  parts  of  Exercise  3  in  which  7r  jf /,  determine  the 
coordinates  of  the  point  in  /  n  tt. 
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Ahswc  rs  4or  ^J't  V 

1.  Suppose,  first,  that   (i)  and  (ii)  describe  a  plane  and  a  line  which 
art'  parallel.    Then,,  both  <i  ,     ,  *3  )**  (0,  0,  0)  and  (pi.Po,p3) 

■4  (0,0,  0).    So,   hoth  /  and  p  are  non-5.  .  Then,  either  there  is  no 
r  such  that  ll(al  f  p:r)  +  f,(a.,  f  p.,r)  f  £,(a3  +  p^r)  -  e,  that  is, 
sfieh  that       4  *  ,  . ":  /  " 

(*■}    (ilPl  f  lpPp  4  i3p3)r   -  e  -  (t^\JiJ^AP  +  V^)> 

or  every  value  of  '  r*   satisfies  this  equation;    It  follows  that 
l1p1  +  £yp,:,   f  !^p3   -    0  and  either  C  *  *i*xL*e*p  *  *3a3  or 
e    ~  f  ^ra^  +  *3a3'    respectively.     Thiajproves  the  only  if- 

pa rt  of  the  first  part  of  the  theorem  ancf,   also,  proves  the  second 
\        part  of  the  theorem, 

'  <  Next,  suppose  that  /  *       *  p  and  that  Lpl  +  lpps  +  l3p3  =  0. 

It  follows  that  fi)  and  (ii)  describe  a  line  and  a  plane  and,  since 
(*)  dpes  not  have  a  unique  solution,  that  this  line  and  plane  are 
pa  rallel  '  ^        j  .  . 

2.  By  the  theorem,  if  (i)  and  (ii)  do  not  describe  a  parallel  plane  and 
lin£  then  p  =  3  or  7  =  3  or  l1p1  4  ipp£  +  ^p^s^  0.    So,  if  (i)  and 
(ii)  describe  a  plane^  and*a  transversal  then  2,p1  +.^P^>  +  ^3pq  ^  ^* 
[For,  in  this  case,  p  ^  -d  ^   /.  ]    On  the  other  hand,  if 

i1p1  +  ip p:,  +  i3p3  ^  0  then  7*  tf'^  p  and,  so,  (i)  and  (ii)  describe 
a  plane  and  a  line  which,  by  the  theorem,"  are  not 'parallel.  Hence, 
in  this  case,  the  line  is  a  transversal  of  the  plane. 

The  structure  of  the  proof  of  the  corollary  is  a  bit  tricky.  If 
we  symbolize  the  first  part  of  the  theorem  by  ' p  <  >  (q  and  r)' 
andHise  's'    for  *(i)  and   (ii)  describe  a  plane  and  a  transversal' 
then,  in  addition  to  the  theorem,   we  have*  ' (~p  and  q)  *Z  =g»  s*  and 

q*.  Using  the  first^of  these  and  the  if-part  of  the  theorem 
we  can  derive  [see  below^J  *s  -  >  T*  #,  Using  both  and  the  only  if- 
part  of  the  theorem  we-can  derive  [see  belosv]  *^r  ..  —  :>  a*. 

■         (q  arl&   r)=^  p 


♦  ~p  =s=>  (^q  or  ~r) 
{~p  and  q)  s    Vj^fJ  and  q  )=z>~r 


p  = — >  (q  arid  rj 


(~p  and  q)  <=t=^  s  =|>  ("'p  and  q) 

~T  .  '    >  B 

L     (a)   3.2  4-  Sv.4  +  -2-  ^7  =  0.    So,  *  |M- 

(b)  6. a  +  -7.1  +  -3.6  =  -13  4  0,   So,  t  |(  I. 

(c)  4-  3  #7  -  -2  +  -1  •  3  =  -5  *  0,  So,  v  H  i-  .* 
W)    -9»  -2  +  -4«  2  +  2.  -  5  =  G.    So,  t  ||  i. 


7 
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10.11  Third  Order  Determinants 


By  Theorem  10-16  we  know  that  if  Cm,  n)  is  linearly  independent 
then  the  equations: 

xlml  +  x.,m.,  +  x.tm.s  =  f 
xtn}  +  x.,n2  +.x.tn3  ^  gm 

describe  t»wo  planes  whose  intersection  is  a  line.  By  the  corollary  to 
Theorem.  10-  16  we  know  that  if  m  and  n  are  non-0  and  (mfn)  is  lin- 
early dependent  then  each  equation  describes  a  plane  and  the  plane 
described  by  one  equation  is  parallel  to  the  plane  described  by  the 
other.  We  also  know  that  if  m,  say,  is  6* then  the  first  equation  de- 
scribes  0  (in  case  /'  *  0|  or  ^  [in  case  /'  =  0].  These  geometric  results 
can  be  used  to  obtain  information  concerning  the  solutions  of  a  system: 

-    [a.,x  ■+  6,y  +  c.,2  -  </., 

As  we  saw  in  Part  D.'such  a  system  has  a  "one-parameter  family  of 
solutions"  in  case  . 


(2) 


<'« 

a^ 

b.. 

r„ 

c„ 

a., 

a. 

6. 

*  (0,  0,D) 


The  preceding  geometrical  argument  shows  what  may  happen  if  (2) 
is  not  satisfied.  There  are  three  possibilities:  , 
(i)  The  system  (1)  may  have  no  solutions.    ,  — .,' 

<ii)  The  system  (1)  may  have  a  "two-parameter  family  of  solu- 
tions". * 
(iii)  Every  triple  (x,  y,  z)  may  be  a  solution  of  (1).    V-  ■ 
{Explain.)  '  . 

A  similar  geometric  analysis  will  lead  us  to  an  understanding  of  the 
solutions  of- a  system  consisting  of  three  equations  like  those  in  (1). 
To  begin  with,'  recall  the  corollary jfa  Theorem  10-17  in  which  you 
showed  that  a  plane  described  byr 

<3)        .  .*,/,  +x.J,+Xlnre  "  ;    .  % 

and  a  line#deseribed  by  parametric  equations: 

,  »  a,  4  ptr 


,         '  TC  457  {2)   ^  '  " 

Answers  for  Part  F   [cont.]  (  ^ 

4,     (a)         3(a),  *  ||  I.    Since  3  -  2  +  5  •  1  -  2*.  2  =  7,  ?1  $ 

In  3(d),  t  ||  i.    Since  -9-  3  ~  4  •  -5  +  2.  8  =  9***16,  i 

(b)    In  3(b),  j  So,  for  some  unique   r,  6(8  +  2r)  -  7(6  +  r) 

-  3(11  +  6r)  =  12.  .  Simplifying,  r  =  -3.  vThe^  coordinates  of 
the  point  in  I  r\  w  are  (2,  3,  -7). 

(c),  k  ty  1,    So,  for  some  unique   r,  4(4  +  3r)  +  7(-2  -  2r) 
-7+  3r)  =  -5,  .Simplifying,  r  -  14/5.    So,  the  coordinates 
the  point ^in  1  A  w  are  (62/%  -38/5,  7/5).        .  / 


TC45S  k  -  * 

Explanation  asked  for  at*end  of  first  paragraph: 

Suppose  (2)  is  not^satisfied,    [This  corresponds  to  the'preceding 
.  situation  in  which  (m,n)  is  linearly  dependent.  J   If  (a,t  b1#  c1)  #  (0,  0,  0) 
then  there  is  a  number  —  say,  k  —  such  that  a2  =  a^k,  b£  =  bxk,  and 
C£  -  c1k#    In  this  case  if  d2  *  dxk  the  system  has  no  solution,  while 
if        =  d£k  the  solutions  of  the  systerpare  those  of  the  first  equation 
and,  &o ,  constitute  a  t^o-parameter  family/    [If,  for  example,  ax  *  0, 
the  solutions  of  the  first  equation' can  be  found  by  assigning  values  to  the 
two  variables  —  or  parameters  —  4y'  and  4z*  and  computing  the  corre-  / 
spending  value  of  "x',.]  Similar  remarks  apply  in  case  (a  ,  bP,  cP)  #  (0  0  0) 
Suppose,  then,  that  (allb1,c1)  =  (0,0,0)=  (ap)bglc2).    La  this  case  if 


"         '   '    "  *    *    l1     1'  ■  1'         *    >  vi  w  /         *    P  *    2 *    2  '*      m  11118 

4  w1  or  <d?  is  not  0  the  system  has  no  solutions,  while  if  d,  =.  0 
system  is  satisfied  by  any  triple. 


de  the 


intersect  in  9  single  Roint  if  and  only  if* 

•    «  .  ',P,  +  ^2P2  +  laPa  *  0. 

ERIC  VH2 


/ 
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[Under  what  conditions  are  the  plane  and  line  parallel?  Under  what 
further  condition  is  the  line  a  subset  of  the  plane?]  Let'|  apply  this 
result  to  the  ease  in  which  the  line  is  given  to  us,  not  by  (4),  but  as  the 
intersection  of  two  planes  described  by  the  equatiorisf 


(X      1  *  x-n-  *  x*n*  =  g 

In  this  case  we  k  no Avfmra  Theorem  10-16  that  the  fine  has  para- 
metric equations,  like  14),  where  * 


r- 


rrt, 


Ax 


7i2 

,  and  p.,  - 

"2 

So,  in  this  case,  the  plaite  and  line  intersect  in  a  unique  point  if  and 

only  if  '  *r 

*  f 

#• 

¥=  0. 


'm„  ma 

m. 

+  h 

% 

i      (6V  /, 

What  we  have  shown  is  that  in  case 

:v        ,{/,,  l.v  I,)  *  (0,  0,  0)  and 


(7) 


m3! 

m, 

m. 

h 

a, 

> 

n. 

*  (0,  0,  0) 


the  system  consisting  of  the  three  equations  in  (3)  and  (5)  has  a  unique 
solution  if  and'only  if  (6)  is  satisfied.  Now,  if  (6)  is  satisfied  then  so  is, 
(7).  Hence,  if  c£7  is  satisfied  'tfyen  our  system  of  three  equations  has  a 
upique  solution, 

4  As  an  0xample^  consider  the  system  of  equations:  *  * 


(■) 


f3x,  -  2x2  +  5s3  -  7 
4x,  +  3*2  +  &r3  .=  3 
;&Cj  -  7x2  -  2x3  =  5 


To  determine  whether  the  system  (*)  has  a  unique  solution,  we  make 
use  of  (6)  to  do  the  following  computations,  and  note  that 


3 

6 

+  -2 

6 

4 

+  5 

4 

3 

-7 

'-2 

-2 

8 

8 

-7 

3  •  36  +  -2  ■  56  +  5  ■  -52  ='-264  *  o. 


Answer  to  question. 
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The  plane  and  line  are  parallel  if  and  only  if  I  px  +  l?p2  +  = 
[implicitly,   since  it  is  assumed  that  the  equations  describe  a  plane  an 
a  line,  (  i  6  £  p.    The  line  is  a  subset  of1  the  plane  if  and  only  if,  in 
addition,  ^ax  +  i^a2  +  f^a3  ^ 


\ 


460 


DIMENSION 

* 

i 


Thus,  we  know  that  the  system  of  equations  ( v)  has  a  unique  solution, 
i  As  a  master  &t  faet>  we  are  well  on  bur  way  tcr  finding  the  solution. 
In  a<  short  time  we  shall  be  able  to  make  use  of,  these  computations 
to  help  its  obtain  it.  I  • 

Suppose,  on  the  other  hand,  that  the  system  consisting  of  (3)  and 
(h)  has  a  unique  solution.  We  know  that  (3)  describes  either  a  plane 
or  0  or  ^  and  that  (5)  describes  either  a  line  gr  a  plane  or  0x>r  <*. 
Since,  together,  they  describe  a  set  consisting  of  a  single  point  it 
follows  that  (3)  must  describe  a  plane  and  (fj)  must  describe  a  line. 
So,  if  the  system  consisting  of  (3)  and  (5)*has  a  unique  solution  then 
(7)  is  satisfied.  But  we  have  seen  that  in  case  (7)  is  satisfied  it  follows 
that  if  the  system  has  a  unique  solution  then  (6)  TO>lds. 

The  preceding  argufnent  shows) that  we  can  forget  about  (7);  the 
system  consisting  of  the  equations  in  (3)  and  (5)  has  a  unique  solution 
if  and  fcnly  if  (6)  is. satisfied.  In  our  "a,  6,  c,  dt  x,  y,  £-notation"  this 
rjneans  that'  the  system  of  equations: 


a^x  +  6:>y  +  &Az 


has  a  uniqi^e  solution  if  and  only  if 


6,  c, 

c,  o2i 

a,  b2 

*  0. 


This  result  should  *remind  you.  of  Theorem  A,  the  fundamental 
theorem  concerning  solutions  of  a  system  of  equations  in  two  variables 


.7 


which  has  be 
10.11.  In  fact, 
can  be  replac 


e  basis  for  ail  our  work  in  Sections  10.08  through 
definition  which  we  shall  state  shortly,  sentence  (9) 


(10) 


a. 


b., 
60 


c. 


*  0 


ancK  as  in  the  Case  of. Theorem-  A,  our  new  result  can  be  completed 
to  give  another  fundamental  theory/  concerning  the  solution  of 
equations  in  three  variables:  * 
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'W ^  shall  not  ask*studcnt£  to  prove  the  second  part  of  Theorem  C. 
A  proof  by  direct  substitution  is  messy  and  the  "natural"  way  to  prove 
the  theorem  .requires,^  knowledge  of  fourth  order  determinants  or  their 
equivalent.  <  As  an  indication  of  this  '/natural"  proof  we  give  her*  the 
analogous  proof  for  the  -second  part  of  Theorem^A  by  usigg  properties 
of  third. order  determinants,       t  ■  »,  *~  >i 

We  wish  to  shgw  that,   if  ~  btSi3  *   0,  the  system: 

has 

* 

/  \n      _k  /la  tK      .        -  '  ^  fc, 

as  a  solution.  Substituting  in  the  first  of  the  two  equations  and  clearing 
of  fractions  we  have:  v 


ai  ci 

ai  bi 

a2  c2 

* 

al  bl 

-  bi 

bo  £P 

a2 

at  b2 

=  0 


By  the  definition  of  third  order  determinants,,  this  is  equivalent  to: 


0 


t  But  this  is  the  case  since  ar third  order  determinant  with  a  repeated 
row  is  0,  A  simila-r  argument  shows  that  the  reputed  solution  satisfies 
the  second  of  the  two  equations  «,  i 

Once  fourth  order  determinants  are  defined  and  it  is  shown  that 
such  a  determinant  with  a  repeated  row  is  0,  a  similar  prooTcan  be 
given  for  the  second  part  of  Theorem  C.    [One  also  needs  to  know, the 
result  concerning  interchanging  columns  of  third  orde r  dete rminants 
which  is  given  in  Exercise  2^  of  Part  B  on  pa^e  463..  ]  J 


Answe r  to  question  in  thg^ text: 


^1  10,11 
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\ 


Theorem  C  \ 
The  system  o£  equations: 


/ 


has  a  unique  solution  if  and  only  it 


* 

1 

•  *  *, 

w  ■ 

ft,  * 

/  0 

V 

and,  in  this  case,  the  given  system  of  equations  is  equiva- 
lent to; 


Id.  6, 


l/V  b,  c, 

x :  fe_Ais 


a. 


CE., 


a, 

6, 

V 

d. 

C1 

C2 

C2 

°3 

•  Note  that,  at  least  by  analogy  with  (9)  and  (fl)),  the  numerator  of  the 
.1$,   first  of  t^iese  three  fractions: 


6,  c, 

d., 

b%  c. 

is  an  abbreviation  for: 


(**X 


62  :et 


K  c3 


4C2  4$ 


C3  rfj 


+  c, 


d2  62 
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The  definition  of  tbird  order  dete rminanting  makes  use  of  what  is  some- 
times  called  l'tliG  expansion  of  a  f*Hrd  orde r -determinant  with  respect  to* 
the  elements,  of  its  first  row,  V  lA«  remarked  in  Exercise  i  of  Part  A  * 
pn  the  following  page,  students  sh6uld  remember,  the  definition  in  these 
terms,  rather  than  iri  terms  of  f4k*  s\  'b's,*  and/d's,  1   Exetcise  2  pf 
Part  B  can  be 'used  to  justify  the'  sirfiilar  expressions*  of  a  tliird  order  ' 
determinant  with  res«f>ec£  to'the  clements*of  its  second  or  third  row;  .  *  „ 
Exercise   I  {lien  justifies  expanding  such  a  determinant  according* to  the* 
elements  of  a*ny  of  its  columns'.    You  may  wish  to  indicate  these  applica-' 
tions  of  Exercises  4  -and  I  and  to  glvje  the  usual  mnemonic  (or  recalling 
what  signs  .to  use  in  such-an  expansion: 


For  example: 


+  - 


-  +  a, 


b2 

b3 

V 

b3 

b2 

+  a3 

C3 

c* 

C3 

C2 

a2 

4 

*i 

a3 

ar 

a2 

c2 

C3 

ci" 

C2 

ai 

a3 

ai. 

a3 

bi 

»>3 

*>2 

bx 

b3 

C3 

ci 

C3 

9  ■   ,  etc. 

It  is  probably  better  jiot  to  introduce^he  mnemonic: 


?     bpOtJ^  T>  b~ 


in  which  products  -indicated  by  arrows  planting  down*to  the  right  are 
added  and  those  indicated  by  arrows  slant  infe  down  to  the  le ft  are 
attracted,   A  somewhat  similar  device  doesVwork  for  second  Girder 
determinants,  but  there  is  no  analogous  devicjnor  determinants  of 
higher  order.    So,  if  the  device  in  question. is  introduced  lor  evaluating 
third  order  determinants,  students  are,  bound  to  formulate  an  incorrect 
^generalization  which  y.QU  will  hot  have  an^ippp rtunity  ta  corrects  

P?      We  recommend  that  you  use  Part  A  as  ja  (ilass  illustration  of  the 
-  use  of  third  order  determinants.    Parts  B  anciyC  can  then  be  used  for 
homework.    Including  Part  D  ir> this  assignment  will  make  it  father 
long  but  since  Part  D  alone  Is  rather  short  you  may  wisri  to  combine 
these  three  parts.**  One  way  to  make  the  combination  of  Parts  B  -  D 
more  reasonable  for  homework  would  be  to  have  students  do  only  one 
of  Exercises  I,  2,  and  4  of 'Part  C.  t  9 


{What  are  the  other  numerators  abbreviations  for  ?j 


462 


DIMENSION 


As  a  basis  for  the  following'  exercises' we  need  a  definition  of  the 
determinant  of  the  triple  ((o„  av  a,),  (6„  62,  63),  (c„  e2,  c3))  o/(3-termedJ 
sequences.  In  analogy  with  the  definition  on  page*  434  of  .the  deter- . 
minant  of.((alt  d2),  ,(5,,.  6J),  this  new  definition  is  usually  stated  as: 


4t 

6/  b- 

*>* 

=  a, 

+  a3 

C2 

C3 

c,    c2  • 

iNote  that  the  '-'  on  the  right  side  of  this  definition  can  be  replaced 
by  '+*  if  one  also  interchanges  the  columns  in  the  middle  determinant.] 
The  determinants  we  have  dealt  with  up  to  now  are  called  second 
order  determinants;  the  new  ones  are  called  third  order  determinants. 
As  in  the  case  of  second  order  determinants,  the  rows  of  the  third 
order  determinant  given  above  are  the  sequences  (a,,  a,,  a3),  (6(,  b2, 63) 
and  (circv  c;t);  its  columns  are  the  sequences  (a,,  6,,  c,),  (a„,  62,  c2),  and 
(a.„  6.,,  cH).  'As  you  will  see,  third  order  determinants  have  all  the 
properties  you  established  in  Part  B  of  Section  10.08  for  second  order 
determinants.  '  •  » 


Exercises 
Part  A  ' 


1.  Use  the  definition  of  third  Order  determinants  to  show  that 


b2 

°.2 

C2 

«2 

+  bt 

+  C, 

c3 

C3 

°3 

*3 

Instead  of  making  replacements  like  for  'a/  in  the 
4  definition,  interpret  the  definition  in  terms  of  rows  and  columns, 
for  example,  m  applying  the  definition  to  any  determinant,  you 
begin  by  multiplying  the  first  term  in  the  first  row  by  the  deter- 
minant of  the  sequences  obtained  by  deleting  the  first  terms  from 
the  second  and  third  rows.  Now,  look  at  the  definition  and  describe 
the  second  step.  1 
2.  (a)  ShoW  that 


2     3  -4 
-1   -2  6 
5      7  2 


=  -8. 


9 
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Answers  Tor  Part  A  '    *  , 

1«     By  definition,  and  what  we  know  of  .second  order  determinant^^ 


a?'  'b3 


Fx 

b2 

C2 

a5 

.  4 

a2 

b2 

;  a* 

-bl 

+ 

w 

b3. 

C3* 

a3 

••C.3 

b3 

b2 

*S 

°2 

.  a2 

a2 

b2 

+  bx 

+ 

Cl 

I 

1 

b3 

C3 

C3 

a3 

a3 

b3 

=  left  side  of  (9).  * 

[The  second. step  in  evaluating  a  third  order  determinant  is  to 
subtract  the  product  of  the  second  term  in  the  first  row  by  the 
determinant tof .the  sequences  obtained  by  deleting  the  second 
terms  from  the  sccon^and  third  rows;   the  third  step  is  to  add 
the  product  of  etc,  ] 


Z.  (a) 


-Z  6 

-1  6 

-1  -I 

6 

=  1 

-  3 

*  • 

5  .  7 

I 

7  Z 

5  2 

5  7 

t 

* 

=  2« 

-46  - 

3  • - 

32  +  - 

4-3 
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(b)  tlse  Theorem  C  to  find  the  solution  of  the  system: ' 

f  2x  +  3y  -  4*  -  1 
1  -  -x  -  2y  +  fe  ^  2 

Ac)  Check  the  result  of  part  (b)  by  substituting,  in  the  gjven 
•  aquations.  *  ^ 

3.  (a)  Evaluate  the  determinant: 


2   -1  j> 
3;-2  7 
-4*  fr4 


(b)  Compare  the  determinant  in  p$rt  (a)  with  that  in  Exerf&se 
2(a).  If  you  have  evaluated  both  correctly,  the  results  should 
not  surprise  you.  Explain. 

B  * 

Prtive  each  of  the  following, 
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(b)    By  Theorem  C  and  the  result  in  <«a),  we  have  that 


[Hint:  Use  the  definition  or  (**)  to  express  the  left  side  in  terms 
of  three  second  order  determinants.  Transform  your  result  into 
the  similar  expression  ^br  the  right  side  given  in  the  definition 

or  (**).]  v 


2.  (a) 

a, 

a2 

°3 

(b) 

ai 

°3 

h 

*. 

*> 

*r 

*4 

* 

f 

A 

V 

(c) 

c> 

c. 

c* 

ci 

<V 

a3 

°» 

a< 

°3 

°3 

1 

V 

b, 

6, 

A 

*. 

<v 

c,  ■ 

?3 

CS 

X  - 


i 

3 

-4 

2 

1 

-4 

Z 

3 

1 

r 

/6 

-2 

6 

-1 

2 

< 

-i 

.  2 

3 

7 

2 

.  5 

3 

5 

7 

3 

-8 

-8  ' 

so  that  the  solutidn  of  the  system  is  (Zl/Zt 


4*  -j  =   21-21  +  1 


1 


 5  2  •  -7  +  O  •  — -r  -    — —  +  1 4  ^  rr-  -  2 

2  4  2  ^2 

,   21  .  -      _  x         1       105     AO  *  1'  , 

5  •  —  +  7  «  -7  4-  2  •  — -r      —  49  -  v  z  3 

2  4,2  2  ^ 


-7,  ^l/4).# 


(a) 


2  -1 

5 

-2  7 

3  7 

3  -2. 

•  3  g~2 

7 

=  2 

+  1 

-4  2 

+  -5 

^4  6 

2 

6  2 

-4  6 

1. 

«« 

°3 

Answers' 

aa 

«3 

K 

C3 

c3 

33 

=   2.  -46  +  34  +       10  =  -8. 

(b)    The  results  are  the  same.    The  determinant  in  3(a)  is  . 
obtained  from  that  in  2J(a)  by  interchanging  the  rows  with 
the  columns  \rx  2(a),    This  [as  we  should  have  expected] 
results  in  a  determinant  of  equal  value.  , 

Part  a 


-  a. 


-  a. 


=  a. 


C2 

+  bl 

p2  a2 

ag  b2 

C3 

C3  a3 

a3    '  b3 

C2 

+  bx( 

C2a3  * 

a2c3)  +  c1(aa 

=  a. 


1*2 


'3  5 
b2T  C2 


b3  C3j 
b8 


aa< 

cxbs.,r 

blc3>  +  a3 

bl- 

+  ag 

b2 

•v 

b2 

C3  ^  CJ 

c2 

IHin^:  For  parts  (a)  and  (b),  proved  as  in  Exercise  1,  recalling 
>  Exercise  2(a)  of  Part  B  in  Section  10.08%Part  (c)  cm  be  estab- 
lished in  the  same  way.  It  can  also  be  derived  from  parts  (a) 
and  Cb),j 


ai  a2  a3 
bl  b2  h3 
Cl     C2  C3 


*1 
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Answers  for 

ri 

[cont  s  ] 

* 

* 

* 

lt  *  (a) 

b3 

b3 

C2 

C3 

C3 

c2 

f 

-it. 


b3 

b2 

b3 

b2 

2 

"  ?1 

C3 

Cl 

C2 

C'i 

cx. 

V  b3 

b3  b! 

+  a3 

c3  ca 

Cl  C2 

/ 

ai 

a0  a 

3 

bl 

b2  b 

3 

Cl 

c2  c 

3 

(b) 


al 

a3 

a2 

bl 

b3 

b2 

r  ax 

C3 

C2 

b3  b2 


+  a. 


«2  Cl 


+  a. 


bl  b3i 


b2 

ba 

b3 

"  a3 

bl 

ba 

C3 

C3 

Cl 

Cl 

C2 

ba  b3i 


+  a. 


+  a. 


ai  ,  ap  a 

bl      b2  b3J 


33  ai  *2 
b"       bA  b2 

C3      Cl  C2 


b3.  b2 


■J  b» 


A*  indicated  in  the  commentary  for  page  460  Exe relief  I  and  2, 
together  with  the  definition,  justify  the 'expansion  of  a  third  order 
determinant  with  re«pe£t  to  the  elements  of  any  row  or  column. 


DIMENSION  • 


3.  In  Exercise  3  of  Part  A,  you  evaluated  the  determinant: 


.  2 

-1  .  5 

3 

-2  7 

-4 

6  .2 

.  Without  jioing  any  mare  extensive  computing,  evaluate  each,  of 
the  following:  •  ..     •  «, 


(a) 

-1 

2 

5 

^  (b) 

5 

-1 

2 

•  (e) 

3 

2 

-4 

-2 

3 

7 

7 

-2 

"3 

-2 

-1 

6 

6 

-4 

2 

2  ' 

6 

-4 

7 

5 

2 

4.  In  Exercise  2  you  have  seen  that  interchanging  two  columns  of  a 
*  given  third  order  determinant  results  in  a  4eterminant  whose 

value  is  the  opposite  of  that  of  the  given  determinant.  What  other 
property  Tnust  third  order  dq^rminants  have  in  consequence  of 
this  and  the  result  An  Exercis^l?  ' 

5.  (a) 


4 

^3 

• 

*, 

+ 

e2 

C3 

6.  (a)  Evaluate  these  determinants: 


2 

1 

3 

3 

-1 

-2 

5 

2 

5 

-1 

2 

3 

2 

2 

3, 

2 

2 

(b)  Make  use  of  the  results  in  part  (a)  to  evaluate  the  following: 


5 

1  0 

1 

3 

5 

3 

(i) 

-1 

2 

<ii> 

-1 

-1 

2 

3 

2 

2 

-2. 

2 

2 

-2 

3 

~1 

2 

,  1 

3 

(iii) 

.2 

5 

-1 

(iv) 

45 

-9 

18 

2 

3 

2 

3' 

2 

2 

7.  (a)  What  can  you  say  about  a  third  order  determinant  which  lias 
the  same  sequence  for  two  of  its  rows? 
(b)  About  a  determinant  which  has  the  sequence  (0,  0,  0)  as  one 
of  its  rows? 
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Answers  foi»_Part  B  [cont.j 

.3.     (a)    8  ihy  2(a)]* 
(b)    8    [by  2(c)] 
t      lc)    8    [by   1  and,  3(a)] 


,4. 


Interchanging  two  rows  of  a  given  thir4  order  determinant  results 
in  a  determinant  .whose  value  is  the  opposite"  of  tfrat  of  |he  given 


dete  rmina  rat. 


c 


rt3 


+  ri. 


•  c. 


bH  b3 

+  <ap  ♦  ds) 

b3  b, 

C3  cl 

+  (ar, "+  d*) 


,b3 

i 

b3 

+  *3 

+  a3 

C3 

C3 

+'d1 

b. 

+  d2 

b3 

bl 

+  d3 

hi  ba 
t 

C3 

C3 

Ci 

C        C  - 

1  a 

a3 

d2 

bi 

b2 

.  + 

bi 

b2 

C  p"- 

C3 

cx 

<b) 


iax  +  a4 
lbx  +  b4 

1=1  .+  c4 


a, 
b. 


"3 
c 


1     •    S?  ^3 

[Arjyjl  four  similar  results  in  which  the  terms  of  the  second  or 
third  row  or  column  are  indicated  sums ,  *\ 


'6.  (a) 


1 

-1 

2 

-1 
-1 

z 


3 
2 
2 

-2 

2 
2 


=  2  •  -6  +  1  •  -4  +  3  •  13 


23 


=   3  •  -.6  +  -1  .  -4  +  -2  •  13  =  ~40\ 

V 


(b) 


.<i)  -17  [23  +  -40,  by  Exr   5(a)]..  '  . 

<ii)  -40  [by  Ex.  I  ]  ' 

(iii)  —40  [by  Ex.  I] 

(iv)  207  [23  *  9,  by  repeated  use  of  Ex".   5(b)]     .  t 

(a)  Such  a  determinant  has  value  0  [for  by  interchanging  these 
*     rows,  we  see  that  it  is  equal  to  its  opposite], 

(b)  Such  a  determinant  has  value  0  [for  it  is  equal  to  or  the  • 
opposite  of  a  determinant  whose  first  row  is*  (0,  0,  0),  and, 
from  the  definition,  such  a  determinant  is  easily  seeh. to 
have  value  0]. 


4 
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.  *  Aj^nswerg  for.  Part  C  ' 

v  Here  us  an  important  corollary  of  the  first  part  oLTheorem  C  on       , 7^~,     ^    ~  .  " 

'^6461;  '         .  l-     Clearly,  the  given  system  has  the  Solution  (0,  0,,0).  By-Theorem 

\  '    -  C,   this  solution  is  tinionH  —  t.h^t 


The  system  of  equations:  k- 

ayx  4  bxy  +  cxz  ^  0 
a.,x  +:b.2y  +  c.,2  =  0  * 
a^x  t  6:>y  +-  r32  =  0 

has  a  nontrivial  solution  -  that  is,  has  a  solution 
other  than  (0,  0,  0)  — if  and  only  if 


0. 


1.  Show  that  this  corollary  is  implied  by  Theorem^.  [Hint  See  the 
discussion  preceding  Part  C  of  Suction  10.08.] 

2.  Prove:  t 

Theorem  10-  18   For  (ut, ~u.,9 ^ )  linearly  independent, 
is  pearly/dependent 


C,  this  solution  is  unique  —  t^hat  is,  is  the  only  solution  —  if  and 
only  if  the  given  determinant  is  not  0.    Thus,  this  solution  is -not 
unique  —  that  is,*  there  are  other'solutions  —  if  and  only  if  the 
gitfen  determinant  rs  0.    But,  any  solution  different  from  JQ/OtO) 
is  nontrivial;  1 


c 

a. 

A 

c 

f 

c. 

,2.  '  (u1a1  +  upa^  4  u3a3.  u\b1  ♦  *  u%bq,  J  c    +  u\c0  +  u^r  is 

linearly  dependent  if  and  only  if  there  are  numbers  x,  y/ and  z, 
not  all  zero/suJ^hat 

f\ax  f  uPa2  +  u3a3)x  +  (u1b1  +  u2b^  +  u3b3)y 

+  (u1c1  +  u2cP  ^  uflca)z  -  Cf. 

The  latter  is  the  case  if  and  only  if  . 
— f  *" 
ux(alX  +  bxy  +  Clz)  +  u^(a2x/+  b^y  +  c^z) 


*2V  2 


i 

•I 


{Hint:  See  Exercise  1  of  Part  B  to  Section  10.09.} 
3.  In  each  part  you  are  given  the  components,  with  respect  to  some  .  , 
basis,  of  three  vectors.  Decide  whether  the  given  vectors*  are 
linearly  dependent  or  linearly  independent; 
(a)  (3,  4,  -2),  (5,  -6,  3),  (1, 14,  -7)      .*  • 
(W  (3,^2,6),  (1,  0,2),  (4,  6,-1)  ' 
<c>  (1,-2,  3),  (0,3,5),  (0,  0,-2) 
(d)  (-2,  3, -IMS, -1,-2),  (-1,-2, 3) 
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+  bxy  +  Clz)  +  up(a^x/+  b, 
u3(a^x  +  b3y  +'c3z)Y  tf. 


Since  {u14tua,  u^)  is  linearly  independent,  this  is  the  case  if  and 
only  if  ^ 


a^x  +  b2y  +  c£z  -  0 
1    a3x  +  lj3y  +  cnz  =  0.  ; 
And,  by  the  corollary  to -Theorem  C  and  Exercise   1  of  Part  Af  this 


system  has  a  nontrivial  solution  if  and  only  if 


a2      a2  a3 


0. 


v3.  (a) 


(b) 


Hence,  the  theorem,   "        „    .  t 

3  4  ^ 

5  .3        3.0  +  4-  38  -  2*76  -  0 

1     H    -7|  ; 
So,  the  given  vectors  are  linearly  depend^it. 

1     -.2    .  & 

I      0      1  .=  3«-U  +  -2i9+"6;6  s.  -18  ^  0 

4  6-1  '  * 

So,  the  given  vectors  are  linearly  independent. 

1     -2       3j     .        .  ■  ' 

0      3       5   -  li-6+  -2«0  +  3«,0  =  ^6^0 
0       0    -21  i 

So,  the?  giyenVectors  arc 'linearly  independent^ 
-2       3    -1  '* 
=  -2.  -7  +,3 -  ,-7  +  -1  .  ~7,  =  0  - 


(c) 


(4) 


3     -1  .  -I 

So,  th^  given  vectors  are  linearly  dependent. 
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4.  Use  Theorem  C  on  page  46 rand, its  corollary  to  show  that  three 
planes  intersect  in  a  single  point  if  and  only  if  the£  are  not  all 
parallel  to  the  same  line.  [Hint:  Suppose  that  thsrjlanes  are  de- 
scribed, with  respect  to  st)mexfcoordinate  system, "by  the  equations: 

*  * 

m)x]  +'  mjc»  +  mAxA  =  /' 
\   nlxl  f  ji.,x,  +  n:(x.A  =  g 

^  What  conditions  must  be  satisfied  by  components  (pp  of  a 

vector  which  belongs  to  each  of  the  directions  of  these  planes?) 


5.  Which  of  the  following  systems  of  equations  have  nontrivial 
solutions? 

(a)  j  xt  +  2x,  -  3xt  -  0  (b)  1-2*,  +  3x„  -  4x,  =  0 

Uxl  -  fix*  +  'lx3  -  0  12*,  -  9x,  -  2x,  =  0 

12*,  -  3x*  *   x,  -  0  i  4x,  -  6x~,  +       =  0 

(c)  j   3.r,  -  5x,  +  7x,  ---  0  (d)  fx,          +*6x,  =  0 

2.r,  +  3x"  -  4Xj  ^  0  )*,  4  2x,          =  0 

|-2x,  -  5x,  -    xt  =  0  [         x~d  -  3x,  =  0  . 

.  '     ■  *  ' 

Suppose  that  n  and  a.  are  planes  which  are  described  by  the  para- 
metric equations:  v 


Xo  -  c, j, p.,r  +  (jf2a  and; 


Xo  '=  -f  a2r  +  b2s 
,x3  -  d3  +  a,r  +  6as 


One  way  to  determine  whether  or  not-TrJI  ex  is  to  obtain  single  equa- 
tions for  7r  and  cr  and  proceed  from  there.  1  Explain  how,  having  done 
this,  we  can  decide  whether  or  not  tt  II  o\]  Aftother  way  is  to  note  that 
M  =s  lp,  c/i,  wh&re  p  and  g  have  components  (pi,  p.„  p:;)  and  (q0  q.2i  q:i) 
and  that,  similarly,  Icr]  =  [a,  6],  where  a  and_6  have  compogjmts  (alf 
a.Jt  a:?)  and  (6,,  62,  6:i)  respectively.  Now,  sirice^a*  ia  linearfy  indepen- 
dent^  we  can  show  that  [cr]  -  and,  so,  that  rr  jj  a —by  showing  that 
{a,  6}  Q  [p,  Since  (p,_^Hs  Hnearlyjndependent,  this  will  be  the 
case  if  and  only  if  each  of  (a,  p,  <?)  and  (o9  p,  qO  is  linearly  dependent.  As 
we  are  now  in  a  position  to  make  use1  of  third  order  determinants  to 
check  the  linear  dependence  of  these  sequences  [see  Theorem  10-18], 
we  can  make  use  of  the  information  in  the  parametric  equations  to 
decide  whether  or  not  tt  jj  a. 


Answers  for  Part  C  [cont 
4. 


Using  the  equations  in  the  hint  the  three  planes  are  parallel  to  a 
lino  whose  direction  is  that  of  the  nonr$  vector  with  components. 
(plfp,,,p3)  if  and  only  if  *  -  ^  " . 

m*Pl  +  m2p2  +*m3p3 


niPi 


^3  Pa 


^  ,0, 

=  0,  antf 

=  0. 


The  condition  that  this  system  of  equations  not  have  a  non-3 
solution  (p,,p^,pq)  is  the  slme  as  the  condition,  that  the  equations 
in  the  hint  have  n  unique  solttion.    So,  the  plants  are  not  parallel 
to  any  line  if  and  only  if  they  intersect  in  a  single  point. 

In  each  case  all  we  need  to  do  is  make  use  of  the  cprollary  to 

Theorem  C. 


(a) 


(c) 


1       I  -3 

4     -6       I       0  • 

I     -3  1 

System  has  a  nontrivial 
solution. 


-147  4  0 


System  has  no  nontrh  ial 
solutions . 


(b) 


3 

-5 

7 

« 

I 

3 

-4 

-I 

-5 

-1 

-Z  3.-4 
12     -9  -2 
4-6  8 
System'has  a  nontrivial 


(d) 


solution. 

1     0  6 

12  0 

10     1  -3 

System  has  a  nontrivial 
solution. 


'4 


10.12  Chapter  Summary 


467 
i 

PartD  ■  s  •  •    ;  ^ 

In  each  of  the  following  you  are  given  parametric  equations  Tor 
planes 'tt  and  <r.  Determine,  in  each  part,  whether  or  not  rr  ||  <r  by 
evaluating  two  third  order  determinants,  *■  « 


*  I. 

x, 

2  +  3r  -  .s 

-1     r  4  3s 

it: 

X, 

-I.  +  r  +  3* 

<r:  < 

xi 

2  +  r  +  13s 

17  -  r  f  2s 

>*» 

3  f  r  +  5s 

2. 

5  -  r  -  2a 

*, 

2  +  2r  +  s 

n: 

-2  f  5m  s 

*> 

-4  -  3r 

[X, 

-8  -  3r  -  5s 

ix, 

3  +  2* 

r  3. 

*i 

4  t  2r  +  s' 

2  +  r  -  s 

tt:  ■ 

5  +  2s 

2  f  3s 

7 

1  f  5r  f  « 

10.12  Chapter  Summary 
Vocabulary  Summary  % 

« -dimensional  vector  space 
basis  for  / 
♦      dimension  of  a  vector  space 
components  of  a  vector* 
^   ,  determinant 

second  order 
third  order 
,  rows 
columns 

Postulates 


3-dimensional  space  of  points 
spifti  .7 

•eoordiaate  system 
coordinates  of  a  point 
parameter 

parafnetric  equations 

of  a  line  ■ 

of  a  plane 
nontrivial  solution 


(b)  A  +  06 

(b)  6  -=  (.4  f  a )  -  A 


(c)  —at  j 


(d)  aa  e  J 


1-  (a)  B  -  Ae./' 

2.  (a)  A  +  (B  ~  A)  =  B 

3.  A)  +  (C  -  fl)  =  C  -  A 
4a.  (a)  V-f  6%;7"  (b)  oV/" 
4i.  (c  +  $  -f  7=  "a +.,("&*  +  c5 

a  +  b  ^  $  +  a 

4!v  ^  under  function  co'mj?Dsition#  is  a  commutative  group, 
4s,  ttl  =  a  -  t 

4*.  a(&  -f  c)  s  a&  +  ac     ,  ^ 
4?*  (a  +  V)c  =  ac  +  tic 
4*  iabte  *  a(bc)    *  >       ■  . 

f{  under  function  composition,  is  a  vector  spack  over  JP. 

4«.  There  are  three  linearly  independent  members  of  £T.  ' 
4i$.  There  are  sot  four  linearly  independent  members  of  :T . 

14',  ;T,  under  function  composition,  is  a  3-dimensional  vector  spice 
over  ■ 
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Answers  for  Part  D 
1. 


Let  p  and  q  be  the  vectors  whose  components  art  (3,1,-1) 
(-*l,3,y,  respectively,  so  that '"[xr]  =   [p,  q  ].  4  Sis&flarly, 
[ffj  f  [-5,  S  }t  where  *a  and  B*  have  components  (-1,1.  1)  and 
(3,»13>5)1  respectively,  Since^ 


-1     1  1 
3     1  -1 

- 1     3  ,21 


=  0 


3 

13 

■  5 

0  .  and 

3 

1 

-1 

-1 

3 

2 

=  0 


it  follows  that  [a,  b]  =  [  p,  q  ].    So,  tt  ||  tr. 

[We  use  the  notation  established  in  Exercise  1.  ]  Since 


I 
-1 


-I  ■  y  I 


0 
-3 
-5 


=   -45  #  0 


and 


1 

-r 
-z 


0 
1 


Z 
-3 
«5 


it  follows  that  [a,  Sj  ^  [p,  q  J,    So,  tt  H  ff« 


3,  Since 


0  5 
0  0 
2  6 


-  10      Q  and^ 


-1  3 
I  0 
1  2 


=  4*0 


it  follows  that  [  a,  S  ]  #  [  p,  q  ],    So,  tt  $  cr. 
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Definitions 

10-1. 

10-^. 


10^i3.  For  (ui9  uj  linearly  independent,  (utat  +  u^a2iH%hl  +  is 


<fl  .a,)  i3  a  basis  for,  /  if  and  only  if  (i)  (a,,  .  .  .  ,  aH)  is 

linearly  independent,  and  (ii)  [a*  .  .  ,  a  1  =  ./. 
If  (ult  a,,  u.{)  is  ^  basis  for »/  and  a  =  u}a,  +  u(1u,  +  then 
a,,  a,,  and  a?  are,  respectively,  the  first,  second,  and  third 
components  of  a  with  respect  to  the  given  basis.  Also,  iar  a2, 
a>>  is  the  component-triple  of  a  with  respect  to  this  hasis. 
10-3.  .  If  0*J\  (u{,  u.1%  uA)  is  a  basis  for./",  and  4  -  0  +  (Ujtf,  4  a*a.> 
+  then  a,,  a,,  and  a,  are,  respectively,  the  first,  second; 
and  third  coordinates  of  A  with  respect  to  the  given  point  and 
given  basis.  Also,  ia]t  a,,  a.?)  is  the  coordinatertriple  of  A  with 
respect  to  this  point  and  basis. 


Other  Theorems 


10-1.    There  are  four  noncoplanar  points. 
i.  10-2,    The  intersection  of  two  nonparallel  planes  is  a  line. 
10-3.    A  line  which  is  parallel  to  each  of  two  nohparallel  planes  is 

parallel  to  their  intersection. 
10-4*    A  line  and  a  plane  which  are  not  parallel  intersect  at  a  single 

point. 

Corollary  1.  A  line  which  is  a  transversal  of  one  plane  is  a  trans- 
versal of  any  parallel  plane. 

Corollary  2.  Parallel  lines  are  transversals  of  the  same  platie. 

10—5.  .A  plane  which  intersects  one  of  two  parallel  planes  inter- 
.  sects  the  other,  and  the  intersections  are  parallel  lines.  ' 

\Q-6.    (a)  (r  ||  rr  «— •  (a  =  77  or  a  D  it  =  0) 
.  (b)  / 1|  it      (/  C  *r  or  /  n  7T  =  0)  ' 

10—7-    Each  3-termed  linearly  independent  sequence  of  translations 
is  a  basis  for;/".  ■  1 

10— 8.  •  Each  basis  for  \T  is  a  3-termed  linearly  independent  sequence 
of  translations*  . 

10-9.    [av  a,,  aj  -  J  «— ♦  faj,  a*,  a^)  is  line^yly  independent. 

10-10Aa)  Each  non-0  translation- is  a  term  of  some'basis  for  ^T. 

(b)  Each  two  linearly  independent  translations  are  terms  of 
some  basis  for  //*.  „ 

10-11.  For  any  basis  for     (a)  each  component  of  (TisO,  (b)each  com- 
ponent of —a  is  the  opposite  of  the  corresponding  component  of 
a,  (c)  each  coingonent  of  a  4-  Tis  the  sum  of  the  corresponding 
components  of  a  and  V,  (d)  each  component  of  oa  is  the  product 1 
of^he  corresponding  component  of  a  by  a. 

.10-12.  If  a,  6,  c,  and  dare  position  vectors  of  noncoplanar  points  and 
a  +  fc  +  c  +  d^-O  then  aa  -f  +  cc  +  c£i  =  JDif  andoitly  if 
a^=  0,  6  =  0,  c  =  0,  andd  *  0. 


linearly  dependent  if  and  only  if 


*  0. 


V  -  #  — ft      -  *  ^  '  — ft  — ♦ 

10-14.  For  (uv  u2,  uJ  linearly  independent,  (u]al  +  a2a;  +  u3a3, 
/  a      +  a!j62  ^^63)  is  linearly  dependent  if  and  only  if 


°2  »3 

°3 

°,. 

a,  a'2 

( 

1 

) 

b2  K 

^3 

6,  6, 

*  (0;  0,  0). 


10-15.  Suppose  that,  with  respect  to  a  given*coordinate  system,  the 
coordinates  of  A  are  (a,,  a2,  a3)  and.  the  components  of  p  and  9 
.are  (pvp.,,  p.A)  and  I*/,,  q2,  q3),  respectively.  With  respect  to  the 
given  coordinate  system 
(a)  the  parametric  equations: 

fx;'  =  a,  +  p,s  +  qtt 
•  \xt  =  a,  +  prs  + 

U  -  °s  f  Pss  *  la* 


describe  the  set  A\p\,q\\.  and  this  set  is  a  plane  if  and 
only  if  1 


(t). 


Pi  Pa 
9*  <?3 


Pa  Pi 
1*  9, 


Pi  Pi 
9,  9* 


(0,  0,  0), 


and 

(b)  the  single  equation: 


U,  -  a,) 


*PS  Pa 

P*  Pi 

Pi  'p1 

+  (xs  -  at) 

^2  y3 

9.  9i 

10-16. 


represents  Afp,  ^1  if  and  only  if  the  condition  CI*)  is 
satisfied.  . 
Suppose  that,  with  res^pct  to  a  given  coordinate  system,  the,, 
components  of  m  and  n  are  {7ttx%  m2t  m3)'*Bnd~ijtt9  n.^  n^}f  re- 
spectively. Wi^h  respect  to  the  given  coordinate  system,  the 
equations: 


:(xt  -  ai)mi  ■+  (xi  —  a^rr^  &  (x2  -  a3)ws  =  0 
N(xt  -  ft,)/zt  4-  (x2  -  b2)n2  +  (xs  -  63)n3  ±  0 

describe  no'nparallei  planes  if  and  only  if  (m,  li)  is  linearly 
independent;  and,  in  this  case, 


(ii) 


m3  77^ 


^3  ^i, 

«3  nt 


are  the  components  of  a  non-0*  vector  in  the  direction  of  the 
line  of  intersection  of  the  planes, 

loo  I 
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Corollary  1.  Th*  equations  (i)' describe  parallel  planes  if  and  only  if 
m  and  n  are  non-0*  and  (mt  n)  is  linearly  dependent.  * 

Corollary  2.  If  (m,  ~n)  is  linearly  independent  then  the  line, of  inter- 
section of  the  planes  described  by  tlje  equations  (i)  is,  itself, 
.'described  by  the  systepi: 


w4 

™3 

+ 

m, 

=  C2 

f 

"a 

+ 

where  (c},  c2,  c3)  are  the  coordinates  of  any  chosen  point  Q 
which  is  common  to  the  two  planes, 
10-17.  Supptfge  that,  with  respect  to  a  given  coordinate  system,  the 
components  of  f  and  p  are  (/Jf  l%%  lj  and  (p,,p2,p3),  respectively. 
With  respect  to  the  given  coordinate  system,  the  equations: 

'1*1  +  (A.+  'A  =  ^. 
and:  ' 


(ii) 


«x2  =  a2  +  p2r 


describe  a  planejind  a  line  which  are  parallel  if  and  only  if 
<        /  and  p  are  non-0  and 

l^P^  *'HP..>  +        =  0; 

*•  .  * 

and,  in  tjiis  case,  the  Ijne  is  a  subset  of  the  plane  if  and  only  if 

hax  +  Kai  +  hai  =  e- 

Corollary!  The  equations  (i)  and  (ii)  represent  a  plane  and  "a  trans- 
versal to  this  plane  if  and  only  if       +  lsp2  +  l^p3  *  Q, . 

10-18.'  Fcrju,,  t^,  J)  linearly  independent,  (17,0,  +"t?2a,  +  u^.^o, 
>  ua^  +  u363,  iTjC,  +  "ujjCj,  +.  V3c3)  is  linearly  dependent  if 


and  only  if 


6,    6,  63 
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Theorems  About  Equations 

A*  The  system  of  equations: 


JcyM-  6^  -  c, 


has  a  unique  solution  if  and  only  if 


a,  6, 


<*2  fe2 


*  0;  and,  in  this  case, 


the  given  system  of  equations  is  equivalent  to: 


a,  6, 

a, 

°2  b2 

*2 

Corollary.  The  system  of  equations: 

Jo,*  +  by  -  0 
liVC  +  6^  =  0 


has  a  nontrivial  solution  if  and  only  if 


0. 


B.  For 


6,  c, 


62  C2 


c,  .a, I  la,  6, 


c3  Og|  foj  62 


5*  (0,\,  0),  (a,x  +  by  +  c,2  =  0  and 

i,  and 


«1 

6' 

2  = 

6,  e, 

•<,y- 

6a  c2 

C2  ^ 

C.  The,  system  of  equations: 


»  fa^  4-  6I(y  -f      «  dj 


* 

a, 

has  a  unique  solution  if  and  only  if 

#  0  and,  in  this 

6a  C3 

472 


DIMENSION       ,  * 

case,  the  given  system  of  equation^  is  etfuivalent  to: 


d 

h 

Bl 

d 

c 

/I 
"l 

Ul 

ui 

(1 

"  ■* 

k 

\ 

ai 

L  ,j 

A 

di 

°, 

y  = 

ci 

a,. 

6, 

a.. 

6,, 

r„ 

a. 

ca 

« 

A. 

t 

C3 

a3 

Corollary*  The  system  of  equations: 


has  a  nontrivial  solution  if  and  only  if 

r 


az    b2  v* 


«U      63  C. 


=  0. 


Chapter  Test 

1.  Given  that  (a,  6*     is  a  basis  for  </;s  tell  whether  or  not  (*T  -  7T,  6  +  t\ 
»     a  +  6)  is  a  basis  for  .7".  Justify  your  answer.  > 

2.  (a)  Show  that  [a,  fel  is  a  vector  space  (over  the  real  numbers).  « 
(b)  Tell  wha£  is  needed  in  order  to  say  that  [a,  t>]  is  a  2-dimensional 

vector  space, 

3.  Suppose  that  the  coordinates  of  points  A,  B]  G\  and  Z)  with  respect 
to  the  coordinate  system  determined  by  basis  (a,  6,  for  ^  and 
origin  O  are  as  follows: 

A:  (2,-1,3)        B:  (4,-5,  7) 
r/  C:  (-1*4,-2)      D:  (-3,7,-5) 

(a>  Give  the  coordinates  of  the  point  which  divides  thfe  segment 

*  from  A  toi?  in  2  :  1.  • 
(b)  Write  paraiaetric  equations  for  the  Hne  X?. 
*  ■  *  Cc>  Write  paramelric 'equations  for  the  line  l?j£' 
(d)  Exactly  one  of  t^sse  statements  is  true: 

a)  M\\m 

(ii)  XiC  and      are  skew"  lines. 
(Hi)  W  fi  £2U  {!>},  for  some  P 

If  you  feel  either  (i)or'(ii)  is  true,  tell  why  it  is:  If  you  feel  that 

(iii)  is  true,  give  the  coordinates  of  P. 
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Key  for  Chapter  Test 


1. 


Let  a,  b,  and  c  be  numbers  sue  h_  that  (a  -  b)a  +Jb  +  c  )b 
■f  (a  +j£)c  ~  3.    Then,  a(a.+  c)  +  S(-a  cK  +  .cb  ~  3.  Since 

(a,S,  c)  is  linearly  independent,  a  +  c  >-  0  and  -ai'iy  ?  0 
and  b  =  0.  So,  c  -  a  and  a  +  c  -  0.*  So,  a  =  0,  b  u,  and 
0.    Hence,  (a  -       3  +  c,  a  t  b)  is  a  basis  for  T. 


c 


2.  (a)    To  show  that  [a,  b]  is  a  vector  space  over  the  real  numbers, 

it  is  enough  to  show  that  the  closure  postulates  are  satisfied. 
This  is  so,  for  the  remaining  postulates  must  be  satisfied  by 
virtue  of  the  fact  that  [a,  ft]  X 

'    .  •  '  ^       Let  c  and  3  belong  to  [a,  S  ].    Then/c  -  Zc1  *  Sc2  and 
c!  -   adx  +  Sd2,  for  some^real  numbers  cx,  Cp,  d±,  &nd^d2. 
So,  c  +  3  =  a(cx  4  dx>  +  S(c2  +  d2).    Hence,  c  +  de  [a,  b  ]. 

[   "S  e  t  a,  b  ],  for  (5  -  aO  +  So. 

Let  c  €  [S,  b  J,    Thjen  c  =   acx  +  ^c2,  for^sorne   c1  and 
•  c?f    So,   -c  -  a»  -c1  +S*-c^  sq^that  -c  €  [a,  b  ].  Also, 

ct  =  a«c1t  +  ft-c2t  so  that  Zt  €  [a,  S  ]. 

^b]l ,  In  order  to  say  that  [a,     ]  is  a  Z-dimensional  vector  space 
(over  the  reals),  one  would  have  to  Vnow  that  (a)  there  are 
two  linearly  independent  members  of  [  a,  b  ]  and  (b)  there 
are  . not  three  linearly  independent  members  of  [a,  rj  J. 

3.  M  if.-^;li)      *  .  ' 

(b)    xx  -  I  -  M  [There  are  many  answers  possible 

here'.    We  gave  the  more  likely  oney] 


-I  +  5t 
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xa  =  3  -  5t 

(c)  x1  =  4  -  ?s 
-   -5  +  Us 

x3  -  7  -  12s  , 

(d)  P  6  Ac  ^>  BD  if  and  only  if  there  are  'numbers  s  and  t  such 
that 

ft  Z  -  3t  -r  4  -  7s  ' 

-1  +  5t  =  -5  +  1 2s 

3  -  5t  =  7  -  12e 

Solving  this  system  yields  the  solution  t  =  4  and  s  -  lm  So, 
(iii)  is  true.    The  coordinates  of  P  axe  (- 10,  19,  ^  11).  s 

(e)  xx  =  2  >  2fl  -  5t  :|  ^ 

^a  =  -1  -  4a  t  St'   .  '  ...  '  -#  /  ■ 

x3  -  3  +  4s  -  8t  *  •  '  "    *,  .'^ 

To  tell  whether  ABD  is  a  plane  or  nojfc,  we  must  check  whether 
{A,  B,  C}  is  collihear  or  not.    The  components  of  B  m  A  are 
(2,  ^4,  4},  and  the  component*  of  D  *  A  are         8,  -Si  Clearly, 
neither  of  B  -  A  or  D  -  A  la  a  multiple  of  the  other,   So„  | 
(B  -  A,  D  -  A)  is  linearly  independent.    So,  {A,  B,  D}  ia  ) 
noncollinear,  .Hence  ABD  is  a  plane. 
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(e)  Write  parametric  equations  for  A&D.  IsAAd  a  plane  or  not? 
How  do  you  know?  ' 

4,  Suppose  that  (a,  V)  is  linearly  independent  and  that  S  =  R  ,+  a*2 
T  ^     +  6*2t  f/  ~  ft  f  (a  f      V  ^  S  +  62  and  IV  =  C7  +  6" 

(a)  Are  al!  the  described  points  coplan^r  or  not?  Explain. 

(b)  Determine  whether  or  not  {R,  U,  W}  is  eollinear. 

(c)  Show  that  U  is  the  midpoint  of  sT. 

(d)  Given  that  A  is  the  centroidof  ASVT,  express  A  -  ft  as  a 
linear  combination  of  ~a  and  &  ' 

5.  Evaluate  these  determinants.  .  .. 


(a) 


-3  5 

u 


(b) 


5  4  0 
-3     5  5 


(c) 


16  •  9  5-9 
16-7  5-7 


16-7-7 

6.  Use  determinants  to  he^p  solve  this  system  of  equations. 


.     {  &c  +. 
1-3*  + 


7v  -  12 
5y  =  2 


«  * 

7.  Here  are  equations  for  planes  7rt,  tt2,  and  tt3: 

.  7rt:  4x  +  2y  -  32  -  9 

tt2:  6x  +  3y  +  4z  =  5 
ay.  2x  4-.      -  6z  =  9 

(a)  Use  determinants  to  help  tell  whether  or  not  nx  is  parallel 

(b)  Give  the  components  of  a  non-0  vector  in  the  direction  of  the 
line  of  intersection  of  ttx  and  tt,y 

.  <c)  Give  parametric  equations  for  the  line  of  intersection  of  ir^J 
*        and  rr  .  v 

(d)  Use  your  results  in  parts  (b)  and  (c)  to  tell  whether  or  not 
7T,  Pi  7t,  is  parallel  to  n2  n  7rr 
8-  Here  are  the  components  of  vectors  a*,  6*  and  7  with  respect  to  a 
given  basis;  . 

*  (2,  3t  -1)  . 
T:  (6,  9,  4); 
«    •     .  c:  (-4,  9) 

(a)  Use  determinants  to  ifelp  show  that  (at  V)  is  lineariy  inde- 

pendent  ■  " 

(h)  Write  parametric  equations  for  the  plane  which  contains  "the 

P©int  with  coordinates  (-7,  ^12,  -19)  and  has  the  bidirection 

<e)  Determine  whether  or  not  (a,  TpC)  is  linearly  independent, 
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(a)  Yes.    They  are  all  in  the  plane  R{R  +  a)(R  +  S).  * 

(b)  {R*  U,  VfJ  is  noncoilinear  since  U  -  R  -  a  +  b,  W  -  R  ~  a  +  b2 
and  (a  +  b,  a  +  b2)  is  linearly  independent,  [To  show  the  latter 
is  the  case,  let  a  and  b  be  numbers  such  that  (a  +  S)a 

<f  (a  +  b2)b  -  ff.    Th*n,  a(a  +  b)  +  b*(a  +  2b)  -  (J  so  that  a  ~  -b 
,    and  a  -   -2b.    So,  a  ~  ,6  and  b  =  0.  J 

(c)  U  -  S  -  b*  -  a  and  T  ~  U  -  b*  -  a^So,  U 
definition,  U  is  the  midpoint  of  ST. 

A 


T  -  U.  By 


(d) 
(a) 


-9 
•12 
Z 


(b)  36 


5 
~3 


60  -  14 
25  +  21 


46    .  . 
4?  -  l' 


10  +<36  ,  4(? 
25  +  21  "  4?T^  1 


( 

2 

-3 

-3 

4 

4  2 

1  . 

-6 

* 

-6 

2 

2  1 

) 


Answer:  (1,1) 

(a)  wx  not,  parallel  to  ?r3,  since 

=  '(-9.18.0)  *  (0,0,0), 

(b)  (1*7,  -34.,  0),  or  any  nonzero  multiple  of  this  component  triple, 

(c)  One  point  common  to  %2  *and  w3  has  coordinates  (0,3,-1). 
The  line  of  intersection  tftf  w2  .and  *3  has  the  direction  of  the 
non-0  vectpr  with  components  (-22,  44,  0),  .  So,  parametric 
equations  fo,r  n2  0>3  are: 

=  -22r 

=  3  +  44r 

=  -1  / 

Answers  will,  of  course,  vary  among  students.    What  must  be 
checked  is  that  the  student  has  found  the  coordinates  of  a  point 
in  *2  rs       and  that  the  direction  of  the  line  described  by  his 
equations  Is  that  of  the  vector  with  components  (-22,  44,  0). 

The  vectors  with  components  (17.  -34,  0)  and  (-22,  44,  0)  are 
clearly  linearly  dependent.    So,  the  lines  *,  r\  *0  and  *D  ^  *<, 
are  parallel.  "  ^3 


W  *3 


id) 


(a)  Since 


3    ^1 |-*T  i 

\  9      4  *      4  6 
sequence  (a,  t)  is  linearly  independent. 
(b>   The  "easiest"  such  parametric  equation!  are: 

c    -7  +  Is '+  6t 
-22  *  3s  +  9t 
*  -19  -    i  +  4t 


=  (21, -14,  0)>{0,  0,0),  the 


(c) 


V  X3 


2 
6 
-4 


3 
9 
-6 


-1 
4 

9 


0.   So,  (a,  S,  c)  is  linearly  dependent. 
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Flatness  of  plane,  31 
Force 

components,  204  -  205 
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448-457 
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proof,  ^58  -  264,  266  -  269,  273  -  274 

Linear  equations 
dependent,  173  - 175, 433 
inconsistent,  173  - 175, 433 
independent,  173-175,  433 
notion  of,  273^23  - 430  » 
solution  of,  lEg- 175 
substitution  m,  173  - 175 
systems  of,  173-175 

linear  function,  14 

linear  independence,  211,  268- 
269,  273  -274 
and  determinants, .396- 398 

linearly  dependent 
equations,  173-175  , 
sequence,  219  -  226,  235,  238 
subsequence,  223 

linearly  independent 
equations,  173-175  « 
sequences,  226-231,  238 
,    set,  230 
---Subset  230 
vectors,  230-235 

Line-plane  separation  property,  31 

Lobachevskian  geometry,  33 

Locations,  27  » 

Logical  answer,  *?7      _    *  ^ 

Mapping 

constant,  110 
figure,  II 
identity,  25,  111 


inverse,  13d 
linear,  14*15 
.  notion  of,  11, 12,  27 
one-to-one,  116 
onto,  12 

.permu table  liqear,  15 
\  of  points,  37,  39 
'»    of  real  numbers,  37 
translation,  16 
Mean  proportional,  319  • 
Meaningless  expressions,  123 
Measure  vectors 

1 -  dimensional  206 

2-  dimensianal,  206  -  207  * 

3 - ^imensional,  207  ^ 
Median  of  triangle,  336      «  « 
Membership  sentence,  71,  77 
Menelaus  theorem,  363 

converse,  §63 
Midpoint  of  segment,  315  316 
Minus  $ign  for  opposite  of  transla- 
tion, 118 

Minus  sign  interpretation,  54,  123 
Mirrors,  4-5,  6-10 
Modus  ponens,  77  -  83 
Modus  tollens,  152 
Multiple  of  translations*  192 
Multiple  universal  generalization, 

252'     -  " 
Multiplication   *  > 
9  of  real  numbers,  ,144  -145 
of  translations  176  -179,  182,  190 
Multiplicative  inverse,  147 

NoncoIUnear  points,  36,  378-384 
Noncollinear  subset,  378 
Noncontradiction,  law  of,  164 
Noncoplak&r  points,  401 
Nondegenerate 

set,  308 

subset,  311 
Nbntrivial  solution,  307  -398,  437 
^Not^^iSO-iSS 


Notation,  arrowy  Arrow  notation 
Number  direction,  426 
Number  line,  translations  of.  15- 

17.  / 

One-parameter  family,  45S  v 
One-to-one  correspondence 

between  pdinis  and  translations, 
139-140  — — — : 


between  &  and  triple  of  real  num- 
bers', 413 
Operation 

binary,  128-129° 

determinant,  175 

singulary,  128-129 
Opposite 

of  haif-Jine,  307 

of  ray,  307 

of  translation/ 1 18 
Oppositing 

of  points,  140 

for  real  numbers,  144-145 
"Or" 

exclusive..  161 

non-exclusive,  161  > 

rules  for,  160-165 
Order  *. 

preservation  of,,  158- 159 

for  real  numbers,  144  -145,  157- 
159  .     .  ' 

-  symbols,  157 
Ordered  pair 

converse  of,  17 

proportional,  319 
1  Orientation  * 

of  line,  8,  10    •  ' 

of  plene,  9,  10 
•  of  space,  9,  10  <  K 

'  Origin  of  coordinate  system,  418 

Pappus  theorem,  341 
\  Paragraph  proof,  108- 109 

Parallel  line  n 
*  assumption,  33  ^ 
definition,  33 
direction  .of,  33 
in  plane,  383 
problems;  34  -  36,  295 
segments,  33  -  36,  320  -326 
symbol,  292 
_  theorems  about,  296-299 
Parallel  planes,  338,.  404,  ,448,  45B 
Parallel  segments 
notion,  33-36 
ratio  of,  320-326 
Paralbtfra,  311  -312, 3SB-392 
Parallelogram 
definition,  356    •  I 
problems,  357 


•theorems,  ^7~3fjQ 


Parameter    ■  - 
4  definition,  423 
elimination  of,  431 
family,  458  s 
Parametric  coordinate  equation, 

423  ■  ■'-   :   _ 

Parametric  equations,  423-433, 

442-445  \ 
"Parametric  vector  equation,  425 
Permutable  linear  mapping,  15 
Permutations  of  sequences,  223- 

224  . 
Physics  experiments,  1-7,  199- 

205 

Placeholders 

for  generalizations,  241 
for  sentences,  78,  241 
Plane 
bidirection  of,  386  -  887 
containing  3  noncollinear  points, 

378-384 
coontfinate,  419 

coordinate  description  of,  446-447 

definition,  376 

description,  455 

determination  of,  380  -381 

direction,  385-386 

equations  of,  430-433 

equations  of,  and  determinants, 
438-447 

•intersection  with  line,  406-408 

nonparailei,  404 
♦  notions,  27,  29,  375 

parallel,  388,  404,  448,  455      '  \ 

parallelism  and,  388  -  392 

point  definition,  372 

problfexqs,  376  -  37$ 

proper  bidirection  of,  386-387 

properties,  31-33 

quadrilateral,  382  , 

skew,  403 
_„symboV376 _ 

union  of  half-planes,  30  . 

translations  of,  37  -  39 
Pluf  sign  interpretation,  54,  107, 
123 

Point  ' 
calculation  principle,  72  3 
collin^ar,  215*  275  -  278,  280 

jspifffiflf,  m^m-BiB 

of  division,  S27*-33X  • 
image  df,  39 


mapping,  37 
noncoljinear,  378  -  384 
set  of,  27 

symbol  for  set  of,  62 
variable,  61 

uniV4l&   _  L._.. 

Position  vector,  346  -  352 
Postulate,  60, 126 
Premiss,  75 

Principle  for  adding  zero  (PA0), 

85 
Proof 

column,  107 

linear  dependence,  258-262 
paragraph,  108-109 
quantifiers  in,  254  -  257 
study  of,  202-263 
tree-form,  108 
Proportion  for  real  numbers,  319 

Quadrilateral 

convex,  354 

definition,  352 

diagonals,  353 

plane,  382 
^  problems,  364-355 

sides,  353  • 

simple,  354  .  , 

vertex,  352,  353 
Quantifiers 

existential,  237,  239  -  240 

index  for,  238 

in  proof,  254-257 

similar,  253,  267 

symbols,  237  -  * 

universal,  61,Ni2,  125,  237,  239- 
240  ^ 

r-point,  336,  360 

Range  of  function,  12, 13  ■ 
Ratio  <■  < 

absolute  valueof^33&  — 

algebra  df,  331-332 

of  intervals,  333  -335 

and  parallel  segments,  320-326  - 
,    and  pointy  crf  divisicm,  387-831  • 

of  segments,  179, 180 
'  of  translationfff*3i2-315    ,  « 

in  triangle,  335  -  344 
Ray  ,  ,  . 

definition,  305 

digram.  3^  ♦ 


notion  of,  304-305 
opposite,  28,  307 
problems,  35,  310  * 
as  set  of  points,  27 
sense  of,  28 

symbol,  305  '  • 

vertex  of,  27,  28,  306 
Real  number 
addition,  144  ~*  145 
algebra  of,  55,  106,  126-127,  134- 
135 

commutative  group  of,  144  -  145 
division,  144-145 
functions,  235 
mapping  of,  37 
multiplication,  144-145 
as  operators,  183-185 
oppositmg,  144-145 
order,  157-15JJ 
ordered  pairs  of,  206 
•  principles,  85 
properties,  125,  157 
and  proportion,  319 
reciprocating,  144  - 150 
restrictions  on,  145  — 149 
review,  144- -145  * 
sentences,  125  » 
switch  property  of,  55 
theorems,  146-150 
translation  properties,  37 
variables,  61 

vector  space  over,  191  - 193. 
Reasoning  rules 

-cancellation,  72-73 
-  introduction  for, equations,  74 

replacement  for  equations,  74 

substitution^  67    ^  s  -  • 
Reciprocating,  144-150 
Reflection,  8,  9 
Reflexive  rule,  99, 113 
Replacement  rules  * 

for  biconditi<mai  sentences,  99 

for  equations,  24 
Restrictions  on  real  numbers,  145 

-149 

Resultant  of  function  composition, 

20         •  .  ■ 
Rotation,  9 
Rules 

for  biconditional  sentences,  98,  99 
for  conjunction  sentences,  3,01 
for  double  denials,  153  * 


for  hypothetical  syllogism,  90 

f 

S-field,  168-169 
s-point,  336,  361 
Segment 

diagram,  303 
,  definition,  29,  308 

midpoint  of,  315-316 
*    parallel,  33-36,  320-326 

problems,  310 

ratios  of,  179,  180 

symbol,  308 

theorems,  309 

translations  of,  40-44 
Sense  * 

of  line,  8 

negative,  8,  9 

opposite,  8,  9f  28,  30Q-3G3 

positive,  8,  9 

of  ray,  28  4 

of  rotation,  9  * 

same,  300  -303 

of  twist,  9 

of  vector,  300-303 

Sensed  distance,  363 

Separation 
of  line  by  point*  29 
of  plane  by  line,  29,  31 

•Sequence  .  / 

of  distinct- terms,  218 
linearly  dependent,  219-226 
linearly  independent,  226-231 
n  termed 

permutations  of,  223,  224 
subsequence  of,  223 
terms  of,  217  ' 
of  vectors,  217-219 
Set 

linearly  independent,  230 

nondegenerate,  308 

of  points,  27 
Shape,  27 
Side 

-  of  point,  28  .% 

of  quadrii^|erai,  353 

af  triangle,  332 
Similar  quantifier^,  253,  267 
Simple  dilemma,  160  -161  ' 
Simple  quadrilateral,  354 , 
Singuiary  operation 

ofa-#,  128-129 

on  ^,128-129 


Skew  line,  294 
Skew  plane,  403 
Slope,  14,  37 
Space  ■ 

geometry  of,  26,  27 
'  n-dimeasional,  402-403 

notion  df,  27,  399-402 

3 -dimensional,  9,  402-403 

twist  in,  9 

vector,  see  Vector  space 
Span  if,  410       -  < 
Speed,  198-199 
Subsequence,  223 
Subset 

of  function,  15 

linearly  independent,  230 

of  line,  303-311 

nondegenerate,  311 
Subspace  of  vector  space,  193 
Substitution  rule 

application  of,  70-73 

consequences  of,  68-69 

^implications,  68  < 

instances,  69 

proof  by,  70  * 
for  real  numbers,,  67,  68 
for,  translations,  68-70 
Subtraction 
of  points  from  points,  64 
of  real  numbers,  144-145 
of  translations  from  points,  123 
of  translations  from  translations, 
123  x 

Summary  of  translation  proper- 
*  ties,  47  . 

Surface,  29 

Switch  property,  56 

Symbol                  ■ .  '  • 
absolute  value,  165 
conditional  sentence,  97 
existential  quantifier,  237 
ftmetion,  43  

'  half-line,  305  \ 
t  interval,  308 
inverse  translation,  50 

,  inverse  function,  19 
"i*ni 72  * 

order,  157  - 
fafalldl,  292  r 
plane,  37$ 

•points,  set  of,  62    '    -  ;   '  ■ 


quantifier,  237 
ray,  305 
segment,  308 
translation,  62 
triangle,  332 
Synynetric  rule  Of  contraposition,  ■ 
155 

^Term 

of  equation,  72 

of  sequence,  217,  218 
Tetrahedron,  428 
Theorem 

bargaift  in,  134 

Ceya's,  367 

Menelaus*,  363 

notion  of,  60,  66,  126 

Pappus,  341 

about  points  and  lines,  130-132 

proof  of,  66-67 

twice- around,  340 
Thinness  of  plane,  31 
Third  order  determinants 

columns,  462  " 

definition,  462 

notions,  458-467  . 

rows,  462 
tracing,  38 
Transit,  341-342 
Translations 

addition  of,  64,  104,  115,  176 

algebra  of,  48-56,  64-65,  106- 
107,  115,  .126^  127,  134-138  .fcv 
s  cancellation  principle  fotf  72-73, 
186-189  t  \  •** 

definition,  16 

direction  of,  288-290 

of  If,  37 

of  figures,  41-44 
geometry  of,  60 

identity,  52-53  ^ 
imom,  44, 50, 116,  tlS-120  ~"  ~ 
magnitude  pf,  .16 

multiplication"  pf,  176^K3^182f- 

185,190, 
'notation  for,  49, 50       —  / 
of  ntunber  line,  15-17    '  ^ 
operated  on  by  real  numbers,  183  - 

185  , 
opposite  of,  118 

of  plane,  37-39     "  \  \ 


postulates  for,  64,  65,  106,  119,  120 
proper,  181 

properties  of,  37;  41-47,  56,  59 

of  >?,  37 

ratios  of,  312-315 

resultant,  104  v 

of  segments,  40-44  '  #- 

„  sense  of,  16 
,     set  of  multiples  of,  192 

substitution  rule  for,  68-69 

subtraction  of,  64,  123 

summary  of  properties,  47-N48,  57 

switch  property,  55 

symbol  for  set  of,  62, 

theorems  for,  120-121 

variable,  61 

0-products,186^189 
Transversal,  335,  391 
Trapezoid  *  # 

base,  356 

definition,  356 
 problems.  357- 360  .1 

theorems,  357  '  ,  N 
Tree-form 

derivation,  82 

proof,  103,  108 
Triangle 

a-point,  344  4  a 

centroid,  343 

definition,  332 

median,  336 

problems,  333-335  ' 

r- point,  336  d 

ratios^  335-344 

s-point,  336 

sides  of,  332 

symbol,  332 

vertices  of,  332 
Trip,  directed,  194-198 
Twiee-around  theorem,  340 
Twist,  9 

Uniqueness  of  plane,  31 
Unit  points,  418 


Universal 

generalization,  239 
multiple,  252 
quantifier,  237,  240 


Valid  inference,  244  -  247,  249,  250 
Valid  sentence,  75,  76 
Value  of  function,  11,  12 
Variable 

for  mappings,  48 

for  points,  48,  61 

for  real  numbers,  61,  125 

for  translations,  61 
Vector 

addition,  224  % 
'  components,  412-415,  450 

equation,  346 
„  linear  combination  of,  211  -216 

notion  of,  191-194 

parametric  equation,  425 

position,  346-352 

properties,  232  -  234  *  , 

sense  of,  300-303 

sequence  of,  217-219 

subsequence  of,  223  * 
Vector  space  % 

dimensional  (1-4),  404-405 

and  function  composition,  404  -405 

notion,  403-405 

properties,  409 

over  real  numbers,  191-193,  206- 
207  , 

over  .F,  194-205 

subspace  of,  194  / 
Velocity,  2-4,  6,  198-201 
Vertex 

of  half-line;  28,  306 

opposite,  of  quadrilateral,  353 

of  quadrilateral,  353 

of  ray,  27,  28,  306 

Qf  triangle,  333  \ 


G-producte,  186-189 


